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1 Introduction

Suppose thats € (0, 1), N > 25, p = %f%i and 2 is a smooth open bounded domain. In this
paper, we are concerned with the asymptotic behavior of solutions to the nonlinear nonlocal
elliptic problem

(=A)*u=uP™¢ inQ,
u>0 in €2, (1.1)
u=0 in RM\Q,

when a small parameter € > 0 tends to zero. Here, (—A)® is understood as either the spectral
fractional Laplacian or the restricted fractional Laplacian (see Sect. 2.1 for the definition of
the fractional Laplacians).

Recently, various nonlocal differential equations have attracted lots of researchers. In
particular, equations involving the fractional Laplacian were treated extensively in both pure
and applied mathematics, because not only the fractional Laplacian is an operator which
naturally interpolates the classical Laplacian —A and the identity (—A)° = id, but also it
appears in diverse areas including physics, biological modeling and mathematical finances,
as a tool describing nonlocal characteristic.

Owing to technical difficulties arising from the nonlocality, there had not been enough
progress in theory of equations involving the fractional Laplacian. However, about a decade
ago, Caffarelli and Silvestre [15] interpreted the fractional Laplacian in RY in terms of a
Dirichlet-Neumann-type operator in the extended domain R_]XH ={(x,t) e RVt .1 > 0},
and this idea allowed one to analyze nonlocal problems by utilizing well-known arguments
such as the mountain pass theorem, the moving plane method, the Moser iteration technique
or monotonicity formulae. A similar extension was also devised by Cabré and Tan [14], and
Stinga and Torrea [58] (see Capella et al. [17], Brindle et al. [10], Tan [61] and Chang and
Gonzélez [19] also) for nonlocal elliptic equations on bounded domains with zero Dirichlet
boundary condition.

Based on these extensions (or the integral representation of a differential operator itself),
a lot of studies on nonlocal problems of the form (—A)*u = f(u) (for a certain function
f : R — R) were conducted. For the results of particular equations, we refer to papers on
the Schrédinger equations [3,22,28,32], the Allen—Cahn equations [12,13], the Fisher—KPP
equations [8,11], the Nirenberg problem [1,39,40], and the Yamabe problem [24,34,35,41],
respectively. Also, Brezis—Nirenberg-type problems have been tackled in [6,27,60]. Most
results mentioned here considered on the existence of solutions with some desired property.
Meanwhile, several regularity results such as the Schauder estimate and the strong maximum
principle were derived in [12,14,16,17,39,58] and references therein.

Due to its simple form, the Lane—-Emden—Fowler problem (1.1) has been regarded as
one of the most fundamental nonlinear elliptic equations. It is now a classical fact that the
exponent p = %f%i is a threshold on the existence of a solution to (1.1). If ¢ > 0, one
can find a solution to (1.1) by applying the standard variational argument with the compact
embedding H*(Q) < LPHT1=€(Q). If ¢ < 0 and Q is star-shaped, the Pohozaev identity
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(obtained in [14,61] for the spectral Laplacians and in [54] for the restricted Laplacians)

implies that no solution exists. In view of the corresponding result of Bahri and Coron [4] to

the case s = 1, itis expected that (1.1) has a solution if the domain €2 has nontrivial topology.
On the other hand, it is well known that the Brezis—Nirenberg-type problem

(=A)Y'u=u?+eu? inQ,
u>0 in Q, (L.2)
u=0 in RM\Q,

where N > 25,0 < ¢ < p and € > 0 is a parameter, shares many common characteristics
with (1.1). Through the papers [6,7,57,60], it was determined that its solvability relies on
€, p, q, N and Q.

Once the existence theory is settled, the very next step would be to obtain information on
the shape of solutions.

For Eq. (1.1) with general exponents on the nonlinearity, an answer of this question is
provided by the moving plane argument. It yields that for any p — € > 1 each solution to
(1.1) increases along lines emanating from a boundary point to a certain interior point. It
then induces symmetry of a solution from that of the domain 2. We refer to [14,52,61] for
further discussion.

On the other hand, it is natural to guess that if € — 0, then the solution #, may possess
a singular behavior, since p = %ﬁi is the critical exponent. This idea intrigues one to
investigate the shape of u. in detail for € > 0 small enough. In this regard, Choi et al. [25] and
Davila et al. [29] constructed multiple blow-up solutions by applying the Lyapunov—Schmidt
reduction method (refer to Theorem A below). When the fractional Laplacian is defined in
terms of the spectra of the Dirichlet Laplacian, the authors of [25] also characterized the
asymptotic behavior of a sequence {uc}e=o of minimal energy solutions to (1.1) and (1.2)
(with g = 1). It turned out that u. blows up at a single point which is a critical point of the
Robin function of (—A)*.

In this line of research, an important remaining problem is to study the asymptotic character
of solutions {u¢}¢~o without the minimal energy condition. This is what we address in the
current paper. Precisely, we shall give a detailed description for the asymptotic behavior of all
finite energy solutions to (1.1) where the fractional Laplacian is either spectral or restricted
one. We believe that the same phenomena should happen to finite energy solutions to (1.2).

Theorem 1.1 For any given s € (0, 1) and N > 2s, suppose that there exists a sequence
{tntnen in

Q) = {u e H'®RY) : u=0in RN\Q} (13)
such that each of the function u, solves Eq. (1.1) with € = €, \( 0. In addition, assume

sup,en lunll gs(q) < +00 (refer to Sect. 2.1). Then, one of the following holds: Up to a
subsequence, either

(1) the function u, converges strongly in H*(Q) toa function v satisfying

(=A)v=vP inQ,
v>0 in 2, (1.4)
v=20 on RN\ Q

asn — 00, or
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(2) the asymptotic behavior of u,, is given by
m
U = Z Pw;i i + 1 (1.5)
i=1

where A;'l — 0and xfl — x(i) € Q asn — oo. Here, Pw, ¢ is the projected bubble defined
after (2.17), and r,, is a remainder term converging to zero in H*(2). Furthermore, the
following properties are valid.

— There is a constant Co > 0 independent of n € N such that 2y < Co holds for alln € N

A‘ﬁ.l
andi,j=1,...,m. '
— There is a constant dy > 0 such that |x,"1 —x,{l > do foranyn e Nandi,j=1,...,m
withi # j.

—2s

— Letb; = (limn—>oo ;—L'l’) : and by = ]imn_)oo(kll)—(N—zs)en, Then, the value

((B1s - bm), (XG5 -, X)) C (0,00 x Q"
is a critical point of the function ®,,, defined by
m
(b1, by X1, X)) =1 [ DBTH (i xi) — D bibi G (xi, xp)

i=1 i#k
—cylog(by ... by) - bo, (1.6)

where

1
N —2 wldx
S)fRN Lo 7% . (1.7)

14
c] = wi odx >0 and c; =
1 /RN b ( N Ja wi pdx

Here, G : Q x Q — R is Green’s function of (—A)*, H : Q x Q — R is its regular part,
and w o is the standard bubble on RV given in (2.13). (See Sect. 2 for more details.)

Remark 1.2 As we mentioned, Eq. (1.1) may have a solution even for € < 0 if the topology
of the domain €2 is not simple (say, its homology group over Z/(2Z) is nontrivial). Hence,
the first case (1) of Theorem 1.1 cannot be excluded for general domains.

If the blow-up points satisfy a certain nondegeneracy condition, then we can determine
the blow-up rates in terms of an explicit power of € ! as the following theorem shows.

Theorem 1.3 Let {u,},cN be a sequence of solutions to (1.1) satisfying (2) of Theorem 1.1.
Let us set an m X m symmetric matrix M = (m;;j)1<i, j<m by

HGL D =

Y eadhx) i #
Then, it is nonnegative definite. If it is nondegenerate (i.e., positive definite), then for any

1 <i <m, we have

: 1
. i
nll>ngo log, A, = N2 (1.8)

Recall that Eq. (1.1) has multi-bubble solutions as the following result indicates.
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Theorem A (Choi et al. [25]; Davila et al. [29]) Assume s € (0,1) and N > 2s. Given
arbitrary m € N, suppose that the function ®,, in (1.6) with by = ZSZ‘Y has a stable critical
set A, such that

Am C {(1s o dm), (01,2 xm) € (0, 00)™ x Q™
x,-#infi;éjandi,jzl,...,m}.

Then, there exists a point ((A(l), R kgl), (x(l), cey x(’)")) € Ay, and a small number €y > 0
such that for 0 < € < €, there is a family of solutions u of (1.1) which concentrate at each
point xé, e x(')"fl and x' as € — 0 in the form (1.5), after extracting a subsequence if
necessary.

The asymptotic behavior of solutions figured in Theorem 1.3 (2) corresponds exactly to the
multi-peak solutions described in the above theorem. This reveals the accuracy and sharpness
of our classification results. The question of finding a blow-up sequence of solutions not
satisfying (1.8) is open even for the local case s = 1.

Before introducing our strategy for the proof of the classification results, it is worth to
remind that problem (1.1) is a nonlocal version of the Lane-Emden—Fowler equation

N+2
—Au=ud2"° inQ,

u>0 in Q, (1.9)
u=2~0 on 0£2.

In [49], Rey constructed one-peak solutions to (1.9). Then, multi-peak solutions were found
by Bahri et al. [5], Rey [51] and Musso and Pistoia [47] (for N > 3) by different ways.
Furthermore, the classification of solutions was conducted in Han [38] and Rey [49] for
one-peak case (N > 3), and in Babhri et al. [5] and Rey [51] for general case (N > 4 and
N = 3, respectively).

Theorem B (Bahri et al. [5]; Rey [51]) Assume that N > 3 and {u,}pen C HO1 Q) isa
sequence of solutions to (1.9) with € = €, \( 0. Also, suppose that sup,, .y I|uy ||H01 @ < 00

Passing to a subsequence, either u,, strongly converges to a solution u of (1.4) withs = 1,
or it has the asymptotic behavior (1.5) where Pwj ¢ is the projected bubble defined as

—APw;\f:wa inQ and Pwye =0 onoQ

(wye is given in (2.13)). Moreover, all characteristics of the concentration points
{x,l, ..., X'} and rates {A},, ..., A} in the statement of Theorem 1.1 remain to hold. If
the nonnegative matrix M defined in the statement of Theorem 1.3 is in fact positive, then
(1.8) is valid.

