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Abstract: The purpose of this paper is to study behavior of a rational type contraction introduced in [A fixed
point theorem for contractions of rational type in partially ordered metric spaces, Ann. Univ. Ferrara, 2013,
59, 251-258] in context of ordered dualistic partial metric spaces and to investigate sufficient conditions for
the existence of a fixed point in this space. These results extend various comparable results, existing in the
literature. We give examples to explain our findings. We apply our result to prove the existence of the solution
of functional equation.
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1 Introduction

The generalization of a metric function has been done by a number of researchers (see [1-5]). The latest
in this regard is introduced by Jleli and Samet [6]. It is known as F-metric. In this metric they particularly
modified triangle inequality of metric function. For the current paper we describe partial metric and dualistic
partial metric in detail. Partial metric was introduced by Matthews [2]. He generalized metric function with
an entirely different angle. He modified concept of self-distance which was known to be zero for all elements
in the underlying space and introduced that the self-distance may not be ZERO. Matthews called new metric
function with non-zero self-distance a partial metric. He applied this function as a suitable mathematical tool
for program verification and also generalized Banach Contraction Principle. This led a number of researchers
to investigate existence of fixed points, common fixed points and coupled fixed points of self-mappings
defined on a partial metric space (see [7-10] and references herein).

Neill [3] extended range set of the partial metric to real numbers and called new metric function a
dualistic partial metric. Neill studied various topological properties and examples of dualistic partial metric
space in [3]. The dualistic partial metric was first explored for fixed point theory by Oltra et al. [11] where
authors presented a Banach fixed point theorem in complete dualistic partial metric spaces along with some
convergence properties of sequences and Nazam et al. [12-14].

Recently, many authors have investigated fixed points of contractions of rational type and contractive
mappings in metric and partial metric spaces, for details, see [15-27].
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Cabrera et al. [18] studied the following fixed point theorem on rational type contraction.

Theorem 1. [18] Let (S, <, d) be a complete ordered metric space and T : & — < be a continuous and
nondecreasing mapping such that there exist a, = 0 with a + 8 < 1 satisfying

ad(s, T(¢))(1 + d(o, T(0)))

d(T(0), T(¢)) < 1+d(o,¢)

+pd(o, ¢) (11)
forall o, ¢ € Swith g < ¢. If there exists 09 € S such that oy < T(0y), then T has a unique fixed point.

In this paper, we shall establish aforementioned theorem in the context of dualistic partial metric spaces. We
then apply our result to prove the existence and uniqueness of the solution of functional equations appearing
in dynamic programming.

2 Preliminaries

We recall some mathematical basics to make this paper self-sufficient.
Let & be a non-empty set and T : & — & be a self-mapping. A point ¢* € S is called a fixed point of T if
0" = T(c"). For the self-mapping T, Picard iterative sequence {0} in &, with initial point g, is defined by

on = T(0,-1), foralln € N.

Matthews [2] defined partial metric space by the following axioms.

Definition 1. [2] A partial metric on a non-empty set Sis a function P : 3x3 — [0, oo) satisfying the following
axioms, forall o,¢,v € S,

(P1) 0=¢ % P(0,0) =P(g,¢) = P(o,¢);

(P2) P(o,0) < P(0, ¢);

(P3) P(Or C) = P(C, 0);

(P4) P(o,v) < P(0,¢)+P(g,v) - P(g, ©).

The pair (3, P) is called a partial metric space.

Neill [3] extended notion of partial metric as follows:

Definition 2. [3] A dualistic partial metric on a non-empty set S is a function 7 : & x & — R satisfying the
following properties, forall o, ¢, v € S,

(n1) 0=¢<nlo,0)=n(s, ¢ =nlo,¢);
(n2) n(o,0) < nlo,¢);
(n3) nlo,¢) =n(s, 0);
(n4) n(o,v) <nlo, ) +nls,v)-n(s,¢).

The pair (S, 1) is called a dualistic partial metric space.

Remark 1. It is obvious that every partial metric is a dualistic partial metric but the converse is not true. To
support this comment, define nm : R xR — R by

nm(o, ¢) = max{o, ¢} V 0,¢ € R.

Clearly, nm is a dualistic partial metric (see [4]) but nm is not a partial metric. Indeed, for all o < 0, ¢ < 0 implies
Nm(0,¢) <0 ¢ R}.

