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1. Introduction

Throughout this paper, N and Q are the set of all positive integers and rational numbers, respectively,

n—times

Ny := NU {0}, R, := [0,00). Moreover, for the set X, we denote X X X X --- X X by X". For any

leNy,meN, t=(t,...,ty) €{-1,1Y"and x = (x1,...,x,) € V" we write Ix := (Ix,...,Ix,) and
tx := (t1x1,...,t,Xn), Where ra stands, as usual, for the rth power of an element a of the commutative
group V.

Let V be a commutative group, W be a linear space, and n > 2 be an integer. Recall from [15] that
amapping f : V' — W is called multi-additive if it is additive (satisfies Cauchy’s functional equation
A(x +y) = A(x) + A(y)) in each variable. Some basic facts on such mappings can be found in [19]
and many other sources, where their application to the representation of polynomial functions is also
presented. Besides, f is said to be multi-quadratic if it is quadratic in each variable, i.e., it satisfies the
quadratic equation

Q(x +y) + Ox —y) = 20(x) + 20(y) (1.1)
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in each variable [14]. In [27], Zhao et al. proved that the mapping f : V' — W is multi-quadratic if
and only if the following relation holds.

Do) =20 Y f@ X X)) (1.2)
{12}

ref{—1,1)" J15J2seesjn€

where x; = (xj, X2j,...,X,j) € V" with j € {1,2}.

The stability of a functional equation originated from a question raised by Ulam: “when is it true that
the solution of an equation differing slightly from a given one must of necessity be close to the solution
of the given equation?” (see [26]). The first answer (in the case of Cauchy’s functional equation in
Banach spaces) to Ulam’s question was given by Hyers in [18]. Following his result, a great number of
papers on the the stability problems of several functional equations have been extensively published as
generalizing Ulam’s problem and Hyers’ theorem in various directions; see for instance [1,4,21,23,28],
and the references given there.

It is worth mentioning that the fixed point theorems have been considered for various mappings,
integral and fractional equations in [3,12,13]. Some investigations have been carried out on the stability
of functional equations via fixed point theorems in [5-7, 11]. Moreover, the fixed point theorem were
recently applied to obtain similar stability results in [9, 16,22, 25].

In [14, 15], Cieplinski studied the generalized Hyers-Ulam stability of multi-additive and
multi-quadratic mappings in Banach spaces, respectively (see also [27]). Next, the stability of
multi-Cauchy-Jensen mappings in non-Archimedean spaces are studied in [2] by applying the fixed
point method, which was proved and used for the first time to investigate the Hyers-Ulam stability of
functional equations in [11].  For more information about multi-quadratic, multi-cubic and
multi-quartic mappings, we refer to [8, 10, 20,24].

In this paper, we define the generalized multi-quadratic mappings and present a characterization of
such mappings. In other words, we reduce the system of n equations defining the generalized multi-
quadratic mappings to obtain a single functional equation. Then, we prove the generalized Hyers-Ulam
stability of multi-quadratic mapping (which was recently introduced by Salimi and Bodaghi in [24]) in
non-Archimedean normed spaces by a fixed point method.

2. Characterization of generalized multi-quadratic mappings

From now on, let V and W be vector spaces over Q, n € N and x!' = (x;1, X2, ..., Xin) € V", where
ie€{l,2}. Letl; € {1,2}. Put
M! = {x= (1, X2, ..., X,,) € V'|Card{l; : [; =1} = i}. 2.1

1

We shall denote x! and M by x; and M;, respectively if there is no risk of ambiguity.
A general form of (1.1), say the generalized quadratic functional equation is as follows:

Q(ax + by) + Q(ax — by) = 24*Q(x) + 2bZD(y) 2.2)

where a, b are the fixed non-zero numbers in Q. The mapping f : V' — W is said to be generalized
n-multi-quadratic or generalized multi-quadratic if f is generalized quadratic in each variable.
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Putn :={1,...,n}, n € N. Forasubset T = {ji,...,jiJofnwithl < j; < ... < j; < nand
x=(x1,...,x,) €V",
rx:=(0,...,0,x;,0,...,0,x;,0,...,0) € V"

denotes the vector which coincides with x in exactly those components, which are indexed by the
elements of 7" and whose other components are set equal zero. Note that 4x = 0, ,x = x. We use these
notations in the proof of upcoming lemma.

