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1 Preliminaries
Dales and Polyakov in [1] introduced a multi—-normed space by using the concept of opera-
tor sequence space, operator spaces, and Banach lattices; for more details and application,
we refer to [1-3].

In this paper assume that (Y, || - ||) is a complex normed space, and let £ € N. We denote
by Y* the vector space Y @ --- @ Y consisting of £-tuples (y;,...,7,), where y1,...,y, € Y.
The linear operations on Y* are defined coordinate-wise. The zero element of either Y or
Y* is denoted by 0. We denote by N, the set {1,2,...,¢} and by X, the group of permuta-

tions on £ symbols.

Definition 1.1 Suppose that Y is a vector space, and take £ € N. For o € X, define

Bo () = Doty Yo0))y ¥=0n,..,y0) € YE

For B = (B)) € C, define

Ks) =B, y=01....y0) € Y.
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Definition 1.2 Assume that (Y, | - ||) is a complex (respectively, real) normed space, and
take m € N. A multi-norm of level m on {Y*: £ € N,,} is a sequence (|| - ||¢ : £ € N,,) such
that || - || is a norm on Y* for each ¢ € N,,, such that |y, = ||y|| for each y € Y (so that
Il - Il1 is the initial norm), and such that the following Axioms (al)—(a4) are satisfied for
each £ e N,, with k > 2:

(al) for each o € Xy and y € Y*, we have

B[, = llylle;

(a2) for each By, ..., B¢ € C (respectively, each f,..., B, € R) and y € Y*, we have
<60, < (maxI1) 1yl
(a3) for each y1,...,y,-1, we have

||()/1; e ryf—l’o)”e = “ ()’1, .. ';yf—l) ||f—1;

(a4) for eachyy,...,ye1 €Y,

”0}1! .o oxyl—Ziy[—liyl—l) ”f = ” (3/1» oo !yl—l)Hefl'

In this case, (Y4, || - l¢) : £ € N,,,) is a multi-normed space of level m.
A multi-norm on {Y*: £ € N} is a sequence

(I 1) = (Il - le : € € N)

such that (|| - || : £ € N,,) is a multi-norm of level m for each m € N. In this case,
(Y™l - |I,,)) : m € N) is a multi-normed space.

Lemma 1.3 ([3]) Let ((Y*, |- |l¢) : € € N) be a multi-normed space, and take £ € N,,,. Then

@ N0s--lle =yl 7 € Y);
(b) maxjen, 5l < 101, 0)lle < Xpey Iyl < €maxers, I35 (1,90 € Y).

It follows from (b) that if (Y, ]| - ||) is a Banach space, then (Y*,]| - ||¢) is a Banach space
for each € € N; in this case (Y, || - [l¢) : £ € N) is a multi-Banach space.

Example 1.4 ([1]) The sequence (|| - || : £ € N) on {Y*: £ € N} defined by
“()’1»«««:)’2)“6IzmaX”J/j” (ylyn'vyZEY)
JjeNg

is a multi-norm called the minimum multi-norm.

Example 1.5 ([1]) Assume that {(|| - ||f :£ € N) : B € B} is the (non-empty) family of all
multi-norms on {Y*: ¢ € N}. For £ € N, set

||(y1,...,yg)Hk:: Zligﬂ(yl,...yg)nf 1,90 €Y).

Then (|| - ||¢ : £ € N) is a multi-norm on {¥*: £ € N}, called the maximum multi-norm.
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By the property (b) of multi-norms and the triangle inequality for the norm || - ||, we can
get the following properties. Suppose that (Y4, || - ||¢) : £ € N) is a multi-normed space. Let
¢eNand (y1,...,y) € Y. For every i€ {1,...,4}, let (yfﬂ)mﬂ,z,m be a sequence in Y such

that lim,,_,. %, = y;. Then for each (zy,...,2z,) € Y* we have

: 1_ N (e _
W}gnoo(ym 20V —2) = (V1 = 215 Ve — Z0)-
A sequence (y,,) in Y is a multi-null sequence if, for every ¢ > 0, there exists m € N such
that

