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1. Introduction

Fixed point results have a crucial role to construct methods for solving problems in applied
mathematics and other sciences. A large number of mathematicians have focused on this interesting
topic. The Banach contraction mapping principle is the most important result in fixed point theory. It
is considered the source of metric fixed point theory. Metric spaces form a natural environment for
exploring fixed points of single and multivalued mappings which can be noted to Banach contraction
principle [7], that is, a very interesting useful and pivotal result in fixed point theory. The important
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feature of the Banach contraction principle is that it gives the existence, uniqueness and the
covergence of the sequence of the successive approximation to a solution of the problem. Banach
contraction principle is generalized in many different ways. Reader can see two short survey of the
development of fixed point theory in [15, 18].

Recently, Samet ef al. [24] introduced the notions of a-y-contractive mappings and a-admissible
mappings. Also, Alizadeh et al. [2] offered the concept of cyclic (a, §)-admissible mappings and obtain
some new fixed point results. For more information on fixed point results, see [1,4,5,8,9,11,12,17,
19,20,22,23,25,26].

Definition 1.1. [16] A function ¢ : [0, +00) — [0, +00) is called an altering distance function if the
following properties are satisfied:

(i) ¢ is non-decreasing and continuous,

(i) ¢ (t) = 0 if and only if r = 0.

Definition 1.2. [2]Let f : X —» X and @, : X — [0, +00). We say that f is a cyclic («, 8)-admissible
mapping if

(i) a(x) =1 for some x € X implies B(fx) > 1;

(i) B (x) > 1 for some x € X implies a (fx) > 1.

Definition 1.3. [14] Let X be a nonempty set and f,7 : X — X. The pair (f, T) is said to be weakly
compatible if f and 7 commute at their coincidence points (i.e., fTx = T fx whenever fx = Tx).
A point y € X is called a point of coincidence of f and T if there exists a point x € X such that
y=fx=Tx

Following the direction in [10], we denote by ‘P the family of all functions  : R* — R, such that
(Y1) ¢ 1s nondecreasing in each coordinate and continuous;

W) ¥ (t,1,1,0) <1, (t0,0,1) < rand w(0,0,t, é) < tforall > 0;

(l//3) I,b(l],l‘z,l‘3,l4) =0if and only ifth=tb=t3=1t,=0.

Definition 1.4. [3] A mapping & : R* X R* — R is a function of subclass of type [ if x > 1, then
h(l,y) < h(x, ).

Example 1.5. [3] The following are some examples of function of subclass of type /, for all x,y € R*
and positive integers m, n,

(D) h(x,y) =+ D% 1> 1,

2) h(x,y) =(x+ 1), 1> 1;

(3) hxy) = x"y;

(4) h(x,y) = Hr—totatly,

(5) h(x,y) = (M”)y,b 1.

n+1

Definition 1.6. [3] Suppose that F : R* X R* — R. A pair (F, h) is called an upper class of type I if h
is a subclass of type I and

(1)0<s<1= F(s,t) < F(1,1);

(2) h(1,y) < F(s,t) = y < st.

Example 1.7. [3] The following are some examples of upper class of type I, for all s,z € R* and
positive integers m, n,
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(D) h(x,y) =+ D" 1> 1,F(s,t) = st+1
Q) h(x,y) = (x+ 1y, 1> 1,F(s,t) = (1 + D)*;
(3) h(x,y) = X"y, F(s,1) = st;

(4) h(x,y) = X tetely p(g 1) = r;

(5) hix,y) = (Zbesaddl 4y s 1 F(s, £) = (1 4 D).

n+l
Definition 1.8. [3] A mapping & : R* XR* XxR* — R is a function of subclass of type /1 if for x,y > 1,
h(1,1,z2) < h(x, y, ).

Example 1.9. [3] The following are some examples of subclass of type /1, for all x,y,z € R,
(1) h(x,y,2) = (z+ D™, 1> 1;
(2) h(x,y,2) = (xy + )", 1 > 1;
(3) h(x,y,2) = z;
4) h(x,y,2) = xX"y'z?,m,n, p € N;
(5) h(x,y,2) = 220 mon, p, g,k € N.

Definition 1.10. [3]Let/: R* XR*XR* — Rand F : R* X R* — R. Then we say that the pair (F, h)
is called an upper class of type /1 if & is a subclass of type /1 and

(H0<s<1= F(s,1) < F(1,1);

2)h(1,1,2) < F(s,t) = z < st.
Example 1.11. [3] The following are some examples of upper class of type /1, for all s,¢ € R,

(D) h(x,y,2) =@+ DY, 1> 1,F(s,t) = st+ 1

2) h(x,y,2) = (xy + D5, 1> 1,F(s,1) = (1 + D",

3) h(x,y,2) =z, F(s,t) = st;

4) h(x,y,2) = X"y"zP,m,n,p € N, F(s,t) = s"t7;

(5) h(x,y,2) = 22K mon, p, g,k € N, F(s, 1) = (st).
Definition 1.12. [13] Let /, 7 : X — X and o, : X — [0, +00). We say that f is a T-cyclic
(@, B)-admissible mapping if

(i) a(Tx) > 1 for some x € X implies B8(fx) > 1;

(i) B(Tx) > 1 for some x € X implies a (fx) > 1.

Example 1.13. [13]Let f,T : R — R be defined by fx = x and Tx = —x. Suppose thata,5: R - R*
are given by @ (x) = ¢™* for all x e R and 8(y) = ¢” for all y € R. Then f is a T-cyclic («, 8) admissible
mapping. Indeed, if @ (Tx) = ¢* > 1, then x > 0 implies fx > 0 and so B(fx) = ¢/* > 1. Also, if
B(Ty) = e™ > 1, then y < 0 which implies fy < 0 and so a (fy) = e/ > 1.