Let a € Q be as in (2.2). We say the mapping f : V" — W satisfies the r-power condition in the
jth variable if

f(Zla'-'azj—]7aZj7Zj+l,'--aZn) = arf(Z],...,Zj_],Zj,Zj+],...,Zn),

A is the binomial coeflicient defined for all n, k € Ny with

n > k by n!/(k!(n — k)!). We shall to show that if a mapping f : V" — W satisfies the equation

for all (zy,...,2,) € V". In the sequel, ( "

n

> flaxi+gbxy) =2 Y @B N f(), (2.3)

ge{-1,1}" i=0 XEM;

where a, b are the fixed non-zero in Q with a + b # 1, then it is generalized multi-quadratic quadratic.
In order to do this, we need the next lemma.

Lemma 2.1. If the mapping f : V' — W satisfies the Eq. (2.3) with 2-power condition in all
variables, then f(x) = 0 for any x € V" with at least one component which is equal to zero.

Proof. Putting x; = x, = (0,...,0)1in (2.3), we get

n

2"£(0,...,0) = 2" Z( ’: )aZibz("‘i)f(O, ...,0)=2"a+ b)*f(,...,0).

i=0
Sincea+b # 1, f(0,...,0) =0. Letting x;, =0 forall k € {1,...,n}\{j} and x,y =0for 1 <k <nin
(2.3) and using f(0,...,0) = 0, we obtain

2@’ f(0,...,0,x,;,0,---,0) = 2"£(0,...,0,ax;;,0,...,0)

n—1
n n-1 i32(n—1-i
=2 a2ZO“( l, )a2b2< D £0,...,0,x1;,0,...,0)
=2"d*(a + b)*" Vf(0,...,0,x,;,0,...,0).
Hence, f(0,...,0,x,;0,...,0) = 0. We now assume that f(;_;x;) = 0O for 1 <k <n—1. We are going
to show that f(;x;) = 0. By assumptions, the above process can be repeated to obtain

n—k

2" fex) = 2 ) ( "l )a”b”""“”f(kxl) = 2'a*(a+ by fx), (2.4)

i=0

where 1 < k < n—1and so f(;x;) = 0. This shows that f(x) = 0 for any x € V" with at least one
component which is equal to zero. m|

Theorem 2.2. Consider the mapping f : V' — W. Then, the following assertions are equivalent:
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(i) f is generalized multi-quadratic;
(ii) f satisfies Eq. (2.3) with 2-power condition in all variables.

Proof. (1)=(ii) We firstly note that it is not hard to show that f satisfies 2-power condition in all
variables. We now prove that f satisfies Eq. (2.3) by induction on n. For n = 1, it is trivial that f
satisfies Eq. (2.2). Assume that (2.3) is valid for some positive integer n > 1. Then,

Z f ax’l“rl + qu’zﬁl) =24 Z f(ax| + gbxy, x1,41)

ge(-1,1ym+! ge(-1,1)
2
+20° Y f(axi +qbxy, X))
gef-1,1}"
n
— o+l 2 G2 p2n=D Z £ (X Xine) + o+l 2 ZaZIbZ(n—t) Z F(x, Xans1)
i=0 xeM" i=0 xeM;'
n+l1
— ontl Z i p2m+1= Z F(x).
i=0 xEMI.’H'l

This means that (2.3) holds for n + 1.
(i)=(@) Fix je{l,--- ,n},put xop = O0forall k € {1,--- ,n}\{j}. Using Lemma 2.1, we obtain
2"‘1a2("_1)[f(x11,...,xlj_l,axlj + bX2j, X1jsts - -5 Xin)
+ f(X11, 0, X1jo,aX1j — bXxoj, Xy jet, 00, X1yl
= 2”_1[f(ax11, e, axijo1,axij + bxyj, axyju, ... ,axln)
+ f(axll, e, AXyjo1,aX1 ) — bXoj, axyji, .. ,axl,,)]
=2"a*" V[d® f(x1s . ..., X1jo1s X1js X1 jals - - -5 Xin)
D7 F(X11 oy X1 jots X2js X1ja1s - - - » X1n)]- (2.5)

It follows from relation (2.5) that f is quadratic in the jth variable. Since j is arbitrary, we obtain the
desired result. |

3. Stability Results

An special case of (2.2) is the following quadratic functional equation whena = b = %

2Q(x;y) 2@( ) Q) +Q0). 3.1)

A mapping f : V" — W is called n-multi-quadratic or multi-quadratic if f is quadratic in each
variable (see Eq. (3.1)). It is shown in [24, Proposition 2.2] (without extra 2-power condition in each
variable) that a mapping f : V" — W is multi-quadratic if and only if it satisfies the equation

Z f(x1 i 6]X2) Z S X1 X125 -+ 5 Xp,0)- (3.2)

gel-1,1} Ioelne{1,2)
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In this section, we prove the generalized Hyers-Ulam stability of Eq. (3.2) in non-Archimedean
spaces.