In [5,51], a certain decomposition of the space HOl (€2) is crucially used (see Remark 1.4
(1) below), which produces large error in the lowest-dimension case N = 3. In this reason,
improved estimates had to be made additionally in [51]. Remarkably, as we will see later,
our proof for theorems 1.1 and 1.3 provides a unified and neater approach to treat this local
situation s = 1. As a result, we have a new proof of Theorem B working for all dimensions
N > 3 at the same time. See Sect. 6.2.

The framework of the proofs for our main theorems comprises of the following three
steps:

Step 1. Concentration-compactness principle;
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Step 2. Pointwise bounds of #,, obtained from a moving sphere argument and their applica-
tions;

Step 3. Two identities regarding Green’s function and the Robin function coming from a type
of Green’s identity.

Let us briefly explain each step by assuming that the spectral fractional Laplacian is under
consideration.

In Step 1, we recall the concentration-compactness principle for problem (1.1). This
renowned principle is found by Struwe [59] for Eq. (1.9), and recently extended to problem
(1.1) by Almaraz [2] for s = %, and by Fang and Gonzélez [31], and Palatucci and Pisante
[48]forall0 < s < 1 (in slightly different setting). It makes possible to decompose solutions
{untnen of (1.1) as

m
Un =0+ D Pwyi i+, (1.10)

i=1

€ H'(Q) is the projected bub-
ble and r, converges to zero in H*(Q). See Lemma 2.2 for the complete description of
)\ﬁl,x;, vo, Pw; ¢ and 7.

Now our task is reduced to getting further information on the sequence {u,},eny Whose
elements are expressed as (1.10), which is one of the main contributions of this paper. We
immediately encounter a difficulty, because we do not know at this moment even whether

where v is the ﬁs(Q)-weak limit of {u,},enN, wa;’,,x,“,

two different concentration points x’ and x; may collide or not. This technicality will be
tackled in Step 2, where we attain a pointwise bound of u, near each concentration point by
employing the moving sphere method toward the extended problem (2.4) of Eq. (1.1) (see
Sect. 3). This allows us to deduce no coincidence of two different blow-up points and to
obtain further valuable information on solutions such as the alternative between vy = 0 and
m = 0, and compatibility of blow-up rates of all peaks (see Sect. 4). This part is motivated
by Schoen [55].

Given the pointwise bound and its consequences derived in Step 2, we show in Step 3
that the L°°-normalized sequence of the solutions u, converges to a combination of Green’s
functions. Then, inserting this information into a Green-type identity (5.3) will lead us
to discover two identities (5.4) and (5.11) regarding on the limit of the blow-up profile
(A,ll, CoL A x,ll, ...x"), which will complete the proof of our main results. On passing to
the limit, one needs to know a uniform C2-estimate of the s-harmonic extensions of {it }nen.
It is not a trivial issue since we are handling the nonlocal problem (1.1), or the associate
degenerate local problem (2.4) with the weighted Neumann boundary condition. “Appendix
2” is devoted to deduce the desired regularity results.

The above strategy extends Han’s method [38] in a quite natural manner, while the argu-
ment in Bahri et al. [5] and Rey [51] can be regarded as further developments of Rey [49,50].

We conclude this section, presenting some additional remarks.

Remark 1.4 (1) The corresponding result to Step 3 for the local problem (1.9) was achieved
in Bahri et al. [5] and Rey [51]. The argument in [5,51] requires one to estimate
l7all L@ in terms of powers of €, and max<x<m, )L/,‘l. For this aim, the authors replaced

221 Pwy; i intheexpansion (1.10) of u, with 37" | o Pw,; i (forsome o) € R)and

@ Springer



Classification of solutions to the fractional... 275

then perturbed the parameters (ai, kﬁ;, xfl) so that r,, satisfies the HO1 (£2)-orthogonality
d Pw}\l’:’ xi >
dx; H} (@)

dPw,;: i
=<r,,,ﬂ> =0 forl<i<m, 1<j<N,

{rns wa{q,xfz>H(J1(Q) = <”n,

as in Bahri and Coron [4]. After that, they followed the argument of Rey [49,50] to get a
sharp estimate |7, || HL(©@)- Their argument is simplified in our proof in the point that we
do not need the estimate of the remainder term r,,.

(2) An advantage of the argument in [5,51] is that it deals with the energy functional of
(1.9) directly so that it suggests a way to compute the Morse index of the solutions.
Recently, asymptotic behavior of the first (N + 2)m-eigenvalues and eigenfunctions for
the linearized equation of (1.9) was examined in [26,36]. They give the information on
the Morse index as a particular corollary.

The rest of this paper is organized as follows. In Sect. 2, we review the extension problem
for the spectral and restricted fractional Laplacians, Green’s function, the Robin function and
the projected bubbles. Moreover, we recall the concentration-compactness principle which
brings with a decomposition result of blow-up solutions. Section 3 is devoted to the proof
of a pointwise upper bound which makes use of a moving sphere argument. In Sect. 4, by
using this estimate, we attain various refined information for the blow-up solutions, and in
particular, show that suitably normalized blow-up solutions converge to combinations of
Green’s functions. In Sect. 5, we obtain essential information of the blow-up points and their
blow-up rates by using a Green-type identity, which proves our main results. For the sake
of brevity, we concentrate only on the spectral fractional Laplacian in Sects. 3-5. Instead,
all necessary modifications to deal with the restricted fractional Laplacian or the classical
(local) Laplacian are listed in Sect. 6. Finally, a decay estimate of the standard bubble W ¢
(see Sect. 2.4) needed in Sect. 3 and elliptic regularity results necessary for Lemma 4.6 are
derived in appendices 7 and 8, respectively.

Notations.

— The letter z represents a variable in the half-space Rﬁ“ =RY x (0, 00). Also, it is written
asz=(x,t) = (x1,..., XN, Xn41) Withx = (x1,...,xN) € RY and ¢ =xny41 > 0.

— For any fixed smooth open bounded domain Q C RY, let C := Q x (0, ) C Rﬁ“
be the associated cylinder of Q2 and 9;C := 92 x (0, 0o) its lateral boundary. Set also
C :=Q x[0,00).

— For fixed N € Nand s € (0,1) such that N > 2s, the weighted Sobolev space
Dl'z(Rfﬂ; t17-2%) is defined as the completion of the space C?(Rﬁ“) with respect
to the norm

12
Wz = [, 1 2IV0@P:)  forv e c2@E.
o R+

Moreover, for any given cylinder C = Q x (0, co) (where €2 is a smooth open bounded
domain), the space H(}’Z(C 211725 is the completion of C2°(C U (2 x {0})) with respect
to the above norm.

N+2s

— We will denote by p the critical exponent =5
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— Let Bi’“ ((x, 0), r) be the half-ball in RT’I of radius r centered at (x,0) € RY x {0}.
Moreover, we set 9; BY (0, r) = dBY (0, r) N RN,

— dS stands for the surface measure. Also, a subscript attached to dS (such as d Sy or dS;)
denotes the variable of the surface.

— For an arbitrary domain D C R", the map v = (v, ...,v,;) : 3D — R” denotes the
outward unit normal vector on 9 D.

— Suppose that D is a domain and 7 C dD. If f is a function on D, then the trace of f on
T is denoted by tr|7 f whenever it is well defined.

N R 27TN/2/ I'(N/2) denotes the Lebesgue measure of (N — 1)-dimensional unit
sphere SV 1.
— The following positive constants will appear in (2.1), (2.2), (2.3), (2.8), (2.13) and (2.14):
o 223’SF(N;2X) . F(S) B r (N~f2»2S)
CNys '= ———

y Ks &= 5w o PN,s ‘= —xN >
TIT(—s) 27FTd ) B
1 21=2sp (N=2s
YN,s ‘= SN71 - N ( 2 )
| | r (7) [ (s)

N-2s 1 3
woo (T (MF2)\ % e TEE) Y (T )Y
e = (F( A5E) and S =207 ) ) \ vy )

— C > 01is a generic value that may vary from line to line.

2 Preliminaries on fractional Laplacians

In this section, we review some preliminary notions and results which will be needed through-
out the proofs of the main theorems.

2.1 Definition of Sobolev spaces and fractional Laplacians

For any smooth open bounded domain €2, let {A, ¢ }72, be a sequence of the eigenvalues
and the corresponding L?(2)-normalized eigenvectors of the Dirichlet Laplacian — A in €2,

—Apr =My inQ and ¢ =0 ond<,
loxllr2@) =1

where 0 < A1 < Ay < A3 < ---. Then the spectral Laplacian is defined in terms of the
quadratic form

0 2
Ogpec (W) = ZA;; (/ u¢kdx) foru € V¥ (Q)
k=1 &

where the domain V*(€2) of the form Qg is

VI(Q) = {u € LX) 1 Qlpec) < oo}.
By [46, Lemma 1] and [17, Proposition 2.1], it is known that
VI(Q) = B (Q) = {u = trlguoU : U € HY2(C; 11—25)]
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where H *(£2) is the function space defined in (1.3).
On the other hand, for any s € (0, 1) and u € H* (RM), we are capable of defining the
fractional Laplacian by using the integral representation

u(x) —u(y)
N |x _ y|N+2s :

(=A)’u(x) =cn s PV. / 2.1)

R

Here, the exact value of ¢y s > 0 (as well as other constants such as «; or py s below) can
be found at the last part of the previous section. If this operator is restricted to functions in
H* (R2), then it is called the restricted fractional Laplacian.

To compare two different fractional Laplacians, the reader is advised to check the papers
[9,46,56]. Given either the spectral or restricted fractional Laplacian, we set

1
2
el sy = ( /Q |<—A>S/2u|2dx)

for any u € ﬁS(Q).

Remark 2.1 A Moser iteration argument combined with the use of the Caffarelli-Silvestre
extension [15] shows that any finite energy solution u of (1.1) is bounded (see, for example,
[25]), and elliptic regularity results guarantee that u is continuous up to the boundary (refer
to [16,37] for the spectral case and [52] for the restricted case). Hence, it makes sense to say
that a finite energy solution « to (1.1) has zero boundary values.

2.2 Localization of fractional Laplacians

Let 2 be a smooth open bounded domain. For a fixed function u € V*(Q2) = H* (2) (or
HSRM)), let us set U € HOI’Z(C; 1725y (or DI*Z(RTFI; 1125y, respectively) to be the
s-harmonic extension of u#, namely, a unique solution of the equation

divt'=»VU) =0 inC (orRY™h),
U=0 ond,C (or  RYT =),
U(,0)=u onQ (orRV).

