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1 Introduction

The magnetism is one of the most intriguing topics in various fields of physics. One of the

reasons is that interesting subjects of the magnetism are closely related to a fundamen-

tal quantum degrees of freedom that distinguish kinds of particles, the particle’s statistics

and phases of the system. One of the significant phenomena of magnetic systems is the

ferromagnetism given by the spontaneous symmetry breaking. In addition, the ferromag-

netic system usually shows hysteresis curves, which are representative phenomena of the

ferromagnetism. As a preliminary study toward ferromagnetism, we will consider a simple

model to build spontaneous magnetization and the hysteresis curve using gauge/gravity

duality [1, 2]. In earlier studies, magnetized systems have already attracted much attention

and have been studied numerous times in the holographic approach, e.g., [3–18].

The gauge/gravity duality is a very powerful tool to study strongly coupled field theory

systems. The main advantage of the duality is that the generating functional of the strongly

coupled field theory can be obtained by the on-shell action of the corresponding gravity

theory [19, 20]. This correspondence has been applied to various area of physics. One of

the active applications is about condensed matter theories, e.g., [4, 21–26].

More specifically, the gauge/gravity duality is a relation between a d-dimensional field

theory living on the boundary and the corresponding (d+1)-dimensional bulk gravitational

system with an appropriate boundary condition. Such a boundary condition tells us the

prescription for the external sources and the non-normalizable modes of the field theory
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and the gravitational system, respectively. In this subject, we mainly consider a system

with the sources given by the external magnetic field and chemical potential. These sources

induce the magnetization, charge density and vacuum expectation value (VEV) of a scalar

operator. We take into account (2 + 1)-dimensional systems in the present work.

The (2+1)-dimensional spacetime we considered has a very interesting magnetic nature

because the direction of magnetic field is always orthogonal to the 2-dimensional space when

the spacetime is embedded in higher dimensions. The magnetization is described as a real

value, just as the magnetic field is. Therefore, the spontaneous magnetization is displayed

by breaking Z2 symmetry. To realize this spontaneous symmetry breaking, we use the

well-known hairy black brane solution with a real scalar field φ. Such a real scalar field

is dual to a scalar operator in the boundary theory. Since our final goal is to construct

spontaneous magnetization and hysteresis curves, we introduce an interaction among the

scalar operator, the magnetic field and the charge density operator. In bulk point of view,

this interaction is achieved by adding an axionic term,
∫
d4xW (φ)εMNPQFMNFPQ, to

the action. And we consider a large class of model which can describe the spontaneous

magnetization. We propose a general formula for the magnetization by using a ‘scaling

symmetry’ trick [27–29]. This formula can be confirmed in a specific model. The proposed

large class of models enable us to describe the spontaneous magnetization.

As we mentioned, one of the characteristics of magnetic material is the hysteresis curve

of magnetization. In order to construct the hysteresis curves, the interaction potential

W (φ) plays an important role. This is because the interaction potential W (φ) should be

an odd function to break the Z2 symmetry changing the sign of the scalar field φ. We will

consider an odd function for a specific model. Also, in fact, the hysteresis is obtained by

the slowly varying magnetic field. In the real physics, we must consider a time-dependent

background. Since, however, we assume a very slowly varying magnetic field, we ignore

the effect from the time dependent dynamics. See [30] for an explicit time-dependent

consideration for another holographic model.

This paper is organized as follows: in section 2, we propose the general form of the

magnetization using the ‘scaling symmetry’ trick and introduce a simple model. Then

we check that our general formula works in the specific model. In addition, we find the

expression of the on-shell action dual to the free energy in the boundary field theory.

In section 3, we investigate the spontaneous magnetization and the hysteresis curve. In

section 4, we discuss our result and introduce possible future directions. Several formulas

related to the holographic renormalization and a description in Landau-Ginzburg type

potential are summarized in appendix.

2 Basic formulation

In this section, we consider a large class of holographic models describing spontaneous

magnetization. The magnetization is given by derivative of free energy with respect to

external magnetic field B as follows:1

M = −δΩ
δB

, (2.1)

1See [4] for details.
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where Ω is the free energy of d-dimensional system. This is the most essential quantity to

understand physics in various magnetic materials. The main goal of the present work is to

study this quantity through holographic approach.