Unlike other metrics, in dualistic partial metric n(o, ¢) = 0 does not imply o = ¢. Indeed, nm(-1,0) = 0 and
0 # —1. This situation creates a problem in obtaining a fixed point of a self-mapping in dualistic partial metric
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space. For the solution of this problem we introduce convergence comparison property (defined below) and
use it along with axioms (17;) and (171) to get a fixed point.

Definition 3. Let (S, 17) be a dualistic partial metric space and T : & — $ be a mapping. We say that T has a
convergence comparison property (CCP) if for every sequence {0, } in S such that o, — o, T satisfies
n(o, 0) < n(T(o), T(0)).

Example 1. Let S = R. Define nm as in Remark 1. Consider any sequence {0y} converging to o in (S, nm). Define
T:3— SbyT(o) =e’. Wehave o < e’ forany o € S, that is, nm(0, 0) < nm(T(0), T(0), i.e., T satisfies (CCP).

We give some examples to explain dualistic partial metric.

Example 2. If (S, d) is a metric space and ¢ € R is arbitrary constant, then

n(o,¢)=d(o,¢)+c

defines a dualistic partial metric on .

Example 3. [3] Let (S, P) be a partial metric space. The mapping 1 : S x S — R defined by
n(o, ¢) = P(0, ) - P(0, 0) - P(g, ) forall 0,6 € S,

satisfies the conditions (1) — (n4) and hence defines a dualistic partial metric on 3. We note that n(a, ¢) may
have negative values.

Example 4. Let S = R. Define the mapping n : xS — R by

_Jlo-¢lifo#g,
n(a’c)_{—b ifo=¢b>0.

The axioms (1), (2) and (n3) can be proved immediately. We prove axiom (1,) in details.

Casel. Ifo # ¢ =v, then
n(o,v) < nlo, ¢) + n(s, v) - n(s, ) implies |o - v| = |0 - ¢|.

Case 2. Ifo = ¢ # v, then
n(o,v) < n(o, ¢) + n(g, v) - n(s, ¢) implies |0 — v| = |¢ - V|.

Case3. Ifo =¢=v, then
n(o,v) < n(o, ¢) + n(g, v) - n(s, ¢) is obious.

Case 4. Ifo # ¢ # v, then
n(o,v) < n(o, ¢) + n(g, v) - n(s, ¢) implies |0 —v| < |0 - ¢| + |[¢ = V| + b.

Thus, the axiom (n4) holds in all cases. Hence (3, 1) is a dualistic partial metric space.

Neill [3] established that each dualistic partial metric n on S generates a T topology 7[n] on & having base,
the family of n-balls {By(0,€) : 0 € S, € > 0} where
Bylo,€)={c €S : n(o,¢) <e+nlo,0)}.

If (S, n) is a dualistic partial metric space, then the function dj : S x & — Ry, defined by

dy(o,¢) =n(o,¢) -nlo, o), (2.1)
defines a quasi metric on S such that 7(n) = 7(dy) and dj (0, ¢) = max{dy (0, ¢), dy(s, 0)} defines a metric on
R

Following definition and Lemma describe the convergence criteria established by Oltra et al. [11].
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Definition 4. [11] Let (S, 1) be a dualistic partial metric space.

(1) A sequence {0n}ncn converges to a point o in (S, 1) if
Jlim n(on, 0) = (o, 0).
(2) Asequence {0n}nen in (S, 1) is called a Cauchy sequence if

lim n(on, om) exists and is finite.
n,m—sco

(3) A dualistic partial metric space (S, n) is said to be complete if every Cauchy sequence {0n}pen in S
converges, with respect to T[n], to a point ¢ € S such that

n(o,0) = pm n(on, om).

Remark 2. For a sequence {on} C S, convergence wrt(with respect to) metric space (S, d) may not implies
convergence wrt dualistic partial metric space (S, ).

Indeed, let {0y = + - 1} C Sand definen : Ix I — Rby

_Jlo-¢|=d(o,¢) ifo#g,
n(o,¢) = {—1 ifo=c¢.

Clearly,
lim d(on,-1) = 0.

n—roo

This implies o0, — -1 wrt (S, d). On the other hand, consider
lim n(on,-1) = n(-1,-1) = lim |op+ 1| =-1
n—oo n—oo

= lim ’1‘ = -1 = 0 = -1 (false sentence).
n—oo | N

This shows that 0, - -1 wrt (3, 1).

