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1. Introduction and preliminaries

In 1940, Ulam [20] suggested a problem of stability on group homomorphisms in metric groups.
Hyers is the first mathematician who answered the question of Ulam in 1941. He demonstrated the
following theorem in [8].

Theorem 1.1. Let X and Y be two Banach spaces and f : X — Y be a mapping such that
IfCx+y) = f0) - fIl <6
for some 6 > 0 and all x,y € X. Next there is an exclusive additive mapping A : X — Y such that
1f(x) — Al <6

forall x € X.
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The Hyers’ stability theorem was developed by other mathematicians. Recently, numerous
consequences concerning the stability of various functional equations in different normed spaces and
various control functions have been obtained. The problem of stability of some functional equations
have been widely explored by direct methods and there are numerous exciting outcomes regarding
this problem ( [4,7,9-11,13,15,17]). The fixed point approach has been used in other Hyers-Ulam
stability investigations. The relationship between Hyers-Ulam stability and fixed point theory has
been defined in ( [5,6, 14, 16]).

The first definition of Riesz spaces was done by Riesz in 1930. In [18], Riesz introduced the vector
lattice spaces and their properties. A Riesz space (vector lattice) is a vector space which is also a
lattice, so that the two structures are compatible in a certain natural way. If, in addition, the space is a
Banach space (and, again, a certain natural compatibility axiom is satisfied), it is a Banach lattice. We
present some of the terms and concepts of the Riesz spaces used in this article, concisely. However,
we relegate the reader to [1, 12, 19,24], for the fundamental notions and theorems of Riesz spaces and
Banach lattices.

A real vector space X is supposed to be a partially orderly vector space or an ordered vector space,
if it is equipped with a partial ordering ““ < ” that satisfies

1. x < xforevery x € X.

2. x <yandy < x implies that x = y.

3. x <yandy < zimplies that x < z.

A Riesz space (or vector lattice) is an ordered vector space in which for all x,y € X the infimum and
supremum of {x, y}, denoted by x A y and x V y respectively, exist in X . The negative part, the positive
part, and the absolute value of x € X, are defined by x™ := —x Vv 0, x* := x V0, and |x| := x V —x,
respectively. Let X be a Riesz space. X is called Archimedean if inf{2 : n € N} = O for all x € X™. If
|x| < |y| implies ||x|| < |[y|| for all x,y € X, then ||.|| is called a lattice norm or Riesz norm on X.

l.x+y=xVy+xAy , —(xVy =-xA-y
22x+(Vv)=x+y)Vx+2) , x+O0AD=x+y)A(x+2).
3oxl=x"+x , |x+y < |xl+ ]yl

4. x < yisequivalent to x* < y"and y~ < x".

S5.xVY)AZz=(xXAY)VOAZ , (XAYIVZ=&XVY)AQV2).
Let X be a Riesz space. The sequence {x,} is called uniformly bounded if there exists an element
e € X" and sequence {a,} € I' such that x, < a, - e. A Riesz space X is called uniformly complete if
sup{Xin, x; : n € N} exists for every uniformly bounded sequence x, € X*. Let X and Y be Banach
lattices. Then the function F' : X — Y is called a cone-related function if F(X*) = {F(|x]) : x € X} C
Y.

Theorem 1.2. [I1] For a mapping F : X — Y defined between two Riesz spaces, the following
statements are equivalent:

1. F is a lattice homomorphism.

2. F(x)* = F(x*) forall x € X.

3. Fx)ANF(y) = F(x Ay), forall x,y € X.

4. If x Ay=0in X, then F(x) A F(y) =0inY.

5. F(lx]) = |F(x)|, for every x € X.

Definition 1.3. [23] The (real) vector lattice (Riesz space) X is named a lattice ordered algebra (Riesz
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algebra, concisely, [-algebra) if it is a linear algebra (not essentially associative) so that if a,b € X™,
then ab € X*. The latter property is equal to every of the following declarations:

(1) |ab| < |a||lb| for all a,b € X;
(i) (ab)* <a*b* +a b~ foralla,b € X,
(ii) (ab)” <a*b™ +a b* foralla,b € X.

Definition 1.4. [2] Assume that X be an /[-algebra.