The fundamental relation of thermodynamics is the first law describing a constraint

among variations of thermodynamic quantities. The gauge/gravity duality enables us to

interpret this relation in the bulk geometry. (d+ 1)-dimensional black holes also have rela-

tions among their parameters by on-shell variation. These two relations have a similarity,

which leads to the holographic principle and the gauge/gravity correspondence. Especially,

we are interested in the magnetic variation. It consists of the external magnetic field vari-

ation and the magnetization. The form of 4-dimensional magnetic black brane solutions

is simpler than those in the higher dimensions. Thus we will focus on the asymptotically

AdS4 black branes in this paper.

Furthermore, this first law of thermodynamics can be integrated to a relation among

finite thermodynamic parameters. The resulting relation is consistent with the definition

of free energy density by construction. One may write down the relation as follows:

ω ≡ Ω/V = ε− sT − µ Q̃ , (2.2)

where ω is the free energy density of the system. In addition, spatial volume, energy

density, entropy density, temperature, chemical potential and charge density are denoted

by V, ε, s, T , µ, Q̃, respectively. Also, it is well known that the pressure P is same with

−ω for homogeneous systems.

When the system has the magnetization M under the magnetic field B, the pressure

consists of the magnetic part and the other contribution as follows:

P = Pothers +MB . (2.3)

From this decomposition one can easily read off the magnetization M. In the bulk geome-

try, the above relation (2.2) corresponds to the so-called Smarr relation. It is the constraint

among black hole parameters given by vanishing time-time component of the metric at the

horizon. We will show this explicitly.

Recently the general form of the Smarr relation has been studied and was derived by

applying a modified Noether theorem to a reduced action of gravitational systems [27–

29, 31–33]. This is very useful even in a hairy black hole background. We will extend the

method for hairy magnetic black branes.

2.1 Einstein-Maxwell-dilaton model

Let us start with a large class of holographic models to describe magnetized systems.

S =
1

16πG

∫
d4x
√
−g
{
R+

6

L2
− Z(φ)

4
F 2 − 1

2
(∂φ)2 − V (φ)

}
+

θ

16πG

∫
d4xW (φ)εMNPQFMNFPQ , (2.4)

where the last term plays an important role for the spontaneous magnetization and the

hysteresis curve. In 3+1 dimension, this term is linear in the magnetic field. So one may
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notice that there can exist a non-vanishing magnetization even in the absence of magnetic

field. See (2.1) for this speculation. Furthermore, turning on the magnetic field with even

functions of Z(φ) and V (φ), an odd function of W (φ) breaks a Z2 symmetry by changing

the sign of the scalar field (φ → −φ). In this case, however, the Lagrangian is invariant

under another transformation that simultaneously changes the sign of the magnetic field

(B → −B). Since the latter symmetry is essential to build the hysteresis curve, we will take

into account the odd function W (φ) with even Z(φ) and V (φ) in a specific calculation. It

will be clear in section 3.

Now, we will derive the Smarr relation of black branes in the gravity model using a

‘scaling symmetry’ method in [27–29, 32, 33]. In order to apply the method, we take the

following metric ansatz:

ds2 = −U(r)e−W(r)dt2 +
r2

L2

(
dx2 + dy2

)
+

dr2

U(r)
, (2.5)

φ = φ(r) , A = At(r)dt+
H

2
(xdy − ydx) . (2.6)

We will use a convenient time coordinate τ = e−W(∞)/2 t to keep the boundary metric ηµν .

As a result, the coordinate system of dual field theory becomes (τ, x, y) whose temporal

component of the metric and gauge field is given by

gττ (r) = −U(r)e−(W(r)−W(∞)) , Aτ (r) = At(r)e
W(∞)/2 . (2.7)

For simplicity, we define W̃(r) ≡ W(r) − W(∞). Then the Hawking temperature and

entropy density are given by the following forms:

TH =
U ′(rh)

4π
e−W̃(rh)/2 , s =

r2
h

4GL2
, (2.8)

where rh is the location of the horizon defined by U(rh) = 0.

Plugging our ansatz (2.5) into the gravitational action (2.4), we obtained the following

reduced action:

S =
1

16πG

∫
dτdxdy

∫
drLred , (2.9)

where

Lred =
e−W̃(r)/2

L2

(
6r2

L2
− H2L4Z(φ)

2r2
− r2U(r)φ′(r)2

2
− r2V (φ(r))− 2rU ′(r)− 2U(r)

)

+
r2Z(φ)e

W̃(r)
2 A′τ (r)2

2L2
− 8 θH W (φ)A′τ (r) . (2.10)

Here we dropped out total derivative terms. When H = 0, the reduced action has a scaling

symmetry. One can show that this reduced action without magnetic field is invariant

under the following ‘scaling transformation’ up to total derivatives. We defined the scaling
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transformation as follows:

δ(e−W̃/2) = −λ
(

3 e−W̃/2 + r (e−W̃/2)′
)
, (2.11)

δU = −λ (−2U + r U ′) , (2.12)

δAτ = −λ (2Aτ + rA′τ ) , (2.13)

δφ = −λ r φ′ , (2.14)

where λ is a small parameter. On the other hand, this symmetry can be broken by turning

on the magnetic field H. So we considered the invariant part of the Lagrangian. And one

can show that

δ(Lred − LH) = λ (−r(Lred − LH))′ , (2.15)

where LH is the non-invariant part of the reduced Lagrangian (2.10). It is defined as

follows:

LH = −
(

8 θHW (φ)A′τ + e−W̃/2H
2L2Z(φ)

2r2

)
. (2.16)

Using the equations of motion, δLred is given as follows:

δLred =

(∑
i

δΨi
∂Lred

∂Ψ′i

)′
, (2.17)

where Ψi denotes a collective expression of the fields such as
{
e−W̃/2, U,Aτ , φ

}
. (2.15)

and (2.17) can be incorporated to describe a partially conserved ‘charge’ (PCC) C;

λ
d

dr
C =

1

32πG

(
δLH + λ (rLH)′

)
= − 1

32πG
δHLH , (2.18)

where C is defined by

C ≡ 1

32πGλ

(∑
i

δΨi
∂Lred

∂Ψ′i
+ λ rLred

)
. (2.19)

And δH is the complementary transformation acting on H to make the Lred invariant under

a fake ‘scaling transformation’:

δHH = 2λH . (2.20)

The origin of the PCC equation (2.18) is nothing but the Hamiltonian constraint along the

radial direction with other equations of motion. Even though PCC does not introduce a

new symmetry, it is very useful to describe thermodynamics of black holes.

Now, we can easily find the form of PCC as follows:

C = −AτQ+
1

32πGL2
r e−W̃/2

(
2r U ′ + r2 U φ′

2 − 4U
)
, (2.21)
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where Q is the charge density of the black brane, which is given by

Q =
1

16πGL2

(
r2eW̃/2Z(φ)A′τ (r)− 8 θW (φ)H L2

)
. (2.22)

We may take an integration of PCC over the outer horizon region.

C(r)− C(rh) = − 1

32πGλ

∫ r

rh

dr′δHLH(r′) , (2.23)

where PCC at the horizon is given by C(rh) = sTH with adopting a regularity condition

Aτ (rh) = U(rh) = 0.

Since the PCC is finite at the boundary of AdS space, it is legitimate to consider the

PCC at r = ∞. Therefore, the integration over the outer region gives us the following

relation:

sTH =

(
C(∞) +

1

32πGλ

∫ ∞
rH

dr′δHLH(r′)

)
. (2.24)

We will identify the temperature in the dual field theory T with the Hawking temperature.

In addition the asymptotic value of the PCC is given by

C(∞) = −µ Q̃+ lim
r→∞

1

32πGL2
r e−W̃/2

(
2r U ′ + r2 φ′

2
U − 4U

)
, (2.25)

where µ ≡ 1√
16πG

Aτ (∞) and Q̃ are the chemical potential and the charge density in the

dual field theory and we also identified Q with 1√
16πG
Q̃.

Since we are taking into account a homogeneous system, we may expect that the

following relation using the thermodynamic potential density (ω = −P) in (2.2):

ε+ P =µ Q̃+ s TH (2.26)

= lim
r→∞

1

32πGL2
r e−W̃/2

(
2r U ′ + r2 φ′

2
U − 4U

)
+

1

32πGλ

∫ ∞
rH

dr′δHLH(r′) ,

where ε is the internal energy given by one component of the holographic tensor Tττ .

Furthermore the pressure P can be decomposed into the two parts: Pothers +MB, where

we have used the magnetic field B ≡
√
LH/

√
16πG as a field theory quantity. Since we

don’t consider sources except for the chemical potential and the magnetic field, Pothers is

simply given by the holographic pressure, Txx. The holographic energy-momentum tensor

is usually obtained from asymptotic values of fields. Therefore we may claim that the

magnetization density is given by

M =
1

32πGλB

∫ ∞
rh

dr′δHLH(r′)

= − L2

∫ ∞
rh

dr e−W̃/2

(
BZ(φ)

Lr2
+

64Bθ2W 2(φ)

Lr2Z(φ)
+

8 θQ̃W (φ)√
Lr2Z(φ)

)
, (2.27)

where Q̃ is the charge density Q̃ =
√

16πGQ in the dual field theory. By using an appro-

priate coordinate transformation, it turns out that this expression is same with formula
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for the magnetization in [9, 12, 14, 18]. Our conjectured form of the magnetization covers

all these cases. Each case has specific forms of Z(φ) and W (φ) and depends on counter

terms in holographic renormalization. In particular, the authors of ref. [18] focus on the

DC transport which can be one of our future directions.

