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Abstract: In this work, the Hyers-Ulam type stability and the hyperstability of the functional equation
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1 Introduction

The functional equation (&) is called stable if any function g satisfying the equation (&) approximately, is
near to a true solution of (£). Ulam, in 1940 [1], introduced the stability of homomorphisms between two
groups. More precisely, he proposed the following problem: given a group (G4, .), a metric group (G», *, d)
and a positive number €, does there exist a § > 0 such that if a function f : G; — G, satisfies the inequal-
ity d(f(x.y), f(x) * f(y)) < 6 for all x,y € Gy, then there exists a homomorphism T : G; — G, such that
d(f(x), T(x)) < € for all x € G4? If this problem has a solution, we say that the homomorphisms from G, to
G, are stable. In 1941, Hyers [2] gave a partial solution of Ulam’s problem for the case of approximate addi-
tive mappings under the assumption that G; and G, are Banach spaces. Aoki [3] and Rassias [4] provided a
generalization of the Hyers’ theorem for additive and linear mappings, respectively, by allowing the Cauchy
difference to be unbounded. During the last decades, several stability problems of functional equations have
been investigated by several mathematicians. A large list of references concerning the stability of functional
equations can be found in [5-15].
In this paper, we deal with the functional equations

FESE +x) +£ (552 - ) = £, (1)
F57 +0) +8(57 -x9) = (o, (-2

X -

Y4 Bxy) = F00 + (a+ B Gy). 13)

f(X;y+axy)+f(
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2 Solutions of the functional equations (1.1), (1.2) and (1.3)

Theorem 2.1. Let X be a vector space. A mapping f : R — X satisfies equation (1.1) if and only if f is additive.

Proof. Let f satisfy equation (1.1). Letting x = y = 0 in equation (1.1), we get f(0) = 0. Letting x = 0 in equation
(1.1), we obtain that f is odd. Setting x = % and replacing y by y + % in equation (1.1) and using the oddness of
f, we obtain

Fy+3)=f0)+£(3), veR, @1)

Leta,b € Rwith2a+2b # -1.Letx,y € Rsuchthatx=a+bandy =
(1.1), we get

5250 Since f satisfies equation

fla+b)=f(a) +f(b) (2.2)

foralla, b € Rwith2a+2b # -1. Since f is odd, it follows from equations (2.1) and (2.2) that f(x+y) = f(X)+f(y)
for all x, y € R. Therefore f is additive.
Conversely, if f is additive, it is easy to check that f satisfies equation (1.1). O

Theorem 2.2. Let X be a vector space. Suppose that mappings f, g, h : R — X satisfy equation (1.2). Then

() f)+g(-x-3)=h(-3), x€R,
(i) f)+8(y) =hx+y), x,yeR,
(iii) f-£(0), g — g(0) and h - h(0) are additive.

Proof. Letting x = 0 and replacing y by 2y in equation equation (1.2), we get
f) +g(-y)=h(0), yeR. 23)
Letting y = 0 in equation (1.2), we get
f(g) +g(§) - h(x), xeR. 2.4)
It follows from equations (2.3) and (2.4) that
hG+h0 = [£(5) +8(3)] + [F(-5) +(-3)]
- [FQ) (-] (-3 +23)]
= h(0) + h(0) = 2h(0), xeR.

In particular,

n(3) +h(-5) = 2hO). 2.5)
Setting x = 5 ! and replacing y by -y - 4 in equation (1.2), we obtain
fy) +g(y+ 5) :h(%), yeR. (2.6)
It follows from equations (2.3), (2.5) and (2.6) that
f(-y-2)+80)=h(-3), yek 27)
Letting x = -y - 3 in equation (2.7), we get
fo+g(- x—1)=h(—%), x € R. (2.8)

Replacing x and y by x + y and in equation (1.2), respectively, we get

1+2x+2y
f)+g() =hx+y), x,ycR, 2x+2y+#-1. 2.9

By equations (2.8) and (2.9), we obtain that f(x) + g(y) = h(x + y) for all x, y € R. Then h(x) = f(x) + g(0) =
f(0) + g(x) for all x € R. This implies f - f(0), g — g(0) and h - h(0) are additive. O
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We need the following theorem from [16] to find the general solution of equation (1.3).

