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Abstract: In this paper, we introduce and solve the following additive-additive (s, 7)-functional
inequality

llg (x +y) — g(x) — gWIl +
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5 (26 (552) - 6 - )| + chtx + ) = b = O,
where s and ¢ are fixed nonzero complex numbers with |s| < 1 and |¢| < 1. Furthermore, we investigate
homomorphisms and derivations in complex Banach algebras and unital C*-algebras, associated to the
additive-additive (s, f)-functional inequality (0.1) under some extra condition.

Moreover, we introduce and solve the following additive-additive (s, #)-functional inequality
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+lt(h(x+y+2)+h(x =2y +2)+ h(x +y—2z) — 3h(x)),

where s and ¢ are fixed nonzero complex numbers with |s| < 1 and |[f| < 1. Furthermore, we
investigate C*-ternary derivations and C*-ternary homomorphisms in C*-ternary algebras, associated
to the additive-additive (s, £)-functional inequality (0.2) under some extra condition.
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1. Introduction and preliminaries

Let A be a complex Banach algebra. A C-linear mapping g : A — A is aderivationifg: A — A
satisfies

g(xy) = g(x)y + xg(y),

for all x,y € A, and a C-linear mapping & : A — A is a homomorphism if 4 : A — A satisfies

h(xy) = h(x)h(y),

for all x,y € A,

A C’-ternary algebra is a complex Banach space A, equipped with a ternary product
(x,y,z2) = [x,y,z] of A® into A, which is C-linear in the outer variables, conjugate C-linear in the
middle variable, and associative in the sense that [x,y, [z, w,Vv]] = [x, [w, z,¥],v] = [[x,y,z], w, V], and
satisfies [|[x, y, ]Il < Ilxll - lIyll - llzll and [I[x, x, x]I| = [IxIP* (see [18]).

Let A be a C*-ternary algebra. A C-linear mapping g : A — A isa C*-ternary derivationifg: A — A
satisfies

g([x,y,2]) = [g(x),y,z] + [x,8(y), z] + [x,y, &(2)],

for all x,y,z € A, and a C-linear mapping & : A — A is a C*-ternary homomorphism if 7 : A — A
satisfies

h([x, y, z]) = [h(x), h(y), h(2)],

for all x,y,z € A.

In 1940, Ulam [16] raised a question the stability problem for functional equations, and Hyers [8],
Aoki [1], Rassias [14] and Gavruta [7] have given positive answers for additive additive functional
equations in Banach spaces. Park [11, 12] introduced new additive functional inequalities and proved
the Hyers-Ulam stability of the additive functional inequalities in Banach spaces and non-Archimedean
Banach spaces. The stability problems of various functional equations in various spaces have been
extensively investigated by a number of authors (see [2—6,13,15,17]).

This paper is organized as follows: In Sections 2 and 3, we solve the additive-additive
(s, t)-functional inequality (0.1). Furthermore, we investigate homomorphisms and derivations on
compex Banach algebras and unital C*-algebras associated to the additive-additive (s, )-functional
inequality (0.1) and the following functional inequality

llg(xy) — g(x)y — xgWI + [1h(xy) — h(x)h(V)I| < (x, ). (1.1)

In Section 4, we solve the additive-additive (s, f)-functional inequality (0.2). Furthermore, we
investigate C*-ternary homomorphisms and C*-ternary derivations on C*-ternary algebras associated
to the additive-additive (s, )-functional inequality (0.2) and the following functional inequality

llg([x,y,z]) — [g(x),y,z] = [x,8(y), z] — [x,y, g@]ll (1.2)
+A([x, y, z]) = [A(x), h(y), KDl < @(x, Y, 2).

Throughout this paper, assume that A is a complex Banach algebra and that B is a C*-ternary algebra
and that s and ¢ are fixed nonzero complex numbers with |s| < 1 and [f| < 1.
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2. Additive-additive (s, r)-functional inequality (0.1) in Banach algebras

In this section, we solve and investigate the additive-additive (s, )-functional inequality (0.1) in
complex Banach algebras.

Lemma 2.1. If mappings g,h : A — A satisfy g(0) = h(0) = 0 and

lg Cx +y) - g(x) — gl + th(’%y) ~h(x) - h(y)” @.1)
< s(26(52) - g0 - g(y))H +lleCh(x + y) — h(x) — hO)l,

forall x,y € A, then the mappings g,h : A — A are additive.
Proof. Letting x = y in (2.1), we get

llg(2x) — 280l < lle(A(2x) — 2R())I,
for all x € A.