Looking at the formula (2.27), one can notice that something interesting happens.

Even though B = 0, the magnetization still exists if scalar field has finite expectation

value. This means that Z2 symmetry of the magnetization is spontaneously broken with

the help of the hairy configuration of the scalar field. Existence of this magnetic ordering

was already mentioned in [9] for a specific model. In the next section we will investigate this

broken phase in a different model and show that this phenomenon describes spontaneous

magnetization and hysteresis behavior. The resultant spontaneous magnetization is given

as follows:

Mf ≡MB=0 = −L3/2

∫ ∞
rh

dr e−W̃/2

(
8 θQ̃W (φ)

r2Z(φ)

)
. (2.28)

One can see that the sign of θ determines that of the magnetization. Under proper con-

ditions, the spontaneous magnetization is accompanied by a hysteresis curve which is a

trajectory in (B,M)-configuration space. In order to obtain such a curve, we have to con-

sider black brane solutions with a real scalar hair in a numerical method. In the following

sections, we will discuss the spontaneous magnetization and the corresponding hysteresis

curves in a particular model. Also, we will check whether our expression (2.27) is valid or

not in the model.

2.2 A simple model

In this subsection we consider a specific model which is relevant to a spontaneous mag-

netization and a hysteresis curve. We start with adopting Z(φ) = 1, V (φ) = − 2
L2φ

2 and

W (φ) = −φn. As we discussed, we will consider only n = 1 as a representative of odd

W (φ) cases. Together with this choice, the real scalar field is supposed to be dual to a

dimension 2 operator (∆ = 2) for simplicity. Then the total action consists of the bulk

part and the boundary part as follows:2

Stotal = SB + Sb , (2.29)

SB =
1

16πG

∫
M
d4x
√
−gLbulk

=
1

16πG

∫
M
d4x
√
−g
{
R+

6

L2
− 1

4
F 2 − 1

2
(∂φ)2 +

1

L2
φ2

}
− θ

16πG

∫
M
d4xφnεMNPQFMNFPQ , (2.30)

Sb = − 1

16πG

∫
∂M

d3x
√
−γ
(

2K +
4

L
+
φ2

2L

)
, (2.31)

2xM = (xµ, r) = (τ, xi, r) = (τ, x, y, r).
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where K is the Gibbons-Hawking term which is the tace of extrinsic curvature. The other

terms in the boundary action Sb are counter terms for holographic renormalization. The

equations of motion for matter fields are given by

∇M
(
FMN + 4 θ φn

1√
−g

εMNPQFPQ

)
= 0 (2.32)(

∇2 +
2

L2

)
φ− n θ φn−1 1√

−g
εMNPQFMNFPQ = 0 . (2.33)

And the Einstein equation is

RMN −
1

2
gMN

(
R+

6

L2
− 1

4
F 2 − 1

2
(∂φ)2 +

1

L2
φ2

)
− 1

2
FMPFN

P − 1

2
∂Mφ∂Nφ = 0 .

(2.34)

In addition, the magnetization formula (2.27) becomes

M = −L
∫ ∞
rh

dre−W̃/2

(
B
r2

+
64 θ2B φ2n

r2
− 8
√
Lθ Q̃φn

r2

)
, (2.35)

In the next subsection, this formula will be checked by holographic renormalization.

2.3 Magnetization with holographic renormalization

Now, we will show that our proposal for magnetization (2.27) is correct in the explicit

model (2.29) using holographic renormalization. In order to show the validity, we first

need to find the Euclidean on-shell action. We extend similar calculations for the on-shell

action in [24, 34]. The trace of the Einstein equation (2.34) is given by

R = 2

(
Lbulk +

θ√
−g

φnFMNFPQε
MNPQ

)
+

1

2
F 2 +

1

2
(∂φ)2 (2.36)

or

2gxxGxx +Gτ τ +Grr + 2R (2.37)