Lemma 1. [11] Let (S, n) be a dualistic partial metric space.

(1) Every Cauchy sequence in (S, dy) is also a Cauchy sequence in (S, n).
(2) A dualistic partial metric (3, n7) is complete if and only if the induced metric space (3, dy) is complete.
(3) Asequence {on}nc in S converges to a point v € S with respect to T[(dy)] if and only if

lim n(v, on) = n(v,v) = n}grgmn(on, Om).

3 Main results

In this section, we shall prove a dualistic partial metric version of Theorem 1. We begin with the following

definitions. Let
D={(0,¢) eIx3| 0=<¢ A nlo,¢) #-1}.

Definition 5. Let (S, <) be a partially ordered set and (S, n7) be a dualistic partial metric space. A mapping
T : & — $is said to be a dualistic contraction of rational type if there exist a, = 0 with a + 8 < 1 such that:

T())(1 + n(o, T(0))) | , Bln(o, ¢)| GD

< .16,
n(T(0), T())| < 1+n(o,¢)

forallo,¢ceD.
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Remark 3. The contractive condition (3.1) has some differences with (1.1). Since, for a metric d, d(o, o) = O for
any o € & which ensures that (1.1) holds for all o such that ¢ = T(0) and conversely. However, from definition
of dualistic partial metric we know that, in general, n(o, o) # 0 forany o € 3. For if ¢ is a fixed point of T then
from (3.1) one can follow that n(o, ) = 0. So if a self-mapping T has a fixed point o such that n(o, o) # 0,
then ¢ < o but ¢ does not satisfy (3.1).

We state our main result as follows:

Theorem 2. Let (3, <) be a partially ordered set and (3, n) be a complete dualistic partial metric space. If T
is a nondecreasing, dualistic contraction of rational type satisfying the following conditions:

(1) there exists 0g € S such that ag < T(09);
(2) if {on} is a nondecreasing sequence in S such that {on} — v, then on < v foralln € N.

Then T has a fixed point.
Proof. Let 0 be an initial point of & and let us define Picard iterative sequence {on} by
on = T(0,-1) forall n € N.

If there exists a positive integer i such that ¢; = 0;,1, then 0; = 0;,1 = T(0;). So 0; is a fixed point of T. In this
case, the proof is complete.

On the other hand, if 04 # 0,1 forall n € N, then oy < 0,,,1. Indeed by 09 < T(0g), we obtain gy < 0.
Since T is nondecreasing, 0y < 01 implies T(0g) < T(01) and thus 0; < 0,. Continuing in this way, we get

00 =X01 2022033 20n=0pt1 =***
Since 0, < 0Op41, using (3.1), we have

[n(T(op-1), T(on))]

n(on, T(on))(1 + n(op-1, T(04-1)))
1+n(op-1,0n)

a ’ TY(O'n, On+1)(1 + U(Gn—l, on))
1+ U(Un—l, On)

aln(on, one1)| + BIn(on-1, on)|

1'5%"1(011—1, on)l.

[n(on, On+1)]

A

< a’ + BIn(on-1, on)|

IN

+ BIn(on-1, on)|

IN

IN

IfwesetA= %,then0<}l< 1 and so

‘I](Un; 0n+1)| = /\|71(0n71, O-H)‘
< AAIn(on-2, on-1)1)

< A"|n(oo, 01)|.
Further, generalizing the above inequality, we have
MO pikots Onsi)| < A (00, 01)| for all n, k € N.
To find self distance, since 0, < op, for all n € N, again from (3.1), we have

In(o1, 01)| = In(T(00), T(00))|
a n(oo, T(00))(1 + n(og, T(00)))

+ 0o, O
1+ (00, 00) Bin(oo, 0ol

IN
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" n(oo, 01)(1 +n(oo, 01))
1+ n(oo, 0p)

< aln(oo, 01)(1 + n(oo, 01))| + BIn(oo, 00)|

ah(1 + h) + Bno,

IN

+ ﬁ'n(a()r UO)‘

A

IN

where |1(0¢, 01)| = h and |1(0¢, 0o)| = no. Repeating the process, we get

In(02, 03)| < aAh(1 + Ah) + aBh(1 + h) + B*no,
(03, 03)| < aA’h(1 + A*h) + aBAh(1 + Ah) + aB*h(1 + h) + B 1o.