Theorem 2.3. [16] Let X be a vector space and a be a real number. If a function f : R — X satisfies f(x +y —
axy) + f(axy) = f(x) + f(y) and f(0) = O, then f is additive.

Theorem 2.4. Let X be a vector space and a, 8 be real numbers. If a mapping f : R — X satisfies equation
(1.3) with f(0) = O or a + B # 1, then f is additive.

Proof. Letting x = y = 0 in equation (1.3), we get (a + B)f(0) = 0. Therefore we may assume that f(0) = 0.
Letting x = 0 in equation (1.3), we obtain that f is odd. Letting y = 0 and replacing x by 2x in equation (1.3),
we get f(2x) = 2f(x) for all x € R. Replacing y by -y in equation (1.3), we obtain

(X ; Y _axy) +f(X er Y _ Bxy) = F00) + (a + P (-xy) (2.10)
for all x, y € R. Adding the equations (1.3) and (2.10) and using the oddness of f, we have
[f(Xery +axy) +f(% - axy)} + [f(% ~pay) + £ ; y +ﬁxy)} _ 2 () 2.11)
for all x, y € R. Interchanging x with y in equation (1.3), we obtain
e ; Y v axy) +f(2 5 %+ Bxy) = f) + (@ + B)f (=xy) 2.12)

for all x,y € R. Replacing y by -y in equation (2.12), and then adding the resulting equation to equation
(2.12), we have

[f(Xery +axy) +f(X2;y - axy)} = [f(X er y + Bxy) +f(X2;y —ﬁxy)} (2.13)
for all x, y € R. Using equation (2.13), we rewrite equation (2.11) as
{f(x*z'y +ﬁX)/> +f(¥ —Bxy)} + {f(% _Bxy> +f(X ; y +ﬁXY)} - 2f(0) (2.14)

for all x, y € R. Interchanging x with y in equation (2.14), and then adding the resulting equation to (2.14),
we obtain
X+ +
£( zy +Bxy) +f( zy—ﬁxy) =f(0)+f) (2.15)
for all x, y € R. Replacing x and y by 2x and 2y in equation (2.15), respectively, and using f(2t) = 2f(t), we
get

X

fx+y+aBxy)+ f(x+y—4Bxy) = 2f(x) + 2f(y), x,y € R. (2.16)

Let 8 = 0. It follows from equation (2.16) that f is additive. Let 8 # O and let v = 48. Letting y = 1/~ in equation
(2.16), we have

fQx+1/y)=2f0) +f(1/v), xeR. (2.17)
Replacing y by 2y + 1/~ in equation (2.16), we get
f2Uc+y +yxy) +1/7) + f(2ly = vxy) + 1/7) = 2f () + 2f(2y + 1/7) (2.18)
for all x, y € R. Using (2.17), we rewrite equation (2.18) as
fx+y+axy) + fly -yxy) = f() + 2f(y), x €R. (2.19)
Letting y = 1/ in equation (2.19) and using equation (2.17), we obtain
fA/y=-x)=fA/y)-fx), xeR. (2.20)
Replacing y by 1/~ - y in equation (2.19), we get
f(U/rv=+y—xy) - f(A/v-y) = floxy) - fx), x,y €R. .21)

Using equation (2.19), we rewrite equation (2.21) as

fx+y-yxy)+fOyxy) = f(X) +f(y), x,y eR.
Then by Theorem 2.3, we obtain that f is additive. O
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Using the ideas from Theorem 2.4, we have

Theorem 2.5. Let X be a vector space and a, 8 be real numbers. If a mapping f : R — X with f(0) = 0 satisfies

f(% + axy) +f(X ; 4 +ﬁxy) = f(x) +f((a +B)XJ’) (2.22)

forallx,y € R, then f is additive.