= 2

(
Lbulk +

θ√
−g

φnFMNFPQε
MNPQ

)
+

1

2
F 2 +

1

2
(∂φ)2 ,

where GMN is the Einstein tensor. And one can find Gxx,

Gxx =
r2

2L2

(
Lbulk −R+

θ√
−g

φnFMNFPQε
MNPQ

)
+
L2

2r2
H2 (2.38)

from xx-component of the Einstein equation. Using the above three equations, the Lbulk

is given by

Lbulk = −Gτ τ −Grr −
L4

r4
H2 − θ√

−g
φnFMNFPQε

MNPQ . (2.39)
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To get the Euclidean bulk action, we should take the wick rotation of τ . The bulk action

is given by the following integration:3

SEB =−
∫ 1/TH

0
dτE

∫
d2x

∫ ∞
rh

dr (2.40)(
(−2r U e

˜−W/2)′

16πGL2
− BL2e−W̃/2

(
B
r2
− 8θQ̃φn

r2
+

64θ2Bφ2n

r2

))
,

where τE is the Euclidean time and one can notice that the proposed magnetization ex-

pression (2.35) appears in the bulk on-shell action.

To finish the calculation of the total on-shell action, let us move on to the boundary

part. The Euclidean boundary action is given by

SEb = lim
r→∞

1

16πG

∫ 1/TH

0
dτE

∫
d2x
√
−γ
(

2K +
4

L
+
φ2

2L

)
(2.41)

=
1

16πGL2

1

TH

∫
d2x lim

r→∞
r e−W̃/2

(
r
√
U

(
4

L
+
φ2

2L

)
− r U ′ − U(4− r W̃ ′)

)
. (2.42)

By plugging the asymptotic behavior of the fields in appendix, finally we obtained the

on-shell action as follows:

SEB + SEb =
V
TH

ω = − V
TH

( ε
2

+MB
)
, (2.43)

where M is same with (2.35). Also, one can notice that ε/2 is equivalent to the internal

pressure ε/2 = Txx = 1/2Tττ which is derived in appendix. This relation supports the fact

that the proposed form of magnetization (2.27) is correct.

3 Spontaneous magnetization and hysteresis curve

In this section we analyze the spontaneous magnetization and hysteresis curve in the explicit

model (2.29) by numerical methods. For numerical calculations, we will take 16πG = 1,

L = 1 and rh = 1. In contrast to usual discussions in holographic models, solutions with

lager free energy are also important in our discussion. We will explain the role of such

unstable solutions in more details in the following subsections.

3.1 Spontaneous magnetization

We concentrate on the case with vanishing magnetic field in this subsection. Then the

equations of motion are reduced to those without the magnetic field. In high temperature,

the AdS Reisner-Nördstrom (RN) Black brane is the preferable solution dual to normal

phase. On the contrary, the RN black brane becomes unstable and changes to a hairy

black brane dual to an ordered phase in low temperature. The hairy scalar describes the

VEV of a dimension 2 operator O. As we discussed, this hairy scalar contributes to the

magnetization (2.35) even in the absence of the magnetic field. Therefore this holographic

3Here τ = −iτE and SEB + SEb = −i(SB + Sb).
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Figure 1. (a) The set of black brane solutions satisfying zero source condition (b) The difference

of free energy of RN black branes (red) and hair black branes (blue). (c) Temperature dependence

of the absolute value of the condensation. (d) Temperature dependence of the absolute value of the

magnetization, where we took θ = −0.2 for numerical calculation.

model can describe a phase transition from normal phase to spontaneous magnetization

phase. Here the sign of the magnetization is determined by the sign of θ and we have to

fix it with a suitable value. For an odd n, both signs of magnetization are possible with a

given θ. On the other hand the sign of magnetization is fixed for an even n. In the latter

case the direction of magnetization is always same for both positive and negative scalar

condensations. This is the reason why we concentrate on the n = 1 case because we need

the both signs of magnetization to construct magnetic hysteresis.

Also, if we allow only solutions without source of scalar condensation, i.e., JO = 0

in (A.7), an instability of the RN black brane happens when TH = Tc. Figure 1a shows a set

of black brane solutions satisfying the sourceless condition. Above this critical temperature,

the only solution is that of zero condensation which is nothing but the RN black brane.

On the other hand, two more kinds of hairy black brane solutions show up below Tc (solid

curve connecting C and D). They describe positive and negative values of 〈O〉 naturally

coming from the Z2 (φ↔ −φ) symmetry in the action (2.29).

Figure 1b presents free energy difference between RN black brane solutions and the

hairy ones. Red solid line denotes the free energy of the RN black branes as a reference

and blue line corresponds to the free energy of the hairy black branes. Below Tc, the free
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energy of the hairy solutions is lower than RN solutions. Therefore there is a second order

phase transition from RN to hairy black brane solution at T = Tc.