We recall some basic facts concerning non-Archimedean spaces and some preliminary results. By
a non-Archimedean field we mean a field K equipped with a function (valuation) |- | from K into [0, o)
such that |r| = O if and only if r = 0, |rs| = |r||s], and |r + s| < max{|r|,|s|} for all r, s € K. Clearly
[I|]=]—1|=1and |n| <1 foralln € N.

Let X be a vector space over a scalar field K with a non-Archimedean non-trivial valuation | - |. A
function || - || : X — R is a non-Archimedean norm (valuation) if it satisfies the following conditions:

(1) ||Ix|l = 0 if and only if x = 0;
@i1) [lrxll = Irlllxll,  (x € X, r € K);
(ii1) the strong triangle inequality (ultrametric); namely,

[l + Il < max{]|x]], [[yll} (x,y € X).
Then (X, || - ||) is called a non-Archimedean normed space. Due to the fact that
X, = Xl < max{llxj —xjllim<j<n-1} (n>m)

a sequence {x,} is Cauchy if and only if {x,.; — x,} converges to zero in a non-Archimedean normed
space X. By a complete non-Archimedean normed space we mean one in which every Cauchy
sequence is convergent.

In [17], Hensel discovered the p-adic numbers as a number theoretical analogue of power series
in complex analysis. The most interesting example of non-Archimedean normed spaces is p-adic
numbers. A key property of p-adic numbers is that they do not satisfy the Archimedean axiom: for all
x,y > 0, there exists an integer n such that x < ny.

Let p be a prime number. For any non-zero rational number x = p"* in which m and n are coprime
to the prime number p. Consider the p-adic absolute value |x|, = p™ on Q. It is easy to check that | - |
is a non-Archimedean norm on Q. The completion of Q with respect to | - | which is denoted by Q, is
said to be the p-adic number field. One should remember that if p > 2, then |2"| = 1 in for all integers
n.

Throughout, for two sets A and B, the set of all mappings from A to B is denoted by B*. The proof
is based on a fixed point result that can be derived from [11, Theorem 1]. To present it, we introduce
the following three hypotheses:

(H1) E is a nonempty set, Y is a complete non-Archimedean normed space over a non-Archimedean
field of the characteristic different from 2, j €N, g,...,g;: E— Eand L,,...,L;: E — R,
(H2) 7 : YE — Y% is an operator satisfying the inequality

IT°A(x) = T (oIl < maxien,. jLix) [1(gi(0) — (g, Lu e YE x€E,

.....

AS(x) := max. Li(x)0(gi(x))  S€RF xeE.

.....

Here, we highlight the following theorem which is a fundamental result in fixed point theory [11].
This result plays a key role in obtaining our goal in this paper.
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Theorem 3.1. Let hypotheses (H1)-(H3) hold and the function € : E — R, and the mapping ¢ :
E — Y fulfill the following two conditions:

|7 o(x) — @(x)]| < €e(x), llim Ale(x) =0 (x € E).

Then, for every x € E, the limit lim;_., T '¢(x) =: Y(x) and the function € YE, defined in this way, is
a fixed point of T with
llo(x) = YOl < supA'e(x)  (x € E).

Here and subsequently, given the mapping f : V" — W, we consider the difference operator
I'f:v'xv"— Wby
X+ qxz) _

Lf(x1,x) =2" Z f( >

gel—1, 1) I venln€{1,2)

f(xh 1o Xp2s o+ o5 xl,,n)-

In the sequel, S stands for {0, 1}*. With this notations, we have the upcoming result.

Theorem 3.2. Let V be a linear space and W be a complete non-Archimedean normed space over a
non-Archimedean field of the characteristic different from 2. Suppose that ¢ : V" x V' — R, isa
mapping satisfying the equality

!
lim (|2}2") maxXes ¢(21(sx1 ,5%)) =0 (3.3)

l—00

for all x,x, € V". Assume also f : V" — W is a mapping satisfying the inequality

IITf (x1, )l < @(x1, x2) (3.4)

for all x|, x, € V". Then, there exists a unique multi-quadratic mapping Q : V' — W such that

1 I+1
1 (x) = QI < supy, (W) max,es ¢(2'sx, 0) (3.5)

forall x e V",

Proof. Replacing x = x; = (x11,...,X1,), X2 = (X21, ..., X2,) by 2x1,(0,...,0) in (3.4), respectively, we
have

122" F(0) = ) F2s0ll < ¢(2x,0) (3.6)

seS

for all x € V". Inequality (3.6) implies that

) =T fll < &(x) (3.7

for all x € V" where &(x) := #QSQ}C, 0) and 7 f(x) := 2% Duses S (2sx). Define
An(x) :=max,cg ﬁn(%x) for allp € RY", x € V. Itis easy to see that A has the form described in
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(H3) with E = V", gi(x) := g4(x) = 2sx for all x € V" and L;(x) = # for any i. Moreover, for each
A,pue W and x € V", we get

[7°A(x) = T (o)l < maxyes =5 [|A(2sx) — u(2sx)|.

