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Photoemission rate of strongly interacting quark-gluon plasma at finite density
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We calculate the thermal spectral function of strongly interacting Yang-Mills plasma with finite density
using the holographic technique. The gravity dual of the finite temperature and density is taken as the
Reissner-Nordstrom—anti-de Sitter black hole. In the presence of charge, linearized vector modes of
gravitational and electromagnetic perturbation are coupled with each other. By introducing master
variables for these modes, we solve the coupled system and calculate spectral function. The spectral
function gets a new peak due to the density effect, which is most dramatic in the momentum plot with
fixed frequency. We also calculate the photoemission rate of our gauge theory plasma from the spectral
function for lightlike momentum. AC, dc conductivity, and their density dependence is also computed.
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L. INTRODUCTION

The gauge/gravity duality [1-3] opened a new possibil-
ity to quantitative study for strongly interacting systems.
Although it is not developed enough to describe realistic
QCD, we expect to learn some features of QCD from it
based on the universality of the hydrodynamics: in the long
wavelength limit, the details of the theory do not matter.
For example, the shear viscosity/entropy ratio [4,5] 1/s is
universal if we neglect the higher derivative terms. We also
expect, due to analytic structure of the theories, that there
are similarities of supersymmetric and nonsupersymmetric
theories which can continue to the finite wavelength/
frequency regime.

The quarks and gluons are liberated at high enough
temperature. However, over T, < T < 2 ~ 3T, the experi-
mental data shows that quarks and gluons are not free but
are strongly interacting: the small viscosity and the pres-
ence of the coherent flow show that the interactions should
be very strong. Such strongness of the interaction is the
motivation why one has to abandon perturbative QCD in
such an energy/temperature regime. One way to avoid that
difficulty is to rely on holographic QCD (hQCD) for the
quark-gluon plasma in the Relativistic Heavy Ion Collider
(RHIC). The hydrodynamic calculations of hQCD were
shown to be useful to discuss the transport phenomena
[6,7]. It is interesting to see what happens in the Large
Hadron Collider (LHC) where the energy scale is much
higher [8].

The finite density effect is a very essential ingredient to
understand how the core of the neutron star and the early
universe behave. It may uncover some significant features
of the evolution of our universe, galaxies, and stars. At the
RHIC experiment, the temperature reached is above 7. but
the density is almost zero. In the near future the Japan
Proton Accelerator Research Complex, LHC, and espe-
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cially the Facility for Antiproton and Ion Research, which
probes the regime of a few times of normal nuclear density
[9], will tell us much about the density effect of quarks and
gluons. The holographic study for the system with finite
density in the hydrodynamic regime was made in [10-14].

The dual gravity background for the finite density and
temperature is taken to be Reissner-Nordstrom—AdS
(RN-AdS) black hole. The bulk U(1) charge is usually
identified with the U(1) R charge rather than the particle
number density of the boundary field theory. Here we work
out this case and hope that baryon charge density is similar
in its effect. In the phase diagram, we know much about the
high temperature, low density regime but not the low
temperature high density regime. Previously we studied
some issues like meson mass shifted by density effect for
zero temperature, finite density sector [15]. Now we will
study the effect of both finite temperature and density. The
bulk U(1) charge is identified with the particle number
density of the boundary field theory. To see the finite
frequency/momentum dependence of the response of the
system, the spectral function is a good tool. It gives us ac
conductivity and its trace is related to the photoemission
and dilepton production rate [16—18].

The spectral function with and without medium density
in the probe brane approach was already calculated
[19-26]. However, in that approach the gravity backreac-
tion to the presence of the charge is neglected. In this paper,
we take a bottom-up approach where the backreaction is
taken into account. We will compute the spectral function
of tensor and vector modes which describe the fluctuation
of energy momentum tensor and currents of hot plasma.
After that the finite temperature and density effects of
photoemission rate are calculated and discussed.

The most notable effect of the density is the appearance
of the new peak in the spectral function which is absent at
zero chemical potential. This is especially dramatic in the
momentum plot of the spectral function as we shall see
later. We attribute the origin of this effect to the appearance
of the diffusion pole which was discovered in [13]. Since
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the residue of the pole is proportional to the charge, we can
expect that the new peak in spectral density is enhanced as
charge increases. Indeed the numerical calculation con-
firms such expectations.

II. A RECIPE FOR GREEN’S FUNCTION

In this section, we will briefly review how to calculate
the thermal spectral function. To describe thermalized
plasma holographically we need the black hole back-
ground. The general equations of motion for the linearized
fluctuations in this background are

Eg(u) + P(, 9, u)Eq(u) + Q(, 0, w)E,(u) = 0, (2.1)

where E, denote the fluctuating fields in a given back-
ground and « runs 1 to n, the number of independent fields,
and v, q are dimensionless frequency and momentum.
Near the boundary (u ~ 0)' there are two local Frobenius
solutions @, ®,:

O, =ur(1+--) O, =ut(1+--4). (22

A is the solution of the indicial equation near the bound-
ary, A, > A_ where A, is the conformal dimension of an
operator, and A _ is the dimension of the dual source field.
Near the horizon, u = 1, there are also two local solutions:

br=(1—w ™R+ )

2.3
by = (1= ™1+ ) =

The two different local solutions of Eq. (2.1) should be
matched:

Ea = ﬂ(mr q)q)l + B(ID’ q)q>2
= C(w, q)¢; + D(v, )b,

However, not all solutions are allowed physically because
this system contains the black hole: no outgoing wave can
propagate from the horizon, therefore we should impose
D = 0, which is called the infalling boundary condition.
Taking the normalization C = 1 using the linearity of
differential equation, we have

¢1(u) = A(w, )Py (u) + B, )P, (u).