(1) If forall a,b € X, a A b = 0 implies ab = 0, then X is named an almost f-algebra.
(i) If c(a v b) = caV cb and (a V b)c = ac V ab for all a,b € X and ¢ € X7, then X is named a
d-algebra.
(iii) IfaAb = 0 impliescaAb =ac Ab =0forall a,b € X and ¢ € X*, then X is named an f-algebra.

Proposition 1.5. [2] For an l-algebra X, the following statements are equivalent:

(i) X is a d-algebra;
(ii) cla| = |ca| and |alc = |ac| for all a € X and ¢ € X*;
(iii) forall a,b € X and c € X", c(aV b) = ca V c¢b and (a A\ b)c = ac A bc.

Definition 1.6. [21] Any lattice ordered algebra X that is meantime a Banach lattice is named a Banach
lattice algebra when ||ab|| < ||a||||b|| keeps for all a,b € X*. Moreover, if X is an f-algebra next it is
named a Banach lattice f-algebra, explicitly, X is next a (real) Banach algebra.

It is explicit that every f-algebra is an almost f-algebra and a d-algebra. Every Archimedean
f-algebra is commutative and associative. It turns out that every Archimedean almost f-algebra is
commutative but not necessarily associative [2].

Theorem 1.7. For an l-algebra A with unit element e > 0, the following are equivalent:

(i) Ais an f-algebra.
(ii) A is a d-algebra.
(iii) A is an almost f-algebra.
(iv) e is a weak order unit (i.e., a L e implies a = 0).
(v) Foralla € A, aa* > 0.
(vi) Foralla € A, a*> > 0.

We gather several simple f-algebra properties. Let A be an f-algebra. In this case, for every
a,b € A, we have the following:

(1) lab| = |allb|.

(2) a L bimplies that ab = 0.

(3) @ =(a") +(a)* > 0.

4) 0 < (a*)? = aa*.

(5) (aV b)a A Db) =ab.

(6) If @* = 0, then ab = 0.

(7) If A is semiprime (i.e., the only nilpotent element in A is 0 or, equivalently, a®> = 0 in A implies
a = 0), then a®> < b? if and only if |a| < |b|.

(8) If A is semiprime, then a L b if and only if ab = 0.
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(9) Every unital f-algebra is semiprime.
See [3,22,23] for consider more properties of f-algebras.

Definition 1.8. Let X and Y be Banach f-algebras and F : X — Y be a cone-related function. We
describe the following:
(P;) Supremum preserving functional equation:

F(xD) Vv F(yD) = F(xI v Iy, forall x,yeX.
(P,) Multiplication preserving functional equation:
F(xDF(y) = F(Ixllyl), forall x,y € X.
(P3;) Semi-homogeneity:
F (t|x]) = 7F(|x]), forall x € Xand 7 € [0, o).
(P4) Positive Cauchy additive functional equation:
F(xD) + F(y) = F (Il + [y]), forall x,y € X.

Definition 1.9. [16] A functiond : XXX — [0, o] is named a generalized metric on set X if d satisfies
the following conditions:

(a) foreach x,y € X, d(x,y) =0 iff x = y;

(b) for all x,y € X, d(x,y) = d(y, x);

(c) forall x,y,z€ X, d(x,z) <d(x,y) +d(y,2).

Notice that the just generalized metric significant difference from the metric is that the generalized
metric range contains the infinite.

Theorem 1.10. [16] Let (X, d) be a complete generalized metric space and J : X — X be a contractive
mapping with Lipschitz constant L < 1. Then for every x € X, either

d(J" ! x, J"x) = o0

for all nonnegative integers n or there exists an integer ny > 0 such that
(a) For all n > ny, d(J"x, J"'x) < oo;
(b) J"(x) — y*, where y* is a fixed point of J;
(c) y* is the unique fixed point of J in the set Y = {y € X : d(J"(x),y) < oo};
(d) Foreachy € Y, d(y*,y) < ﬁd(]y, y).

2. Main results

In this part, we will investigate the stability of lattice multiplication functional equation in Banach
f-algebra by using the fixed point method.

AIMS Mathematics Volume 5, Issue 6, 5458-5469.