The following result will be used in the sequel.

Lemma 1.14. [6,21] Let (X, d) be a metric space and {x,} be a sequence in X such that

lim d (x,, x,+1) = 0.

n—+00

If {x,} is not a Cauchy sequence in X, then there exist € > 0 and two sequences {m (k)} and {n (k)} of
positive integers such that n (k) > m (k) > k and the following sequences tend to € when k — +oco:

d (Xm(k), Xn(k)) ,d (Xm(k), Xn(k)+1) , d (xm(k)—la Xn(k)) ,

d (Xm(k)—l, Xn(k)+1) ,d (Xm(k)+1 , Xn(k)+1) .
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In this paper, we introduce new notions of T-cyclic (a,p, H, F)-contractive and T-cyclic
(a, B, H, F)-rational contractive using a pair (F, h) upper class functions to obtain new fixed point and
common fixed point theorems.

2. Main results

The following definitions will be used efficiently in the proof of main results.

Definition 2.1. Let /, 7 : X — X and 4,y : X — [0, +00). We say that f is a T-cyclic (4, y)-
subadmissible mapping if

(i) A(Tx) <1 for some x € X implies y (fx) < 1;

(@) y (Tx) < 1 for some x € X implies A (fx) < 1.

Definition 2.2. Let (X, d) be a metric space and f be a T-cyclic (@, 8)-admissible and T-cyclic (4, y)-
subadmissible mapping. We say that f is a T-cyclic («, 8, H, F)-contractive mapping if

H(a(Tx),B(Ty),od(fx, fy) < F(y(Tx)A(Ty),n(M(x,y))), (2.1)

for all x,y € X, where

1
M(x,y) =y (d (Tx,Ty),d(Tx, fx),d(Ty, fy), > [d(Tx, fy) +d(Ty, fx)])

for y € P, the pair (F,h) is an upper class of type /1, ¢ is an altering distance function and 7 :
[0, +00) — [0, +00) is a nondecreasing and right-continuous function with the condition ¢(t) > n(¢) for
all > 0.

Theorem 2.3. Let (X, d) be a complete metric space and let f and T be self-mappings on X such that
fX cTX. Let f be a T-cyclic (a,, H, F)-contractive mapping. Assume that TX is a closed subset of
X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and B(Txy) > 1, and A (Txy) < 1 and y(Txp) < 1;

(ii) if{x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then B(x) > 1, and y (x,) < 1
for all n, then y (x) < 1;

(i) a(Tu) > 1and B(Tv) > 1, and A(Tu) < 1 and y(Tv) < 1 whenever fu =Tuand fv ="Thv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Proof. Let xy € X such that @ (T'xp) > 1 and B8(Txp) > 1, and A (Txp) < 1 and y (Txp) < 1. Define the
sequences {x,} and {y,} in X by

Vo = fXy = Txyp1, neNU{0}. 2.2)

If y, = Y41, then y,,; is a point of coincidence of f and T. Suppose that y, # y,.; for all n € N.
Since f is a T-cyclic (@, 8)-admissible mapping and a (T'xg) > 1, B(fxo) = B(Tx;) > 1 which implies
a(Tx;) = a(fx;) > 1. By continuing this process, we get @ (Tx,,) > 1 and 8(T x;,41) > 1 for all
n € N U {0}. Similarly, since f is a T-cyclic (a,8)-admissible mapping and S8 (T x,) > 1, we have
B(Txy,) = 1 and a(Txy,,1) = 1 for all n € N U {0}, that is, @ (Tx,) > 1 and B(Tx,) > 1 for all
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n € N U {0}. Equivalently, a (Tx,)B(Tx,+;) > 1 for all n € N U {0}. Since f is a T-cyclic (4, y)-
subadmissible mapping and A (T'xp) < 1, ¥ (fxo) = v (Tx;) < 1 which implies 1 (Tx,) = A(fx;) < 1.
By continuing this process, we get A (T x;,) < 1 and y (T x2,41) < 1 for all n € NU{0} . Similarly, since f
is a T-cyclic (4, y)-admissible mapping and y (T'xp) < 1, we have y (T'x,) < 1 and A (T x5,,41) < 1 for all
n € NU{0}, thatis, A (Tx,) > 1 and 8 (Tx,) > 1 for all n € NU {0} . Equivalently, A (T x,) y (T x,4+1) < 1
for all n € N U {0}. Therefore, by (2.1) and using (2.2), we get

H(l,l,(ﬁ(d(h,ynﬂ))) H(l’l"p(d(fxn’fxn+l)))

< H(a(Tx,),B(Txp1),0d(fX0, fXns1))
< FQA(Tx)y (Txe1) .1 (M (X4, Xp41)))
< F(L,n(M (X, Xp41)))-
This implies that
@ dYnYns1)) < (M (Xp, X11)) < @ (M (X, Xni1)) - (2.3)
Since ¢ is nondecreasing, we have
d(yn5yn+l) < M(Xn, xn+1) ’ (24)

where
M (xm xn+1)

1
= l/’ d (T)Cn, Txn+1) s d (Txn’ fxn) s d (Txn+1’ fxn+1) s E [d (Txn, fxn+1) +d (Txn+1a fxn)])

1
= w d (Yn—lyyn) ) d (Yn—l’yn) ) d (yn’ yn+1) ’ 5 [d (yn—layn+1) + d (yn’ yn)])

< Y dGn-150) s d Gn150) s d Gns Yus) s % [d Gn-1,y0) + d(yn,ym)]) : (2.5)
Thus, from (2.4), we obtain

d (Vs Ynr1) < M (Xy, Xn41)
<y (d On=15Yn) s d Gn-15Yn) s d Os Y1) 5 % [d V-1,y0) +d (yn,yn+1)]) :