(2.4)

(2.5)

Note that the coefficient A is the source of the boundary
theory operator A (1, q) = J, (1, q), so by differentiating
the generating functional twice with respect to J, we get
the retarded Green function. Another coefficient B corre-
sponds to the condensate or vacuum expectation value of
the operator O, which couples to the source J,. The
retarded Green function is given by the ratio between A,
‘B. We will give a sketch of the on-shell quadratic action,
with Egs. (2.2) and (2.5):

'Our coordinate u covers the range 0 < u =< 1 where 0 is the
position of the boundary and 1 is the position of the horizon.
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S on-shell

~jdd+1x\/§Ea/Ela~‘/ddx|:M7(A++A,71)ﬂ2

B ‘B
Ao P AL A_—1 L A1
X(u +ﬂu )(A_u +A+ﬂu )]u—>0

~/ddxﬂzl:u_m*+A*_1)(A,u2A*_1

B AL+A_—1
+(A+ +A,)ﬁu )]M_)O
_ B
~'/ddx.542|:A_uA* Av (AL +A_)—] . (2.6)
A li—o

Obviously u®-~2+ is divergent (A_ < A ) so it should be
renormalized holographically [27] or we can ignore it
because the imaginary part of the Green’s function does
not care about the real number which comes from the first
term. For the issues on how to regulate the on-shell action,
see Appendix D. The spectral function is its imaginary part
[20]. Notice that

B_ 1 (¢1(u)
7~ wmle0 M)
— ret B _ 1 (;bl(u)
where A = lim ¢1A(u). 2.7)
u—0 y=-

Here ®; is real because the equation of motion and initial
conditions are real for ®@;. The above expression is inde-
pendent of u since it is a kind of conserved flux [6],

d*k

——a Po(—hGk W bRy (2.8)

dery[¢o] = (277)4

where G = N Z | with 2N the normalization constant.
The retarded Green function is defined by the recipe [6]
GHK) = —2G;;(K, u = 0)
= _gij(K’ u=0)

i=)
i# . 2.9)

From Eq. (2.7), the only thing we should know is the value
of ¢,(u), ®,(u). The spectral function, for example, is

given when A_ = 0:
= —2N1 I . 2.1
Xii Nul—rnnSI:qu(u) m<¢1(u = 0))] 10

Given the normalization constant N” we can calculate the
spectral function numerically.

III. RN ADS

The dual geometry for the finite temperature and density
is chosen as a charged AdS black hole [14]. The action is
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5= 2—G2 / Px/TER =20 + f &x/~gF

+—2 fd‘*x —gWK, (3.1)
GS

where the cosmological constant is A = W the

last term is the Gibbons-Hawking term, K is the extrinsic
curvature on the boundary, and [ is the AdS radius. The
metric of RN AdS is

r? N 2
ds? = F(—f(r)dl‘2 + d¥?) + 250 dr?
ml g2
f)=1-—+"%. (3.2)
0
Al == — p + ILL,

where the gauge charge Q is related to the black hole
charge ¢,

3g5

2 2 g 2 2
85 :—GS’ Q" = 2G2

3 (3.3)

the five-dimensional gauge theory coupling constant gs

and the gravitational constant G52 can be chosen as [28]
l N N & N2
L L= (3.4)

g5 447 G5 4w

but we will not use these parameters explicitly. The metric
function f (r) is rewritten as

f(r) =<7 =) = ) = rg),

P (3.5)

re’ = %(1 + 2cos<§ + goa)),
where @ = +, —,0and ¢, = 47/3, ¢_ =0, ¢, = 27/3.

The charge is expressed by € and m,

am31? 0
q* = ’Z sin2<§),
7 (3.6)
3V3g2Am3 1P — 27
0 = arctan( \/_q 3 2m el )
?—274*

Finally, the black hole temperature is given as

A r (g

T= =—|1 1—=) 37
C4mlE wP 255, 27Tb( 2) (3.7)

where a, b are

272 2
o, (3.8)

ri 2r,

a

*Usually the five-dimensional gravitational constant Gs is
used as k> = 87G5 but here we will use Gs as « itself.
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From the horizon regularity, the black hole charge ¢ is
related with the chemical potential w,

400 1 g5l [a
G\ 2
3+2a2 -9+ 1242 G
e iy whereu—ﬁ—sl (3.9)
1% 85

Notice that there is maximum value of g, ¢* = 5m’P?
which corresponds to a = 2. Horizon radius r, should
be real, so 1 + 2cos(6/3 + 44/3) must be positive.

It is very useful to express the frequency and momentum
as dimensionless quantities 10 = w/Q2#T), q = k/2#T).
This choice is good enough to see the finite temperature
behavior of the system but not good in the zero temperature
limit. An alternative way is to rescale w and k by the black
hole radius r,, that is by b: let v = bw, § = bk. At the
extremal limit, by Eq. (3.6), 4m*> = 27¢* and 6 = r,

2\1/6 12\5/6

and the chemical potential is written

(3.11)

If we rescale w and k with b, in the extremal limit we
rescale w and k with chemical potential, 10 ~ w/pu,
q~k/u.

The origin of the charged black hole in string theory can
be understood by the STU [29] model: the diagonally
charged STU black hole is RN AdS. The diagonal U(1)
is the subgroup of the SU(4) R symmetry originally but
here we assume that this U(1) is a part of the flavor U(1)
group which is relevant if we assume that the bulk filling
branes [28] are embedded in our AdSs space time.’ The
merit of doing this is that we can have a backreacted
gravitational background which is a solution of the glue-
quark coupled system. In terms of gauge theory, it means
that our approach is beyond quenched approximation.

IV. TENSOR MODE

The gravitational and gauge field perturbation is
classified by the boundary SO(2) rotational symmetry.
This classification is summarized in Appendix A. Tensor
mode perturbation is easy to treat because it is completely
decouple from other fields. The equation of motion for the
h,, component is
(rsf)/hx/+i( 2
rS f 4 f2

R+ — RO =0, (&1

*Please note that this is no more than a conceptual introduction
of the bottomup approach in string theory.
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FIG. 1 (color online).
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The difference of thermal spectral function and zero temperature spectral function of A y,, ,, /1. Left: with fixed

q =0 when & =0 (thick), 0.5 (dashed), 1 (thin); right: A y,, ., vs q plot and w = 0.1(thick), 0.4 (dashed), 0.8 (thin) with fixed & = 0.5.

where the prime denotes derivative with respect to r and
hy = g% Introducing new coordinate u = r3 /r?,

Tl 2
ds? = (77 y T (~ fwyd? + dRP) + ———du
£ W
flu) = (1 —u)(1 + u — au?).
The equation of motion is simplified
— !
" — fouf hy + —(ID2 3*f)h =0, 4.3)
uf ’
where
~ k a a
=bk=——1—=)=qll —=
I 277T< 2) q( 2)’
4.4)

This differential equation has two independent solutions
near the boundary,

= AD(u) + BD,(u), 4.5)
where
D () =1+ -+ hlog(u)D,(u),
®,(u) = u?(1 + -+ ).