Then, by the celebrated results of Caffarelli and Silvestre [15] (for the Euclidean space RM)
and Cabré-Tan [14] (for bounded domains €2, see also [17,58,61]), it holds that

U
(=AY u(x) =U(x) := —ky lim 172 —(x,1) forx € QorRY).  (22)
t—0+ at

Moreover, if u € HS(RV), then the Poisson representation formula gives that

t2s

Ux,t)=p / -u(y)dy (2.3)
TR (=P 42

while for u € V*¥(R) it is possible to describe U in terms of a series related to the Bessel
functions (refer to [17]).
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278 W. Choi, S. Kim

As aresult, if the spectral fractional Laplacian is concerned, then the s-harmonic extension
Ue € HOI’Z(C; 11725) of a solution u. € V*(Q) to problem (1.1) satisfies

divt!=»vU,) =0 inC,

U =0 )
¢ on d.C, (2.4)

Ue = ue on 2 x {0},

BUe =ul™ on Q x {0}.

In light of the Sobolev inequality (refer to [17, Sections 1-2] and (2.14) below), we see

P < Clluel|Z e (2.5)

2 —
”UG ||H01'2(C;t1_2“') - ||u€ ||Lp+1—€(Q) — HS(Q) °

Therefore, if we have sup,.g lluell gs(q) < 400, then sup,._ ¢ | Ue < +o00.

[ o212
R
Moreover, by the strong maximum principle ([12, Corollary 4.12] or [30, Lemma 2.7]), it
holds that U, > 0 in C.
A similar (and in fact simpler) formulation is available when the restricted fractional

Laplacian is studied. In this case, the equation we have to consider is

div(e'"BVU,) =0  inRY*H!

U =0 on (RM\Q) x {0}, 2.6)
Ue = ue on Q2 x {0},
BUe =ul™ on  x {0}.

2.3 Green’s functions of fractional Laplacians

In this subsection, we review Green’s functions.

We consider first the case when the fractional Laplacian is defined in terms of the spectra
of the Laplacian. We refer to [25] for more details.

Let G be Green’s function of the spectral fractional Laplacian (—A)*® on a smooth open
bounded domain €2 with the zero Dirichlet boundary condition. Then, it can be regarded as
the trace of Green’s function G¢ = Ge¢(z, x) (z € C,x € Q) for the Dirichlet-Neumann
problem on the extended domain C which satisfies

divt'=»VGe(,x)) =0 inC,
Ge(-,x) =0 on 3;.C, 2.7
3Ge(-, x) =8, on § x {0}

where §, is the Dirac delta function on R” with center at x € 2.
Green’s function G¢ on the half-cylinder C can be decomposed into the singular and
regular parts. The singular part is given by Green’s function

¥N,s

GRﬁJrl ((.X, t), y) = W (28)
on the half-space Rﬁ“ satisfying
. 1-2¢ _ . N+1
div (t Vi Gy (1,0, ) =0 inRYT, 00

8} Gy+1((x,0), y) = 8y (x) on RN = R} ™!
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for each y € RY. The regular part is given as the function He : C — R which solves

div (t'"V( nHe((x,1),y)) =0 inC,

VYN,s
He((x,1),y) = —————— arC,
c((x,0),y) =y np> oL (2.10)

5 He((x,0),y) =0 on 2 x {0}

for any y € Q. Its existence can be verified in a variational method (see Lemma 2.2 in [25]).
We then have

Ge((x, 1), ) = Gy ((x, 1), y) — He((x, 1), y).

Now, letting H(x,y) = Hcg((x,0),y), we can decompose G(x,y) = G¢((x,0),y) as
follows.
¥YN,s

N

— H(x,y).

Let us recall some regularity properties of the function He. For any index « € (NU {0},
the partial derivatives df Hc of Hc in the x-variable always exist (see Lemma 8.1 and Sect. 2
of [25]). In addition, it follows from (2.10) that

div (1172V(, n3%He((x,1),y)) =0 inC,
350YHe((x,0),y) =0 on Q x {0}.

Therefore, by applying [12, Lemma 4.5] to each 0 Hc, we see that there is a constant
C = C(a,r, &) > 0such that

|0y He((x, 1), y)| < C (2.11)
and
|t 8,0 He((x. 1), y)| < C 2.12)

for all (x,t) € BiVH ((£,0), r) provided that £ € Q and r > O satisfy the condition
r < dist(¢, 0€2).

When the restricted fractional Laplacian is dealt with, we observe that the above discussion
is still valid once we let C = RTFI and substitute the boundary conditions in (2.7) and (2.10)
with

Ge(,x) =0 onodgC and

He((x, 1), y) = K

Gy, -2 O 98C

respectively, where 0pC := (RM\Q) x {0}. (The function G in this paragraph should not
be confused with the fundamental solution Gpy+1 in (2.8).)
+

2.4 Sharp Sobolev and trace inequalities

Givenany A > 0and & € RY, let w;, ¢ be the bubble defined by
N—2s

A
—ays(— fi RN . 2.13
wy e (X) = an,, ()9 T $|2) orx € (2.13)
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Then, it is true that

1 1
Zat 2
(/ |u|f’+1dx)' < Sns (/ |(—A)S/2u|2dx) forallu € H*(RY), (2.14)
RN RN

and the equality holds if and only if u(x) = cwj ¢ (x) foranyc > 0, A > Oand& € RV (refer
to [18,33,45]).1 Furthermore, it was shown in [20,42,44] that if a suitable decay assumption
is imposed, then {wy ¢ : A > 0,& € RN} is the set of all solutions for the problem

(=A)*u=uP, u>0 inRY and lim u(x)=0.
|x|—o00

Denote also the s-harmonic extension of wy ¢ by W;, ¢ € DI’Z(R_/XH; t1725) 50 that Wi e
solves

(div(tl_zs Wie(x.0)=0 inRY*! (2.15)

Wi e(x,0) = wy £(x) on RV,

It follows that for the Sobolev trace inequality

p-lH S %
(/ |U(x,0)|p+1dx) < J/Ks Sn.s (/ / t1_2‘|VU(x,t)|2dxdt) , (2.16)
RN 0 RN

the two sides are equal if and only if U(x,t) = cW, ¢(x,t) forany ¢ > 0, L > 0 and
£ e RV,

2.5 Concentration-compactness principle

Firstly, we treat the spectral fractional Laplacian case. Let P W) _¢ stand for the projection of
the bubble W, ¢ into H(}’Q(C : t1725) that is, the solution of

divt! "3 VPW, ¢) =0 inC,
PW)L,g =0 on 3LC, (2.17)
RPWig=0Wieg =W/, onQx{0},

and Pw; ¢ = trlgx{o) P Wy¢. By the maximum principle [25, Lemma 2.1], we have 0 <
PW) ¢ < Wy ¢ inC. Also [25, Lemma C.1] says that

PWie(z) = Wie(x) —cih = HC(z, §)+0(AN%2:) (2.18)

uniformly for z € C where ¢; > 0 is the number appeared in (1.6).
The following result is a fractional version of Struwe [59].

Lemma 2.2 Let {U,},en be a sequence of solutions to (2.4) with € = €, \( 0 which

satisfies the norm condition sup, .y ||U,,||H1,2(C,t1,2x) < ©00. Then, there exist an integer
0 )

m € NU {0} and a sequence {(}\fl, xf,)}neN C (0, 00) x Q of positive numbers and points

foreachi =1, ..., m such that

m
Ry = U, — (vo +> PW%’X,,;) — 0in Hy?(C;1'7%) asn— o0 (2.19)

i=1

! The constant Sp.s is still the best constant even if we restrict the class H* (RN ) to the subspace HS (2). See
[46, Theorem 4].
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(up to a subsequence) where Vy is the weak limit of U, in HOI’Z(C; t1=25) which satisfies

dive!=»VvVy) =0 inC,

Vo=0 ond.C, (2.20)
N+2s
Vo = VON*2x on Q x {0}.
In addition, it holds that
[ MooM 1
— dist(x,, 0Q2) - o0 and — + — + - |x, — x| — 00 asn — oo (2.21)
Al J Al i3/
n An no ALy

foralll <i # j<m.

Proof See [2] and [31] where an analogous conclusion is deduced in the setting of asymptot-
ically hyperbolic manifolds. Since their approach still works for our case, we omit the proof.
O

Let vo = tr|ox oy Vo and r, = tr|qx (o) Rn.
Extracting a subsequence of {U,},en and reordering the indices if necessary, we may
assume that

A}lfkﬁf-usknm foralln € N and x,"l—>xée§ asn — oo. (2.22)

Using the Kelvin transform and the moving plane argument, Choi [23, Lemma 4.1] proved
that {U,},en are uniformly bounded near the boundary 92 x [0, co). That is, there exist
constants § > 0 and C > 0 such that

sup sup |Up(x, )| = C.
neN {(x,)eC:dist(x,d) <3}

Hence,
dist(xé, 0RQ) >6§ fori=1,...,m. (2.23)

For the restricted fractional Laplacian, we define P W, ¢ by (2.17) whose second line is
replaced with PWj ¢ = 0 in RN\ Q. Then, it is not hard to draw analogous results to Lemma
2.2 (cf. [48]) and (2.18). Besides, one can check that (2.23) still holds as follows: If the
domain 2 is strictly convex, we apply the moving plane method with the maximum principle
for small domains (given in [53, Lemma 5.1]), getting

sup sup  |u,(x)| < C. (2.24)
neN dist(x,d2) <8
In the case that €2 does not have the convexity assumption, we first use the conformal invari-
ance of Eq. (1.1) (refer to [52, Proposition A.1]) and then employ the moving plane method
to obtain (2.24). Now combining (2.19) and (2.24) gives (2.23) at once. See [38, Section 2]
to recall the argument used for the local case s = 1.

In the next two sections, further information on blow-up rates {qu }7L, and points {xfl )
in the decomposition (2.19) will be examined. In what follows, we simply denote w19 and
W1.0 by w and W, respectively. Since W = W (x, ¢) is radially symmetric in the x-variable,
we will often write W(x, 1) = W(p, t) where p = |x|. In addition, the operator (—A)® is
understood as the spectral fractional Laplacian in Sects. 3, 4 and 5. Consideration on the
restricted fractional Laplacian is postponed to Sect. 6.
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3 Moving sphere argument and pointwise upper bound
The aim of this section is to obtain a sharp pointwise upper bound of solutions U, to (2.4).
To this end, we will employ the method of moving spheres (refer to [21,43,55]).