Sup|| s Ymee-) ||, <& (m = mo).
teN
Let y € Y. We say that the sequence (y,,) is multi-convergent to y € Y and write

lim y,, =y
m—o0
when (y,, — y) is a multi-null sequence.
Assume that G is a semi-topological semi-group. In this article, C is a nonempty
bounded closed convex subset of a uniformly convex Banach space X. Let X* be the dual
of X, then the value of u* € X* at u € X will be denoted by (u, u*), and we associate the set

J) = {u* € X : (u,u*) = lull® = ||}

It is clear from the Hahn—Banach theorem that J(x) is not empty for all # € X. Then the
multi-valued operator J : X — X* is called the normalized duality mapping of X, also J; =
{Jx(t) : t € G} is a reversible semigroup of asymptotically nonexpansive functions acting
on C. Let F(Jx) denote the set of all fixed points of 3y, i.e., F(Sx) = {u e C: x(H)u =u,Vt €
G}. For each € >0 and p € G, we put

Fé(]k(p)) = {u eC: H (]1(p)u—u,,..,]k(p)u—u) ||k < e}.

Note that if, for any € > 0, there exists p. € G such that for all p > p., u € F.(Ji(p)), then
limyec Jk(p)u = u; moreover, u € F(Jx) by the continuity of elements {Jy(p),p € G} (for
more details, we refer to [4-9]).

We denote the set of all almost orbits of Jx and the set {Jx(p)ui(-) : p € G, ux € AO(3y)}
by AO(Jx) and LAO(3y), respectively. Denote by w,, (i) the set of all weak limit points of
subnets of net {u(¢)}seq.

Lemma 1.6 ([10]) Assume that X is a Banach space and ] is the normalized duality func-

tion. Therefore
lloe + VI < Nl + 2(v, j(u +v)

forallju+v)eJ(u+v)andu,veX.
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Lemma 1.7 ([11]) Assume that {(X*, || - k) }ken is a uniformly convex multi-Banach space
and ¥ # C C X* is a bounded closed convex set. Then there exists a strictly increasing con-

tinuous convex function & : [0, +00) — [0, +00) with £(0) = O such that

)

forallintegersay,...,a, > 0,n>1with Zle ai=1,u,...,u, € C,and every nonexpansive
Sfunction Ji of C to C.

& (H (]1 (Z ﬂiui) - Z“i]luirn-’]k (Z ﬂz’”z’) - Ztli]kui)
i-1 i-1 i1 i-1

= IIE?X”{”W -l - ” iui = 1ty .., Tt _]kuj) ”k}

Lemma 1.7 implies that, for all a5, ...,a, > 0 with Z;’zl a;=1,u1,...,u,€C,

H (]1(10) (Zﬂ Ml) - Zﬂifl(p)uiwufk(lﬂ) (Z ﬂi”t) - Zﬂi]k(p)ui)

i=1 X

< (e o)e (max -1
1
1 e (p) H (fl(p)”z ]l(p)up Jk(P)Mi _]k(p)u/) “k})
< (Lva)e (max (I~
- | (h@wi - L @)us.... )i = @)y ||, } + - 04(10))

in which d = 4sup{||u| :u € C} + 1.
For every € € (0, 1], define

) €? €3 €
w0 =min 35 3 ()
and
= {heG:a(p)fe},

in which £(-) is as Lemma 1.7. Then G, # @ for € > 0,and if p € G, thenforallt > p, t € G,.
Note that G,() C G forall € € (0,1].

2 Main result
For studies on ergodic theory and its history, we refer to [4—30]. The results of this paper

are an extension and generalization of [31].

Lemma 2.1 Forall p € Gy,

aFa(s) (]k(P)) C Fe (]K(P))

Page 4 of 15
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Proof Since F.(Jx(p)) is closed, we only need to prove that, for all p € G4(),

0 Fate)(Jk(p)) C Fe(Jk (p))-

Letv=Y" aw;,v; € EyoUi(®), a:>0,i=1,...,n,and Y7 a; = 1. Then
| i@y =v..... Ty =) ||
H (h@) S a3 i Jip) Y i Z)
-1 -1 i1 i1 k
(]1(p) iﬂm - iﬂijl ®Wir- - Jk(p) i aivi = iai]k(p)w)
-1 P i1 -1

<2&7! (132/15”{”% vl = | i @)vi = L @)Vis - ... T @)Vi = Tk (p)Vi) ||k} +d- Ol(p))

k

+ ale)