Proof. Letting x = 0 in equation (2.22), we obtain that f is odd, since f(0) = 0. Letting y = 0 and replacing x
by 2x in equation (2.22), we get f(2x) = 2f(x) for all x € R. Replacing y by -y in equation (2.22), we obtain

f(L;y_“XY)Jrf(Xzﬂ—ﬂXY) =fX) +f( - (a+B)xy) 2.23)

for all x, y € R. Adding the equations (2.22) and (2.23) and using the oddness of f, we have

{f(XJZrYJ,axy) +f<X£y _axy)] {f(X;‘y _Bxy) +f(X;y +/3xy)} = 2f(%)

for all x, y € R. Interchanging x with y in equation (2.22), we obtain

f(X 42' Y. axy) +f(y ; X +Bxy) = f(y) + f((a + B)xy) 2.24)

for all x,y € R. Replacing y by -y in equation (2.24), and then adding the resulting equation to equation
(2.24), we have

+

{f(xﬁz-y +axy) +f(% —axy)] _ {f(xzy +Bxy) +f(x;y —ﬁxy)}

forall x,y € R.
By the same method as in the proof of Theorem 2.4, one can complete the proof. O

3 Stability of the functional equation (1.1)

In this section, we investigate the Hyers-Ulam stability problem for the functional equation (1.1). We assume
that X is a Banach space.

Theorem 3.1. Let € > O be fixed and let f : R — X be a mapping satisfying

Hf(xgy+xy)+f(xgy—xy)—f(X)H <e (3.1)

forall x, y € R. Then there exists a unique additive mapping A : R — X satisfying
If(x) - A()|| < 5¢ (3.2)

forallx,y e R.

Proof. Letting x = y = Oininequality (3.1), we get ||f(0)|| < €. Putting x = 0 and replacing y by 2y in inequality
(3.1), we have
If) +f(=y)-fO)| <&, yeR. (3.3)

Setting x = 3 and replacing y by -y - } in inequality (3.1), we obtain

Hf(—y)+f(y+%)—f(%)H <e, yeR (3.4)

It follows from inequalities (3.3) and (3.4) that

Hf(y)+f(—y—%)—f(—%)H<5£, y €R. (3.5)
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Replacing x and y by x + y and in inequality (3.1), respectively, we get

Ty
If)+f) -fx+y)| <&, x,y€eR, 2x+2y+#-1. (3.6)

It follows from inequalities (3.5) and (3.6) that

IFO) +f() - fx+y)| < 5¢, x,y €R.

By the Hyers’ theorem, the limp—.. 27"f(2"x) exists for each x € R and the mapping A : R — X given by
A(x) :=limp—eo 27"f(2"x) is the unique additive mapping satisfying inequality (3.2). O

Theorem3.2. Lete > 0,0< p <1,q >0 befixed andlet f : R — X be a mapping satisfying
X+ X -
Hf( zy +xy) +f(Ty -xy) - f(X)H e(xlP +[y|9) (3.7)

forall x,y € R. Then there exists a unique additive mapping A : R — X satisfying

27 elxP, if xeR\S
2-2p ’

If(x) - AX)|| < (3.8)
0(x), if xeS§

forall x € R, where S = { — i ME NU{O}} and

800 = [ i 2("“1)17} Pyt 2+d
2-2p 2(m+1) m+1 ’
when 2™*2x = —1 for some integer m > 0.