We plot the condensation diagram in figure 1c. Since the integrand of magnetization

density is proportional to 〈O〉 near critical temperature, the magnetization shows similar

behavior as shown in figure 1d. Since the magnetization and the condensation are propor-

tional to
√
Tc − T near critical temperature, one can notice that the transition is a second

order phase transition.4 Also, the charge density is essential to produce the magnetization.

Thus it turns out that the charge carrier carries magnetic moment and there exists an

interaction between the charge operator Q̃ and the dimension 2 operator O in the dual

field theory.

The scalar condensation comes from the spontaneous symmetry breaking. In the dual

gravity picture, this corresponds to advent of normalizable hairy scalar around the black

brane solutions. The holographic superconductor model admits a complex scalar hair which

is associated with spontaneous breaking of continuous U(1) symmetry [23]. On the other

hand, for this real scalar, the associated symmetry is now Z2 symmetry. Therefore, these

phenomena can be understood as a spontaneous symmetry breaking of Z2 symmetry of

the scalar operator and the magnetization due to the axion-like coupling
∫
φF ∧ F in

the absence of magnetic field. In a field theoretic description, the spontaneous symmetry

breaking can be illustrated through a suitable Landau-Ginzberg potential. Although such a

description can not have all the information of holographic model, it may give an intuition

about what’s going on during the phase transition. So we provide plausible explanation

using a Landau-Ginzburg potential in appendix B.

3.2 Hysteresis curve

In the previous subsections, we showed that a holographic model can describe the sponta-

neous magnetization and the hairy black brane solution is dual to the broken phase. As

we mentioned in the introduction, one of important properties of magnetic system is the

hysteresis curve. We now show how to construct the hysteresis curves. For this purpose,

we first find the hairy black hole solutions with the non-vanishing magnetic field using a

numerical method. We impose the boundary condition JO = 0 for the scalar field φ in (A.7)

to simplify the problem.

Using the solutions below the critical temperature, we display the relation of external

magnetic field and magnetization in figure 2: there exist three solutions for small magnetic

field. The solutions on (D-O-E) line have higher free energy than those on (B-C1-D) and

(E-C2-F) lines at the same magnetic field. Just for convenience of explanation, we may

imagine a Landau-Ginzburg type potential which is not essential way to understand these

phenomena though. See figure 3. With the help of L-G description, the (D-O-E) line

represent unstable extrema of the free energy potential, while the other (B-C1-D) and

(E-C2-F) lines describe the stable and metastable extrema of the potential. If the black

4Figure 1b looks like a first order phase transition. This is coming from numerical difficulty due to very

low critical temperature. We checked that the deviation between RN black brane and hairy black brane

has smooth behavior by considering well-scaled physical quantities.
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Figure 2. External magnetic field dependence of the magnetization.

brane solution changes following the local minimum of the potential under slowly varying

magnetic field, such process can give rise to a magnetic hysteresis.

Let us describe how the potential changes in more detail. We start with A in figure 2

and increase the external magnetic field slowly. Until the magnetic field reaches B, there is

a single minimum and it should be located at the minimum of the potential, see figure 3a.

When the magnetic field becomes zero, there are three solutions. Two of them are at

the minima and the other one is at the local maximum (RN black brane), see figure 3b.

Further variation of the magnetic field gives rise to an asymmetric potential. If the thermal

fluctuation and the changing rate of the magnetic field are very small, then the system can

be placed on a metastable point in the potential. See figure 3c. When the magnetic field

reaches D in figure 2, the local minimum where the solution is located becomes unstable,

figure 3d. Then, the solution cannot stay there and moves to F and this change looks like

a sudden jump of the magnetization. The solution will stay there as the magnetic field

increases further. If we start from large magnetic field and decrease it, then the process

will be reversed.

The potentials in figure 3 are obtained by interpolating three extremal values. Letting

f = V/T 3
c and m = M/T

3/2
c , we have 6 conditions which consist of free energy f(mi)

and extremal condition f ′(mi) = 0 corresponding to three hairy solutions for a given small

B in figure 2. Here the index i is running from 1 to 3 and mi denotes magnetization of

three hairy black branes. From the data, one can find f(m) as polynomials of m. In

order to make W-type potential, we add m6 term by hand. So these potentials f(m) are

good approximation up to m5 order for small m. Our result describing magnetic hysteresis

is reminiscent of the bistable model accompanied by the Barkhausen effect in condensed

matter physics. See [35] for a text book.