Letting y = 0 in (2.1), we get

-

<

()

12h(x) = h2x)|| < [Is(28(x) — g2x)I,

and so

for all x € A. Thus

llg(2x) = 2g(X)I < llst(2g(x) — g2x))ll,

12A(x) = h2x)|| < [[st(h(2x) = 2h(x))I,
for all x € A. So h(2x) = 2h(x) and g(2x) = 2g(x) for all x € A, since |st| < 1. It follows from (2.1) that

llg (x +y) = g(x) = gl + [l (x + y) = h(x) = h(Y)l
< lls (g (x +y) = g(x) = gD + lle(h(x + y) = h(x) = AW,

for all x,y € A. Thus g(x+y) — g(x) — g(y) = 0 and h(x +y) — h(x) — h(y) = O for all x € A, since
|s| < 1and |f| < 1. So the mappings g,h : A — A are additive. O

Lemma 2.2. [10, Theorem 2.1] Let f : A — A be a mapping such that
fAla+Db)) = Af(a) + A (b),
forall A€ T' :={¢ée€C: € =1}andall a,b € A. Then the mapping f : A — A is C-linear.

Now, we investigate homomorphisms and derivations in complex Banach algebras associated to the
additive-additive (s, )-functional inequality (2.1).
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Theorem 2.3. Let ¢ : A> — [0, ) be a function such that

4 il)
> 45 3) <o, 22)

forall x,y € A. Let g,h: A — A be mappings satisfying g(0) = h(0) = 0 and

g A+ 30) = Ag3) = gl + 2 (1552 = ko - aney| 2.3)
< s (26 (+*52) - 2600 - 2)| + Wchcacr + ) - ano) - o
forall A €T andall x,y € A. If g, h - A — A satisfy
lgCxy) — g0y — xgWll + (xy) — AR < 6, ), 2.4)

for all x,y € A, then the mapping g : A — A is a derivation and the mapping h : A — Ais a
homomorphism.

Proof. Let A = 11n (2.3). By Lemma 2.1, the mappings g,s : A — A are additive.
It follows from (2.3) that

l1g (A(x +y)) = A8(x) = AWl + [1A (A(x + ) = Ah(x) — (Y
< s (g (A(x +y)) = Ag(x) = AW + lleh (Ax + y)) = Ah(x) — ALW)II,

forall A € T' and all x,y € A. Since |s| < 1 and || < 1,

I
L

g (A(x +y)) — Ag(x) — Ag(y)
h(A(x +y)) — Ah(x) — Ah(y)

I
L

for all 1 € T! and all x,y € A. Thus by Lemma 2.2, the mappings g,4 : A — A are C-linear.
It follows from (2.4) and the additivity of g, 4 that

llg(xy) — g(x)y — xgWIl + llA(xy) — h(x)h(y)||

XY X\ Y X y XY X y
= le(F)-e(z) 5 -3 3) - P (F) - E ()
n (XY

S4 (_7_)7
$\20 2n

which tends to zero as n — oo, by (2.2). So

I
L

g(xy) — g(x)y — xg(y)
h(xy) — h(x)h(y)

[
L

for all x,y € A. Hence the mapping g : A — A is a derivation and the mapping 7 : A — Ais a
homomorphism. d
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Theorem 2.4. Let ¢ : A> — [0, ) be a function and g,h : A — A be mappings satisfying g(0) =
h(0) =0, (2.3), (2.4) and

0 1 . '
Z 4—(,0(2’)6, 27y) < o0, (2.5)
]=

for all x,y € A. Then the mapping g : A — A is a derivation and the mapping h : A — Ais a
homomorphism.

Proof. By the same reasoning as in the proof of Theorem 2.3, one can show that the mappings g,/ :
A — A are C-linear.
It follows from (2.4) and the additivity of g, 4 that

llg(xy) — g(x)y — xgWI + llA(xy) — h(x)h(y)l|

1
= o 8 (") - g (2'0) (2y) - (2"X)g(2"y)ll+ﬂllh(4"xy) h(2"x) h (2"y)ll

1
< 4790(2”x, 2"y),

which tends to zero as n — oo, by (2.5). So

I
=

g(xy) — g(x)y — xg(y)
h(xy) — h(x)h(y)

Il
o

for all x,y € A. Hence the mapping g : A — A is a derivation and the mapping » : A — Ais a
homomorphism. O

Next, we investigate homomorphisms and derivations in complex Banach algebras associated to
the additive-additive (s, f)-functional inequality (2.1) by using a similar method to the fixed point
alternative.