If d (yu-1, Y1) < d (Yn, Yus1) for some n € N, then

A

1
d(yn’ yn+1) lﬁ(d (yn—l’yn) ) d(Yn—l’yn) ) d(yn’ yn+1) ) E [d (yn—layn) + d()’n, yn+1)])

w (d (yn, yn+1) ’ d (yna yn+1) ’ d (ym yn+1) » d (yna yn+1))
d(Yn, yn+l) )

which is a contradiction and hence d (y,, yn+1) < d (V4-1,y,) for all n € N. Therefore, the sequence
{d (¥, yns1)} 1s decreasing and bounded below. Thus, there exists » > 0 such that lim,, ;oo d (Y, Ypt1) =
r. Assume r > 0. Also, from (2.3), (2.5) and using the properties of i, we deduce

IAIA

@ dYn>yns1)) < (M (Xp, Xn11))
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IA

1
77 (w (d (yn—l’yn) s d (yn—laYn) s d (yn’ yn+l) 5 5 [d (Yn—l’yn) + d (yn» yn+1)]))

ﬂ(lﬁ (d (Yn—layn) ’ d(yn—layn) ’ d(yn—laYn) ’d(yn—l’yn)))
n (d (yn—layn)) . (26)

IA

IA

Consider the properties of ¢ and 5. Letting n — +0c0 in (2.6), we get

@ (r) nli‘ﬁf (d Yu> Yns1)

nlirpmn(d On-1,Y0) =0 (1) < @(r),

IA

which implies r = 0 and so
1im d (yn, yuer) = 0. 2.7

Now, we prove that {y,} is a Cauchy sequence. Suppose, to the contrary, that {y,} is not a Cauchy
sequence. Then, by Lemma 1.14, there exist an € > 0 and two subsequences {y,, } and {y,, } of {y,} with
my > ny > k such that d(ym(k),y,,(k)) > &, d(ym(k)_l,yn(k)) < egand

klim d Vnes Vi) = UM d Vnye15 Yim) = m d V15 Vi) = UM d Vi1, Y1) = €. (2.8)
—400 k—+00 k—+00 k—+00

From (2.1), we get

H(1, 1, (d (fxu fXm)))

H(a (Txy),B(Txn,), ¢ (d(fx, fy)
FQ(Tx0)y (Tx,) 171 (M (X5 Xim,)))
F(1,n(M (x,y))).

H(1,1,0(d u> Ymy)))

IA

IANIA

This implies that

@ (dnsYm)) < (M (x5 X)) < @ (M (X, Xim,)) (2.9)

where
M (X, Xp,) = o,b(d (T x> TXn) » d (T Xy X)) s d (T Xy [Xmy) s

S1d(Tx, fon) +d (T )]

IA

(//( maX{S, d ()’nk—l, Ymk—l)}, d ()’nk—l, ynk) 5 d (ymk—la ymk) 5
1
max {5 1401 30) + 4 O]} )

Now, from the properties of ¢, ¢ and 1 and using (2.8) and the above inequality, as k — +c0 in (2.9),
we have

¢(e) <n(£0,0,8) <ne) <¢(e),
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which implies that £ = 0, a contradiction with & > 0. Thus, {y,} is a Cauchy sequence in X. From the
completeness of (X, d), there exists z € X such that

lim y, = z. (2.10)
n—+oo
From (2.2) and (2.10), we obtain
fx, >z and Tx, — 2z (2.11)

Since TX is closed, by (2.11), z € TX. Therefore, there exists u € X such that Tu = z. Since y, — 2
and 8 (y,) = B(Tx,41) = 1 forall n € N, by (ii), 8(z) = 8(Tu) > 1. Similarly, ¥ (z) = y (Tu) < 1. Thus,
A(Tx,)y(Tu) < 1foralln € N.

Now, applying (2.1), we get

H(L, 1,0 (d (fxn, fu))) H(a (Tx,),B(Tu), ¢ (d (fxu, fu))

<
< FQA(Txy)y (Tu),n (M (x,,1)))
< F(1,n(M (x,,u))).

This implies that
o d(fxy, fu)) < n(M(xy,u), (2.12)

where

M (x,, u)

w(d(Tx,,, Tu),d(Tx,, fx,),d(Tu, fu), % [d (Tx,, fu) +d(Tu, fxn)])

IA

4 (d (Tx,, Tu),d(Tx,, fx,),d(Tu, fu), % max{d(Tu, fu), [d(Tx,, fu) + d(Tu, fxn)]}) .

Taking k — oo in the inequality (2.12) and using the properties of ¢, ¥, n and the above inequality, we
have

AN

1
@(d(z, fu)) < n(l/'(O,O,d(Z,fu),Ed(z,fu)))
< nd @ fu) <eld(z fu),

which implies d (z, fu) = 0, that is, z = fu. Thus we deduce

AN

z=fu=Tu (2.13)

and so z is a point of coincidence for f and 7. The uniqueness of the point of coincidence is a
consequence of the conditions (2.1) and (iii), and so we omit the details.
By (2.13) and using weakly compatibility of f and 7T, we obtain

fz=fTu=Tfu=Tz

and so fz = Tz. Uniqueness of the coincidence point implies z = fz = Tz. Consequently, z is a unique
common fixed point of f and T'. O
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Corollary 2.4. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX Cc TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

H(a(Tx),B(Ty),od(fx, fy) < F(y(Tx)A(Ty),n(M(x,y)))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M (x,y) =(d(Tx.Ty),d(Tx, fx),d(Ty. fy). 5 [d(Tx, fy) +d(Ty, f0)))

fory € Y. Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and B(Txy) > 1, and A (Txy) < 1 and y(Txy) < 1;