Proposition 3.1 Let rog > 0 be any fixed small number. Assume that {M¢}e=o is a family of
positive numbers such that lime_, oo Me = 00 and lime_, oo M = 1. If a family {Ve}eso of
positive functions satisfies

2
div(t" =B VV,) = 0 inBN (o, rOM;HS) x (0, 00),
_2_
BVe =V onBN(O, roMeN’Z“'), (3.1)

el 2y =S¢
L® (B++' (o,rOMEN*ZS ))
for some ¢ > 0, and
Ve — W weakly in DI’Z(R_]XH; 172y ase — 0, (3.2)

then there are constants C > 0 and 0 < 8o < rq independent of € > 0 such that

2
Ve(z) < CW(2) forallz e Biv“(o, (SOMEN‘Z")_

For the proof of the above proposition, we make some remarks.

Remark 3.2 (1) By (3.1),(3.2) and the Holder regularity due to Cabre—Sire [12], if a constant

¢1 > 0 and a compact set K C Rﬁ“ are given, then there exist €; > 0 small and
a € (0, 1) such that

Ve = Wllcex) < &1 fore € (0, €1). (3.3)
(2) For any function F in ]Rﬁ“ ,let F* be its Kelvin transform of defined as
2z N—-2s }\2
Fo)= (= F() where 2" := ~— e RY*!. (3.4)
2] 22 =
If we write D = V. — V*, then it holds that
(N—2s)¢ pe pee
A - AP~ - AP
8SD€ = Vep - (M) (Vé) = Vep ‘- (Ve)
= £.(x) D} for|x| > randt =0
where
ep_é _ (‘/G)L)p_e

Ee(x) = Ve — V2
(p—VE " (x,0) if Ve(x,0) = V2 (x, 0).

(x,0) if Ve(x,0) # VA(x,0),

(3) Foreach R > 0, let us introduce Green’s function G ¥ of the spectral fractional Laplacian

(—=A)* in Q = BN (0, R) with zero Dirichlet boundary condition and Green’s function

Gg of Eq. (2.7) in the cylinder C = BN (0, R) x (0, o0). By the scaling invariance, we
have

X

1
R 1
G (%Y)=WG (*

y) N
,—) forx,ye B"(0,R
7 g) XY 0, R)
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and

R0 = —— G (5. L), 2 forx.yeB¥0.R)ands > 0
= pNv2e\\R )R Y ’ '

Thus, we can decompose Green’s function in BV (0, R) into its singular part and regular
part as follows:

R _ VN.s 1 f(x t) Y
Cele ) =16y i ~ gy e ((E E) ’ E) forx.y

e BN, R), t > 0. (3.5)

The precise value of the normalizing constant y,, is given in Notations.

As a preliminary step, we prove the minimum of V, on any half-sphere {z € RQ’ oz =
2

r} is controlled by the value W (r, 0) whenever r is at most of order MY ande > 0is

small enough.

Lemma 3.3 Let {V¢}c~0 be the family in the statement of Proposition 3.1. Then, for any
& > 0, there exist small constants §1 € (0, ro) and €2 > 0 such that

_2_
min Ve(z) < (1 + )W (r,0) forany0 <r <8 ME ™ and e € (0, ).

{zeRY M :jz|=r)
(3.6)
Proof The proof is divided into three steps.

STEP 1. We assert that for any parameter 0 < A < 1, there exists a large number
R = R(X) > 0 such that

(W= W20)(2) >0 fork < |z] <R. 3.7)

A direct computation with (2.13) shows that wh(x) = w;2 o(x) for any A > 0 and

x € RN. By [30, Proposition 2.6] and the uniqueness of the s-harmonic extension, it
follows that W* = W;20in RTFI. Hence (3.4) and (7.1) imply that

div(t =B V(W — Wy2 ) =0 inRY T,
W =W )@ =W -WhHz) =0 onlz|=handt > 0,
(W —=W,20)(@) >0 on|z| =Randt > 0,

(W —=W20)(x,0) = (w—wy29)(x) >0 oni<|x|] <R

for some R > 0 large. Now, the (classical) strong maximum principle justifies our claim
3.7).

‘We also notice that
W, t) <wkx) <w(0) =ay, for(x,t) e Rﬁ“ (3.8)

where oy ¢ > 0 is given in Notations.
STEP 2. From the definition (3.4), we have

N—-2s 2
Vi) = (i) Ve (A—i) : (3.9)
|z] |z]

By (3.3) and (3.8), there are values n; > 0 small and Ry > 0 large such that
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Viz) < (1 + iﬁ) anslz N2 forany 0 < A < 147 and |x| < Ry, (3.10)

provided € > 0 small enough. Let us take A; = 1 — n; and Ao = 1 + 5. Thanks to
estimates (3.3) and (3.7), it is possible to select numbers 7, > 0 small and R; > Ry
large such that

DM (2) = Ve(z) — VM (z) > 0 for A1 < |z| < Ry, G
VM) < (1 —2m)ay 2|~V for |z| > R, '
and
/ VP (x,0) dx > (1 — @)/ w” (x) dx (3.12)
BN(0,R)) 27 JmrNv
for any sufficiently small € > 0.
Furthermore, we also have
2
Ve@) = (1 —m)an szl N2 for Ry < |z < M7 > (3.13)

if 8; > 0 is small enough. To verify it, let us choose a function v which solves

_2_
(=AYb = VP7¢(-,0) in BY (0, roMéN*ZY) and 9, =0 on aBN(o roMX- 25)

2
and denote by V, its s-harmonic extension to the cylinder BV (0, roMe NIy % (0 00).

Then, the comparison principle [25, Lemma 2.1] tells us that V. > Ve Since Hc (z,y)

is bounded in {(z, y) € RN'H x RN 1 |z], |y] < 1/2}, we obtain
VYN,s 81
H t ——— f , D, < — 3.14
ey = % ey el ol = (3.14)

by making §; € (0, ro) smaller if necessary. Moreover, because

|(x =y, D] < (1 - *) [(x, 0) for|(x, )] = IRy and |y| < R

given any large [ > 1, we see from (3.5), (3.12) and (3.14) that

2
Vo(x.1) = / VP 0 G (). y)dy
BN (o,rOMEN*ZS )

n2 — YN,s

= (1-2) L VI 0) gy
47 JBN (0.5, M) ¢ [(x =y, )|N=2s
n2 — ¥YN,s

S (-2) ([, voon) e
2/ \pvory € |(x, )|V =28

) ) s
> (1 7]2) (/]RN w (y)dy) |( t)|N72S

AN,
= (1 — R
=) v

forl Ry < |(x, 1) < 81 M~ 2 (3.15)

by choosing / large enough. If Ry < |z| < IRy, wehave V. (z) > (1—n2) ay.s |z~ N2
for € > 0 small, for V. converges to W uniformly over a compact set. This shows the
validity of (3.13).
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STEP 3. Suppose that (3.6) does not hold with §; > 0 chosen in the previous step. Then

min Ve, (2) > (14 )W (1, 0)

N+1,
{zeRY*)zl=rt)

for some sequences {€x}ren and {r}xen of positive numbers such that g — 0 and
2

. € (0, 81M6’Z’2“'). Because of (3.3), it should hold that r; — oo. Thus Lemma 7.1
implies

min  Vi(2) > (1 + Q) an g N2 (3.16)

{zeRY 1 z)=ry) 2

where Vi :=V,,.
Now, we employ the method of moving spheres to the function D,i‘ (see Remark 3.2 (2)
for its definition). For any k € N and & € [A1, Az], let

Ef:{xeRf+lzu<lzl<rk}
and define a number A; by
M =sup{Ar € [A1, A2] : D} (z) = 0in B} forall Ay < < A}.

By (3.11) and (3.13), we see that A; > A;. We shall show that Ay = A, for sufficiently
large k € N. B
To the contrary, assume that A; < A, for some large fixed index k € N. By continuity

it holds that D,’:k > 0in 2,’:". Moreover, from (3.16) and (3.10), we have D,’:k > 0 on
{z € RY*! . 2| = i), which implies that D* # 0 in £*. Thus, it holds that D}* > 0

in 22" thanks to the strong maximum principle. Pick § > 0 small so that the maximum
principle for domains with small volume [30, Lemma 2.8] can be applied. If we choose a

compact set K C E,i"‘ such that |E£"_\K | < &, then infg D,f"' > 0. By continuity again,
for A € (A, A2) sufficiently close to Ax, we have

KCX}, |ZN\K|<8 and irléfD,’} > 0.

Consequently, we see from [30, Lemma 2.8] that D} > 0, contradicting the maximality
of Ar. Therefore, it should hold that A = A5.
Finally, taking a limit k — 0o to D,fz > 01in E,i‘z, we get

W(z) > W*(z) in|z| > ha.
However, it is impossible since A, > 1. Therefore, (3.6) should be true. ]

We now complete the proof of Proposition 3.1.

Lemma 3.4 Let {V.}c~0 be the family in the statement of Proposition 3.1 and 51 > 0 the
number selected in the proof of the previous lemma. Then, there exist a constant C > 0 and
small parameter &y € (0, 81) such that

2
Ve(z) < CW(z) forallz e BY! (0, soMéHS)

provided that € > 0 is sufficiently small.
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Proof By virtue of lemmas 3.3 and 7.1, we have a point zg = (xo, fg) € RTFI such that
[zol = SZMﬁ and

Ve(z0) = (1+82)W(lzol, 0) < (1 +252) arw, |20~V 7>
for any small 6, € 2(0, 81). Let GZ be Green’s function of (2.7) in the semi-infinite cylinder

C = BN(0,5M ) x (0, 00) (refer to Remark 3.2 (3)). Then, we are able to choose a
constant §3 € (0, 67) so small that

Ve (z0) 2/ 2 VP7(y,0)G*(z0, y) dy
BN (0,5 M%)
> (1 —=2)vw, / 2 VIPT(y,0) ——————-dy
' BN0.6,MN T € [(xo — y, t0)|N =28
> (1= 28)¥n,s lzol N2 / 2 VPT(y,0)dy
BN (0,57

as in (3.15). Combining the above two estimates with (3.12), we obtain

/ L VP (y,0)dy < Cto. 3.17)
BN (0,85MN 2 )\BN (0,Ry)

Since V¢ is uniformly bounded, we observe from (3.17) that

VIt (y,00dy < Coa. (3.18)

2

/BN<0,63M€N‘2X BN (0.R1)

Now, let us define V, ((z) = rN%ZY Ve (rz) on the half-annulus {z € Rﬁ“ 1 1/2 < |z] <2}
2

foreach 2R| < r < 683 Mgm /2 and € > 0 small. Then, one can apply the Moser iteration
method with (3.18) (refer to [25]) to deduce that it is uniformly bounded in {z € Rﬁ‘“ :
3/4 <|z| <3/2}, r and €. As a result, the Harnack inequality [12, Lemma 4.9] yields

sup Vie(@) <C inf Vie(2)
{zeRYT1:3/4<12|<3/2) {zeRYH!:3/4<121<3/2)

where C > 0 is a universal constant. This inequality with Lemma 3.3 and (3.3) concludes
the proof of the lemma (giving 69 = 3383/4). O

The following assertion is an immediate consequence of Proposition 3.1.