Theorem 2.5. Let ¢ : A*> — [0, 0) be a function such that there exists an L < 1 with

o3 z) o (x,), (2.6)

forall x,y € A. Let g,h : A — A be mappings satisfying g(0) = h(0) = 0, (2.3) and (2.4). Then the
mapping g : A — A is a derivation and the mapping h : A — A is a homomorphism.

Proof. 1t follows from (2.6) that
DA ( ) 24—90(xy)——90(xy)<00
=1

for all x,y € A. By Theorem 2.3, the mapping g : A — A is a derivation and the mapping h: A — A is
a homomorphism. O
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Theorem 2.6. Let ¢ : A> — [0, ) be a function such that there exists an L < 1 with

(xy)<4L¢( 2.7)

22)

forall x,y € A. Let g,h : A — A be mappings satisfying g(0) = h(0) = 0, (2.3) and (2.4). Then the
mapping g : A — A is a derivation and the mapping h : A — A is a homomorphism.

Proof. 1t follows from (2.7) that
> 1 o1 : L
—wlriy i - J -
EZI oy ¢ (2/x,2%y EZI @D e(xy) = T e(x.y) < o,

for all x,y € A. By Theorem 2.4, the mapping g : A — A is a derivation and the mapping 7 : A — A is
a homomorphism. m|

Remark 2.77. In (2.4), the pair (g, h) of a derivation g and a homomorphism % can be replaced by the
pair of a derivation and a derivation or the pair of a homomorphism and a homomorphism.

3. Additive-additive (s, r)-functional inequality (0.1) in C*-algebras

In this section, we study homorphisms and derivations in unital C*-algebras associated to the
additive-additive (s, f)-functional inequality (2.1) by using a similar method to the fixed point
alternative. Throughout this scetion, assume that A is a unital C*-algebra with unitary group U(A).

Theorem 3.1. Let ¢ : A2 — [0, o) be a function satisfying (2.2). Let g,h : A — A be mappings
satisfying g(0) = h(0) = 0 and (2.3). If g,h : A — A satisfy

lig(uv) = gw)v — ugW)ll + llh(uv) — hwhW)I| < @(u, v), (3.1

for all u,v € U(A), then the mapping g : A — A is a derivation and the mapping h : A — Ais a
homomorphism.

Proof. Let A =11in(2.3). By Lemma 2.1, the mappings g,/ : A — A are additive.
It follows from (2.3) that

llg (A(x +y)) = A8(x) = AWl + (1A (A(x + ) = Ah(x) — (Y
< lIs (g (A(x +y)) = Ag(x) = AWl + [le(h (A(x + y)) = Ah(x) = (W),

forall A € T! and all x,y € A. Since |s| < 1 and |f| < 1,

g (A(x +y)) — Ag(x) — Ag(y) 0,
h(A(x + ) — Ah(x) — Ah(y) = O,

forall A € T! and all x,y € A. Thus by Lemma 2.2, the mappings g,h : A — A are C-linear.
Since D is C-linear in the first variable and each y € A is a finite linear combination of unitary
elements (see [9]), i.e.,y = XX, 4v; (A; € C, v; € U(A)).
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k k k
guy) = g(u ) Aw) = > Agluvy) = ) A(g(u)v; + ug(v)
i=1 i=1 i=1

k k
O gy + (O Aug(vi) = gy + ug(y),
i=1 i=1

for all x,y € A.
Similarly, let x = Z;’.’:l Ajuj (A, € C,uj € U(A)). Then

gy) = g Aupy) = ) Aiglupy) = Y Ai(g(w)y + u;g(y)

J=1 J=1 J=1

O A48y + (D Aju)g() = g(x)y + xg(y),

J=1 J=1

for all x,y € A. So

gxy) —gx)y —xgly) = 0,

for all x,y € A. Hence the C-linear mapping g : A — A is a derivation.
Since D is C-linear in the first variable and each y € A is a finite linear combination of unitary
elements (see [9]), y = 3%, Av; (A4; € C, v; € U(A)),

k k k
h(uy) = h(@Ad ) vi) = " huv) = " A(h@h(vy)) = hwh(y),
i=1 i=1 i=1

for all x,y € A.
Similarly, let x = Z;’il Ajuj (A, € C,uj € U(A)). Then

hxy) = hA Y up) = > Ahup) = > A(huph(y) = h(oh(),

i=1 =1 j=1

for all x,y € A. So

h(xy) = h(x)h(y) = 0
for all x,y € A. Hence the C-linear mapping g : A — A is a homomorphism. O

Theorem 3.2. Let ¢ : A2 — [0, 00) be a function and g,h : A — A be mappings satisfying g(0) =
h(0) = 0, (2.3), (3.1) and (2.5). Then the mapping g : A — A is a derivation and the mapping
h:A — A is a homomorphism.

