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ADDITIVE («, 8)-FUNCTIONAL EQUATIONS AND LINEAR
MAPPINGS
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Abstract. In this paper, we investigate the additive («, 8)-functional equation

@ +af@y)+f@) =B f(BGx+y+2) ©.1)
for all complex numbers « with |o| = 1 and for a fixed nonzero complex number S.
Using the fixed point method and the direct method, we prove the Hyers-Ulam stability of the
additive («, B)-functional equation (0.1) in complex Banach spaces.
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1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam
[19] concerning the stability of group homomorphisms.

The functional equation f(x + y) = f(x)+ f(y) is called the Cauchy equation.
In particular, every solution of the Cauchy equation is said to be an additive mapping.
Hyers [10] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Rassias [ 18] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gévruta [9] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach. See [2,6,8,12,15,16,20] for more information on functional equations.

We recall a fundamental result in fixed point theory.

Theorem 1 ([3, 7]). Let (X,d) be a complete generalized metric space and let

J : X — X be a strictly contractive mapping with Lipschitz constant a < 1. Then for
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each given element x € X, either
d(J"x,J" x) = 0

for all nonnegative integers n or there exists a positive integer ngy such that
(1) d(J"x,J"1x) < o0, Vn > no;
(2) the sequence {J" x} converges to a fixed point y* of J ;
(3) y* is the unique fixed point of J inthe setY ={y € X | d(J"°x,y) < 00},
@) d(,y*) < 1i2d(y,Jy) forall y € Y.

In 1996, G. Isac and Th.M. Rassias [11] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems
with applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors (see
[4,5,17D.

In Section 2, we solve the additive (o, 8)-functional equation (0.1) in vector spaces
and prove the Hyers-Ulam stability of the additive («, 8)-functional equation (0.1) in
Banach spaces by using the fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the additive (¢, 8)-functional
equation (0.1) in Banach spaces by using the direct method.

Throughout this paper, assume that X is a complex normed space and that Y is a
complex Banach space. Let 8 be a fixed nonzero complex number.

2. ADDITIVE (a, B)-FUNCTIONAL EQUATION (0.1) IN COMPLEX BANACH
SPACES [

We solve the additive (o, B)-functional equation (0.1) in complex vector spaces.

Lemma 1. Let X and Y be complex vector spaces. If a mapping f : X — Y
satisfies

S +af(@y)+ () =B f(B(x+y+2) @.1)
forallx,y,ze X andalla € T:={ueC | |u| =1}, then f : X — Y is C-linear.

Proof. Assume that f : X — Y satisfies (2.1).

Letting x =y =z =01in (2.1), we get (2+a) f(0) = B~ f(0) forall « € T. So
f(0)=0.

Lettingw =1, y = —x and z = 0 in (2.1), we get f(x)+ f(—x) = 0 and so
f(=x)=—f(x)forall x € X.

Lettinga =1 and z = —x — y in (2.1), we get

O+ ) —fx+y)=f)+ D+ f(=x—-y)=0
and so
fx+y)=fx)+ )
forall x,y € X.
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Lettingz =0and y = —x in (2.1), we get f(x)+a f(—ax) =0and so f(ax) =
af(x) for all x € X and all @ € T. By the same reasoning as in the proof of [14,
Theorem 2.1], the mapping f : X — Y is C-linear. O

Using the fixed point method, we prove the Hyers-Ulam stability of the additive
(e, B)-functional equation (2.1) in complex Banach spaces.

Theorem 2. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1
with
o325 < 2oy 2)
forall x,y,z € X. Let f : X — Y be a mapping satisfying f(0) =0 and
| f)+af@y)+ f@) -7 FBGx+y+2)| <o, y,2) (2.3)

for all x,y,z € X and all o € T. Then there exists a unique C-linear mapping
A: X — Y such that

/0= AW = 3550 (Cxmr 20+ 2p(x,50) @

forall x € X.

Proof. Leta = 1.
Replacing x by —x and letting y = —x and z = 2x in (2.3), we get

2/ (=x)+ f2x)] = p(—x,—x,2x) (2.5)
forall x € X.
Replacing x by —x and letting y = x and z = 0 in (2.3), we get
I/ (=x)+ f(O)] < ¢(=x.x,0) (2.6)
forall x € X.
It follows from (2.5) and (2.6) that
1£(26) =2 ()| < p(—x, —x,2x) + 2(~x, x,0) @7
forall x € X.