<27 ( max { || (vi = i@)Vis-..,vi = Je@i) | + | (v = L @js- v = Te@)V) |}

1<i /<

+d- a(p)) +al(e)

< 2&’1(251(6) +d - a(e)) + ale)

IA
SR

€
+—=e€. O
2

Lemma 2.2 Foreveryp € G,

Fe (i) + B(O, 2) CE (k@)

Proof Letp e Ge andu=v+we Fe Uk(®)) + B(0, §), where v € Fe Uk(p)) and w € B(0, %),
then

| i@ = ... Jp)u—u) |,
= | (h@@+w) =@+ w),... k(p)v+w) = (v+w))|,
< @@ +w) = L@W,.... k@) +w) = V) |,
+ (@ =v,.. k@) =) | + lIwll
<2|wll + | (h@)v =v,.... k@)v=v) |, + Wl

€

53—+E=e. 4
4 4

Lemma 2.3 Assume that € € (0,1] and p € G, (a($))» S0 we can find ny € N such that, for

eachn>ngandu e C,

—Z]k )u € Fe (Jx(p)).

Page 5 of 15
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Proof Lete € (0,1] and m = i‘(i; There is ny € N satisfying

€ -1
1o > max{ 12:”‘1,32;44201(01 + 1)(5 (@%) }

Foranyn>ngandp e Ga(a(s)), we can take a number

K = md(1 + 2ne(p)) (gr (@))_1 (k < g)

For every i € N and u € C, we put

a;(u) = E(g

l Z]k(PHjH)M —]k(p)% Z]k(pi+/)u>

= =

m

(% E ]1(17””1)14—]1(10)% E fl(PHj)u,...,
1 '
k)'

j=1
aiw) < max {[11(p")u~Ji(p"™) ... Ji(p™ ) = (0™ Yu ¢

T 1gjt<m

By a(p) < % and

_ ||]1(pi+j+l)u _]k(pi+t+l)u’.”,]k(pi+j+1)u _]k(pi+t+l)u”k + d . a(p)}
< > ([0:@™)u =1 " )u . T (0™ =T ("))

1<j<t<m
_ ” (]1 (pi+j+1)u _]1 (p””l)u, . -]k(ijH)M _]k(pi+t+1)u) ”k + doz(p)),

we get

Z a;(u)
i=1

=3 S (e e (Y

i=1 1<j<t<m

_ H]l (pi+j+1)u _]k(pi+t+1)u’ . .,]k(pi+j+l)u _]k(pi+t+1)u||k + d . Ol(p))

= 2 2 (In@)u=J" Yo e ) = Jie(p" Y]
1<j<t<m i=1

o L U A s VRS A o VR A i T AR R )
< Z (d +nd - a(p)) < m*d(1 + na(p)).

1<j<t<m

a(g)
2

ST

Suppose that there is an element say ¢ in {a;(x) : i = 1,2,...,2n} such that if a;(u) > &(
then

),

té <ﬂ(2‘%)) < mzd(l + 2noe(p)).

Page 6 of 15
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Hence

€ -1
t< mZd(l + Zna(p)) <§(@>) =K.

So, there are at most N = [K] terms in {a;(x) : i = 1,2,...,2n} with a;(u) > S( ) Then,
for every iin {1,2,...,n}, there exists at least one term a;,,(#) (0 < jo <N) in {aH,(u) ij=
0,1,...,N} hold a;,j, < £(22).

Put

Ei:min{j:ai+j(u)<§< (26)) 0<]<N}

i=1,2,...,n. Now, there are at most N elements in {i = 1,2,...,n} such that ¢; # 0. Since
m 1 m
1+¢,+1 i+l;+j u,...,
(05 St 5

j=1 moa

1 <& o 1 & o
]k(p)E Z]k(pnkﬁl)u _ Z]k(pnlﬁl)u)

k

l - t+£ +/ i+l +/+1
< (]1([9)”1;]1 Z] (» vees
1< . 1< L
]k(P)— Z]k(ptﬂfiﬂ)u _ Z]k(hnéﬁ—ﬁl)u)
m i1 m =) X
i - z+£ +1 i+l +}+1
e
i i], (pi+£,-+j)u _ i i]k(pi+ei+i+1)u)
m =" m 4
j=1 j=1 k
9 d
gé l(ﬂwf (Lt)) %