Proof. Letting x = y = 0 in inequality (3.7), we get f(0) = 0. Setting x = 3 and y = 0, we obtain
1 1 £
IrG) -2 )] < 5 (3.9)
Putting x = 0 and replacing y by 2y in inequality (3.7), we have

IfO) + I < 2%ly?, vy eR. (3.10)

Using inequalities (3.9) and (3.10), we obtain

1 2 1
=20 -2 < [1e 5+ e G
Replacing x and y by x + y and 1+2X+2y in inequality (3.7), respectively, we get
— < 14 X-y 1 .
IF0+FO) = focs < eyl + |55 | 612

forall x, y € R with 2x + 2y # —1. Letting y = x in inequality (3.12)
If(2x) - 2f ()| < 2Pe|xP, x € R, 4x #-1.

For x € R, there exists m > 1 such that 2"?x # -1 for all n > m. Therefore

[FE20 £ (2Y e, s m,

n+l (3.13)

Hence the sequence {27"f(2"x)} is Cauchy. Let x € R such that 2™*2x # -1 for all integers m > 0. Then
inequality (3.13) implies that

|20 g < 30 (2) e (:14)
k=0
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If x € R such that 2™"2x = —1 for some integer m > 0, then inequalities (3.11) and (3.13) imply that

Q™) JlrEty
H - f(x)H sz ( ) 2T, (3.15)
k#m
Letting n — oo in inequalities (3.14) and (3.15), we get inequality (3.8). O

One can obtain a similar result for the case p > 1. The proof can be achieved similarly as in that of Theorem
3.2. In the following proposition, by using Gajda’s function (see [17]), we show that Theorem 3.2 is false for

p=1.

Proposition 3.3. Let ¢ : R — R be defined by
) x forx|<1;
P = { 1 for|x| > 1.
Consider the function f : R — R by the formula
fx) := Z 272 x).
n=0

Then f satisfies
x +y

’f +xy) +f(—X; - xy) (X)) 12(|x| + ly]) (3.16)
forallx,y € R, and the range of |f (x) — A(x)|/|x| for x # 0 is unbounded for each additive function A : R — R.

Proof. ltis clear that f is bounded by 2 on R. If |x| + [y| = O or |x| + |y| > 3, then

Y +xy) + £ = xy) = 00| < 6 < 1201 + Y.

Now suppose that O < |x| + |y| < 1. Then there exists an integer k > 1 such that

1 1
Skt < x|+ 1yl < 5K (3.17)

Therefore
X+ y

2m| ’2m|x_y

x| <1

forallm=0,1,..., k- 1. From the deﬁnltlon of f and inequality (3.17), we have

FESY +xy) + £ ) =100 < 3027|9275+ x) | + @ (2" - x0) |+ 192"
n=k
< = <120x]+ ).

Therefore f satisfies inequality (3.16). To complete the proof, we assume that there exists an additive function
A : R — R and a constant § > 0 such that

IfO) - AM)| < Blx|, xeR.

Since A is additive, there exists a constant ¢ € R such that A(x) = cx for all rational numbers x. Then we have

O < (B+clx] (3.18)

for all rational numbers x. Let m € N with m > B + |c| and let x be a rational number in (0, 21™™). Then
2"x € (0,1)foralln=0,1,...,m-1.So
m-1
fOO = 272" = mx > (B +|cx,
n=0

which contradicts inequality (3.18). O
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Theorem3.4. Lete > 0,p,q > O0andlet f : R — X be a mapping satisfying

s

y +Xxy) +f(% - Xxy) —f(x)H < glxPly|? (3.19)
forallx,y € R. Then f is additive.

Proof. Letting x = y = 0 in inequality (3.19), we get f(0) = 0. Letting x = 0 in inequality (3.19), we obtain that
f is odd. Setting y = 0 in inequality (3.19), we get that f (2x) = 2f(x), and so f(2"x) = 2"f(x) for all x € R and
all positive integers n. Replacing x and y by x + y and 1+2X+2y in inequality (3.19), we get