While generating the hysteresis curve, we need to pay attention to one possibility of

a transition from the local minimum to the global minimum. In order to investigate this

possibility, we have to consider time evolution of the background.5 This is a challenging

5See [30] for an example of time dependent process in a non-equilbrium physics.
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Figure 3. Magnetization dependence of the effective potential for given magnetic field correspond-

ing to figure 2. The potentials (a), (b), (c) and (d) are given upto M6-order.
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Figure 4. (a) Hysteresis curve of the magnetization. (b) Hysteresis curve of the charge density.

issue and beyond present discussion. In this work we restrict our study only for static

configurations. In other words, extremely slow variation of magnetic field is assumed for

generating hysteresis.

The resulting process of the magnetization hysteresis is drawn in figure 4a. Figure 4b

shows hysteresis behavior of the charge density for 4a. The charge carrier density is de-

creasing for both direction and suddenly increase when the magnetization changes.
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Figure 5. Temperature dependence of the hysteresis curve with T/TC = 0.98 (red), 0.96 (blue),

0.93 (black).

In figure 4, non-zero values of the magnetization cause the Hall effect and it gives

nontrivial Hall conductivity (σxy) or Hall resistance (ρxy). We expect that there also be

hysteresis behavior to the Hall resistance. On the other hand, the charge carrier density

Q would be proportional to the longitudinal conductivity σxx. The results are qualita-

tively same to the transport on the surface state of the topological insulator. See figure 3

and 4 in [36]. In addition, figure 5 shows temperature dependence of the hysteresis curve.

As temperature decreases, the size of hysteresis curve increases. It is natural that the

expectation value of the scalar is bigger at lower temperature and so is the magnetization.

4 Discussion

In this paper, we have studied the magnetic properties of the strongly interacting system

using gauge/gravity duality. To do this, we first defined the magnetization of the boundary

theory in terms of the bulk data using the ‘scaling symmetry’ trick. Then, we applied it

to a specific model and confirmed that the formula (2.27) agreed with the magnetization

obtained from the holographic renormalization and the corresponding magnetization satis-

fied thermodynamics laws. In our model, the magnetization comes from the condensation

of the scalar field due to the spontaneous symmetry (discrete Z2) breaking. By introduc-

ing a coupling between magnetic field and the real scalar, we showed that a spontaneous

magnetization occurs in our model.

Also, we analyzed the field theory systems with the magnetic field dual to the magnetic

hairy black branes. Using the black brane solutions, we showed that the set of successive

solutions with varying magnetic field described the magnetic hysteresis. The hysteresis

curve we obtained can be compared to models in condensed matter physics [35]. In addition,

we also obtained hysteresis behavior of the charge density.

The magnetization hysteresis can be generated by slowly varying magnetic field. In

this hysteresis process, the time scale of the variation is important. So we assume very

slow change of the system. More detailed discussion would be interesting as a future

direction. In addition to the issues, our resulting hysteresis has rapidly varying shapes and

the fragmentation can make the shapes more smoothly. However, we did not consider the
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fragmentation of magnetization because the corresponding black brane solution is not easy

to obtain. Thus we leave it as another future study.

As a final comment, it is expected that the magnetization and the charge carrier

density are proportional to the Hall resistivity and longitudinal conductivity, respectively.

Therefore, there exists hysteresis behavior of these quantities [36–38]. A study on this

subject will be reported soon [39].

A Holographic renormalization

In this section we provide expression of boundary tensors such as energy-momentum tensor,

current and condensation of scalar operator dual to bulk scalar field φ in the subsection 2.2.

In order to get these formulas using holographic renormalization, we introduce ADM de-

composition without the shift vector. Thus the metric (2.5) can be decomposed as follows:

ds2 = γµνdx
µdxν +N2dr2 , (A.1)

where γµν = diag
(
−U(r) eW̃(r), r

2

L2 ,
r2

L2

)
and N = 1/

√
U(r). Then the extrinsic curvature

tensor and the Gibbons-Hawking term K are given by Kµν = − 1
2N γ

′
µν and γµνKµν , re-

spectively. A boundary tensor is usually given by variations of the total action SB + Sb
with respect to corresponding sources. In this model, they are given by

〈Tµν〉 =
1

16πG
lim
r→∞

2
r

L

[
Kµν −Kγµν −

(
φ2

4L
+

2

L

)
γµν

]
(A.2)

〈Jµ〉 =
−1√
16πG

lim
r→∞

√
−g√
−γ

F rµ (A.3)

〈O〉 =
L√

16πG
lim
r→∞

1

r

(
−
√
−g∇rφ−

√
−γ φ/L

)
. (A.4)

On the other hand, the asymptotic behavior of the bulk geometry is given by

W̃(r) ∼ 4πG

(
J2
O

(
L

r

)2

+
8LJOÕ

3

(
L

r

)3

+ . . .