IA

ioe(5) - 4e(5) «<(5)

we can conclude that, for all p € Gyu(5)),

m

Z]k(pnzﬁ/)u e Fa(%)(]k(p))-

j-1

1
m

By Lemma 2.1, we get, forall p € Ga(a(%)) C Gﬂ(f‘;)’

1 1 .
=D — 2 Jep" " )u € coFus) (k) © F5 k().
i=1 j=1

Page 7 of 15
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Using Lemma 2.2 and

H ( Zh u- % > % Y h@" ..,
i=1 j=1

k

Z i _1 - i S i+li+]
n;]k(l’)u " m;h(ﬁ )14)

i=1

1 & ” . | .
= & <Zh Z] ) "'-’ka(P‘)u—surn?:lfk(p’”f”)u)
j=1 i=1 p )
1 m n ) n N " 4 " -
S (S S S S
j=1 i=1 i1 = — .
(Zh(p”’)u _ Zh (pi+li+j)u
= i=1 i=1
Z]k(p”j)u _ Z]k(pi+2i+j)u>
i=1 i=1 X
md  Nd
S—+—
n n
€ 25{2(5( )) 1 ) d(f—L) i
<y (¢

€ €

’

€ €

< + —< -

12 32 8 4
we obtain

—Z]k Ju € Fe( ]k(p))+B< )CF Uk®)).

Lemma 2.4 Suppose that ui(-) is an almost orbit of Jy. So

lim|(yum (@) + A -y)e-g-...ym® + 1 -yl -g) |,

exist for every y € (0,1) and ¢,g € F(3).

Proof To complete the proof, it is enough to prove that

inf sup|| (yur(ts) + 1= y)p = g,...,yu(ts) + 1= y)o - g) ||,

seG teG

< suptinén (yul(ts) +(1=y)o—g,...,yur(ts)+ 1 —y)e —g) ||k
seG e

We know, for every € > 0, there are ty and so € G such that, for any ¢ € G, a(tt) < 15; and
@(tso) < €, where ¢(t) = sup,,. [|(u1(pt) = 1 (P)ur(2), ..., ur(pt) = Jk(p)ui ()|l So, for every
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aceQ@,

mfsup” (ul (tsso) — @, ..., ui(tssg) — )”k
se teG

< TL‘E” (u1(ttoaso) = ¢, .., uk(ttoaso) = @) |,

< ié‘é’ | (w1 (ttoaso) — J1(tto)u(aso), . .., ux(ttoaso) — Ji(tto)us(aso)) ||,
+ sup|[1(tto)in (@s0) = .. Jitto)ueaso) — |

< g(asy) + f‘e‘é’(l +a(tto)) - | (w1 (aso) = @,..., ux(aso) — 9) ||,

< | (u1(@so) = @,..., ur(aso) — @) |, +2e.

Hence

inf sup|| (u1(£s50) = @, .., ux(ss0) - @) ||, < 1nf ” (ur(aso) - @,..., ur(aso) — @) ||, + 2e.

S€G G

Thus, there exists s; € G such that

sup|| (ul(tslso) —@,..., ur(ts1s0) — ) ||k < inf || (ul(aso) —@,...,ux(asg) — (0) ||k + 3e.
teG acG

Then, for every a € G, we get

1g’fsulGDH (ym(ts) + (L-y)o —g....,yu(ts) + 1 - y)p - g) |,
S€G e
< sugll (vur(ttoasiso) + (1= y)¢ —g..., yux(ttoasiso) + (1 - y)e - g) |,
te

<y sup|| (w1 (ttoasis0) — J1(tto)us (asiso), - .. ur(ttoasi o) — Ji(tto)ux(asiso)) ||,
teG

+sup| (v (tto)uer(asiso) + (1= y)g = go--o v elttohus(asiso) + (1= )¢ =)