In(on, on)| < aA" *h(1 + A" h) + aBA"2h(1 + A"?h)
+ afPA" PR+ A" Ph) + oo+ aB" T R(L + h) + BMo.
This implies that
lim |p(on, on)| =0, i.e., lim n(on, on) =0. (3.2
n—oo n—oo

Now since

dn(on, Ons1) = N(On, Ons1) = N(on, on),
dy(on, Ons1) + (0n, 0n) = N(On, Ons1),
dy(0n, 0ns+1) + 1(0n, 0n) < [N(0n, Oni1)| < A" |1(00, 01)],
dy(On, Oni1)) s A"|n(00, 01)| + [n(0n, on)|
< A"+ aA" T h(1 + A" 1h) + aBA™2h(1 + A2 h)
+af’ A" h( + A"PR) -+ af"Th(1 + h) + B
s A"h+yu",

where

U= aA" T h(1 + AT R) + aBAT2R(L + AM2R) + aBtA (1 + AT )
+-+af"Th(1 + h) + B"no.

Further, generalization implies
dy(Onar1s Opei) < A" Th 4+ ™ forall n, k € N, (3.3)

Next step is to show that {0, } is a Cauchy sequence in (S, 17). For this purpose, first we show that {on} is
a Cauchy sequence in (S, dj). Since dj is a quasi metric, by using triangular property and (3.3), we have

dn(Un, 0n+k) < dn(Un, On+1) + dn(0n+1’ Ons2) + 0+ dﬂ(0n+k—1’ 0‘n+k)
< /\nh +Hn +/1"+1h +Hn+1 I +/\n+k_1h +]‘lm—k—l
AN Hn
. Ah . R

Note that each term in u" contains either 8" or A" and since 8 < 1, A < 1 so each term in y" vanishes as
n — oo. Thus, limy—eo A" = 0 and limy—,.. #" = 0 and hence

lim dy(on, 0y4) = 0. (3.4)

n—roo

Replacing the positions of o, and 0.1, we get

dn(Oni1, 0n) = N(Ons1, On) — N(0n+1, Ons1), implies

dn(0n+1y on)) < Anln(Go, 01|+ [N(Ons1, Ons1)]
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< A"h+u™.
Further, generalization implies
dy (Ot Oniir) < AT Th+ ™  for all n, k € N. (3.5)
Since djy is a quasi metric, by using triangular property and (3.5), we have

dﬂ(0n+k’ On) < dﬂ(amk’ Opik-1) + dn(0n+k—1’ Opik-2) +ooo + dn(0n+1; On)

< /\n+k_1h +Hn+k +/\n+k_2h +Hn+k—1 N +Anh +yn+1
/1" n+1

U
1—Ah+1—y'

<

Since limp 500 A™ = 0 and limpy o p" = 0, thus, limp e dy(0 4k, 0n) = 0. By definition of dj, we deduce
that limn—.co dy(0n, Op.x) = 0. Hence {0, } is a Cauchy sequence in (S, dj). Since (3, ) is a complete dualistic
partial metric space, by Lemma 1, (S, dy) is also a complete metric space. Thus {on} converges to a point
v €S, ie, limpe dj(on, v) = 0. By Lemma 1, we get

nango n, on) =n,v) = n}grgmn(on, Om). (3.6)
Now from (3.4) andform=n+k
0 = lim dy(on,om) = lim [n(on, om)—n(on, on)]
n,m—oo n,m—oo
= lim n(on,om) = lim n(on, on) = 0 by (3.2).
n,m—oo n—oo
Consequently, limn, m—sco N(0n, 0m) = 0 and so {0y} is a Cauchy sequence in (S, 17). From (3.6), we obtain
nth; n(, on) = n(v,v) =0. (3.7)
This shows that {0} converges to v in (S, 1) and n(v, v) = 0. By hypothesis (2) and (1), we have

nw, Tw)) = n(v, on) + n(on, Tw)) - nlon, on)
n(, Tw))(1 + n(on-1, on))

= 1w, 0n) + & 1+n(0y-1,0)

+ BIn(op-1, v)| - nlon, on).

Letting n — oo, we get n(v, T(v)) < 0 and by (2.1) we have n(v, T(v)) = 0. Thus, n(v, T(v)) = 0. By (CCP), we
have
0 =n(,v) < n(TW), TW)).

By (12), we get
n(Tw), Tw)) < n(v, T(v)) = 0.