(4.6)

By choosing A = ¢,(0) in Eq. (2.5), we get the normal-
ized solution for tensor mode

: _ b)) B
The on-shell action is given in Eq. (5.7) of [13],
X — l3 d4k f( ) X x/
S1 = 5635 (27)4( 1=k, ) (k u)) -
(4.8)

Our normalization is such that y(u) — 1 at the boundary.*
By taking the imaginary part of the Green’s function and
renormalizing divergent terms, the thermal spectral func-
tion is

(19, Dy = o 1 (23) 4.9)
AU Qxyzy 16G§b4 o A) '
Here the ratio B/ A is
B 1 (p(u)
A q’z(”) <¢1 (0) 1(u)). (4-10)

This ratio is independent of the evaluation point. As ex-
plained before, imposing the infalling condition at the
horizon and Dirichlet boundary condition at the UV bound-
ary, we get the numerical solution for ¢;(u) and ®,(u),

¢1(M))

P 2
) = I '
X(W, )y 2y 16G2b* m(d>2(u) #1(0)

4.11)

Using b = (1 — a/2)/2#T, one can show that the zero
temperature spectral function is

o _ Q@T)*P

X(W, k)xy,xy Y 77-(IDZ -

29(w? — k2). (4.12
1662 a°)70(w ). (4.12)

See Appendix B for details. Figure 1 shows the difference
between the normalized thermal spectral function at
nonzero and zero temperatures for A y,, . The thick line
is the zero chemical potential case & = 0 which is the AdS
Schwarzschild case of Ref. [21]. The dashed and the solid
lines correspond to the & = 0.5, 1 case, respectively. When
the chemical potential u increases, the spectral difference
grows up and the position of the small peak is shifted to the
larger 1v. The position of the peak in the spectral difference
is the pole position of the retarded Green’s function [19].

*More properly, we should express Iy (u, k) = h*(k)hx(u)
where the hatted variable is the value at the boundary or the
external source of the boundary theory.
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The shift of the peak is the shift of the quasinormal mode.
When chemical potential grows in the unit of 7', the pole
position grows faster than 7.

The right side of Fig. 1 shows the spectral function as a
function of spatial momentum ¢. When 1v = 0, the peak
position can be identified with the inverse screening length.
However, for the tensor mode, there is no peak for v = 0.
As we know SYM has conformal symmetry, hence it
cannot have any scale. For the finite w, there is a broad
peak and the peak is more sharpened when chemical
potential grows. This shows that in a dense system the
thermal particle collides more often so that the particles
propagate shorter distance. For the lightlike momentum,
this screening is maximized. For spacelike momentum, the
thermal fluctuation of spectral function rapidly vanishes
leaving only a zero temperature piece.

V. VECTOR MODE

Vector-type perturbation consists of three independent
fields, h,,, h,,, A, and equations of motion for these modes
are coupled with each other. In the hydrodynamic limit,
this mode has a diffusion pole so that it is also named as a
diffusive mode. Here we are interested in the general
energy/momentum regime. The equations of motion for
vector modes are

— 1/ 1 !/ (1 — %)2 X 2 !/
0=h——h— (wqht + g>h¥) — 3auB
u uf A
0= qfhY + why — 3atouB
(f/u) (1-92 (5.1)
0=nh"+ h' + > (1%hY + ahy
z f/u Z Mf2 ( 4 q t)
/ (1 _ g)2 hx/
0=B"+=—B +—2—(’— ¢°f)B — —.
f uf? f

This equation is simplified by introducing a gauge invari-
ant combination Z; = 1A + qh;‘,5

— 7l f'ﬁ)z _ 1 / (ﬁi’z—ﬁzf)
0=zl + (fi(ﬁj2 S ;)zl T
B . . 11)2](‘/
3auq<B + MB)

m? — §*f _ 3au

I Y L

=2
~3auq~ ]B
mZ _ qu

q

e >

SWe can always choose a certain gauge to eliminate some
components of gravitational and electromagnetic perturbation.
But by choosing these gauge invariant combinations, we have at
least two merits: first we study this system in a gauge indepen-
dent way; second, to make the gauge invariant combination we
use all of the constraint so we do not worry about the consistency
of our equations of motion and their solutions.
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where 10 = (1 — 9. It is not easy to solve these 2nd order
coupled differential equations, but the authors of [13] have
decoupled these equations by introducing master variables.
Let us define first ¥ as

52
w2 —§%f 0 —q°f
The equation of motion is rewritten as
/ N2 32 !
v+ Ly 4 (m#c o %)xpi —0, (5.4)
f uf uf  f

where C. is

Co=(1+a)£4(1+a) +3ab*>

=(1+a) t\/(l +a)* + 3a(1 —%)2(?{2

2 — 2
=1 +a)(l*xy), wherey=\/l+%Ta<l+Z) a’.

(5.5)

In order to use our recipe for spectral function, we need the
on-shell action for vector modes:

P d*k

§ =
" 32G2* ) Qm)?
1
X (; hi(=k, u)h'(k, u) — @hf(—k, u)h¥ (k, u)
u=1
~ 3af(u)B(—k w)B/(k, u))
u=0
P &k (1 f
— - Z,7) — 3afBB'
32G62* ) 2m)* (u T
"2
+ Mwwh,) (5.6)

From the equations for master field, we can get the spectral
function of master fields. We however need the spectral
function of original variables not the master field itself. In
Ref. [30], the authors showed a systematic way to compute
the spectral function of original variables in terms of
master variables. Let us first find the series solution of
Z I B s

21=21(1+(r52—62)u+--~)+%u2+-~~
B=B(1+ )+ mpu+---,

which defines the conjugate momentums 7, 7. The
boundary action can be written in terms of the boundary
values of original variables and their conjugate momen-
tums:

B d*k ( Z
S, < 17Tz

= - —3aBmy+---), (5.7
326200 ) e\ =2 TR ) SR
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where Z;, B are the boundary values of the fields and 7,
7y are their conjugate momentum which will be identified
with one point function, and dots denote contact terms
which do not have any derivatives with respect to u. Note
that these conjugate momentums depend on the boundary
source terms implicitly. The master variables ¥, and
V.., have series solutions near the boundary,