Corollary 3.5 Fix any xo € RN and small ro > 0. Let {Uc}eso be a family of positive
solutions to
div(t' "> VU,) = 0 in BN (x, ro) x (0, 00),

U = vl on BN (xo, o),
N—2s

2
||U€ ||L°°(Bf+] ((x0,0),70)) =< CM€

for a certain constant ¢ > 0 independent of € and a family of positive values {M¢}c~o

such that lime_, 0o Me = 00 and lime_,oo M{ = 1. Suppose that the rescaled function
_N-2
M, ? UG(M;] - +(x0, 0)) converges weakly to the function W in Dl'z(RﬁH; =25y,
Then, we have
N—-2s

Ue(z) < CMe > W (M (z — (x0,0))) forall z € BY ™ ((x0,0), 80)
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for some 8y € (0, ro) and C > 0 independent of €.

4 Application of the pointwise upper estimate

In this section, we gather refined information on finite energy solutions U, to Eq. (2.4). More
precisely, we first show that Vj vanishes identically if m # 0 in (2.19). Then, we prove
that any two different blow-up points do not collide and blow-up rates of each bubble are
compatible to the others. Finally, we get sharp pointwise upper bounds of U, over the whole
cylinder C and deduce that a suitable L °°-normalization of U, converges to a certain function
as € \ 0, which can be described as a combination of Green’s function.

Recall from (2.19), (2.22) and (2.23) that

m
Up=Vo+ D> PWy i + Ry inC (4.1)

i=1

and x6 = lim,,_moxfl e Qforeachi = 1,...,m. We also remind with (2.21) that the
concentration rate A;, on each blow-up part tends to 0 as n — oo. The next lemma ensures
that this convergence is not too fast.

Lemma 4.1 Let {U,},cn be a sequence of solutions to (2.4) with € = €, \ 0, which admits
a decomposition of the form (4.1). Then, we have lim,_, oo (X)) =1 foreach 1 <i <m.

Proof Fixanyi € {1, ..., m}. Multiplying (2.4) by PWii i integrating by parts and using
(2.15), we get the equality

/ ug_G"PwAi i dx = /{s\/tliz‘YVUn . VPW)J' Xi dxdr :/ u,ﬂl)fi i dx. 4.2)
Q n*’n C n*’n Q

ntn

Let us estimate the leftmost and rightmost sides of (4.2). By making use of (4.1),
(2.21), the mean value theorem, and the fact that vy is bounded on 2 x {0} and
lim;,— o0 ”R””HOI‘Z(C'H*ZS) = 0, we obtain

[ o) o s
Q n*’n nXn
m
SC/ S Py vt | Py PTI  uglP T oy P
J#i j=1
Pw)‘il'xrildx = 0(1)
Hence, it holds
/uyll)fenPwM-ﬂx’,;dx :/(Pw)»f,,xf?)quie"dx-i-o(l). @3)
@ Q
Moreover, it is easy to check that
(N2
/ (Puyy )77 dx = () (452 /  (Puig)Pt
¢ A (Q—xt)
(N2
= (A) (252 )en (/ wp“dx—i-o(l)), @
RN
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Similarly, one may show that

/ u,,wf, ,dx _/ wPHdx + o(1). (4.5)
Q X RN

Substituting (4.3), (4.4) and (4.5) into (4.2), we conclude that 1im,,_>oo()\ﬁl)€" = 1. The
lemma is proved. O

In the following, we give the proof of several claims stated in the beginning of this section,
applying the previous lemma.

Lemma 4.2 Let {U,},en be a sequence of solutions of (2.4) with € = €, which admits an
asymptotic behavior (4.1). Suppose that there exists at least one bubble in (4.1), i.e., m # 0.
Then, Vo = 0.

Proof Firstly, we aim to show that
Up(z) < C(k},)_% uniformly for any z € C and n € N. (4.6)

To do so, we consider the function 17,, (2) := ()»,1) U,, (A z) defined in C,, := ()»,ll)‘IC.
One can easily observe that it satisfies

div(t1=»VU,) =0 inC,,
17,, =0 on d,.Cy,
33 U, = (k on 2, x {0}

where Q,, ;== (A,ll)_lﬂ. Also it is plain to check

sup/ =21V 0, (x, 1)Pdxdt < C and sup/ 1T, (x, 0)|5dx < C. (47
n Q

neN neN

Owing to Holder’s inequality, it holds that

sup/ |l7,,(x, 0)|2dx <C
neNJ BN (y,r0)NQ,

for any y € €, and a small value ro > 0 to be fixed soon. Combining this with the first
estimate of (4.7) yields

su U0, (x, 1)Pdxdt < C (4.8)

)

neNJBY T (y.0).r)NCy
(see the proof of [24, Lemma 3.1]). Let § > 0 be the number in Lemma 8.1. Then, from
(2.22), (4.1) and the fact that

N 25

lim ‘(x ) R, x, 0)| T dx =0,

n—0o0

it is possible to choose rg > 0 small enough so that

sup/ T, (x, 0)| 75 dx < 5.
BN (y,ro)NQ

neN

(N— 2s>e

Therefore, by invoking Lemma 8.1 with a = (k ) U,f’ ~17¢ and f = 0, we may

conclude that

sup 1Tl L (B (y.r0 2y < C SUP 172U, (x, 1)|?dxdr < C

N/BN*‘ ((3.0),70)NCy
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where the last inequality is due to (4.8). Since y € €2, is chosen arbitrarily and ﬁn attains its
maximum on 2, x {0}, it follows

sup sup ﬁn(x, t) = sup sup ﬁn(x, 0) <C.
neN (x,t)eC, neNxeQ,
This proves (4.6).
Now, by virtue of (4.6), Corollary 3.5 and Lemma 4.1, we obtain

1

e (z—(10

Un(z) < CONT T W (Z;#) forall z € BY((x).0).80),  (4.9)
n

which implies

lim Uy(z) =0 forany z € BY ™ ((xg. 0). 80/2)\{(x;. 0)}.

Since Ry (-, 0) — 0in L¥"% ($2), there exists a point x’ € BN (x}, 80/2\(x{, ..., x21} such
that lim,,_, o0 R, (x’, 0) = 0. Furthermore, we know from (4.1) that U, (x, 0) > Vp(x, 0) +
R, (x,0) for all x € , so it should hold that Vy(x’, 0) = 0.

On the other hand, each U, and its weak limit Vjy are nonnegative in C. Therefore, one
concludes from the strong maximum principle that Vy = 0. O

In Lemmas 4.3—4.6, we are mainly interested in the case m # 0. In this situation, solutions
U, to (2.4) with the asymptotic behavior (4.1) can be rewritten in the form

m
Up=D PWy i +R, inC (4.10)
i=1

where lim,, . « || Ry IIH(;J 0.

(C;11-25) =
Lemma 4.3 Assume that a sequence {Uy}nen of solutions to (2.4) with € = €, has the
asymptotic behavior given by Lemma 2.2 with m > 1. Then, there exists a constant dy > 0
such that

|x6—xé|2do foranyl <i < j <m. “4.11)

Proof Assume that two different blow-up points converge to the same point x’ € Q. By
(2.21) and (2.22), one of the following holds:
i

A
(1) lim 24 =0 or (2) lim
n—oo

A n=o0 0 A

ey — x|

Suppose that (1) holds. Then by (2.22), it should be true that

Al
lim 2 =0. (4.12)

n—o00 AZ“
We shall prove that it cannot happen. By Corollary 3.5, we have an upper bound (4.9).
Furthermore, we can find a lower bound
N-2s

Un(z) > CM ™2 forall z € BY (', 0), ) (4.13)

where §p > 0is a number in (4.9) (taken smaller if required). Indeed, by (2.18), (2.19), (2.21)
and Lemma 4.2, we have

(A;")N%ku,, Ay +x)') - w(y) forae.ye RV,
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Thus Green’s representation formula, Fatou’s lemma and Lemma 4.1 show

Un(z) > / Ge(z, x)ul " (x) dx > C/ up " (x)dx
BN (xn,80) BN (xn,80)

—€,

N—2s P—€n
(14€4) / [(knm)Tun ()»Z’y + x,r:’)] dy
BN(O,B()/M;’)

N-2s

= C(kzl) 2

N-2s
>C (/ wP(y)dy +0(1)) ) 7, (4.14)
RN
which confirms (4.13). Now fixing any point z* € Ri“ such that |z* — (x/, 0)| = §y/2 and
putting it into (4.9) and (4.13), we discover that (A;")% < C()»,ll)% for some C > 0,
contradicting (4.12). Therefore (1) is false, and we may assume that
i
lim 2

=cg forsome cg € (0, 1]. (4.15)
n—o00 )\}/1

Assume that (2) is true. Owing to (4.15), inequality (4.6) can be written as

N-2s

Up(2) < COH~ "7 < Ciy="7" forzeCandn e N. (4.16)

Hence, we infer from elliptic regularity and Corollary 3.5 that

N-2

(A{;)Txun (X{, . +x,{) — w in C*R") for some & € (0, 1)

and
SN2 7— (x,{, 0) (x,{ —x1,0)
Unz) =Cy)~ = W . + ! (4.17)
M A
forall z € Bi’“((x’, 0), 80/2) and large n € N. Since lim,_ |x,{ — x£¢|/)‘fz = o0 holds

because of (2.22), if we take z = (x;}, 0) in inequality (4.17) and use (4.16), then we get

i

J—N=2s j i\—NZ2s xr{ — Xy i—NZ2s
Chn)™ 7 Zuplxp) =COy)~ 2w =o(l)-(A,)" 2

M

provided n € N large. However, this is absurd as (4.15) holds, and so (2) does not hold either.
Summing up, every possible case is excluded if two blow-up points tend to the same point.
Accordingly, (4.11) has the validity. O

In the following lemma, we study the behavior of solutions u,, to (1.1) outside the blow-up
points {xé, ... x0' ) We set

m
Ar=Q\J B (xj,r) foranyr > 0. (4.18)
i=1

Lemma 4.4 Suppose that {Uy},en is a family of solutions for (2.4) with € = €, satisfying
N-2s

the asymptotic behavior (4.10). Then, for any small r > 0, we have u,(x) = O((A}')" 2 )
uniformly for x € A,.
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Proof Leta, = u,’f_l_e” so that 85 U,, = a,u, in Q x {0}. Then, we see from (1.5) that

m
a <C Hw i i
I ””L%(A,M) =< '21 A
=

Therefore, we can proceed the Moser iteration argument to get ||, || La(a, ) = o(1) for some
q > %, and it further leads to |Ju, |1~ (4,) = o(1) (see Sect. 3 in [25]).