These arguments imply that n(T(v), T(v)) = 0 and hence
nw, T(w)) = n(T(w), T()) = n(v, v).

By (171), we have v = T(v). O

Remark 4. Usually the range of a dualistic partial metric 7 is (-oo, o0) but if we replace (-oo, =0) by [0, o),
then 7 is identical to a partial metric P and hence Theorem 2 is applicable in the setting of partial metric
space. The Theorem 2 also generalizes the results in [18, Theorem 1] [22].

Now, we provide an example of a mapping that satisfies all assumptions of the statement of Theorem 2 but it
has several fixed points.
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Example 5. Let S = {0, -1} and consider the partially ordered dualistic partial metric space (S, nm, <) with
0=<0,-1=<-1and -1 < 0. Itis clear that (3, nm) is complete. Define the increasing mapping T : S — S by
T(0) = 0and T(-1) = —1. Clearly, -1 < T(-1). A straightforward computation shows that

‘rlm(T(o'), T(C))‘ <a T]m((’; T(c))(l + rlm(U, T(U)))

L+ n(o, ) *Pin (@ 6

forall x,y € S with x < y and nm(0o, ¢) # —1. Besides if a sequence {0y} is increasing in (S, <) and 0, — v
then o, < v for all n. It is obvious that given o, ¢ € & we always have that g, ¢ < 0. Nevertheless, T has two
fixed points.

For the uniqueness of fixed point of T in Theorem 2, we have the following theorem.

Theorem3. Let T : & — S be defined on (S, <, ) and satisfies conditions assumed in Theorem 2. If there
exists an element w € S such that it is comparable with every fixed point of T, then T has a unique fixed point

ingS.

Proof. From Theorem 2, it follows that the set of fixed points of T is non-empty. We suppose that v; is also a
fixed point of T. Here two cases arise, first, v and v, are comparable and second, v and v, are not comparable.
In Case 1, v < v and using (3.1),

N, v1)| = [n(T(@), Tw1)|
<a rl(v1,T(1vJ1r)))]((t+Unl()v, T(v)) + BN, vy)|
. a‘n(vl,zilj(;(; nv(;)) TOD |, ginew, vy)|

< BIn(v1, v1)|, since n(vy,vq) =0.

Therefore, (1 - B)|n(v1, v1)| < 0, which is only true if n(v,, v1) = 0 and (v, v1) = 0 = n(v, v) = (v, v1).
Hencev = v;.

In Case 2, there exists an element w € < such that it is comparable with v, v,. Without any loss of
generality, we assume that w < v and w =< v;. Since T is nondecreasing, T(w) < T(v) and T(w) < T(v4).
Moreover, T" (w) < T" 1(v) and T" Y(w) < T" 1 (v,). Thus

(1" ), T"@)(A + (1" (W), T"(w))
1+n(T1(v), T Hw))

+ BIn(T" ' (), T" H(w))|.

n(T"(w), T" ()| < &

This implies |[7(T"(w), v)| < BIn(v, T Y(w))).
Now using (3.7), we get limy—,.. n(v, T"(w)) = 0.
Similarly, we can show that limy—. n(v1, T"(w)) = 0. By 14, we have

nw1,v) < n(vy, T"()) + n(T"(w), v) - (T"(w), T"(w))
< N1, T"(w)) + n(T"(w), v) - N(T" (), v) - N, T"(w)) + N, V).

Letting n — oo, we obtain that n(vq, v) < 0. Now ny(v, v1) = n(v, v1) - n(v, v) implies that n(v, v1) = 0.
Hence n(v, v1) = 0, which gives that v = v;. O

To illustrate our result, we present an easy example.

Example 6. Let$ = (—oo, 0]%. Define i : xS — Rby nm(X,y) = 01m¢; = max{o1, ¢1}, wherex = (01, 0)
and y = (¢1, ¢2). Note that (3, nm) is a complete dualistic partial metric space. Let T : & — S be given by

T(x) = ; forallx € S.



1732 —— Muhammad Nazam et al. DE GRUYTER

In 3, we define the relation < in the following way:
x < yifand only if 0; < ¢;, where x = (01, 03) and y = (¢1, ¢2).