Vo =W, 1+ +Tlaut-)
Define the transformation matrix R,
R = - fp— C+
__d c_ /)
w2 —g? -

the boundary value of the master fields is simply related to
the boundary value of the original fields by R,

(M):R((z,)«g:m)
v_ B
_ R((sz —Aﬁz)Zl )(‘P+H+ ) _ R( 7Tz>‘ (5.9)
B v_II_ g

Then the conjugate momenta 7, 775 are written as

E=7}

(5.8)

(”Z) = R~ Diag(¥,, qr_)( g+ ) (5.10)

TR _

The boundary action is now written only by boundary
values (Z,, B) and conjugate momentum of master field
II.. The two point function for 4} and h{ is related to the
gauge invariant variable Z; as

G = D250 (D0 Py 35
W shishr \ohf) 82,87, 82,67,
G. - (51§ )2 Sy _ 1 8%S, G.11)
* \64,/) 6BS6B un? 6BSB
Therefore the correlation functions are
B c_1l,—-cC,II_
GXI,xt = 574 q2 = — a ,
32Gsb Cc, —C_
n?
ze,xz = ? g,rt,xt
Gy = G = 0 Pya M, —11 (5.12)
e = Fuxt =035 Geeb’ €, — C- '
I C.I,—-C_I_
Gx,x = 212 _
4e%b Cc, —C_
l 1 ﬂ+ - ﬂ_ A A
= — + 11, +11_).
4e2b? 2( y * )

PHYSICAL REVIEW D 83, 026004 (2011)

99

Note that when spatial momentum ¢ or density “a’ van-
ishes two point function G, vanishes. It means that the
holographic operator mixing between Z; and A, comes
from the density effects. By following the standard recipe
described in Sec. 2.II, II., the conjugate momentum of
master fields, are computed as the ratio of two connection
coefficients,

..)+Biu(1+...)

- Tau-] (5.13)

By comparing Eq. (5.13) with Eq. (2.5) we get the con-

jugate momentum of the master fields as a ratio of con-

nection coefficient of near boundary solutions of them,
B.

Im —= Imf[i.

A

(5.14)

By imposing infalling IR boundary condition for W, the
spectral functions are computed:

mZ
Xxtxt = 2 Imemt’ Xxzxz = ~3 Xxwxo

q (5.15)
Xxxt = ImG)rxz’ Xax = 2Imex'

The spectral function is plotted in terms of v, . Figure 2
shows the imaginary part of the G, divided by w, which is
AC conductivity of thermalized plasma (with normaliza-
tion constant, % g—lg27TT). The peak position becomes larger
as the charge increases. The strength of that peak also
increases, when charge grows. In Ref. [21], they calculate
only the zero density case which is denoted by the thick
line in Fig. 2. The right part of Fig. 2 is the density
dependence of DC conductivity. From the spectral func-
tion, DC conductivity can be computed by taking the zero
frequency limit, o = limw_,ow. As density in-
creases, it decreases and in sufficiently large density
regime, DC conductivity is negligible. This is rather sur-
prising since the Drude formula in Maxwell theory says the
conductivity is proportional to the density of the charge
carrier. It seems that interaction between the charge car-
riers dominates the abundant effect. Such a drastic reduc-
tion of the DC conductivity can be another explanation of
the jet quenching phenomena which are different from the
explanation in Refs. [31,32]. In a highly dense system, the
strongly interacting plasma cannot carry charge over long
distances because of density effect. If this is the relevant
mechanism, raising the temperature suppresses the jet
quenching in LHC since it reduces i ~ u/T.

In Fig. 3, we plot the spectral function y,, in terms of
spatial momentum with fixed frequency. The left part
shows thick, dashed, and thin lines corresponding to
I =0.1,0.3,0.5 with & = 1 and the right part of Fig. 3
also shows thick, dashed, and thin lines corresponding to
= 1,2,3 with Ip = 0.1. These results can be interpreted
as an inverse thermal screening length of the super
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FIG. 2 (color online).

normalization constant § 4277

Yang-Mills plasma. It is interesting that for the tensor and
vector mode the peak position is different. For the v = 0,
Xxx 18 Zero so screening mass is zero. But for the finite 1v
there is the peak and the position is a function of both 1v
and fi. Because the diffusive nature affects the interactions
inside the medium, the screening effect are more compli-
cated. In fact, one can find the most notable effect of the
density in Fig. 3: A peak appears in the spectral function
which is absent at zero chemical potential. We attribute
the origin of this effect to the appearance of the diffusion
pole which was discovered in [13]. Since the residue of the
pole is proportional to the charge we can expect that the
new peak in spectral density is enhanced as charge in-
creases. Indeed the numerical calculation confirms such
expectations.
The hydrodynamic pole in G, appeared in Fig. 4 at

PHYSICAL REVIEW D 83, 026004 (2011)

)

1 2 3 4 5 6

A x ../ 10, deviation of finite temperature thermal spectral function from the zero temperature spectral function,
with @ = 0 (thick), 1 (dashed), 2. The normalization unit is (277)? #

Right: The density dependence of DC conductivity with

The left figure shows that the hydrodynamic pole position
is shifted from 0.0225 (q = 0.3) to 0.01 (q = 0.2). This
comes from the density effect, when u goes to zero the
hydrodynamic pole in G,, disappears, see Appendix C.
This is the operator mixing result. The diffusion pole only
appeared in G, ,, or G,, ., not G, .. The right figure shows
that y,, reaches very rapidly to the zero temperature
spectral function.

Figure 5 shows the real part of ac conductivity,
Reo (i) = % with the normalization unit
Q#7T)? ﬁ By definition, Imo = %, Reo = %
The ac resistivity is defined as p(in) = 1/ (1). For large
10, the system has zero resistivity, which means that at any
density charge carrying is almost perfect in high frequency.

The (xt, xt) component of spectral function y,,,, has the
diffusion pole at 1v = q%/2 [19]. The dispersion relation

= q

1—a/2 , for diffusive channel w = Dk?/2 gives us the diffusion
o~ 21 +a) G160 constant D = 1/27T from the hydrodynamic analysis.
XXX XXX
05 10 s 20 25 30 05 1.0 1.5 2.0 25 3.0

FIG. 3 (color online).