(ii) if{x,} is a sequence in X such that x, — x and B (x,) > 1 for all n, then B(x) > 1, and y (x,) < 1
forall n, then y (x) < 1;

(i) a(Tu) > 1 and B(Tv) > 1, and A(Tu) < 1 and y(Tv) < 1 whenever fu = Tu and fv =Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.5. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX Cc TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

(@ (Tx)B(Ty) + l)</>(d(fx,fy)) <+ Z)Y(TX)/I(Ty)n(M(x,y))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +00) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M(x’)’) = lﬁ(d(Tx, T)’)’d(TX»fX),d(Ty,fy), 5 [d(TX’f)’) + d(Ty’fx)])

fory € Y. Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txp) < 1 and y (T xp) < 1;

(ii) if {x,} is a sequence in X such that x,, — x and 3 (x,) > 1 forall n, then B(x) > 1, and y (x,) < 1
for all n, then y(x) < 1;

@) a(Tu) = 1and B(Tv) = 1, and A(Tu) < 1 and y (Tv) < 1 whenever fu =Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.6. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a,f, H, F)-admissible mapping and T-cyclic (A,y)-subadmissible
mapping such that

(@ (d (fx, fy) + D"TPIY < (y (Tx) A(Ty)n (M (x,y)) + 1

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M (x,y) =y(d(Tx,Ty),d(Tx, fx),d(Ty. fy). 5 [d(Tx, fy) +d(Ty, f0)))
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fory € Y. Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txp) < 1 and y (Txp) < 1;

(ii) if{x,} is a sequence in X such that x, — x and (x,) > 1 for all n, then B(x) > 1, and y (x,) < 1
forall n, then y(x) < 1;

@) a(Tu) = 1and B(Tv) 2 1, and A(Tu) < 1 and y (Tv) < 1 whenever fu =Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.7. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

H(a(Tx),B(Ty),od(fx, fy) < F(y(Tx)A(Ty),n(M(x,y))) (2.14)

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M (x,y) = max{d (Tx,Ty),d(Tx, fx),d(Ty, fy), 5 [d(Tx, fy) +d(Ty, fol}.

Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txp) < 1 and y (Txp) < 1;

(ii) if {x,} is a sequence in X such that x,, — x and 3 (x,) > 1 foralln, then B(x) > 1, and y (x,) < 1
forall n, then y(x) < 1;

@) a(Tu) = 1and B(Tv) = 1, and A(Tu) < 1 and y (Tv) < 1 whenever fu = Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.8. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

(@ (Tx)B(Ty) + l)<p(d(fx,fy)) <+ l)y(TX)/l(Ty)n(M(x,y))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M (x,y) = max{d (T, Ty),d(Tx, fx),d(Ty. ). 5 [d(Tx, fy)+d(Ty, fo]}.

Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and (T xy) > 1, and A (Txp) < 1 and y(Txp) < 1;

(ii) if{x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then B(x) > 1, and y (x,) < 1
for all n, theny (x) < 1;

(ii)a(Tu) 2 1 and B(Tv) > 1, and A(Tu) < 1 and y(Tv) < 1 whenever fu = Tu and fv =Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.
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Corollary 2.9. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX Cc TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

(@ (fx, fy) + D"TPIY <y (Tx) A(Ty)n (M (x,y)) + 1

forall x,y € X, where ¢ is an altering distance function and n : [0, +o0) — [0, +00) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M (x,y) = max{d (Tx,Ty),d(Tx, fx),d(Ty. fy). 5 [d(Tx, fy)+d(Ty, fo}.

Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txp) < 1 and y(Txp) < 1;

(ii) if{x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then B(x) > 1, and y (x,) < 1
forall n, theny (x) < 1;

(ii)a(Tu) > 1 and B(Tv) > 1, and A(Tu) < 1 and y(Tv) < 1 whenever fu = Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.10. Let (X, d) be a complete metric space and let f and T be self-mappings on X such that
fX cTX. Let f be a T-cyclic (a,, H, F)-admissible mapping such that

H(a (Tx),B(Ty), ¢ (d(fx, fy) < F(1,n(M (x,y))) (2.15)

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +00) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

1
M (x,y) = max {d (Tx,Ty),d(Tx, fx),d(Ty. fy). 5 [d(Tx, fy)+d(Ty, fX)]} :

Assume that TX is a closed subset of X and the following conditions are satisfied:
(i) there exists xo € X such that a (Txp) > 1 and (T xy) > 1, and A (Txy) < 1 and y(Txy) < 1;
(ii) if {x,} is a sequence in X such that x, — x and 5 (x,) > 1 for all n, then B (x) > 1;
(iii) @ (Tu) > 1 and B(Tv) > 1 whenever fu = Tu and fv =Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Proof. Take y(Tx) A(Ty) = 1, for x,y € X. If we take ¢ (#,, 15, 13,14) = max {t;, ,, 13,14} in Corollary
2.7, then from (2.15), we have

a(Tx)B(Ty)ed(fx, fy) <y (Tx)A(Ty)n(M(x,y)).
This implies that the inequality (2.14) holds. Therefore, the proof follows from Corollary 2.7. 0O

If we choose T' = Ix in Theorem 2.3, then we have the following corollary.
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Corollary 2.11. Let (X,d) be a complete metric space and f X — X be a cyclic
(a, B, H, F)-admissible mapping and a cyclic (A, 7y)-subadmissible mapping such that

H(a(x),80),ed(fx, fy) < F(y(x)A(),n(M(x,y)))

forall x,y € X, where the pair (F, h) is an upper class of type 11, ¢ is an altering distance function and

n : [0, +00) — [0, +00) is a nondecreasing and right-continuous function with the condition ¢(t) > n(t)
forallt >0 and

1
My (x,y) =y |d(x,y),d(x, fx),d, fy), 5 [d (x, fy) +d (v, f0)]].

Assume that the following conditions are satisfied:
(i) there exists xo € X such that a (x9) > 1 and B(xy) > 1, and A (Txp) < 1 and y (Txp) < 1;
(ii) if {x,} is a sequence in X such that x, — x and 5 (x,) > 1 for all n, then B (x) > 1;
(iii) @ (u) > 1 and B (v) > 1 whenever fu = u and fv = v.