Proof. The proof is similar to the proofs of Theorems 2.4 and 3.1. O
Remark 3.3. Using the fixed point method given in Theorems 2.5 and 2.6, one can obtain the same

results as in Theorems 3.1 and 3.2.
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4. Additive-additive (s, r)-functional inequality (0.2) in C*-ternary algebras

In this section, we solve and investigate the additive-additive (s, )-functional inequality (0.2) in
C*-ternary algebras.

Lemma 4.1. If mappings g,h : B — B satisfy g(0) = h(0) = 0 and
lg (x+y+2)—gx) — g(y) — g@|
+||3h(m)+h(x—2y+z) +h(x+y - 22) = 3h()|| .1

s(38(F2) - g0 - s —g(z))‘

+t(h(x+y+2)+h(x—2y+2)+h(x+y—27) — 3h(x)),

<

forall x,y,z € B, then the mappings g,h : B — B are additive.
Proof. Letting x =y = zin (4.1), we get

llg(3x) = 38Ol < [l£(h(3x) = 3A(x))Il,
for all x € B.

Lettingy = z=01n (4.1), we get

-

((3) )

132(x) = hBx)|| < [s(3g(x) — gBx))ll,

and so

for all x € B. Thus

llg(3x) = 3g()Il < llst(3g(x) — gBx))ll,

137(x) — h(BX)|| < [[st(h(3x) — 3h(x))I,
for all x € B. So h(3x) = 3h(x) and g(3x) = 3g(x) for all x € B, since |st| < 1. It follows from (4.1) that
llg (x +y+2) —g(x) —g(y) — gl
Hh(x+y+2)+h(x =2y +2) +h(x+y—2z) — 3h(x)||
<lls(gx+y+2)—gx)— g — g
+lt(h(x+y+2)+h(x =2y +2) + h(x +y — 2z) — 3h(x))||,
for all x,y,z € B. Thus
gx+y+2—gx)—g(y)—gk =0,
h(x+y+2)+h(x—-2y+2z)+h(x+y—-2z7)—3h(x) =0,

for all x,y,z € A, since |s| < 1 and |f| < 1. So the mappings g, s : B — B are additive. O
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Now, we investigate C*-ternary homomorphisms and C*-ternary derivations in C*-ternary algebras
associated to the additive-additive (s, f)-functional inequality (4.1).

Theorem 4.2. Let ¢ : B} — [0, ) be a function such that

N gip( 2 2
> se(5. 2 =)<, (42)

forall x,y,z € B. Let g,h : B— B be mappings satisfying g(0) = h(0) = 0 and

llg (A(x +y +2)) — Ag(x) + g(y) + g))l|
+3h (A%) T+ AG(x =2y + 2) + h(x + y = 22) = 3h(O) 4.3)

<

s (3 () - g0 + 00 + g(z)))”

+t(hM(Ax+y+2)+ Ah(x -2y +2) + h(x + y — 22) — 3h(x)Il,
forall A € T and all x,y,z € B. If g,h : B — B satisfy

llg([x,y,z]) — [g(x),y,z] = [x,8(y), z] — [x,y, g@]ll (4.4)
+h([x, y,z]) = [A(x), h(y), K]l < @(x,y, 2),

forall x,y,z € B, then the mapping g : B — B is a C*-ternary derivation and the mapping h : B — B
is a C*-ternary homomorphism.

Proof. Let A =11n (4.3). By Lemma 4.1, the mappings g,s : B — B are additive.
It follows from (4.3) that

llg (Ax +y +2)) — Ag(x) + () + g())l

+HhA(x+y+2) + Ah(x =2y + 2) + h(x + y — 22) — 3h(x))||

< ls(gAx +y+2) — Ag(x) + g(y) + gl

+ It (A(A(x + y + 2)) + Ah(x = 2y + 2) + h(x + y — 22) = 3h()))Il,

forall A € T! and all x,y,z € B. Since |s| < 1 and || < 1,

0,
0,

gA(x+y+2)—Ag(x) + g(y) + 8(2)
h(Ax+y+2)+Ah(x =2y +2)+ h(x +y—2z7) — 3h(x))

for all A € T! and all x,y,z € B. Thus by Lemma 2.2, the mappings g,/ : B — B are C-linear.
It follows from (4.4) and the additivity of g, 4 that

llg([x,y,z]) = [g(x),y, 2] = [x,8(y), z] = [x,y, @]l
+h([x, y, z]) = [A(x), h(Y), R()]Il