The normalized thermal spectral function y.,(q). Left: with 2 = 1 and varying 10 = 0.1 (thick), 0.3 (dashed),

0.5 (thin); right 1o = 0.1 and varying & = 0 (lowest thin line), 1 (thick), 2 (dashed), 3 (solid), with normalization unit (27 T)? i
5
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0.05 0.10 0.15 0202xT

FIG. 4 (color online).
is (277'T)2

The left part of Fig. 6 is with q = 0.3 for various values of
f: 0.5 (thick), 1 (dashed), 1.5 (thin). When the chemical
potential grows, the strength of peak also grows but the
position itself does not. The reason of this increase comes
from the factor U—sz in front of the Green’s function.

When i increases the parameter a goes up so the overall
factor (1 —a/2)™* increases rapidly. When the system
reaches the extremal limit, @ = 2, that factor diverges
and our analysis is broken down. It should be computed
separately for the zero temperature or for the extremal RN
spectral function from finite temperature or nonextremal
RN-AdS black hole.

In the right part of Fig. 6, the peak position is
shifted when g is moved. Again, the position is at

I = q%/2.

VI. PHOTOEMISSION RATE

In the heavy ion collision, the emitted photons are a
good measure to see the medium effect. The photoemission

PHYSICAL REVIEW D 83, 026004 (2011)

/\/xx

w

1.0 2nT

0.2 0.4 0.6 0.8

Ay, for various density, one with @ = 0.5, ¢ = 0.3 (thick), @ = 0.5 ¢ = 0.2 (dashed). The normalization unit
. Right: y,, (@ = 0.5, 0 = 0.3) plotted in the range v € [0, 1].

rate of SYM plasma was calculated holographically for
AdS Schwarzschild [16], for D4/D8/D8 with finite
chemical potential [17] and for D3/D7 with finite density
[24]. We will focus on the photoemission rate for our gauge
theory dual to the RN-AdS background here. Let I, be the
number of photons emitted per unit volume. To leading
order in electromagnetic coupling e,

&k e?
dr (K=
y = (277_) 2|k| ,u,v( )Iw k (61)
C;V(K) = nB(W)XMV(K))

where C};,(K) is the Fourier transformed Wightman func-
tion which is related to the spectral function multiplied by
Bose-Einstein distribution function nz(w). Convert the
differential photoemission rate into the emission rate per
unit volume as a function of w,

N N N N P
1 2 3 4 5 6

FIG. 5 (color online).

Real part of AC conductivity of SYM plasma, y,.(1v, ¢ = 0)/1p and the normalization unit is (277'T)2

dar AEM
Y = kP CLL (K| =i 6.2
dk p n /.LV( )la)fk ( )
XXX
15 F
10
5 3
1 2 3 g "
. Each

line shows the result when @ = 0 (thick), 1, 2, 3, 4 (thin). Left: AC conductivity; right: AC resistivity as an inverse of the left one.
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Xxtxt
4

FIG. 6 (color online).

In order to calculate the photoemission rate we need to
know the longitudinal part of the spectral function. But for
the case of lightlike momentum w = k, the trace of spec-
tral function y,, = n*”x,, is obtained only by I17. From
Appendix A,

nHrC, = (d — 2)TI7 + I1F = 2117 + 114, (6.3)
where d is the dimension of the boundary field theory. For
the lightlike momentum, the longitudinal correlator should
be vanished because the projection operator diverges. The
trace of spectral function is only given by I (w, [k| = w).

In Fig. 7, the photoemission rate is presented as a
function of 1 compared with [16] which is given as the
thickest line. The peak position is located at 10, =
1.48479/(27) = 0.2363 and the maximum value is
0.015 67 with unit agy(N? — 1)T3. The left figure shows
the photoemission rate for g = 0 (thick), 1 (solid),

dr,
dw

0.015

0.010

0.005

N N . W
0.5 1.0 1.5 2.0

FIG. 7 (color online).
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Xxtxt

0.4 0.6 0.8 1.0 1.2 1.4

The normalized thermal spectral function y,,. Left: with ¢ = 0.3 and varying & = 0.5 (thick), 1 (dashed),
1.5 (solid); right: with & = 1 and varying q = 0.3 (thick), 0.5 (dashed), 0.7 (solid) with normalization unit (2777T)* L

5.
16G2

5 (dashed), 10 (thin) and the right shows the maximum
value % (w = 0.2363) as a function of . Notice that the
maximum value of the photoemission rate decreases until
0. = 2.014 which is the turning point. After passing i, it
increases. From the right figure, the photoemission rate is
almost monotonic in large @&. Before the turning point ..,
the maximum value is decreased and is also presented in
the left one.

It means the thermal photon production rate is sup-
pressed in the low chemical potential regime but in the
high density regime, enhanced. It may reflect the fact that
at high enough density thermal screening is enhanced. By
comparing Ref. [16], at @ = 0.1 (from RHIC) the maxi-
mum value of the photoemission rate is decreased by 1%
(0.0156695 to 0.0155158) which is almost negligible.
The suppression of conductivity and the increase of ther-
mal screening mass are presented in Figs. 2 and 3.

[dl"y]
dW max
0.05
0.04 f

0.03 F

0.02 F

5 10 15 20 25 30 H

The photoemission rate of SYM-electromagnetic (EM) plasma with normalization unit agy (N2 — 1)7°.

dFy/dk with lightlike momenta. Left: varying & = 0 (thick), 1 (solid), 5 (dashed), 10 (thin); right: the maximum value of the

photoemission rate as a function of chemical potential f.

026004-9



KWANGHYUN JO AND SANG-JIN SIN

When the U(1) chemical potential is very large, a ~ 2,
the maximum value suddenly increases. Until @ = 1, the
maximum value is a slowly decreasing function of a, but
after passing a = 1 it increases stiffly. But this sudden
increase may be artificial, because if we express as the
chemical potential this stiffness is not there. The frequency
dependent spectral measure n*”y,, /10 for the lightlike
momenta is in Fig. 8. The left part of Fig. 8 has three lines
= 0 (thick), 5 (dashed), and 10 (thin).