1FGO +F) = FOc+ I < e yP | 1505 (3:20)

q
1+2x+ Zy‘

for all x,y € R with 2x + 2y # —1. We may assume that p < 1 (for the case p > 1 we have a similar proof).
For x, y € R, there exists m > 1 such that 2"**(x + y) # -1 for all n > m. Replacing x an y by 2"x and 2"y in

inequality (3.20), respectively, and using f(2"t) = 2""f(t) for t = x, y, x + y, we get

2P\ x+yPlx - y|?
- <e(%) A2 .
IFC0+ £ - Fo I < (5 ) 3y 35 2y (.21
for all n > m. Taking the limit as n — oo in inequality (3.21), we obtain f(x + y) = f(x) + f(y). O

4 Stability of the functional equation (1.1) in topological vector
spaces

In this section, E is a sequentially complete Hausdorff topological vector space over the field Q of rational
numbers.

Theorem 4.1. Let V be a nonempty bounded convex subset of E containing the origin. Suppose thatf : R — E
satisfies

f(";y +xy) +f(% —xy)-f) eV (4.)

forall x,y € R. Then there exists a unique additive mapping A : R — E such that

fX)-Ax)eaV -V (4.2)

forall x € R, where 4V — V denotes the sequential closure of 4V - V.
Proof. Letting x = y = 0in (4.1), we get f(0) € V. Putting x = 0 and replacing y by 2y in (4.1), we have

fO)+f(-y)-f0) eV, yeR. (4.3)

Setting x = 3 and replacing y by -y - 7 in (4.1), we obtain

fen+fy+ 2)-f(3) eV, yekR. (4)
It follows from (4.3) and (4.4) that
f(y)+f(—y—%)—f(—%)64V—V, yeR. (4.5)

Replacing x and y by x + y and in (4.1), we get

1+2x+2y

fO+fY)-fx+y) eV, x,y€R, 2x+2y#-1. (4.6)
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Since V C 4V -V, it follows from (4.5) and (4.6) that

fO+fy)-flx+y)edV-V, x,yeR. (4.7)
It is easy to prove that

f@"x)  fQ™1x) 1

on on+l on+l wew, (4-8)
n n

foo -1 (inx) € %W cw (4.9)
k=1

for all x € R and all integers n > 1, where W = 4V — V. Since V is a nonempty bounded convex subset of
E containing the origin, W is a nonempty bounded convex subset of E containing the origin. It follows from
(4.8) that

Q™) FR™) S fRM) fRMI0Y S 1 1
TX‘TnX:kZ[ sz‘Tux}ekszwgﬁW (4.10)

for all x € R and all integers m > n > 0. Let U be an arbitrary neighborhood of the origin in E. Since W is
bounded, there exists a rational number ¢t > 0 such that tW C U. Choose ng € Nsuch that 2™t > 1.Letx € R
and m, n € Nwith m > n > ng. Then (4.10) implies that

f@") _f2"x)

2n 2m

eU.

Thus the sequence {27"f(2"x)} is a Cauchy sequence in E. By the sequential completeness of E, the limit
A(x) = limp—o 27f(2"x) exists for each x € R. So (4.2) follows from (4.9) by letting n — oo.
To show that A : R — E is additive, replacing x and y by 2"x and 2"y, respectively, in (4.7) and then
dividing by 2", we obtain . . .
"
f(;X) N f(iny) _f@2 (zxn ) o 271’1 W
for all x,y € R and all integers n > 0. Since W is bounded, on taking the limit as n — oo, we get that A is
additive.

To prove the uniqueness of A, assume on the contrary that there is another additive mapping T : R — E
satisfying (4.2) and there is an a € R such that x = T(a) - A(a) # 0. So there is a neighborhood U of the origin
in E such that x ¢ U, since E is Hausdorff. Since A and T satisfy (4.2), we get T(b) - A(b) € W — W for all
b € R. Since W is bounded, W- W is bounded. Hence there exists a positive integer m such that W-W C mU.
Therefore mx = T(ma) - A(ma) € mU which is a contradiction to x ¢ U. This completes the proof. O
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