< @(asiso) + sup|| (/1 (tto)u1 (as1s0) + (1 = y)g — Ji(tto) (v ur(asiso) + 1 = ¥)g), ...,

teG
VIi(tto)ur(asiso) + (1 - y)g — Ji(tto) (v ur(asiso) + (1 - y)9)) [,

+ SUEH (1 (tto) (vur(asiso) + 1= y)@) - g, ...,
te

Ji(tto) (v ux(asiso) + (1 - v)¢) — &) |

te sug(l +a(tto))E 7" (|| (w1 (asiso) = @, ux(asiso) — @) ||k
te

= || (1 (tto)ur (asis0) = @, ... Ji(tto)ui(asiso) — @) |, +d - a(tto))

+ sug(l +a(tto)) || (yur(asiso) + 1= y)p - g ..., yur(asiso) + 1-y)g - g) ||,
<e+(l-¢) sug“g‘_l(H (u1(as150) = @,..., ux(asiso) — ¢) Hk

- H (ul(ttoaslso) —@,..., ux(ttoasiso) — <p) ||k + @(asiso) + e)

Page 9 of 15
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+(L+6)|(yulasiso) + 1 =y)p—g ..., yu(asiso) + 1-y)o - g) |,
<e+(1+€)E1(5¢)

+(1+e€) || (V”l(“slso) +(1-y)o—-g,...,yumlasiso) + (1-y)p —g) Hk

Then

infsup || (yur(ts) + (1 = y) =g, yu(ts) + (1= y)o - g) |,
seG teG

<e(l+e)E7(5¢)
+(1+e)int [ (yu(asiso) + (1= y)p =g, ym(asiso) + (1= v)o - g) |,
<e(l+€)E7(5¢)

+(L+e)sup inf|| (yus(ab) + 1 - y)p - g,...,yulab) + (1 - y)p - g) | -
heG”EG
Hence,

infsup” (yul(ts) +(1-p)o—g ..., yu(ts)+ (1 -y)p —g) ”k
seG teG

<supinf| (yu(ts) + (1= y)p - g,.... yu(ts) + (1 - y)p - g) |,
seG teG
because € > 0 is arbitrary. O

Theorem 2.5 Assume that {(XX, || - |x)}xen is a uniformly convex multi-Banach space, and
suppose that ) # C C X is bounded and closed. Assume that 3y = {Ji(t) : t € G} for each
k > 1 is a reversible semigroup of asymptotically nonexpansive functions on C. If D has a
left invariant mean, then there exists a retraction Py from LAO(Sy) onto F(Jx) in which:

(1) Py is nonexpansive in the sense

|Pruy = Pyvy, ..., Pruty — Pevi) ||,

< inf sup|| (u1(st) — vi(st),..., ux(st) = vi(st))
seG teG

o Vi Vi € LAO(S¢);

(2) Pk]k(p)uk :]k(p)Pkuk = Pkukfor all Ur € AO(\NYk) bll’ldp eG;
(3) Prut € (s COnV{u(t) : t > s} for all u € LAO(Sy).

Proof We know D has a left invariant mean, so there is a net {yx, : @ € A} of finite means
on G in which limyea (V1,0 = €5 V1,05 -+ -5 Yoo — £ Vi) Ik = O for every s € G, in which A is a
directed system. Putting / =A x G={f = (a,t) :« € A,t € G}. For B; = (o, t;) €1, i=1,2,
define B; < By iff @1 <y, t1 <t,. Then, I is also a directed system. For each 8 = («, t) € 1,
define Py 18 = o, Praf =t, and yg = yy. So, for every s € G,

1,;2}” (Vs = Vi Vs = € vip) | = 0. (2.1)

Assume that y = {{tg}ger, tg = Pr2pB, VB € I}. Taking any {tg, 8 € I} € y, since TigVip 18
bounded, without loss of generality, let rj;yi s be weak™ convergent. Then, for all u; €

Page 10 of 15
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LAO(Sx), w-limge; vi,5(2) (ux(ttp)) exist. We define
P, =w-1i t ttg)).
kit = - lim Vi (O{ux(ttp))

On the other hand, for every u; € LAO(Sx), Prutic € [ ;e CONV{u(t) : t > s}. Next, we shall
show that Pruy € F(3x). Then, for every € € (0, 1], there is ¢y € G such that, for each ¢ > £,
o(t) < @. Also, we can suppose that Py, 8 > t, for every 8 € I, so tg > ty, {tg} € y. From
Lemma 2.3, for every p € G ato) there is n € N such that, foreacht € Gand g €/,