Note that the spectral measure has a maximum at the
point due to the hydrodynamic pole of G,:

1 b
2(1 +a)

Gxx ~

where D (6.4)

w + iDk*’

0y

PHYSICAL REVIEW D 83, 026004 (2011)

The Green’s function in the hydrodynamic limit, see
Appendix C, presents the very essence of photoemission
rate of dense supersymmetric Yang-Mills plasma:

hydro _ 21 [ 3a DIw N 2(1 — a/z)zbw]
o 8¢2b2 L1 + a D*k* + w? 1+ a)?
_ [ 3¢ D,3*D N 2(1 — a/2)? 15]
8e’b? L1 + a D2§* + 2 (1+ a)? ’
1
D,=—. 6.5
“ 2(1 +a) (6.5)

Figure 9 shows the photoemission rate of the hydrody-
namic approximated solution. The left part is almost the

same as the full numerical solution but tails in large v are
210

different, and in the right part we plot 10?/(e*™™ — 1) as a

)

0.5 1.0 1.5 2.0 2.5 3.0

FIG. 8 (color online).
5 (dashed), 10 (thin); right: &

[ dr, )
dw hydro

0.015 }
0010 |

0.005 Hy

0.5 1.0 1.5 2.0

FIG. 9 (color online).

- w

w

The photoemission rate of hydrodynamic approximated spectral function with normalization unit (277)? 5

-y

30

5 10 15 20 25

The normalized trace of thermal spectral function y4 /10 with lightlike momenta. Left: varying @& = 0 (thick),
=5 (dashed), 10 (thin) and the plotting range is from zero to 30 in 1v.

0.015 f

0.010 f

0.005

- W
2.0

0.5 1.0 1.5

2 2

dl', /dk with lightlike momenta. Left: varying & = 0 (thick), 1 (solid), 5 (dashed), 10 (thin); right: 0?/(e>™ — 1) is plotted as’a

function of .
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function of 1. The origin of the peak in the photoemission
rate comes from the statistical factor and the change of
height is the density effect. This density effect is almost
described by a single function, Eq. (6.5).°

VII. CONCLUSION

We have solved the equation of motion for linearized
gravitational and electromagnetic perturbations in the
RN-AdS background to get the holographic spectral func-
tion. Because of the density effect, the gravitational and
electromagnetic perturbations are coupled with each other
S0 it is not easy to solve. By introducing a master variable,
however, we can decouple these modes which makes the
problem simpler. The problem might be handled without
decoupling along the method discussed in [25].

The density effects of thermal spectral function have
some interesting features. The boundary theory of RN AdS
is believed supersymmetric Yang-Mills theory with finite
U(1) charge density. The original SYM has no dimension-
ful parameter and does not admit any quantity like screen-
ing length, energy gap, diffusion constant, etc. In the finite
temperature and density state, however, the plasma has a
scale given by those.

One of the interesting features is the modification of the
diffusive nature of thermal plasma. As we have seen in
Fig. 2 the DC conductivity is decreasing in large . It is
quite natural because in dense medium particles collide
very frequently, so the charge carrying process should be
suppressed.

The photoemission rate is a very important tool to probe
the effects of thermal medium. Because the photon does
not interact with other particles via strong interaction, it
carries information of the early stage of collision. The
holographic photoemission rate is greatly enhanced when
A is very large. See Fig. 7. Note that information of
spectral function over only a small window of 1v is suffi-
cient to describe the photoemission rate, because almost all
of the contributions for photoemission rate come from the
statistical factor 1/(e"/T — 1).

It would be interesting to see whether the U(1) axial
anomaly [33-35] can affect the photoemission rate. We
will report this issue in the near future.
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APPENDIX A: THE INDEX STRUCTURE OF
CORRELATION FUNCTIONS

The correlation functions of various operators have
Lorentz index structure, and that has to satisfy some con-
straints, i.e. CPT invariance, Ward identity [19]. We will
briefly review the index structure of our correlation func-
tions for later convenience.

The definitions of retarded correlation function of con-
served current and energy momentum tensor are

Cupx =) = =00 — yO)[J,(x), 1, ()]

(A1)
Gvapx —y) = —i0(x® — YOU[T,,(x), To5(y)]).
In the equilibrium, CPT invariance told us that
CMV = CI/M’ G,uvaﬁ = GLY,BMV‘ (AZ)

In addition, correlation functions of the energy momentum
tensor have the property inherited from the symmetry of
the energy momentum tensor,

Guvap = Gopap = Guipa- (A3)
The Ward identity
ktCyy =0=kMGpap (A4)
and if the theory has scale invariance T4, = 0,
"G pap = 0. (AS)

From the Ward identity, the correlation functions are pro-
jected onto transverse spacetime of k*:

C,lLV = P,MVH(Kz)

5 X (A6)
G;U/a,B = P/.LVPOZBGB(K ) + Hp,vaBGS(K ):
where
k, k
_ uhv
Puv = Muy — K2
1 1 (A7)
H,uVaB = E(PM“PVB + P;LBPVQ) - ﬁp,uvpozﬁ'

The field theory propagator is classified by boundary
SO(2) rotation symmetry [19]. The propagator is decom-
posed as scalar, vector, tensor parts according to their
transformation properties under SO(2). We assume that
the wave is going along the z direction K = (w, 0,0, k)
and the boundary coordinate is labeled by (¢, x, y, z). The
stress-energy tensor correlator G, s also decomposed
into these categories. The conserved current, for our case R
current, is projected as transverse and longitudinal parts,

C,, = P, 1T + PL TIF, (A8)

where PJ,,, PL, is transverse and longitudinal projector

which are mutually orthogonal
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kik;
i
Plo = P, =0, (A9)
pPL, =P, — P,
Each component of the current-current correlator is
k2
CoalK) = Cp(K)=TIT(K)  C,(K)=—5— 1L,
w2 —
—wk w2 (A10)
C,Z(K)=Wz_k2 I%, CZZ(K)=w2_k2HL.

For the stress-energy correlation function, the classifica-
tion is slightly complicated:
G/LVD(,B(K) = (PZ;VPZB +%(P,Z;VP§3 + P/LJ,VPT'B))CT

43

+(PL, Pl +3(PL,PL+ PLPL))C,

a

+800apG1 T QuvaplGr t LuvapGs,  (All)

where

1
Svap =5 (PhaPhy + PlaPly + PLoPhy + PLoPL)

T pT
p—2"mPas

1
Q,MVCVB = m((D - 2)P5‘“,P10;B +

_ T L L T
(PT,PL, + PL,P B))

o

L,uvaﬁ = H;u/a,B - S,Lwa,B - Q,ul/a,B' (A12)

The transverse components of G, are

1 K 1 wk
sz—szI’ G”‘Z)CZ_sz—k2
1 w? 1

zexz = 5 WiGlr nyxy = 5

and longitudinal components of G are

1k

3 (w2 — K22
1 wk

—————512G, + 3C
3 (W2 — kz)z[ 2 L]

1k

Note that if the theory has the scale invariance, C;, Cr

vanish.