Then f has a unique fixed point.

If we take 17 (f) = ¢ () — n' (¢) in Corollary 2.5, then we have the following corollary.

Corollary 2.12. Let (X,d) be a complete metric space and f X — X be a cyclic
(a,B, H, F)-admissible mapping and a cyclic (A,7y)-subadmissible mapping such that

H(e (x),0),¢d(fx, ) < F&y (0 A0), ¢ (My (x,9) =" (Mf (x,))

for all x,y € X, where the pair (F, h) is an upper class of type 11, ¢ is an altering distance function and
7' : [0, +00) = [0, +00) is such that o(t) — n'(¢) is nondecreasing and n'(t) is continuous from the right
with the condition p(t) > n'(t) for all t > 0.
Assume that the following conditions are satisfied:

(i) there exists xo € X such that a (xy) > 1 and B (xp) > 1, and A (Txy) < 1 and y (T xy) < 1;

(i) if {x,} is a sequence in X such that x,, — x and B (x,) > 1 for all n, then B (x) > 1;

(iii) @ (u) > 1 and B (v) > 1 whenever fu = u and fv =v.
Then f has a unique fixed point.

If we take ¢ (¢) = ¢ in Corollary 2.12, then we have the following corollary.

Corollary 2.13. Let (X,d) be a complete metric space and f X — X be a cyclic
(a, B, H, F)-admissible mapping and a cyclic (A,7y)-subadmissible mapping such that

H(a (x),BG),d (fx, f) < Fly () A(), My (x,y) = 0" (M (x, )

for all x,y € X, where the pair (F, h) is an upper class of type II and n' : [0, +00) — [0, +00) is such

that t — n'(¢) is nondecreasing and n'(t) is continuous from the right with the condition n'(t) > 0 for all
t>0.

Assume that the following conditions are satisfied:
(i) there exists xy € X such that a (xg) > 1 and B (xp) > 1;
(ii) if {x,} is a sequence in X such that x, — x and B (x,) > 1 for all n, then B(x) > 1;
(iit) @ (u) > 1 and B (v) > 1 whenever fu = u and fv = v.

Then f has a unique fixed point.
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Example 2.14. Let X = R be endowed with the usual metric d (x,y) = |x —y| for all x,y € X. Let
H : R* XxR* x R* — R* be defined by H(x,y,z) = zand F : R* X R* — R* by F(s,t) = st for
all x,y,s,t € R"and ¢(¢t) = t, n(t) = %t for all + > 0, and ¥ (#1, 15, 13,14) = max{ty, t, 13,1} for all
t, 13,14 > 0.

Now, we define the self-mappings f and T on X by

fx=

= ifxeR\[0,1] T s itRA-1.00

{—g ifxefod], oo {g if x € [-1,0],
5

and the mappings @, 3,7y, 4 : X — [0, c0) by

1 ifxe[-4.0]

, 1
x) =land A (x) = —.
0 otherwise. Y@ ) 2

a(X)=,3(X)={

Then it is clear that fX c TX.

Let x € X such that  (Tx) > 1 so that Tx € [—% O] and hence x € [—1,0] . By the definitions of f
and 8, we have fx € [—%,O] and so B (fx) > 1.

Similarly, one can show that if 8(7Tx) > 1 then @ (fx) > 1. Thus, f is a T-cyclic (@, 8)-admissible
mapping. Moreover, the conditions a (T'xy) > 1 and 5 (T xp) > 1 are satisfied with xy = —1.
Now, let {x,} be a sequence in X such that 8(x,) > 1 for all » € N and {x,} — x as n — +o0. Then, by
the definition of 3, we have x, € [—é, 0] foralln e Nand so x € [—%, 0] , thatis, B (x) > 1.

Next, we prove that f is a T-cyclic («, 5)-contractive mapping. By the definitions of the mappings
we get

H(a (Tx),B(Ty),¢d(fx, ) < Fly(Tx) A(Ty),n(M(x,y)))
and so
e d(fx, fy) <y (Tx)- A(Ty)-n(M(x,y)).

Leta(Tx)B(Ty) > 1. Then Tx, Ty € [—%, 0] and so x,y € [—1,0] . Thus, we get

1 2 2
ed(fx, fy) =UW(fx, [y) =|fx— fyl = glx—yl < glx—yl = ngx—TyI =

1
=1-2- §M(x,y) =y(Tx)- ATy) -n(M(x,y)).

Obviously, the assumption (iii) of Corollary 2.10 is satisfied. Consequently, all the conditions of
Corollary 2.10 hold and hence f and T have a unique common fixed point. Here, O is the common
fixed point of f and T.

Definition 2.15. Let (X, d) be a metric space and let f be a T-cyclic (a,8)-admissible mapping and
a cyclic (4,y)-subadmissible mapping. We say that f is a T-cyclic (e, 8, H, F)-rational contractive
mapping if

H(a(Tx),B(Ty),¢d(fx, fy) < Fly(Tx) A(Ty),n(N (x,y))) (2.16)

for all x,y € X, where

[1+d(Tx, f0)]d Ty, fy)
1+d(Tx,Ty)

1
N(x.y) =¢|d(Tx.Ty), 5d(Tx, fy).d(Ty. fx),
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for ¢ € @, ¢ is an altering distance function, pair (F, k) is an upper class of type /7 and 7 : [0, +0) —
[0, +o0) is a nondecreasing and right-continuous function with the condition ¢(¢) > n(¢) for all ¢ > 0.