_ Z]k uk(ttﬁ) (S] Fa(e (]k(P))

Since for every t € G

H( Zh u (ttg) - —Zul pitts), Z]k )uk(tts) - —Zuk pttﬂ))

i=1 i=1

k

< oltty) < ?

we have, for every p € G ()
16

2> lp'n) € B (o) + 5(0. 52 ) € Euo ).
i=1

Equation (2.1) implies that

lim

oo (Vlﬁ < Z“l p'ttp) >—V1,ﬂ(lft1(ﬂﬁ)>,---,
Yk.B (t)<% ; Uy (Pittﬂ)> - yk,ﬂ<uk(ttﬁ)))

=0.
k

Combining it with the definition of Pyuy, we get, for all p € Ga(a(@ W
16

i=1

1< ,
Pruy = w- lﬂlg} Vk,ﬂ(t)<; Z Uk (Pltfﬁ)> € 0 Fye) (Jk(p))-

Lemma 2.1 also implies that for every p € Ga(u(@ W Pruy € F.(Jk(p)). Now, the continuity
16
of Ji(p) implies that Pruy € F(Sk). Obviously, for any p € G,
PiJk(p)ui = w- lf}gll Vip O ()ui(tp))
= o-lim Viop (O){u (it )
= o-lim Vi (O{ux(ttg))  (using (2.1))

= Pruy

Page 11 of 15
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and for every v, € LAO(J) and s € G, we have

||(P1M1 =Py, Pry —P1V1)Hk

< liminf | (yLe@{ur(ttp)) = 1) (va(etp))s .o viep () ur(ttp)) - vip (O)vattp))) |
= lllglellnf” (Vl,ﬁ(t)(ul (Sttﬁ)) — V1,8 (t)(Vl (Sttﬂ)>, ey

Viop (O ur(sttg)) — vip O (vi(sttp))) |, by (2.1))

< h%leiznf” (ylyﬂ(t), o J/Lﬂ(t)) ||k . sug” (ul(sttﬁ) —vi(sttg),..., ur(sttg) — vk(sttﬂ)) ||k
te

< sug” (ul(st) —vi(st),...,ur(st) — vk(st)) Hk

Thus,
”(P1u1 — Pivi,..., Prug — Prvy) ”k < 1nfsup” (u1 st) —vi(st), ..., ur(st) — vy st)) Hk 0

Theorem 2.6 (Ergodic theorem [17]) Assume that {(XX, || - )} xen is @ uniformly convex
multi-Banach space, and suppose that ) # C C X is bounded and closed. Assume that 3 =
{Jk(t) : t € G} is a reversible semigroup of asymptotically nonexpansive functions on C. If D
has a left invariant mean and there is a unique retraction Py from LAO(S) onto F(3y),
which satisfies properties (1)—(3) in Theorem 2.5, then for every strongly net {vi, : @ € A}
on D and u € AO(Sy),

w-lirﬂ/ ur(tp) dvie (t) = Px € F(Sk)  uniformly inp € y(G),
aE.

in which y(G)={se€ G:st=tsforallt € G}.

Theorem 2.7 Assume that {(X~, || - ||x)}ken is a uniformly convex multi-Banach space,
and suppose that ) # C C X is bounded and closed. Assume that 3y = {Ji(t) : t € G} of
a reversible semigroup of asymptotically nonexpansive mappings on C, and let u(-) be an
almost orbit of 3. If

w-limug(pt) — ur(t) =0
teG
forevery p € G, then
g (ur) C F(S).
Proof Let € € (0,1], then there is ¢ € G such that, for t > £, ¢(t) < == Suppose that
Pk € wy(ug), so we can find a subnet {uy(ty)}oea of {uk(t)}iec with w- hmaeA up(ty) = px

in which, for every o € A, t, > t, in which A is a directed system. Using Lemma 2.3, for

every p € G we can find 7 € N such that, for every o € 4,

(@4’

- Z]k )€ Fao k@)
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Since for each o € A

H( Zh ult)——zulpt Z]k Jux(t) —_Z”k(Pt )

k

< o(ty) < ?,

we get

S wl) et Y wlpie) + B<o, @) C Fuo (@),
i=1 i=1

Since ui(pt) — ur(t) — 0 for every p € G, we have u(p’t,) — pr, i = 1,2,...,n. Then, for

allpeG (%))
6

S L U
= lim S () €55 Fa (),

So, Lemma 2.1, implies that for every p € Ga(ﬂ(@)),p € F.(J(p)), hence py € F(3x). g
16
In three last theorems X has not a Frechet differentiable norm.