() 3) 3 5] [5e(3) 5[5 5G]
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(=23) o)) )]

which tends to zero as n — oo, by (4.2). So

0,
0,

g([x,y’ Z]) - [g(x)’y’ Z] - [X, g(y)’ Z] - [-x’ya g(Z)]
h([x,y, z]) — [h(x), h(y), h(2)]

for all x,y,z € B. Hence the mapping g : B — B 1is a C*-ternary derivation and the mapping h : B — B
is a C*-ternary homomorphism. O

Theorem 4.3. Let ¢ : B> — [0, ) be a function and g,h : B — B be mappings satisfying g(0) =
h(0) =0, (4.3), (4.4) and

[ 1 . . .
D e n 2y, 207 < e, (4.5)

Jj=1

forall x,y,z € B. Then the mapping g : B — B is a C*-ternary derivation and the mapping h : B — B
is a C*-ternary homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.2, one can show that the mappings g,/ :
B — B are C-linear.
It follows from (4.4) and the additivity of g, 4 that

||g([-x7y’ Z]) - [g(x)’y’ Z] - [.X', g(.)))’ Z] - [.X,',y, g(Z)]”
+|ALx, y, z1) — [A(x), h(y), h(2)]I|

1
=% llg (8"[x,y,z]) — [g (2"x),2"y,2"z] — [2"x, g (2"y),2"z] — [2"x, 2"y, g(2"2)]||
1
+on A (8"[x,y,2]) = [h(2"x) , R (2"y) , h(2"D)]Il
1
< 590 (znx’ Zny’ ZnZ) )

which tends to zero as n — oo, by (4.5). So

0,
0,

g([x’y’ Z]) - [g(x)’y’ Z] - [X, g(y)’ Z] - [X,y, g(Z)]
h([x,y, z]) — [h(x), h(y), h(2)]

for all x,y,z € B. Hence the mapping g : B — B is a C*-ternary derivation and the mapping h : B — B
is a C*-ternary homomorphism. O

Next, we investigate C*-ternary homomorphisms and C*-ternary derivations in C*-ternary algebras
associated to the additive-additive (s, #)-functional inequality (4.1) by using a similar method to the
fixed point alternative.
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Theorem 4.4. Let ¢ : B} — [0, ) be a function such that there exists an L < 1 with

o(3:3 ;) Zp(xy,2), (4.6)

forall x,y,z € B. Let g,h : B — B be mappings satisfying g(0) = h(0) = 0, (4.3) and (4.4). Then
the mapping g : B — B is a C*-ternary derivation and the mapping h : B — B is a C*-ternary
homomorphism.

Proof. 1t follows from (4.6) that

(22 22 3 gt = -
28 so(zj 2 <Z8 g7 P56 3:2) = 779X, 3,2) < oo,

j=1 j=1

for all x,y,z € B. By Theorem 4.2, the mapping g : B — B is a C*-ternary derivation and the mapping
h : B — Bis a C*-ternary homomorphism. O

Theorem 4.5. Let ¢ : B} — [0, ) be a function such that there exists an L < 1 with

y Z
,27) < 8L 4.7
@ (x,y,2) 90(2 > 2) (4.7)
forall x,y,z € B. Let g,h : B — B be mappings satisfying g(0) = h(0) = 0, (4.3) and (4.4). Then
the mapping ¢ - B — B is a C*-ternary derivation and the mapping h : B — B is a C*-ternary
homomorphism.

Proof. 1t follows from (4.7) that

Sl : o 1 L
. J J J _ j - _
;Sjso 2x, 2y, 27z) ;8 (8LY(x.7,2) = = —p(x.y.2) < o,
for all x,y,z € B. By Theorem 4.3, the mapping g : B — B is a C*-ternary derivation and the mapping
h : B — Bis a C*-ternary homomorphism. O

Remark 4.6. In (4.4), the pair (g, h) of a C*-ternary derivation g and a C*-ternary homomorphism /4 can
be replaced by the pair of a C*-ternary derivation and a C*-ternary derivation or the pair of a C*-ternary
homomorphism and a C*-ternary homomorphism.

5. Conclusions

We have introduced the following additive-additive (s,?)-functional inequality (0.1) and have
investigated homomorphisms and derivations in complex Banach algebras and unital C*-algebra,
associated to the additive-additive (s, f)-functional inequality (0.1) and the functional inequality (1.1).
Moreover, we have introduced the following additive-additive (s, #)-functional inequality (0.2) and
have investigated C*-ternary derivations and C*-ternary homomorphisms in C*-ternary algebras,
associated to the additive-additive (s, #)-functional inequality (0.2) and the functional inequality (1.2).
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