Theorem 2.16. Let (X, d) be a complete metric space and let f and T be self-mappings on X such that
fX c TX. Let f be a T-cyclic (a,, H, F)-rational contractive mapping. Assume that TX is a closed
subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and B(Txy) > 1, and A (Txy) < 1 and y(Txpy) < 1;

(ii) if{x,} is a sequence in X such that x, — x and B (x,) > 1 for all n, then B(x) > 1, and y (x,) < 1
for all n, theny (x) < 1;

(i) a(Tu) > 1 and B(Tv) > 1, and A(Tu) < 1 and y (Tv) < 1whenever fu = Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Proof. Similar to the proof of Theorem 2.3, we define sequences {x,} and {y,} in X by y, = fx, = Tx,41
and note that a (T'x,,) , 8 (T x,,41) = 1 and also A (T'x,,) y (T x,,41) < 1 for all n € NU{0} . Also, we assume
that y, # y,_; for all n € N. Then by (2.16), we have

H(1,1a<ﬁ(d()’n’)’n+l))) H(lal,‘p(d(fxn,fxn+l)))

< H(a(Tx,),B(Txp1), @ (d (fXn, [Xn41)))
< F(/l (Txn))/(Txn+l)a77(N (Xn, xn+l))) < F(l,U(N (Xn, xn+l)))~
This implies that
@(dnsyne1)) < N (X, Xp11)) < @ (N (Xy X41)) - (2.17)

Since ¢ is nondecreasing, we get
d (Vs Yns1) < N (X, Xpi1) (2.18)

where
1
N (-xm xn+1) = ¢(d (T.Xn, Txn+1) » Ed (Txm fxn+1) ’ d(Terla fxn) )

[1 + d(Txn’ fxn)] d(Txn+l’f-xn+l))
1+d(Tx,, Tx,.1)

1
¢ (d (yn—l, yn) s Ed (Yn—l, yn+l) s d (yn» yn) s

[1 +d (yn—l,yn)] d (yn’ yn+l))
I+ d(yn—l’yn)

1
¢ (d @n—l’yn) ) 5 [d (yn—hyn) + d(yn’yn+l)] ) O’ d(yn9yn+l)) . (219)

IA

Thus, from (2.18), we deduce
d(ynayn+l) < N()Cn, xn+1)
1
< ¢ (d (yn—layn) s 5 [d (yn—layn) + d(ym yn+1)] 5 O, d (}’m yn+1)) .

Ifd(yu-1,Y2) < d O, Yus1) for some n € N, then

1
d(yn’ yn+1) < ¢ (d (yn—l’yn) s 5 [d (yn—l»yn) + d(yn’ yn+1)] s Oa d(yn»yn+1))
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< ‘P (d (yn, yn+1) ’ d(yn,ynﬂ) ’ d()’n, yn+1) ,d()’m yn+l))
< d(yn’ yn+1) )

which is a contradiction and hence d (y,, y,+1) < d (V4-1,y,) for all n € N. Therefore, the sequence
{d (yu, yur1)} 1s decreasing and bounded from below. Thus, there exists 6 > 0 such that
lim,,— 100 d (Y, Yni1) = 0. Also, from (2.17), (2.19) and using the properties of ¢ and i, we obtain

@ (d (Yns Yn+1))
< (N (X, Xn41))

1
< n (¢ (d (yn—l’yn) > E [d (yn—l’yn) + d (yn’ yn+1)] > 0’ d(ym yn+1)))

< n (¢ (d (yn—l»yn) s d (yn—l’yn) > d (yn—l’yn) > d (yn—l’yn)))
< dQn-1Y0)) <@ (d (Yu-1,Y0) - (2.20)

Consider the properties of ¢ and 5. Letting n — +0c0 in (2.20), we get

¢ (0)

nl_l)rjlooso (d (Ym yn+1))
Tim 7 (d 51, 30) = 1(6) < 9 6),

IA

which implies 6 = 0 and so
lim d (y,, yns1) = 0. (2.21)

n—+oo

Now, we want to show that {y,} is a Cauchy sequence. Suppose, to the contrary, that {y,} is not a
Cauchy sequence. Then, by Lemma 1.14, there exist an € > 0 and two subsequences {y,, } and {y,, } of
{yn} with my > ny > k such that d(yuw), Yuw) = &€ dVm@-1> Yak)) < € and

lim d(ynk’ymk) = lim d(ynk_l’ymk) = lim d(ymk_l’ynk) = lim d(ymk_l’ynk_l) =& (222)
k—+oo k—+oc0 k—+oo k—+oco

From (2.16), we get

H(lal’so(d(ynk’ymk))) H(l,l,(,O(d(ank,mek)))

< H(a(Txy),B(Txm,), ¢ (d(fXn, fXm))
< FQ(Tx)y (Tx) 1 (N (X5 X)) < F(L17 (N (2, X))
This implies
@ dnoym)) < NN (K X)) < @ (N (X, Xin,) (2.23)
where

1
qb(d (T x> TX,) Ed (Txues [Xm) s d (T Xy, fXn,) s

[1+d(Txy,, fxn )] d(T X5 fXm,)
1 +d(Txy,, Txy,) )

N (X Xm,)

1
¢(d (ynk—l’ymk—l) ’ Ed (ynk—l’ymk) s d (ymk—l’ynk) s
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[1 + d(ynk—l’ynk)] d(ymk—l’ymk))

1+d -1 Ym-1)
max{e, N (X, X, )}

IA

1
= ¢( max{e, d V-1, Y1)} 3 max{e, d (Vu-1, Ym,)}»