5462

Lemma 2.1. Let X and Y be Riesz spaces and F : X — Y be a cone-related mapping such that

F(w v |y|) V2F (- X A = F () v F (b @.1)
or
]+ |2 )
F(EE 1) v 2F el 1 A b = FOy+ 11V eV (el + bl A ) 22)

forall x,y,z € X. Then F satisfies (P1).
Proof. 1t is easy to indicate that F'(0) = 0. Replacing z by x in (2.1), we get
F(lx v Iy vV2FQO A lyl) = F(lx) vV F(lyD,

which means that F satisfies (P1). By the same reasoning, we can show that if (2.2) holds, then F
satisfies (P1). O

Lemma 2.2. Let X and Y be Riesz spaces. If F : X — Y is a cone-related mapping, which satisfies

F(Ixl = Y1V Ixl + [z]) + F(Iyl = |2l v [x]) = 2F(Iyl) + F(lz]) (2.3)

or
F(lxl + Iy V 12l) + 2F (|xl A [yl = |zl) = F(Ixl) + F(Jz]) (2.4)
F(IxI v Iyl + 12l) + F(Ixl = Iy V [zl) = F(Ix]) + 2F(|z]) (2.5)

forall x,y,z € X, then F : X — Y satisfies (P4).
Proof. Letting y = x in (2.3), we have

F(lxl + 12l) + F(Ixl) = 2F(Ix]) + F([z]),

for all x,y,z € X and so F is a positive Cauchy additive mapping. Letting x = y = z = 0 in (2.4), we
get F(0) = 0. Now putting z = y in (2.4), we show that F' satisfies (P2). Finally, letting y = x in (2.5),
we obtain that F is a positive Cauchy additive mapping. O

Theorem 2.3. Let X and Y be two Banach lattices. Consider a cone-related function F : X — Y with
F(0) =0, that is,

T|x| + v|zZ|
HF (T v nlyl) V 2F(vlz] = 7ix] A nlyl) = vE(l) v nF(IyI)” <ol ablvi)  (26)

forall x,y,z € X and 7,1,v € [1, 00). Suppose that a function ¢ : X> — [0, o) satisfies

1)

5= 2.7)
T n v

@(|xl, [yl, lz]) < (TUV)§S@(
for all x,y,z € X, 1,n,v € [1,00) and there is a number a € [0, %). Then there is an individual
cone-related mapping T : X — Y which satisfies the properties (P1), (P3) and

T(I

IT(|x) = F(xDIl <

— (| xl, |x, |x]) (2.8)
T—T

forall x e X and T € [1, ).
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Proof. Letting x =y =zand 7 =5 = vin (2.6), we get
IF(zlx) — TF(xDIl < e(7lxl, 7lx], 7|x]).

By (2.7), we have
IF(zlx]) = TF(xDIl < %@, |x], |x]).

Dividing by 7 in the above inequality, we get

-1
< 7 (|, |xl, |x])

1
|—F<T|x|> _ Fx)
-

forallxe X, 7> 1and o € [O,%).
Consider the set
A={G| G:X - Y,G0O) =0}

and the generalized metric on A defined by
d(G, H) = inf{c € R" : |IG(Ix]) — H(xDIl < c(lxl, |x], |x]) for all x € X},

where, as common, inf () = co. It is easy to demonstrate that (A, d) is a complete generalized metric
space (see [6, Theorem 3.1]).
Now, we define the operator J : A — A by

1
JG(|x]) = —=G(r|x]) forall x € X.
T
Given G, H € A, let ¢ € [0, o0) be a desired constant with d(G, H) < c, that means
IG(Ix]) — H(IxDIl < co(|x], |x], |x]).

Then we have

1
IJG(Ixl) = JH(|xD| ZIGlxD) = H(zlxDl]

IA

1

;Ccﬁ(TIXI, 7|x|, 7lx])

= 7 ep(ld, |, |xD.

By Theorem 1.10, there is a mapping 7 : X — Y such that the following hold.