Clearly, < is a partial order on & and T is a nondecreasing mapping and satisfies (CCP) with respect to <.
Moreover, (-1, 0) < T(-1, 0).
We shall show that for all X, y € & with x <y, (3.1) is satisfied. For this, consider

nm(T(x), T(y))| = )nm (f 7)‘ )cl‘ forall oy < ¢1,
1m(x, TGO = [ (%, 5 )| = |

Iy, T = [nm (v, 3)| = [ 5]
[nm(x,¥)| = |¢1| forall o1 < ¢;.

Seta = 3,8 =3 andforallx,y € , we find that

Mm(y, TW)(1 + nm(x, T(x))
1+nm(x,V)

Inm(T(x), T(Y))| < a +Bnm(x, y)|

holds for x <y if and only if 6|¢1||1 + ¢1| < |¢1|(2 + |o1]) + 6|¢1||1 + ¢1]-
Thus, all the conditions of Theorem 2 are satisfied. Moreover, (0, 0) is a fixed point of T.
Next example also explains main result and shows its significance.

Example 7. Let S = (-0, -2]? U {0}. Definen : 3x 3 — Rby

n(o,¢) = {d(g Q) =V(01-02)2+(g1-62)? ifo #¢,
ifo=g.

where 0 = (01, 02) and ¢ = (¢1, ¢2). Then (S, 1) is a complete dualistic partial metric space. Let T : & — S be
given by
T(o) = % foralloe &

In 3, we define the relation < in the following way
o < ¢ifandonlyif 0; < ¢; and 0; < ¢3.

Clearly, < is a partial order on & and T is a nondecreasing mapping and satisfies (CCP) with respect to <.
Moreover, (-1, 0) < T(-1, 0). Also we have the following information for all ¢ # ¢ (either ¢ < ¢ or ¢ < 0)

N, T6) =1 (5.5) -d(3.5) - Jd,9),

2’2 2’2
10, 7@) =1 (0,9) =d (0,7) = %d(a, 0);0 = (0,0),

e TN =n(s.5)=d(s5) - %d(c, 0),
n(o, ) = d(o, ¢).

Thus, the contractive condition (3.1) takes the form

Lio, 09 <a (%d(c, 0) (1+1d(a, 0))

1+ d(o, <) ) + Bd(o, ¢). (3.8)

For B = Z, there exists a such that a + B < 1 which satisfies inequality (3.8).
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For all 0 = ¢ we have
n(T(o), T(¢)) = n (%, 9) _
n(o, 7)) = n (o,

n(s, T(e) = n o,
n(o,¢) =nlo,0) =

d( %) = 3d(, 00 = 0,0),

——

2
g
> 2 2
o 1
5 ) - id(o'y 0)9

~—

Q..
A
N \

Here, the contractive condition (3.1) takes the following form
w < (o, 0)(2 + d(0, 0)). (39)

It can be noticed that there exist @ and B with a + B < 1 satisfying (3.9) for all ¢ € 3. Thus T is the required
self-mapping having fixed point O and which fulfills requirements of Theorem 2.

We note that under the dualistic partial metric defined in this example, fixed point theorem established
by Oltra and Valero in [11] fails to have fixed point. Indeed, for all o = ¢

= |n(T(0), T(0))| < c|n(o, 0)| = 2c

which is a contradiction to definition of ¢ used in Said theorem [11].
Following example emphasizes use of absolute value function in contractive condition (3.1).

Example 8. Define the mapping Ty : R* — R by

0 ifo>1,
TO(U)={—5 ifo=1

Clearly, for all comparable o, ¢ € R, the following contractive condition without absolute value function is
satisfied

anm(s, To(s)) - (1 + nm(a, To(0)))
1+ nm(o,¢)
where nm is a complete dualistic partial metric on R. Here, T has no fixed point. Thus a fixed point free
mapping satisfies this contractive condition.
On the other hand, forall 0 < a + 8 < 1, we have

o |1m(L To(1) - (1 + (1, To(1)))
1+nm(1,1)

Thus the contractive condition (3.1) does not hold. This situation happens always in dualistic partial
metric space and that is why we place absolute value function in contractive condition taken under dualistic
partial metric.

Nm(To(0), To(g)) < + Bnm(o, ¢),

+BInm(1, 1)].

5 = [nm(=5, =5)| = [Mm(To(1), To(1))| >

If we set a = 0 in Theorem 2, then we get the following result as a corollary of our result.