Gtxtx = Glr

(A13)
Gy

Gy = [2G2 + 3CL]

G, = (Al4)

G =

APPENDIX B: LARGE v SPECTRAL FUNCTIONS

In this section, we will calculate the spectral function
analytically in the large frequency limit [18,21]. By using
WKB methods, we can get the large frequency spectral
function. This procedure is easily described by an example
of the simple Schrodinger equation,

PHYSICAL REVIEW D 83, 026004 (2011)
y'(x) + V(x)y(x) = 0. (B1)

Transforming the wave function y(x) into ¢(x) by
y(x) = '™, we get

— (/2 +i¢" +V =0. (B2)
Assume that ¢” is subleading,
S AN Ry ) P TR
2|
so the first order solution is
¢ == / VVix. (B4)

From Eq. (B2) we will obtain the second order solution by
substituting the first order solution,

Ly
N2~V + i _
(4) N
¢~ i\/_\;_;_iz (BS)
4V
¢ = ifﬁdx—i—ilnv,
so the WKB solution is
1 . .
¥ = T e JVax =i [Vaxy (g

1. Tensor mode

For the tensor mode, the equation of motion for Ay
is transformed into Schrodinger form by choosing

hy(u) = X(u) i (u), where X(u) = Ju/f(u):

"+ V() =0,
L 3 1f/2 f/ _f//
V(u) = e + 17 + TET;
(-9
+ (0 — g*f). (B7)

uf?

This equation has two singular points at u = 0 and u = 1.
From the WKB analysis, we get the two linearly indepen-
dent solutions away from these singularities:

P~ 1( ) cos(S(u) + @),
8 (BS)
Wy ~ N sin(S(u) + ¢,),

where

1—1
plu) = ﬁfz\/m2 - q%f,

Su) = f: p(z)dz. (B9)
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Near the boundary.—Near u = 0, the potential has the

form
"+ (—i+%2)¢ =0,

p™ (B10)

where 0% = (1 — 9?(1v? — g?). The general solution is

b= C1\/EJ2<\/‘E) + C2\/ZY2(\/‘E)- (B11)

Bessel functions have the following asymptotic forms for
large x (x > |a® — 1/4]):

J.(x) 2 ( T 77')
~ 4|—cos{x — — — —),
AT\ T T T g
Y. (x) 2 ( T 77)
~ 4l—sinfx — — — —).
N e

We are considering large v, so asymptotic forms of Bessel
are valid for our case,

(B12)

1 1

R
”ﬁ\/Qﬁ

and these are well matched with our WKB solutions

~ 0/, S(u) ~ 20/a.

Near the horizon—Near u =1,

Vuldy(\4Q%u) ~

cos<2Q\/— - —)
(B13)

JaYy(4Q%u) ~ sin(20v7 - 27

the equation of

motion is
1 1+m?
P!+ TE=E —7 (B14)
and the solution is
w — C3(1 _ u)1/2(l—iln) + C4(1 _ M)1/2(1+im). (Bls)

Near the horizon, the infalling wave is only physically
relevant and this boundary condition is to choose C, as
zero. We know the two asymptotic solutions and it should
be matched at some point,

5

4#)]

(B16)

\/;T_IIQ_(LTI:COS(S(M) 5’/7) + 1sm(S(u)

— C(l _ u)l/2—ilv/2’

= X(u) iy (u) is

iqu(\/E) + MYZ<@) — C(1 — )™ (B17)

This is the solution for large v, q with infalling boundary
condition at the black hole horizon. We did not fix the
coefficient C, yet it is determined by the condition
Iy(u = 0) = 1. Near the boundary, Bessel functions have
series solutions and

then the solution /3 (u)

PHYSICAL REVIEW D 83, 026004 (2011)

1
uJ2<\[4Q2u) ~ EQZ” + 0(u?),
5 1
MY2< 4Q2M) -~ _7T—Q2 + O(M)
Nothing is left, the solution is
hy = —7TQ2<iuJ2<V4Q2u) + uY2<\[4Q2u)), (B19)
then the spectral function is

_ P 27T \* fu)
T=0 — Sndetali S hxhx/:l
Aryey = 160§<1—a/2) m[u-.o p

13
16G2

(B18)

W? = ) 0(w* — &),

(B20)

where the theta function comes from the fact 4/Q? should
be real.

2. Vector mode

For the vector mode, we have two master variables ¥,
W_ and their equations of motions. These can be trans-
formed into Schrodinger form by

1
== B21
ﬁdf_ (B21)

Then equations of motion are rewritten in terms of W :

Y+ Ve =0,
_qu a f/2
Vi_ uf? ( 5) +4f2

S

The equation of motion for the master fields near the
boundary is

(B22)

2— g —a/2)? 2
0:¢//+(ID C[)L(t a/)¢5¢,,+%¢
(B23)
¥~ Cl\/ﬁJl(Z Qzu) + CzﬁY1<2 Q2u).
Near the horizon,
1+ w?
0=y + "
T (B24)
@ ~ C3(1 — u)!/2710/2 4 (1 — y)l/2+i0/2,
For large Q?, two WKB solutions are
1
hy ~ cos(S(u) + ¢y),
mp(u)
1 (B25)
thy ~

) sin(S(u) + ¢5),
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\/—f ,/m2 —a*f,  S(u) =[0 p(z)dz. (B26)

This WKB solutions should be matched near boundary
solutions

1 3w
2uJ, (24 Q*u) ~ Ju 77-\/@_2_u_cos<2 Q*u — T)

where

p(u) =

(B27)

1 ) 37
2/u¥,(24/Q*u) ~ Ju. - Q2u8m<2 Qzu—T>

and physically relevant boundary condition at horizon,
infalling condition C4 = O,

V= % = 2ﬁc(i11<2 Qzu) + Y1<2 Q2u)>

_ _#Qﬁ<”1<2 Qzu) + Y1<2 QZM))

and by the normalization condition, W(u = 0) = 1, the
coefficient C = —7Q/2. Then the spectral function for
vector mode is given as

(B28)

PHYSICAL REVIEW D 83, 026004 (2011)