[1 + d(ynk—laynk)] d(ymk—laymk))
1+ d(ynk—l’ymk—l)

n’laX{S, d (ymk—l ) ynk)}’

Therefore, limy_, ;. max{e, N (x,,, X, )} = ¢ (8, £, 8, 0) <e.
Now, from the properties of ¢ and 7 and using (2.22) and the previous inequality, as k — +oo in
(2.23), we have

(&) = lim ¢ (d O Yni)) < Jim 7 (max{e, N (X, x,)}) <11(8) < @ (&),

which implies that € = 0, a contradiction with & > 0. Thus, {y,} is a Cauchy sequence in X. From the
completeness of (X, d), there exists w € X such that

limy, =w (2.24)
n—+oo
and so by (2.24), we obtain
fx, »w and Tx,,; — w. (2.25)

Since TX is closed, by (2.25), w € T X. Therefore, there exists v € X such that Tv = w. Since y, - w
and 8(y,) = B(Tx,1) = 1 forall n € N, by (ii), B(w) = B(Tv) > 1. Similarly, y(z) = y(Tu) < 1.
Thus, A(Tx,)y(Tv) <1 foralln e N.

Now, applying (2.16), we get

H(, 1,0 (d(fxa, fv))) < H(@(Tx,),B(Tv),¢(d(fx, V)
SFA(Tx,)y(Tv),n(N(x,v) < F(1,n(N (x4,v))),
which implies that
ed(fxp fv)) < (N (x,v), (2.26)

where

N (x,,v) < ¢(d (Tx,, Tv), % max{d(v, fv),d (T x,, fv)},d(Tv, fx,),

[1+d(Tx,, fx)] 1 )
1+d(Tx,, Tv) ’ '

d(Tv, fv) max {

Taking k — +o00 in the inequality (2.26), using the properties of ¢, n and the previous inequality, we
have

1
e(dw, fv)) < 77(¢(0, Ed(w,fV),O,d(W,fV)))
n(dw, fv) <e(dw, fv)),

IA
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which implies d (w, fv) = 0, that is, w = fv. Thus, we deduce
w=fv="Tv, 2.27)
and so w is a point of coincidence for f and 7. The uniqueness of the point of coincidence is a

consequence of the conditions (2.16) and (iii), and so we omit the details.
By (2.27) and using weakly compatibility of f and 7', we obtain

fw=fTv=Tfv=Tw.

The uniqueness of the point of coincidence implies w = fw = Tw. Consequently, w is the unique
common fixed point of f and T'. O

Corollary 2.17. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

H(a(Tx),B(Ty),od(fx, fy) < F(y(Tx) A(Ty),n(N (x,y)))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, fx)]d(Ty, fy))

1+d(Tx,Ty)

for ¢ € ©. Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txp) < 1 and y (Txp) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1, and
v (x,) < 1 forall n, theny(x) < 1;

@) a(Tu) = 1and B(Tv) 2 1, and A(Tu) < 1 and y (Tv) < 1 whenever fu =Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

1
N(x,y)=¢ (d (Tx,Ty), Ed (Tx, fy),d(Ty, fx),

Corollary 2.18. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 3, H, F)-admissible mapping and T-cyclic (A,y)-subadmissible
mapping such that

(@ (Tx)B(Ty) + l)w(d(f ) < 1+ l)y(TX)/l(Ty)n(N(x,y))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, fx)]d(Ty, fy)
1+d(Tx,Ty)

for ¢ € ®©. Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and B(Txy) > 1, and A (Txy) < 1 and y(Txpy) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1, and
v(x,) <1 forall n, theny(x) < 1;

(i) a(Tu) 2 1and B(Tv) 2 1, and A(Tu) < 1 and y(Tv) < 1 whenever fu = Tu and fv =Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

1
N(x.y) =¢|d(Tx.Ty), 5d(Tx, fy).d(Ty. fx),
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Corollary 2.19. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX Cc TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

(@ (d (fx, [) + DT < (y (Tx) A(Ty) n (N (x,y)) + 1

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, fx)]d(Ty, fy))
1+d(Tx,Ty)

1
N(x,)’) = ¢(d(TX, T)’), Ed(Tx,fy)»d(T)’,fx),

for ¢ € ©. Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txy) < 1 and y(Txp) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1, and
v(x,) <1 foralln, theny(x) < 1;

@iy a(Tu) > 1 and B(Tv) > 1, and A (Tu) < 1 and y (Tv) < 1 whenever fu = Tuand fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.20. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 3, H, F)-admissible mapping and T-cyclic (A,y)-subadmissible
mapping such that

H(a(Tx),B(Ty),od(fx, fy) < F(y(Tx),A(Ty),n(N (x,y)))

forall x,y € X, where ¢ is an altering distance function and n : [0, +o0) — [0, +00) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, f0]d(Ty, fy)
1+d(Tx,Ty)

1
N (x,y) = max{d (Tx,Ty), Ed (Tx, fy),d(Ty, fx), .

Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txy) < 1 and y (Txp) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1, and
v(x,) <1 foralln, then y(x) < 1;

@iy a(Tu) > 1 and B(Tv) = 1, and A (Tu) < 1 and y (Tv) < 1 whenever fu = Tuand fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.21. Let (X, d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 3, H, F)-admissible mapping and T-cyclic (A, y)-subadmissible
mapping such that

(@(Tx)B(Ty) + l)w(d(fx,fy)) <(1+ l)y(TX)/l(Ty)n(N(x,y))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, f0)]d Ty, fy)
1+d(Tx,Ty)

1
N (x.y) = max{d (Tx.Ty) . 7d (T fy),d(Ty, fx). }.
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Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and (T xy) > 1, and A (Txy) < 1 and y(Txp) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1, and
v(x,) <1 foralln, theny(x) <1;