1
|2|2n
The above inequality shows that the hypothesis (H2) holds. By induction on /, one can check that for
any / € N and x € V" that

1 [
AEx) = (W) maxes £(2'sx) (3.8)

for all x € V". Indeed, by definition of A, equality (3.8) is true for / = 1. If (3.8) holds for / € N, then

l
AMEX) = AWWEX) = A ((#) maxsesf(lex))

1 I+1
1 1
= (|2|2n) maxseSA(g(lex)) = (|2|2n) maxsesg(Z”lsx)
for all x € V". Relations (3.7) and (3.8) necessitate that all assumptions of Theorem 3.1 are satisfied.

Hence, there exists a unique mapping Q : V" — W such that Q(x) = lim;_.(7"f)(x) for all x € V",
and also (3.5) holds. We are going to show that

1 [
DT f)(xr, 2l < (W) max es $(2'sx1, 2'sx) (3.9)

for all x;, x, € V" and [ € N. We argue by induction on [. For [ = 1 and for all x, x, € V", we have

I0CT £)(Gxr, )
X1+ gx
= > (PS5 Y TH )
ge{=1.1}" Iy yeln€{1,2}
1 1
=l 2, 2 fexmtsg) =z D1 ) f@su 25w, 25m,)
ge{=1,1}" seS Iy yeesln€{1,2} s€S
1
= |55 2 TN, 532)
SES

1
< Wmaxses ||F(f)(2(SX], S)Cz))”

1
< Wmaxses d(2(sx1, 5x2))

for all x;, x, € V. Assume that (3.9) is true for an / € N. Then

DT ) e, )
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= 2 T n(FHE) - X T

ge(—L,1} I yedn€{1,2}

1 1
= > Z Tf(sxl + sqx;) — > Z Z Tlf(stlll, 285X1,2, .« 5 28X;,,)

ge{-1,1}" se§ I, l€{1,2} s€S

5= D T 2531, 53)
SES

l\.)|’_‘

1
< e [T N, o))

1 I+1
< (|2|2n) max,es $(2""" (sx1, 5x7)) (3.10)

for all x;,x, € V". Letting [ — oo in (3.9) and applying (3.3), we arrive at ['Q(x, x,) = 0 for all
X1, Xy € V". This means that the mapping Q satisfies (3.2) and the proof is now completed. m|

The following example is an application of Theorem 3.2 concerning the stability of multi-quadratic
mappings when the norm of I'f(xy, x,) is controlled by the powers sum of norms of components of
vectors x; and x, in V".

Example 3.3. Let p € R fulfills p > 2n. Let V be a normed space and W be a complete non-
Archimedean normed space over a non-Archimedean field of the characteristic different from 2 such
that |2| < 1. Suppose that f : V* — W is a mapping satisfying the inequality

2 n
ICF G, x)ll < > > Il
=1 =1
for all x;, x, € V". Putting ¢(x, x2) = Yt_, 1 lxllP, we have ¢(2'x1, 2x,) = 12| ¢(xy, x,) and so

1 l
im ( 2P ) s Z IV zH (|2|z,z) Z >l =

k=1 j=1 k=1 j=1

for all x;, x, € V". On the other hand,

I+1 n
1 1
SupleN(|2|2n) maxse5¢(2lsx’ 0) = 22 ; e 117

By Theorem 3.2, there exists a unique multi-quadratic mapping Q : V" — W such that

1 n
s S
J=1

1/ (x) — QI <

for all x € V".

Recall that a functional equation F is hyperstable if any mapping f satisfying the equation ¥
approximately is a true solution of ¥. Under some conditions functional Eq. (3.2) can be hyperstable
as follows.
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Corollary 3.4. Suppose that py; > 0 for k € {1,2} and j € {1,...,n} fulfill Zizl 2z Pkj > 2n. Let
V be a normed space and W be a complete non-Archimedean normed space over a non-Archimedean
field of the characterisitic different from 2 such that 12| < 1. If f : V" — W is a mapping satifying the
inequality

n
IfCer, )l < [l 1179

2
k=1 j=1

for all x,x, € V", then f is multi-quadratic.
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