Corollary 1. [11] Let (S, 1) be a complete dualistic partial metric space and T : & — < be a mapping such that
there exists c < [0, 1] satisfying

In(T(0), T(5))| < cn(o, ©)|
forall o,¢ € Switho < ¢. Then T has a unique fixed point ¢ € 3. Moreover, rl(o* ¢") = 0 and the Picard
iterative sequence {T"(00) }nen converges to ” with respect to 7(dy) forevery x € S

Remark 5. Corollary 1 generalizes the result presented by Oltra and Valero in [11] to ordered dualistic partial
metric spaces.
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Corollary 2. Let the self-mapping T defined on an ordered complete dualistic partial metric space (3, <, 1) be
nondecreasing and there exists a € [0, 1) such that,

an(s, T(¢)(1 + n(o, T(0)))

In(T(0), T(¢))| < 14700, 0

forall g, ¢ € D. Moreover, if

(1) there exists og € S such that og < T(0p),
(2) if {on} is a nondecreasing sequence in S such that {on} — v, then on < v foralln € N,

then T has a fixed point v such that n(v, v) = 0.

Proof. Set § = 0 in the statement of Theorem 2. O

4 Application

In this section, we apply main result to show the existence of the solution of functional equation. We introduce
some notations for the sake of convenience.

Let state space, decision space and space of bounded functions be denoted by 8§, W and B(8) respectively.
Also we introduce the following functions

g: SxW R,
F: §xWxR —= R,
¢p: SxW 8.

In the following, we shall prove the existence and uniqueness of solution of functional equation (4.1)
appearing in dynamic programming (for example, see [28])

u(o) = sup{g(o, ¢) + F(o, ¢, u(¢(a, ¢)))} forall o € 8. (4.)
cEW
Define order < on B(§) by u < v < u(0) < v(o). Then we observe that (B(8), <, 1) is a complete ordered
dualistic partial metric space and the distance function in B(S) is defined by

d(u,v) = sup |u(o) - v(0)|, forallu,v € B(S),
geS

where as for dualistic partial metric the distance function is given by
n(u,v) =d(u,v) +c, forallu,v € B(8)and c € R.

Following two lemmas will be helpful in the sequel.

Lemma 2. [28] Let G, H : § — R be two bounded functions. Then

| sup G(0) — sup H(0)| < sup|G(0) - H(0)|.
ogeS ogeS ogEeS

Lemma 3. [28] Assume that

(1) g, F are bounded functions;
(2) there exists k > O such thatforallt,r e R,0 € Sand ¢ € W

|F(o,¢,t)-F(o,¢,1)| < k|t-T1]|.
Then the operator R : B(8) — B(8) defined by

(Ru)(o) = sup{g(o, ¢) + F(o, ¢, u(¢(o, )}
GEW

is well-defined.
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Now we present our next result.

Theorem 4. Let all the conditions of Lemma 3 be satisfied and

n(u, Ru)(1 + n(v, Rv))
1+n(u,v)

|F(o,¢,u) - F(o,¢,v)|+|c| s a + BIn(u, v)| (4.2)

forallu,v € B(8) withu < v and n(u, v) # —1. Then the functional equation (4.1) has a unique solution.

Proof. Let R : B(8) — B(8) be an operator as defined in Lemma 3. Then R is continuous and nondecreasing
with respect to <. We shall show that R satisfies the contractive condition (3.1). Indeed, by Lemma 2, for all
u,v e B(S)withu < v,

|(Ru)(0) - (Rv)(0)| = | sup{g(0, ¢) + F(a, ¢, u(¢(o, §)))} - sup{g(o, ¢) + F(o, ¢, v(¢(0, )}
cEW cEW

IN

su\l; lg(o, ¢) + F(o, ¢, u(¢(o, ¢))) - glo, ¢) - F(o, ¢, v(¢(o, ¢)))|
ce

sup |F(o, ¢, u(¢(o, ¢))) - F(o, ¢, v(¢(o, )))|.
cEW

IN

Therefore,

In(Ru, Rv)| = | sup |(Ru)(0) - (Rv)(0) + c|
oc

IN

sup [(Ru)(0) - (Rv)(0)| + c|
(IS

< sup |F(0, G, u(¢(0s C))) - F(U’ S V(¢(0a C)))| + |C|
ceEW

A

< a n(u, Ru)(1 + n(v, Rv))

1+ n0a,v) +BIn(u, v)|.
Hence R satisfies all the conditions of Theorem 2. Thus there exists a unique solution ug € B(8) of (4.1)
such that Rug = ug. O
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