(1) T is a fixed point of J, that means
T (rlxl) = 7T (|xI) 2.9)

for all x € X. Also the mapping 7 is an individual fixed point of J in the set
Z={G e A; dG,T) < oo},

this implies that 7 is an individual mapping satisfying (2.9) such that there exists ¢ € (0, o)
satisfying
IT(Ix[) = F(xDII < ce(lxl, |x], [x])

for all x € X.
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(2) d(J"F,T) — 0, as n — oo. This implies the equality

F n
tim “CI < 7
n—oo ™
for all x € X
3) d(F,T) < d(JF F), which implies the inequality
a—1 T

dF,T)< —— = .
-7l 1710

So we obtain L

IF(lxl) = T(|xDI] S - 90(|x| |x], [x])
forallxe X, 7> 1 and a € [0, 5). Accordingly the 1nequa11ty (2.8) holds.

Next, we show that (P1) is satisfied. Putting 7 = = v := 7" in (2.6), we get

T+, ; . . . . R
HF(—2 VT Iyl) V2F(T"lzd =" AT) - T F(l2)) v T F(|y|)H < (7|, 7'y, 7"I2))

and so

P{ﬁﬂ”;mvm»vﬂmﬂm—wAwm—meDvﬁnmﬂsP”ﬂmwum.

Substituting x,y, z by 7"y, "'y, "'z, respectively, in the above inequality, we get

n Tn|x| +Tn|Z| n yom] n n 1 n n &
HF (T (—2 VT Iyl)) V2F (@' ("2l = T ATYD) — T F(T2l) vV T F (T Iyl)"

< (7" |x], T"|yl, 7'1z])

and thus

( ("“'*IZI m»vmv%m—mAwm—#ﬂﬂmvﬁﬂﬂwn

" (|x1, [y, 2])

for all x,y,z€ X,7>1and «a € [0, 5). Dividing both sides of (2.10) by 7", we obtain

L (o[l + 12l 2 o L e v Lr@
_mkzt7—vm»vszuwwwwm—;ﬂﬂmV;ﬂﬂWH

T2n

< T2 (|x], Iyl I2).

Since lattice operations are continuous, by (2), as n — oo, we get

'Vpﬂ;mvWQVmwa—MAWD—TWDVT“”HSQ

Therefore,
x| + |z]
T( 7 % Iyl) V2T (lzl = Xl AlyD =T (IzD v T (ly)

for all x,y,z € X. Accordingly, by Lemma 2.1, T satisfies (P1).

(2.10)

O
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Theorem 2.4. Let F : X — Y be a cone-related mapping with F(0) = 0 in two uniformly complete
Banach f-algebras X and Y. Assume that

7|x| + v|z]
HF (T v n|y|) v 2F (el - 7l A ) = vE(il) v nF(lyl)H < (il v, Vi)

and
IF(xllyD = FAXDEAyDIN < w(lxl, [yD,
where ¢ : X° — [0, 00) and  : X*> — [0, 00) satisfy

o(zlxl, nlyl, viz]) < (T?]V)%SO(IXI, Iy, Iz])
and
Y(@"Ixl, 7"y = OG™") (2.11)

forall x,y,z € X, t,n,v € [1,0), a € [0, %). Then there exists an individual cone-related mapping
T : X — Y satisfying (P1),(P2),(P3) and

a

IF(xD) = T(xDIl < @(lxl, xl, 1x). (2.12)

T—T7%
Proof. In the previous theorem, we proved that there exists an individual cone-related mapping 7 :
X — Y such that

F(T"|x]) T

T(x) = lim ———,  [[F(lx[) = T(IxDIl < 2 (I, |, [x]) (2.13)
n—eo T T—T

for all x € X and 7 € [1, o). Moreover, we showed that T satisfies (P1) and (P3). It follows from
(2.11),(2.12) and (2.13) that

lim

n—oo

T (xllyD) = T(xDT (yDII

F(@xllyD) — F(@"x) F("lyl) "

: 1 n n n
= r}gg EIIF @ |xdlyl) = F@ ) F (" yDl

IA

3 1 n n
lim ——y(7"|x], 7"[yl) = 0.
n—oo T

Thus T satisfies (P2). O

Corollary 2.5. Suppose that T > 1, a < % and 6 < 1 are nonnegative real numbers. Let X and Y be

two uniformly complete Banach f-algebras and F : X — Y be a cone-related mapping with F(0) = 0.
If F satisfies