Consider the set
S:={h:X—>Y, h(0)=0}

and introduce the generalized metric on S:
d(g.h)
= inf{p € Ry 1 [[g(x) —h(x) | = (@ (—x,—x.2x) +2¢ (—x.x,0)), Vx € X},

where, as usual, inf¢p = 4-c0. It is easy to show that (S, d) is complete (see [13]).
Now we consider the linear mapping J : S — S such that

Jg(x):=2g (%)
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forall x € X.
Let g,h € S be given such that d(g,n) = ¢. Then
lg(x)—h(x)| <e(p(—x,—x.2x) +2¢ (—x,x,0))
for all x € X. Hence

[Jg(x)—Jh(x)| = H2g (;) —2h (%) H

X X X X
<2¢ ((,0 (—E,—E,X) +2¢ (—5, 5,0))

< 28%((,0 (—x,—x,2x) +2¢ (—x,x,0))
< Le(p(—x,—x,2x) +2¢ (—x,x,0))
forall x € X. So d(g,h) = ¢ implies that d(J g, Jh) < Le. This means that
d(Jg.Jh) = Ld(g.h)
forall g,h € S.
It follows from (2.7) that

-2 (3)] 26 (530 +2(5.39

(o (—x,—x,2x) 4+ 20 (—x,x,0))

ST el

IA

forallx € X. Sod(f,Jf) < L.
By Theorem 1, there exists a mapping 4 : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

X
A(x) =24 (5) (2.8)
for all x € X. The mapping A is a unique fixed point of J in the set
M={geS:d(f g) <oo}.

This implies that A is a unique mapping satisfying (2.8) such that there exists a u €
(0, 00) satisfying

I/ (x) = A < plp (=x, —x.2x) + 2¢ (—x, x,0))
forall x € X;
(2) d(J! £, A) — 0 as [ — co. This implies the equality
S
()=
forall x € X;
(3) d(f. A) < $27d(f.Jf), which implies

1769~ AN = 5775 (0 (=5 =5,26)+ 20 (=x..0)
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forall x € X.
It follows from (2.2) and (2.3) that
|AGx) +@A(ay) + A(z)— BT AB(x+y+2)|
X _ oy Z 1 X+y+z

F()+ar () + 7 (5) 8717 (/3 (—2n ))“
im 20 (2 ) =

= him 2 (p(zn’zn’zn) =0
forall x,y,z€ X andalla € T. So

A(X)+aA(ay)+ A@)— B 1ABx+y+2)=0

for all x,y,z € X and all « € T. By Lemma 1, the mapping A: X — Y is C-
linear. n

= lim 2"
n—>oo

Corollary 1. Let r > 1 and 6 be nonnegative real numbers, and let f : X — Y be
a mapping satisfying

| f@)+af@y)+ f@ =BT B +y+2) | <odxI"+IyI"+1z1") 2.9)
for all x,y,z € X and all o« € T. Then there exists a unique C-linear mapping
A: X — Y such that

1) — A < 21

< Olx]I"
2r—2

forall x € X.

Proof. The proof follows from Theorem 2 by taking ¢(x, y,z) =60(||x||” +||y||" +
|lz||") for all x,y,z € X. Then we can choose L = 2!~ and we get the desired res-
ult. U

Theorem 3. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1

with Xy oz
s Vo & = 2L (_s S _)
¢(x.y.2) =2Lp| 5. 5.5
forallx,y,z € X. Let f : X — Y be a mapping satisfying f(0) =0 and (2.3). Then
there exists a unique C-linear mapping A : X — Y such that
1
If(x) =AM = m(@ (=x,—x,2x) +2¢ (=x.x.0))

forall x € X.

Proof. Tt follows from (2.7) that

| 7(0)=37@0)] = 30 xmx.20 + 20 (-2.x.0)

forall x € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem 2.
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Now we consider the linear mapping J : S — § such that

Jg(x) = 38(2%)

forall x € X.
The rest of the proof is similar to the proof of Theorem 2. t

Corollary 2. Let r < 1 and 6 be positive real numbers, and let f : X — Y be a
mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — Y
such that

1f()— A < 22

< el

forall x € X.