(@il) a(Tu) = 1 and B(Tv) > 1, and A (Tu) < 1 and y (Tv) < 1 whenever fu = Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

Corollary 2.22. Let (X,d) be a complete metric space and let f and T be self-mappings on X such
that fX c TX. Let f be a T-cyclic (a, 8, H, F)-admissible mapping and T-cyclic (A,7y)-subadmissible
mapping such that

(@ (d (fx, fy) + D"TPI) < (Tx) A(Ty) n (N (x,y)) +

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, f)]d(Ty, f)

1+d(Tx,Ty) b

1
N (x,y) = max{d (Tx,Ty), 7d (Tx, fy),d(Ty, fx),

Assume that TX is a closed subset of X and the following conditions are satisfied:

(i) there exists xo € X such that a (Txp) > 1 and (T xy) > 1, and A (Txp) < 1 and y(Txp) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1, and
v (x,) < 1 forall n, then y(x) < 1;

(iii)a(Tu) > 1 and B(Tv) > 1, and A(Tu) < 1 and y(Tv) < 1 whenever fu = Tu and fv =Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.

If we take ¥ (¢, 15, t3,t4) = max {t|, >, 13,14} and y (Tx) A (Ty) = 1 for all x,y € X, then we have the
following result.

Corollary 2.23. Let (X, d) be a complete metric space and let f and T be self-mappings on X such that
fX cTX. Let f be a T-cyclic (a,f, H, F)-admissible mapping such that

H(a (Tx),B(Ty),p(d(fx, fy) < F(1,n(N (x,y)))

forall x,y € X, where ¢ is an altering distance function and n : [0, +00) — [0, +0) is a nondecreasing
and right-continuous function with the condition ¢(t) > n(t) for all t > 0 and

[1+d(Tx, f0)]d(Ty, fy)
1+d(Tx,Ty) '

N (x,y) = max {d (T'x,Ty), %d (Tx, fy),d(Ty, fx),

Assume that TX is a closed subset of X and the following conditions are satisfied:
(i) there exists xo € X such that a (Txy) > 1 and B(Txy) > 1, and A (Txp) < 1 and y (Txp) < 1;
(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1;
(iii) @ (Tu) > 1 and B(Tv) > 1 whenever fu = Tu and fv = Tv.
Then f and T have a unique point of coincidence in X. Moreover, if f and T are weakly compatible,
then f and T have a unique common fixed point.
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If we choose T' = Ix in Theorem 2.3, then we have the following corollary.

Corollary 2.24. Let (X,d) be a complete metric space and f X — X be a cyclic
(a, B, H, F)-admissible mapping and a cyclic (A, y)-subadmissible mapping such that

H(@ (0).B0). ¢ (d (fx.fy) < Fy () 10).n(N; (x.)))

for all x,y € X, where pair (F, h) is an upper class of type 11, ¢ is an altering distance function and

n : [0, +00) — [0, +00) is a nondecreasing and right-continuous function with the condition ¢(t) > n(t)
forallt >0 and

! 1+d(x, f0))d(,
Ny (x,y) = ¢ d(x,y),id(x,fy),d(y,fx),[ - 1(151)23 y)(y fy))_

Assume that the following conditions are satisfied:
(i) there exists xo € X such that a (xy) > 1 and B(x9) > 1, and A(Txy) < 1 and y (T xy) < 1;
(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1;
(iii) @ (u) > 1 and B (v) > 1 whenever fu = u and fv =v.

Then f has a unique fixed point.

If we take 17 (f) = ¢ () — n' (¢) in Corollary 2.5, then we have the following corollary.

Corollary 2.25. Let (X,d) be a complete metric space and f : X — X be a cyclic (a,3)-admissible
mapping and a cyclic (A,7y)-subadmissible mapping such that

H(e (x),80), 0 d(fx, ) < F&y () AG), ¢ (Ny (x,3) = ' (Ny (5, )

for all x,y € X, where pair (F, h) is an upper class of type 11, ¢ is an altering distance function and
7' : [0, +00) — [0, +00) is such that o(t) — n'(¢) is nondecreasing and n'(t) is continuous from the right
with the condition ¢(t) > n'(t) for all t > 0.
Assume that the following conditions are satisfied:

(i) there exists xo € X such that a (xp) > 1 and B (xo) = 1, and A (Txy) < 1 and y (Txp) < 1;

(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1;

(iit) @ (u) > 1 and B (v) > 1 whenever fu = u and fv = v.
Then f has a unique fixed point.

If we take ¢ (¢) = t in Corollary 2.6, then we have the following corollary.

Corollary 2.26. Let (X,d) be a complete metric space and f X — X be a cyclic
(a, B, H, F)-admissible mapping and a cyclic (A, y)-subadmissible mapping such that

H(@ (), BG).d(fx.fy) < F(y () 1), Ny (x.) = ' (N; (6,7)))

for all x,y € X, where pair (F, h) is an upper class of type II and n' : [0, +c0) — [0, +00) is such that

t — n'(t) is nondecreasing and 1'(t) is continuous from the right with the condition n'(t) > 0 for all
t>0.

Assume that the following conditions are satisfied:
(i) there exists xy € X such that a (xg) > 1 and B (xp) > 1;
(ii) if {x,} is a sequence in X such that {x,} — x and B(x,) > 1 for all n, then B(x) > 1;
(iit) @ (u) > 1 and B (v) > 1 whenever fu = u and fv = v.

Then f has a unique fixed point.
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3. Conclusion

In this paper, we have introduced the notions of T-cyclic («, 8, H, F)-contractive mappings using a
pair (F, h)-upper class functions type in order to obtain new common fixed point results in the settings
of metric spaces. The presented results have generalized and extended existing results in the literature.
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