Assume that r € (0, min{do, dp/2}) where §p > 0 and dy are the numbers picked up in
Corollary 3.5 and Lemma 4.3, respectively. Then, the argument used to derive (4.6) with
Lemma 4.3 deduces

p—1—e,
L7180 @V Y (11 ) 1R ”Ho"z(C:t‘—l")) =o(D.

Up(x.1) < C(L)™"7" for |x —xj| <randt >0
so that Corollary 3.5 implies

c N [x —xl  N-2s r A
up(x) < C(Ay,)~ 2 w( Y ")EC(?»;) 2 foriflx—x(’)lsr

n

where i = 1, ..., m. By Green’s representation formula, one may write
m
y (x) = / GG, yul " (ydy+ / Gy ul " () dy.
A,/Q i=1 BN(X('),I”/Z)
If we set b, = |lunllL>(4,), then we observe with assumption (2.22) that

/ G,y ul " (y)dy
Arp2

< c/ G(x,y) (b{,"fﬂ + max{A}, ..., )vnn}N%%p—en)) dy
Arp2

N-2s,  _
=C (b,’f*" + () T ) (4.19)
for any x € A,. Besides, Corollary 3.5 and Lemma 4.1 give us that

/ Gy ul " (ndy
BN (x{,r/2)

scf o
BN(x(’),r/Z)
N-2s

<c / W= () dy < COy™ (4.20)
BN (x{,r/2)

iy
)‘n »Xn

forall x € A, andeachi =1, ..., m. Hence, by combining (4.19) and (4.20), we get

by = € (B + ) ™5).

Since we have p —e, > 1 and b, = o(1), the above inequality implies that b, < C(A}} a2 .

The lemma is proved. O

We prove the compatibility of the blow-up rates {A,ll, AT

@ Springer



292 W. Choi, S. Kim

Lemma 4.5 There exists a constant Coy > 0 independent of n € N such that

)\i

2 <Cy foranyl <i,j <m.

A
Proof As in (4.14), it can be verified that u, (x) > C())) % in Ui, BN(x(]j, r) for each
i =1,...,m.Asamatter of fact, it is possible to substitute x;’ and A} in (4.14) with x;, and

kil, respectively.
On the other hand, we know from Lemma 4.4 that u,(x) < C ()Lf,)NEZS for x €
. . . N-2s i N—=2s
BN (xj, r)\BY (x},r/2). Thus, we have (\}) 2 < C(A}) 2 forany 1 < i, j < m.

The proof is done. O

. N—2s
. . U 2
As in the statement of Theorem 1.1, we set b; = lim,_ (i—';) € (0, oo) for any
n

i=1,....,m.

Lemma 4.6 Suppose that {U, },cN is a sequence of solutions to Eq. (2.4) with € = €, which
admit the asymptotic behavior (4.10). Then, it holds

lim ()Ll)_N%ZSU (x,t)=c ibG ((x, 1), xp) (4.21)
o nX, = (] i UC s )y X .

i=1

in CO(C/\{(xé, 0), ..., (xg', 0)}). Furthermore, we have

m
. _N-2s .
Jim )™ VEU () = e D bi ViGe((x, 1), xp) (4.22)

i=1
for1 <k <2and

m
lim (x},)—N%zst’—ZSa{v)’;Un(x, 1 =ci Zb,- 1B YVEGe (e, ), X)) (4.23)

n—00 4
i=1

for any pair (k,1) such that 0 < k < 1,1 <[] < 2and 1 < k+1 < 2in
COUC\((x3, 0), ..., (xf", 0)}). We remind that C' = Q x [0, 00) and ¢ = [y wP (x) dx >
0.

Proof Take any r > 0 small for which Lemma 4.4 holds. We are concerned with the values
of Uy(z) for z € AL := C'\ U™, BYT!((x}, 0), r). Let us look at

m
b= [ Geend mdy+ Y [ GGy o)dy. @2
Ar/2 i—=1 BN(x(l),r/2)
Then, by the previous lemma we have

NEZJ ()an) NEZS (p—en)

1A= p—€n 1y—
(A" 2 Ge(z, y)up "(y)dy < C@,)
Arp2

/ Ge(z, y)dy = o(1).
Q

@ Springer



Classification of solutions to the fractional... 293

Let us decompose
Lo GGy mdy
BN(xo r/2)

= Gel(z, xp) Cuf () dy
BN(x(’),r/Z)

+/  (Ge(z,y) = Gel(z, xb) ubl " (y)dy
BN(x(’] r/2)
foreachi € {1, ..., m}. Since
i\ N2 i i . s N
(A,) 2 uy (Any +xn) — w(y) weaklyin H*(R"™),

according to Corollary 3.5 and the Lebesgue dominated convergence theorem, we get

N-2s _
: / o f"(y)dy—w,-/ w? () dy.
BN (x},r/2) RV

Also, employing the mean value theorem, we calculate

%

S /  (Ge(z,y) — Gelz, X)) ul =" (y)dy
BN(x6 r/2)
N-2s P—€n
S [ ViGe@ay+ A —anh| 1y = fluf 0 dy
BN(x(’),r/Z) z€A},ae(0,1)
_ 2s : —€n
<cON - / =m0 dy
BN(x,’l,3r/4)

< Chir'™ [(k:;)s (/R yI'wh () dy + o(l)) + 1, = Xl (/R w’(y)dy + o(l))}

=o0(1).

Therefore, combining all the computations, we see that (4.21) holds uniformly for
z = (x,t) € Al Since r > 0 is arbitrary, it follows that (4.21) is valid in
COUC\((x3, 0), .oy (X, O))).

In order to show (4.22) and (4.23), we need some results on elliptic regularity. The proof
is deferred to “Appendix 2.” O

Remark 4.7 For the future use, we rewrite (4.21) as

c3b;
hm A=y x,t ———— + T (x,t 4.25
1, O™ T U0 = e+ T (4.25)
for (x,1) € C’\{(xé,O), .o, (xg,0)}and 1 <i < m.Here,c3 :==ciyny > 0and 7; is a
map defined by
Ti(x,1) = —cibiHe((x, 1), x) + ¢1 ) beGe((x, 1), x¢). (4.26)
ki

If r € (0,dp/2) where dy > 0 is set in Lemma 4.3, then (2.9) and (2.10) imply that the

functions 7;, ax’_ and z - V7; are s-harmonic in BNH((xO, 0),r)forall 1 <i < m and
J
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1<j<N,ie.,

aT;
div(r!=VT;) = div ( t1=2y ( ))
Bx/

=div(t'"V(z-VT)) =0 in BY T ((x}, 0), 7). (4.27)

d97; )
03T = 0; (8xl~) =03(z-VT) =0 on BN (x{, r)
J

holds.

5 Proof of main theorems for the spectral fractional Laplacian

This section is devoted to the proof of our main theorems. To get the desired results, we
will derive two identities regarding blow-up points and rates by exploiting a type of Green’s
identity. For notational simplicity, we use z — x;, to denote (x — x;,, ¢) throughout the section.

As before, let {U, },en be a sequence of solutions to (2.4) with € = €, of the form (4.10).
We remind from (2.4) that U,, is a solution of the problem

[div(zlzsvun) —0 inC, 5

BU, =U on Q x {0}.

By the translation and scaling invariance of (5.1), the functions V = aU" andV = (z — xé) .

vU, + ([7_2175_%) U, (foreach 1 <i <mand 1 < j < N) satisfy the equation

[div(t1—2SVV) =0 inc, 52)

BV =(p—eU'""V  onQx {0}

Lemma 5.1 Assume that a function V € Ho1 ’Z(C : t172%) satisfies (5.2). Then, for any point
y € Q, the following identity

AU, v,
Ks / A ( Ty — )dS
31 BN ((3,0),7) v En

=(p—-1—¢) UP™ "V dx (5.3)
BN (y.r)

holds for any r € (0, dist(y, 0€2)).

Proof Multiplying the first equation of (5.1) by V and that of (5.2) by U,,, and then integrating
the results over BY T!((y, 0), r), we obtain

KS/ 1% (aU"V 8VU )dS
3 BN (3,0).1) v v

=—/ @3U, -V — 5V - Uy) dx
BN (y,r)

=(p—1—¢) UP™v dx.
BN (y.r)

Here, the second equality comes from the second equations of (5.1) and (5.2). This proves
(5.3). ]
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Based on the previous identity, we now deduce two kinds of information on the concen-
tration points and rates.