Theorem 2.8 Assume that {(X*, || - |x)}xen is @ uniformly convex multi-Banach space with
the Kadec—Klee property for its dual, and ¥ # C C X is bounded and closed. Suppose that
Sk = Uk(t) : t € G} of a reversible semigroup of asymptotically nonexpansive function on C
and wi(-) is an almost orbit of Ji. Then the following statements are equivalent:

(1) wo(ur) C F(Sp);

(2) w-limyeg ur(t) = pr € F(3x);

(3) w-limeg ur(pt) — uk(t) = 0 forevery p € G.

Proof (1) = (2). It is enough to prove that w,,(ux) is a singleton. The reflexivity of X im-
plies that X # (. Suppose that ¢ and gi are two elements in w, (i), then by (1) we get
¢,g € F(Jx). For every y € (0,1), using Lemma 2.4, we have limycg ||(yui () + (1 - y)p —
g yur(t) + (1—y)e — g)|lk exists. Put

K’

hy) =lim| (yum (&) + A -y)p - g....yux(®) + 1 - y)g ~g)
then for given € > 0, there is t; € G such that, for every ¢ > ¢,

| () + (=g —goryur(®) + A=) —g) |, < hly) +e.
So, for every t > t;,

(yue@®) + (1= y)o - g,jl0 - 2) < l¢ - gll(h(y) +€),
in which j(¢ — g) € J(p — g). Let us note ¢ € co{ui(t) : t > t1}, so

(vo+1-v)o-gjle-2)=<llp-gl(hly) +e¢),
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which means ||¢ — g|| < h(y) + €. We know e is arbitrary, then

llo —gll < h(y).

g € w,(uy) implies that there is a subnet {u(t — &)}yea in {ux(£)};cc such that
w-limyeq ur(ty) = g, in which A is a directed system. Setting

I:AxN:{ﬂ:(a,n):oz GA,neN},
then for B; = (a;,m;), i € I, i = 1,2, define By < B, iff @1 < &y, m1 < ny. For arbitrary

B =(a,n) el,define P 1B =a, Praff =n, tg=ty, €g = ﬁ Then w-limges u(tg) = g and
limges € = 0. Using Lemma 1.6 implies that

|(yur(ts) + A=y =g ..., ymltp) + 1= y)p - g) |,

<l —gl* + 2y (ui(tp) — @, j(vunlts) + (1 - y)o - g)).

Using Lemma 2.4 and the inequality ||¢ — g|| < &(y) implies that

li%leilnf<uk(tﬂ —@,j(yu(tg) + (1 - y)p —g)) = 0.
So, for each £ € I, there is B¢ € I such that §; > y and

(e(ts,) - @, (ectmnlty,) + (1 - ecp - @))) = —ec. (22)
It is well known that {B} is also a subnet of /, then w- limge; ux(tg,) = g. Set

Je = j(€cui(tp,) + (1 —€:0 - g)).
The reflexivity of X implies that X* is also reflexive, and therefore the set of all weak limit

points of {jz,& € I} is nonempty. Then, without loss of generality, let w-limg¢;je = j € X*.
Then |)jl| < liminfz¢; [ljz || = lg — gl Since

(@0 -gje) = | ccru(tp, + (1 —€c)p — g) ||2 - e (m(tg, — 9. je)

Passing the limit for £ € I, we get (¢ — g,j) = |l — g||2, which implies ||j|| > ||¢ — g||. Then
(o -gj)=llg—gI*=1ljl*

ie,jeJ(p—-g). Hence, w-limge;ji =jand limgg; [|je |l = |If]|. By the reflexivity of X* and the
Kadec—Klee property, we conclude that limg¢; jz = j. Take the limit for £ € I in 2.2, we get
(g-9,j) >0, ie, |l¢ —g||2 < 0, which implies ¢ = g.

(2) = (3). Obviously.

(3) = (1). See Theorem 2.7. a
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