Proof. The proof follows from Theorem 3 by taking ¢(x,y,z) =0(||x||" + ||y +
|z||") for all x,y,z € X. Then we can choose L = 2"~! and we get desired res-
ult. ]

3. ADDITIVE («, 8)-FUNCTIONAL EQUATION (0.1) IN COMPLEX BANACH
SPACES 1]

In this section, using the direct method, we prove the Hyers-Ulam stability of the
additive (o, B)-functional equation (2.1) in complex Banach spaces.

Theorem 4. Let ¢ : X3 — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) = 0 and

X Yy z

(o,]
V(x..2) '_;2 ‘p(zj’zj’zj) =0
J=

| f)+af(ey)+ (@) =B~ B+ +2)| < ox,y.2) (3.1
for all x,y,z € X and all o € T. Then there exists a unique C-linear mapping
A: X — Y such that

1/ () — AG)] < %(W(—x,—x,zx) 2 (—x.x,0)) (3.2)
forall x € X.

Proof. Leta = 1.
It follows from (2.7) that

=21 ()] =e (-5 —3) +2e (-

X
,—,0)
2 2

<l (@) ()

| =

for all x € X. Hence

2 (5)-2"1 ()
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— X X X X
Jj+1
SZ( o(~5r—57m37) +2 e (5 0) 6

for all nonnegative integers m and / with m > [ and all x € X. It follows from (3.3)
that the sequence {2¥ f ( 7 )} is Cauchy for all x € X. Since Y is a Banach space, the

sequence {2% f (2k )} converges. So one can define the mapping A : X — Y by
X
A(x):= lim 2% F [ =
*) k—o00 / (Zk)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.3), we get
(3.2).
Now, let T : X — Y be another additive mapping satisfying (3.2). Then we have

[AC) =T ()| = H2qA (i) —2T (;_q) H

=PraG) -2 Gl + 1 () -2 ()

<2qw( a i,z—x) +201w (<2 2 0).
247 24’ 24 24724
which tends to zero as ¢ — oo for all x € X. So we can conclude that A(x) = T (x)
for all x € X. This proves the uniqueness of A.
The rest of the proof is similar to the proof of Theorem 2. [l

Corollary 3. Let r > 1 and 6 be nonnegative real numbers, and let f : X — Y be
a mapping satisfying (2.9). Then there exists a unique C-linear mapping A: X — Y

such that
r + 6

1f () =A@ = S7— 0llx1"

forall x € X.

Proof. The proof follows from Theorem 4 by taking ¢(x, y,z) =60(||x||” +||y||" +
lz||") forall x,y,z € X. 0O

Theorem 5. Let ¢ : X3 — [0,00) be a function and let f : X — Y be a mapping
satisfying £(0) =0, (3.1) and
=1
— 0w x 2iy 2J
Wix,y.2)i= ) o-e(2/x,27y,272) < o0
j=0

for all x,y,z € X. Then there exists a unique C-linear mapping A : X — Y such
that

17— 4G < 5 (@, —x,20) + 20(—x.x,0) (34
forall x € X.
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Proof. It follows from (2.7) that

70350

for all x € X. Hence

<(p(—x,—x,2x)+2¢ (—x,x,0))

3@ 0= g 0| = 3 |5 (V) =g (2)

m—1
=2
j=I

m—1
1 . o 1 o
_2J _nJ J+1 (D] J
< z; (2j+1(p( 27x,=27x,27 ) + 5 0(=27x,2 x,O)) (3.5)
]j=

for all nonnegative integers m and [ with m > [ and all x € X. It follows from
(3.5) that the sequence {Zin f(2"x)} is a Cauchy sequence for all x € X. Since Y

is complete, the sequence {Zin f(2"x)} converges. So one can define the mapping
A: X —>Y by
.1 n
i, 55 /2"
for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.5), we get
(3.4).
The rest of the proof is similar to the proofs of Theorems 2 and 4. O

A(x) =

Corollary 4. Let r < 1 and 6 be positive real numbers, and let f : X — Y be a
mapping satisfying (2.9). Then there exists a unique C-linear mapping A: X — Y
such that

6+2"
1f () =A@ = 5—70lx1
forall x € X.
Proof. The proof follows from Theorem 5 by taking ¢(x, y,z) = 0(||x||" + ||y |I" +
|z||") forall x,y,z € X. ]
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