Lemma 5.2 Foranyl <i <mand1 < j < N, we have %(X(i)’ 0) = 0 for T; defined in
(4.26), or equivalently,

(xo, x) — Zbk (xo,xo)—O (5.4)

ki X

Proof Fix anyi € {1,...,m}. Taking V = aU” and y = xO in (5.3), we have

Ks/ (128 [aU,, ou, 0 (3U )Un] ds.
a1 BV ((x.0).r) v dx; e 0x;

=(p-1-e) Uy ™= dx
BN(xé,r) Bx]

—1- _
- (u)/ Ut ds,. (5.5)
p+1—e) Jopviir

By lemmas 4.1, 4.4 and 4.5,

1—
/ Ut as,
BN (x{.r)

Hence, we see from (5.5) and (5.6) that

AU, U, 3 (93U,
lim (A,‘,)—<N—2S>/ o [ L — ( ) U,,] ds,=0. (5.7)
n—oo o1 B (00,0 dv dx; v \dx;

(-2 ey — o(1). (5.6)

e (A}i)*(N*ZS) O(()\.;,l)N7 NE

Using (4.25), we evaluate the left-hand side of (5.7) as follows:

[oU, oU, a (aU,
lim (1)~ 23)/ | (125 |: nOUn 7( n)Un:| ds.
n—00 dlBNH((x('),O),r) v 0x; av \ dx;

_/ poa( (N =29ebi 3T
3 BY ! ((x,0).r) |z —xp|N=2+1 dv

.((N —28)e3bi(x — xp) 0T )

|z — x(i)|N—2s+2

1-25 (N —25)c3bi(x — xé)(,‘ o, c3b;
+1 _ I R ds
v ( |z — x|N-2s+2 ax] |z — xh|N=2 i2) )dS:

_/ geas | (N =29)esby 0% o (N —25)eshix — x0)j 9T;
o BY 1 (h.00.r) |z = xg|N =25+ 9x; |z —xgIN=242 9

3 (N —28)c3bi(x —x)
+8v( |z — x(i)|N72s+2 7i(2) | dS;
_/ Jea | 9 (37?) c3bi Js.
31 B ((xh.0).r) 9v \0x; J |z — x|V =2
3T 0T, 8 (9T
+/ 112 )T |dS, =L+ L+ 5.
81 BY*1((x.0).r) En 0x;j D 0x;
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Let us compute each of the terms /1, 1> and /3. Firstly (4.27) yields that

7] 7]
]3:_/ [337; (7’)_3A ( )-’Z}:|dx:0. (5.8)
BN (x{.r) dx; dx;

Also, according to estimates (2.11) and (2.12), we have

O (IE) b s,
v \ 0x; |Z—x(’)|N_23'

. "=+ 1) . 2
< C lim ————dS; < Clim(r+r=)=0. (5.9
r—0 313N+1((X(i),0),r) |Z —x(l)|N_25 r—0

lim || < lim 12

=0/, BY ! ((x,0),r)

Therefore, we only need to compute lim,_, ¢ /1. By homogeneity, its first term is calculated
to be

s (N = 29)eshi 9T,

_,11% o RN+ — A [N=25+1 §x;
3 BY 1 ((x§,0).r) lz — xgl j
7; ; t]—ZS
— x0,0) - (N — 25)631?[/ —FdS;.
j arBY+10,1) |2V 21

For the second term, one can deduce

12 (N — 28)c3b; (x — xo)j 3T
|z — x(i)|N—2s+2

— lim ‘
=0/, BY ! ((x},0),r)

1 =2 — x("))j(x xo)k 07;

= —(N — 2s)c3b; - lim . —( )dS;
L0 u Bt gon ol xpINTEE
l‘l 2s 2
= L0)- (N —28)C3b'/ 71615
a0,y |2V

because the mean value formula with (2.11) and (2.12) imply

1175 (0 — x{) j(c — x{i (

)

|Z_x6|N—2s+3 8xk
c +17 )z - xlP 1+t1*2~v
- |z — x(’)|N*2~V+3 |z — x(t)lezs

for 1 < j, k < N + 1 so that the value of its integration over the half-sphere
3 BY +i( ((x{,0), r) is bounded by C(r + r>) (see (5.9)). Finally, by direct computation,
we dlscover

0 (N-2 b;
lim 117257( s)ezbi(x — xO)’T( s,
=0 Ja, BN ((x{,0).r) v Iz — x |N 2542
—yly.
= —(N —25)(N —2s + 1)c3b; lim tlfzs(x_ixo),mz) s,
r—0 BIBNH (x(-) 0),r) |Z _ x(l)lN—2s+3
0T 0 5 5 ) 1252 )
= — X (N =28)(N —2s + Dc / 75
; ) - ( )( )e3b; 50y T 55
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where we used 7; (x, 0) = T;(x{, 0) + (x — x{) - Vi Ti(x{, 0) + O(Jx — x}|?) to find the
second equality. Thus (5.7) is reduced to

8']; ) tlfzs
x,0) - / S — ]
ax]' 0 31Bi]+1(0,1) |Z|N—2s+l zZ

t172sx2.
+(N =25 +2) fds):o.

_ Z
9 BYH0,1) |z|N=2s43

0T

Therefore, T
Xj

(x(i), 0) = 0, proving the lemma. O

Remark 5.3 It is shown in [25, Section 4] that

11—23 SN—I N
/ s = lB(l —s, —) (5.10)
a BV 0.1 lzIV T 2 2

and

xSV N+2
N34S = B\1-s ——
aBY 0,1 12l 2N 2

1 ll—ZS
:4447/ s,
N —2s+2 B,Bi"’"(o,l) |Z|N72s+l
where B is the Beta function.

Lemma 5.4 Foreach 1 <i < m, we have

i i 2
b7 H (xh, x0) — D bibi G (x{), x§) = 5o (5.11)
ki

where ¢y > 0in (1.7) and by = limnﬁoo(k},)_w_zs)en.

Proof Fixi € {1,...,m}. Taking V =V, = (z — xi,) - VU, + (p}ﬁ) Uy and y = xi in
(5.3), we find

v, v,
ks lim (3,)" N2 / zHS[ LV, — —"Un} ds.
n— 00 BlBi/+1((x6,0),r) ov oy
= lim A"V (p—1-¢) Couf v, dx (5.12)
00 BN (x{.r)

where v, = tr|qx o} V. To evaluate the left-hand side of (5.12), we observe from (4.25) that

. Lo N=2s N —2s c3b;
lim 1)~ V,(0) = —
n—o0

2 |Z_x6|N—2s

. N —2s
+(z—xp) - Vi () + ( 5 )Ti(z)
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forz = (x,1) € C/\{(xé, 0),..., (xg', 0)}. Thus, we get

U, v,
lim (x},)—“v—zs)/ I T [ "V, — —”Un] ds.
=00 31 BY 1 ((x).0).r) v v

. (N —2s)c3b; )
o e (€= xh) VT + (N =297 ds:
3 BY T ((x),0),r) |z — x(l)|N—2s+1
bi 9 .
_/ N+ (o 172S|C3ﬁ37((Z_xé)'vﬁ+(N—zs)Ti)dSZ
ar By ((x(,0),7) z— x|V~ v

d07; : N —2
g T e (5521
3 BY ! ((x),0),r) dv 2

a ; N —2s
—Tig \@—x) VI + 5 ) %) |45

=J1+ L+ /5.

As the previous proof, let us estimate each of Ji, J, and J3. As demonstrated in (5.8), we
have J3 = 0. Besides (2.11) and (2.12) lead us to derive

t172s 1
G I

lim |J2| < C lim =0.
r—0

. i _ Z
r=0Ja, B (0,000 12— xpIV TS

Lastly, since
(=) VT + W - 29T gy = N = 29T, 0)

7=(x(,0

we have

1-2s

t .
lim J; = —c3b; (N — 25)? S — N AT
A= . (/a;Bi’“(o,n |z|V =2+ Z) . 0)

As aresult, after the limit » — 0 being taken, the left-hand side of (5.12) becomes
5 t172s ) . )
cic3kg (N — 25) / ——————dS; )| b7 He ((x4, 0), x{))
s B/B_I:_]H(O,l) |Z|N—2s+l Z i 0 0

— > bibiGe((xh, 0, xp) | - (5.13)
ki

Meanwhile, using integration by parts, we deduce that

/ ub=en |:(x —xy-v (728 ) :| d
n o) Vxln + Up | ax
BN(:0,r) p—1—¢

1 . _ 2s _
= x—xb) - Veul gy ul 16 gy
0
p+1—e BN(XP,I”) p—1—¢ BN(x?,r)

1 : _
:7/ (x—x(’))-vz/t,l,7+1 “ds,
P+ 1—e€n JopNidr

2 N -
-I—( i - )/ uﬁ“ “rdx.
p—l—e p+l—e)/pvud
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Note that
2 N N -2 N —2s)3
e g ( S)zez;l = SNS) 1+ o(1)
p=i—¢n Pl —en (N_SZS_EU) (m_en) §
and
i p+l—e, 1\N
— . dS; =0 .
/a GRS R =0 (0)Y)
Hence, the right-hand side of (5.12) equals to
N —25)?
(WH=WN=29¢, (1 + o(1)) - Q/ wPtdx + 0 (™). (5.14)
2N RN

From (5.12), (5.13), (5.14) and (5.10), we get

b N

2 wPtdx = ciezk, |SVTYB (1 —s, 7)

N RN 2

x| b7 He((xh, 0), x) = D bibiGe((x), 0), x¢)
ki
2 » I ik
v L, de ) | BPH (), xb) — Zbika(xo,xo)
k#i

This completes the proof. O

We are now prepared to complete the proof of our main theorems.

Proof of Theorem 1.1 Assume that sup, .y llunll sy < ©00. Then, if we let U, be

the s-harmonic extension of u, over the half-cylinder C = Q x (0,00), we have

sup,en 1Un IIHl.z(C_II_QS) < oo by inequality (2.5). Thus, we can apply Lemma 2.2 to the
0 (C;

sequence {Uy }nen to deduce the existence of an integer m € NU{0} and sequences of positive
numbers and points {(A},, xﬁ!)}neN C (0,0) x Q foreachi = 1, ..., m such that relation
(2.21) holds (in particular !, — 0) and

m
U, — (vo +> PWM”X’,-I) — 0in Hy?(C; 1'7%) asn — oo (5.15)
i=1
along a subsequence. Here, Vj is the weak limit of U, in HO1 ’2(C ; 1172) which is a solution
to (2.20), and P Wl’;, i is the projected bubble whose definition can be found in (2.17).
‘We now split the problem into two cases.

Case 1 (m = 0). By (2.2) and the strong maximum principle, vo(x) = Vp(x, 0) for
x € Q satisfies Eq. (1.4). In addition, by (5.15), it holds that

nlggo llu, — U”ﬁs(g) = nlizgo U, — VO”HOI‘Z(C;tl*Z:) =0.

This case corresponds to the first alternative (1) of Theorem 1.1.
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Case 2 (m > 1). Thanks to Lemma 4.2, we have V) = 0 in this sjtuation. Hence (5.15)
and discussion in Sect. 2.5 give decomposition (1.5) as well as x;, — x; € Q. Also, by
lemmas 4.3 and 4.5, there are constants dy, Co > 0 independent of n € N such that
. i
Ixo — x4| = do and —;’ <Co foranyl <i # j <m.
An

N-2s

Thus, we may set a positive value b; = lim,_ (i—%) : foreach 1 < i < m.
Furthermore, lemmas 5.2 and 5.4 imply that (b, ..., by), (xé, co X)) € (0, 00)™ x

Q™ is a critical point of the function ®,, introduced in (1.6). We have proved that the case
m > 1 corresponds to the second alternative (2) in Theorem 1.1. The proof is finished.

m}

Proof of Theorem 1.3 The fact that M is a nonnegative matrix can be shown as in Appendix
A of [5], so we left it to the reader.