For the large 10 limit the first term in Eq. (B30) is
dominant. Introducing a new variable £,

3 (u 2/3
=[§ [ J?pﬁ;)dx] , (B31)
0
the wave function is reexpressed as
di\-1/2 —H\-1/4
+ === W=— w
v (du) ( s’)
a*w ~5
0=—5— ("¢ + y)W,
i —(0*¢ + )
5 4HH" —5H” G
h = —1¢, (B32
WIS Y T 1622 ( 16H° H)Z (B32)

where the prime denotes derivative with respect to u, then
the solution ¢ + is Airy function,

1/ Z\A
77¢ ﬁ(ﬁ) AP Lw) + -+

Q, ue ) AIGB L) + -

(B33)

7—0 | c, I —c ™ i : Two point functions for master variables are given as
Xxx ~ = 212 Im - 212 7TQ
4e b Cc,—C._ 4e b .
! M. = tim V% — ( 1 ( ug ) N auAi(mmz(u)))
- = lim— = lim(- 9, In —
= @(ZWT)ZW(IDZ - (:[2)0(W2 - k2) (B29) 1—0 \If+ u—0\4 1 — f Al(m2/3§(u))
(B34)
3. Lightlike momenta since f — 1 = —u2(1 + a — au), and
For the lightlike momenta, w = k, the equation of mo-
tion is simplified [18] by me = 1+ )P4 +3a+/1+ a4+ a)))2/3
~ 1- M—'O Vi+a+1)?
Y+ (W2H + G2) i+ =0, where H = zf, (
uf (B35)
1 f/2 1 f/ f//
G.=—-—F%——=|Cs ——+—|. B30 ; fan i
T4 p f< ==t ) (B30)  The second term in the equation is
Near the black hole horizon the solution should be infal- ;.o 1n< ud > — lima, ln< { )
ling, (1 — u)~'"/2)_ The analytic solution for the equation ~ u—0 L—=f] w0 (1 +a—au)
is not known but we just consider the large 10 limit only to . 1
compute asymptotic behavior of spectral function. For - Ll_r,r(l)au ln((l + a)) =0 (B36)
large 10, the leading term is 10? and we assume the change
of the wave function in the domain u € (0, 1) is not large. ~ So the two point function is
|
3130+ @) 34+ 3a + \/1 +ad+a)?PTE -
H+ = _e”T/ I 2/3
- 1+ 1+ a)? T( )
33/5(1 + )34 + 3a + V1 + a4 + a))*? T(2/3) -
ImIl. = (B37)
2(1 + 1+ a)? I'(1/3)
p_ L @aT? 301+ a)PE +3a+ V1 +ald+a)*PTEQ/3) ),
Xpn = 75

4e? (1 — a/2)*3

(1 + 1+ a)?

T(1/3)

In Fig. 10, we compare the numerically computed thermal spectral function for ;2 = 5 with the zero temperature spectral

function.
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0y
w

5¢

0 P n 6 8 0 12 14
FIG. 10 (color online). The normalized trace of thermal spec-

tral function y%; /10 with light like momenta. The thick line is for
f =5 and the thin line is for the zero temperature case.

APPENDIX C: SMALL v SPECTRAL FUNCTIONS

To check the consistency of numerical calculation, it is
good to compare both the large frequency and the low
frequency result with numerical computation. In the low
frequency limit, authors [13] did the hydrodynamic analy-
sis and it also gives us the low frequency spectral function.
For the tensor mode,

& QnT)*
imImGosy = 1652 (T — a2y
Xow _ P @aT) €D
w—0 D 16G2 (1 — a/2)*
For the vector mode G,
l 3a Dk’
limImG,, = —
w0 T g2 [(1 + a)b? D*k* + w?
2(1 — a/2)? ]
+
(1+a)?b
o X L Qar)y? [ 3a Dak
w—0 10 4e? (1 —a/2)*L1 + a D*q*k* + m?
_ 3
L, a/2) ]
(1 + a)?
o Xax , I 2(1—a/2)
fm lm = 21 25 < &
where D = m For the G,,,, in small 1v, q limit,
A | wk?
I = —
MGt = 1667 57 DI + w?
(C3)
P Qn@T)* ng?
Xxtxt =

16G3 (1 — a/2)* D*q*k* + w*’
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APPENDIX D: BOUNDARY ACTION

In this section, we will briefly mention how to get rid of
the divergences from the on-shell gravity action. The
gauge/gravity correspondence tells us that the generating
functional of the gauge theory is identified with the gen-
erating functional of the AdS gravity. As we have seen in
Sec. 2.II, from the generating functional we get the two
point functions of the boundary theory G}, or G - The
generating functional has some dlvergences which could
be safely removed by adding counterterms, so-called holo-
graphic renormalization. At the boundary u = 0, there are
two types of divergences 1/u and logu.

The original action, Eq. (3.1), has Einstein-Hilbert,
Maxwell, and Gibbons-Hawking terms and to remove the
divergences we need the following counterterm [27] for the
regularized action at the boundary:

1 [ 3 1
Sct = Sct,gravity + Sct,gauge = W [d4x _8(4)(7 - ZK)
5

+ é logu ]d4x —gWF o Fmm, (D1)
where K is the curvature on the boundary. S oravity 1S given
in [36]. On the other hand, S 45, 1s Obtained to cancel the
logarithmic divergence coming from gauge field fluctua-
tions. The boundary action for the perturbation in quadratic
order derived from (3.1) is

P Lk 1 Tuf
5O = icl ) G i [ j: (hf)* + hi(hf — 3uhy’)
5
— AR — 3uh) + 3aB,(hf — fB;)]. D2)

The Gibbons-Hawking term and the counterterm (D1) are

S(O) 13 d2k{ uf’
32b4G2 w? ) em?l f

—uf'(hi)> + 4uhihi' + 4f((hi)* — uhé(hé)’)}, (D3)

—(hi)? — 4(h})?

3B 1 2k
32b°G2 u2JT J @m)?

SO = ((h))? = f(hD)?

+ ab’k*u*f(u) logu(B2)). (D4)
Then, the regularized boundary action is given as
Spary = Him(S© + SG + S
3 2
= },133)32544(;% (;’;Z{ (h¥(=k)h'(k)
= h(=k)h' (k) + 3aB (= k)(h; (k)
~ BL(K) + 3abk? logu(Bx(—k)Bx(k))}. (DS)
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