< O (Il + I + 11zl

P (Tlxl + V7|
2

v nlyl) V 2F Wzl = lx| A nlyl) = vF(Izl) vV nF(lyl)

and
IF(xlyD) = FAxXDFAYDIE < 6 (l” + [IvI1")

forall x,y,z € X and 7,n,v € [0, ), then there exists an individual cone-related mapping T : X — Y
satisfying (P1), (P2), (P3) and

a

20
IT(1x) = F(x)l < ——

T—71%

1l

forall x € X.
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Proof. Letting
e(x,y,2) = O(IxlI* +IIlI"),  (x,y) = 6l + lIyll™)

in the above theorem, we get the desired result. O

Theorem 2.6. Suppose that r,0,7,1n1 and v are nonnegative real numbers with 0 > 0, r € [0, %) and
7,1m,v € [1,00). If X is a Banach lattice and Y is Banach f-algebra and F : X — Y is a mapping such
that

HF(TIXI =yl v 7lx| + vizl) + Fnlyl = vizl v 7lx]) = 2nF(y]) - VF(IZI)H < Ollexl Myl vall” - (2.14)

for all x,y,z € X, then there exists an individual mapping T : X — Y such that the next properties
hold:

(1) Forall x € X,
3r

1F () = TOxDl < 5 IIAI"

r+2

(2) T : X — Y satisfies (P4).

Proof. By induction on n, we can easily show that the following inequality holds.

H%F(T"IXD - F(|x])

<720 Z 7Dl (2.15)
i=3

Moreover, for all x € X, we have

1 1
| e - Srem| =
T T

1
]7;nﬁmﬂﬂm»—HWM)

n—m

Z i(r— 1)||me||r

=3

o7’ Z]““mw

i=m+3

IA

for all m,n € N with n > m and all x € X. As m — oo, the right side term in the above inequality tends
to 0 and so the sequence {TLF (T”lxl)} is a Cauchy sequence. Hence it converges since Y is complete.

Therefore we can define an operator 7 : X — Y by
1
T(|x]) := lim = F(7"|x]) (2.16)
n—oo TN

for all x € X. Then we obtain 5

I () = FOxDI < S——5 Il

r+2

by (2.15).
Next, we show that (2) is satisfied. Putting 7 = v = n = 7" in (2.14), we have

”F(T”(IXI =V Ixl + 12D) + F(" (] = J2l v 1xD) = 27" F(yl) = 7 F(IzD)| < 7> I1xd Iyl Izl
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Replacing x by 7"x, y by 7"y and z by 7"z in the above inequality, we obtain

HF(TZ”(IXI = IV I+ l2D) + F(*' (vl = [2] V [xD) = 27" F(Z" ) = " F("lz])|| < 67" Il Iy l1z])"

Dividing the last inequality by 7", we have

1 1 1 1
S F @1l = DIV Il + [2) + — FE (o] =l V 1)) = 2= F (") = — F("l2])

2n(3r-1
< 6"l Iyl 1zl

Since lattice operations are continuous, as 7 — oo we obtain
T(|xl = Iyl V xl + 1zl) + T(Iyl = lz] V 1x]) = 2T'(Iyl) = T(|z])

by (2.16). Therefore, by Lemma 2.2, T is a positive Cauchy additive mapping. O

1

Corollary 2.7. Suppose that r < 3 and 6 are nonnegative real numbers and that X,Y are Banach

f-algebras. If F : X — Y is a cone related mapping satisfying (2.14) such that

IF(xlyD — FAxDF(yDIl < Ellxl Iyl (2.17)

for all x,y € X, then there is an individual cone-related mapping T : X — Y such that satisfies (P2)
and (P4).

Proof. In the above proof, we demonstrate that 7 : X — Y exists and satisfies (P4). It follows from
(2.16) and (2.17) that

lim

n—oo

F(@xlly) — F("lx]) F(T"|)’|)H
T2n n ' n

|7son - |

|F@xlyl) = FIX)F @yl
Tim 672"Vl Il

0.

. 1
= lim —
n—oo T2

IA

Thus T(|x|lyl) = T(Ix)T(ly]) and so T satisfies (P2). O
3. Conclusion

In this paper, we have proved the Hyers-Ulam stability of supremum, infimum and multiplication
preserving functional equations in Banach f-algebras.
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