)
(A.5)

U(r) ∼
( r
L

)2
+ 4πG

(
J2
O − 2L ε

(
L

r

)
+ . . .

)
(A.6)

φ(r) ∼
√

16πG

(
JO

(
L

r

)
+ LÕ

(
L

r

)2

+ . . .

)
, (A.7)

Aτ (r) ∼
√

16πG

(
µ− L Q̃

(
L

r

)
+ . . .

)
, (A.8)

where we are considering JO = 0 case since we don’t want to introduce another source ex-

cept for the chemical potential and the magnetic field.6 Then, we can obtain the boundary

6One can easily extend the case with a non-vanishing JO.
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tensors as follows:

〈Tµν〉 =

 ε 0 0

0 ε/2 0

0 0 ε/2

 , 〈Jµ〉 = (Q̃, 0, 0) , 〈O〉 = Õ . (A.9)

B Spontaneous magnetization using Landau-Ginzburg potential

This phase transition discussed in the main text can be explained by a Landau-Ginzburg

type theory whose effective field is a real scalar field. We denote this field by Φ. Therefore,

the potential of the Landau-Ginzburg model governs this phase transition. The typical

shape of potential in the broken phase should admit Z2 symmetry so it has two global

minima. At these minima, the field has values, Φ = ±Φ0 and free energy of the system is

given by the on-shell action of hairy black branes.

Now, we construct the Landau-Ginzburg type effective potentials using the data in

figure 1. One can naturally deduce that the free energy density of the RN black brane

solution, such as B in figure 1, corresponds to the unstable extremum due to Z2 symmetry

and vanishing condensation. This is quite reasonable because the RN black branes are

solutions of the dual gravity system and the extrema of the potentials are also solutions of

the corresponding effective theory. In addition to this observation, we may assume that the

condensation 〈O〉 and the magnetization M are very small near the critical temperature.

Then the effective potential of free energy can be approximated by a polynomial of O or

M. The suggested form of the potential is given as follows

V(Φ) = ωRN +
ωRN − ωHB

Φ4
0

Φ2
(
Φ2 − 2Φ2

0

)
+O

(
Φ6
)
, (B.1)

where Φ is the effective field which in our case denotes the magnetization M or O and

Φ0 denotes M or 〈O〉 of the hairy black branes, respectively. In addition, ωRN(HB) is the

free energy density of the RN black brane (Hairy black brane). Here, we interestingly

point out that the parameters of the Landau-Ginzburg potential can be obtained by the

dual geometry data. We plot the effective potentials in figure 6. The figure shows how the

potential changes as the temperature decreases. Here one can notice that the on-shell action

of RN black brane appears as a parameter of the potential. In the following explanation,

we will describe that this plays an important role even in the broken phase.

Now, we may consider the fluctuation of Φ near the local minima. This fluctuation

corresponds to an effective quanta in the broken phase. In this phase, the mass of quasi-

particles governs major characteristic of the effective theory. We can easily obtain the mass

of the quasi particle as follows:

m2
eff = 8

ωRN − ωHB

Φ2
0

. (B.2)

Then, the low energy effective potential for the broken phase up to quartic order is as

follows:

VBP ∼
1

2
ωHB +

1

2
m2

effδΦ
2 +

λ3

3!
δΦ3 +

λ4

4!
δΦ4 , (B.3)
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Figure 6. The effective potential in terms of (a) the magnetization, (b) the condensation. The

point B, C and D correspond to the same points in figure 1a and 1b.

where δΦ is the fluctuation near Φ = Φ0 and

λ3 = 4!
ωRN − ωHB

Φ3
0

and λ4 = 4!
ωRN − ωHB

Φ4
0

. (B.4)

These couplings describe the qubic and quartic interactions among the quasi particles. Of

course, all the mass and couplings are also determined in terms of data from the bulk

geometry. When Φ = M, Φ describes the fluctuation of the magnetization. This quasi-

particle can be interpreted as the magnon whose mass and self-couplings are given by

m2
magnon = 8

ωRN − ωHB

〈M〉2
, λ3 = 4!

ωRN − ωHB

〈M〉3
, λ4 = 4!

ωRN − ωHB

〈M〉4
, (B.5)

where 〈M〉 is obtained by the black brane corresponding D in figure 6.
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