Suppose that M is nondegenerate. Since the left-hand side of (5.11) is finite, it should
hold that by € [0, co). To the contrary, let us assume that bg = 0. Then, we see

b,-H(x("), xg)) — ijG(x(i), Xé) =0
ki

foreach 1 <i < m. It means thatb = (by, ..., b,,) is a nonzero vector such that Mb = 0.
However, this is nonsense because the nondegeneracy condition of M tells us that b = 0.
Hence, by # 0 should be true, and thus

. 1 1 2 1
: T _ 1 N-2s N-2s N-2s _
nhggo log,, A, = nl;r{l)ologg’, |:€ (bo + 0(1)) (bi + 0(1))] =N

The proof is now complete. O

6 The restricted fractional Laplacian and the classical Laplacian
6.1 Proof of Theorems 1.1 and 1.3 for the restricted fractional Laplacian

Here, we briefly mention how the proof for the main theorems 1.1 and 1.3 can be carried out
for the restricted fractional Laplacian.

First of all, as mentioned before, the Struwe’s concentration-compactness principle-type
result (Step 1 in Introduction) can be obtained as in [2,31,48]. Besides the moving plane
argument in Sect. 3 (corresponding to Step 2) is local in nature, so the same proof as in Sect.
3 works. For Sect. 4, one can check each lemma remains valid even if (2.4) is replaced with
(2.6). Finally, we notice that lemmas 5.2 and 5.4 were obtained from the information on the
solutions {U, },en to (2.4) over the half-balls {Bi’“((x("), 0), r)}7L,. Therefore, the same
argument goes through for (2.6), completing Step 3. Theorems 1.1 and 1.3 for the restricted
fractional Laplacians now follow.

6.2 Proof of Theorem B

To validate Theorem B, we follow the strategy used to prove Theorems 1.1 and 1.3 for
nonlocal problems.
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The representation formula (1.10) of finite energy solutions {u,},en to (1.9) is due to
Struwe [59] (Step 1). Also, as in [26, Appendix A], a moving sphere argument can be
applied to deduce a pointwise upper bound of u,,. It implies lemmas 4.2, 4.3 and 4.5 for the
local case, which are originally given in [55]. It can be easily seen that Lemma 4.1 remains
true, and the local versions of lemmas 4.4 and 4.6 are found in [26, Section 2], whence Step
2 is finished. Regarding Lemma 5.3, we have

Lemma 6.1 Suppose that a function v € HO1 ’Z(Q) satisfies

—Av=(p—¢€,) uﬁfl*e”v in Q.

Then, for any point y € Q, the following identity

9 3 _
/ (l’v—lu) dSy = (p—1—en) ul =y dx (6.1)
BN (y,r) BN (y,r)

holds for any r € (0, dist(y, 0R2)).

By taking u = u,, and v = g:’; forj=1,...,Norv = (x—xé)'Vu,,+ (p*l%en)u” for
i =1,...,min (6.1), we get lemmas 5.2 and 5.4 where the constants c; and ¢, are given
by (1.7) with s = 1. Thus, Step 3 is done. Putting all the results together, we complete the

proof of Theorem B.

Acknowledgements W. Choi is grateful to the financial support from POSCO TJ Park Foundation. S. Kim
is supported by FONDECYT Grant 3140530. The authors wish to thank the anonymous referee for pointing
out and correcting several inaccuracies occurred in selecting appropriate functional spaces and norms to work
with.

7 Appendix 1: Lower and upper estimates of the standard bubble in RJI +1

Here, we shall prove a decay estimate of W; o, which is necessary in applying the moving
sphere argument (see Sect. 3).

Lemma 7.1 For any n > 0 there exists R = R(n) > 1 so large that

N-2s

N-2s
an s (1 =mr 2 27N < W, 0(2) <an ;A +mr 2 27N forall |z| > R
(7.1)

where ay s > 0 is the constant defined in Notations.

Proof Since W) o(z) = }FN%ZX W~ 2), we may assume that A = 1. Let us prove the lower
estimate first. Taking a small number § > O to be determined later, we consider two exclusive
cases: (1) |x| > §|t] and (2) |x| < d]z].
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For the case (1), we see from Green’s representation formula, (2.8) and (2.13) that

1 1

W(X,I)Z(Xp VN, / Y
Nt Iy|<slx| 1(x — y, )| V-2 1+ |y|2)N32‘

1 1
= Say YN / Ay
(14 8)x, )|N=2s “NsTHS ] s (1+ |y|2)NJ£2"

1 | (7.2)
S W N7 (WZ,SVN,s/ MdY—O(l))
A +8)Y=](x, 1) RY (14 |y[2) 2
1
= Tror T oz v o)
where o(1) — O as |z| = |(x, 1)| — oo.
For the case (2), we have
1 1
W(x,t) > (XK/,SVN,S/ N_2s Nils
lyl=sle) [(x = ¥, 1) (1+y]2) "2
> ! ¢ / ! d (7.3)
= COy (YN, N &Y .
(1 +25)N—2s|t|N—2s N,s s sl (1+ |y|2) Ngz.
1
= Ut 2oV o, ppv-s @ o)
where o(1) — O as |z| = |(x, )| = o0.

Hence, if we choose § > 0 small and R > 0 large so that
——>1-1 and ey, —o() > (1 - ﬁ)ost,
(14 28)N-2s = 2 ’ - 2 '
we obtain the desired estimate from (7.2) and (7.3).
We turn to prove the upper estimate. Again, we take into account the cases (1) |x| > §]z|
and (2) |x| < §|¢| separately.
For the case (1), we estimate
1 1 oaN
4 ,8
Ay SN, / - cdy < -
NS T Jata 100 = o DIV (1 4 yp2) 52 (1= 8)x, N2
< 1 N s
T =NV

! 1

P
’ . / s s dy
WV maiat 106 = 3o DIV (1 4 [y ) 5

| 1
14
=« VN, / +/ ) — S d
N.s S( dxlzlylzslel Szl 1=y DIV (1 42y

1 1
<ak vns (/ dy
NSTE N oz ylzop) 1 — yIN=25 (8]x[)N+2s

I I
—I—/ — —dy
wiz2il VT2 42y

’ N/2 7
< aN,s < 2 aN,s
— 5N+2s|x|N - 52(N+s)|(x’t)|N’

and
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where o/}, . > 0is a certain constant relying only on N and s. Observe that the last inequality

came from |(x, 1)| < mm < ﬁ8*1|x| for § > 0 small enough. Combining the
above estimates, we get

W(x,1) < AN 21 aly (7.4)
T A=)V IV @V iV '
For the case (2), we have
1 1 N s
W(x,t) < ab ,)/N,v/ ~dy = :
A e[V =2
N—=2s ON,s
<{1+9 W (7.5)
Consequently, with the choices
IN/2
n N,s n
-z =Ty M Ry =3
estimates (7.4) and (7.5) imply the second inequality of the lemma. The proof is completed.
O

8 Appendix 2: Elliptic regularity results and derivation of (4.22) and (4.23)
This section is devoted to present some elliptic regularity results and its application to justi-
fication of (4.22) and (4.23). For brevity, we denote

0, = BYT'((x,0),7) and B, = B¥(x,r) forany fixedx € 2,0 < r < dist(x, 9)/2.

Also, 9; = 0y, for1 <i < N.

We need to recall two lemmas which can be proved with the Moser iteration method. One
is an a priori L*-estimate. See, for example, [25, Lemma 3.8], [34, Theorem 3.4] and [39,
propositions 2.3, 2.6].

Lemma 8.1 Let U € Hol’z(er; 1125 be a weak solution to

divd'=>vVU) =0  in Qy,
WU =aU + f on By,

and assume that ||a||L2ﬂ(B | < & for a small value § = §(N,s) > 0. If f € L4Y(B,) for

2r

some q > 2”—5 and 0 € (0, 1), then, we have

||U||%M(Q9,)+/ t‘*zwvwzdzsc(/ "B\ UPdz + ||f||iq(3,))
Qor r

for some C = C(N,s,r,0) > 0.

The other is a result on Holder estimates. Refer to [39, Proposition 2.6] and [12, Lemma 4.5].

Lemma 8.2 Let U € Hol’z(er; t1725) be a weak solution to

dive!=2vU) =0 in Oy,
By = f on By,
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and 6 € (0, 1).
(1) If f € LY(By) for some q > %, then for some a € (0, 1), we have
1Ullce (o) < C (1UlILeco,) + I1f Lacs,)) -
Q) Iff e ch (By) for some B € (0, 1), then there exists o € (0, 1) such that
178, Ullce s < € (1U NIz + I fllcacs,)) -
Now, we are ready to prove the main result of this section.

Proposition 8.3 Let 1 < g < %f%; Suppose that U € HOI’Z(QZr; 11725 is a positive

solution of

[div(zl—%w) =0 in Q. ®-D

U =U1 on By;.

Assume that f U2» (=1 (x,0)dx < & for some small value § = §(N,s) > 0. Then,
U(x,t) is twice dl]j‘erennable in the x-variable in Q2. Moreover, the following estimates
hold:

IVeUllccg,n < € (1+ 11U Los,) 1U L (0,)-
1" =3 Ullcacg, ) < € (1UlIL=cop) + 1U e (s,)) »
IViUllceg,n < € (141U es,)) (1U g,y + 1U2 VU PllLs,)) -
1728,V Ullce(g,n) < € (IVeUllLosg,) + 1047 ViUl cigs,)) -
1272 82U NI, < € (I8, Ullcacg, ) + 11772 VUl ce(o,)
for some a € (0, 1).

Proof By Propositions 2.13 and 2.19 of [39], any positive solution U to (8.1) is twice differ-
entiable in x and it holds that

div(t!=2Vva;U) = 0 in O, 82)
3(3;U)=qUI'3;U  on B, '
and
div(t!=>Vv;0;U) =0 in O, ©3)
33(30;U) = qUI7'3;;U +q(g — HUI23;U)(3;U)  on B, '

forany 1 <i, j < N.
Let us prove validity of the estimates. Applying Lemma 8.1 to equations (8.1) and (8.2),
we get

/ t172\vo,UPdz < c/ 17219, U)Pdz
Qur/s Osr/6

< C/Q 17BN Pdz < CU T (g, )- (8.4)
Using this chain of inequalities and Lemma 8.1 once more, we find

19:U 170,y < c/ 172518, U)dz
Qur/s

< CllUN (g,
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Hence, Lemma 8.2 (1) gives the first inequality of Proposition 8.3

13;Ullce(g, ) < € (19:UllL(0y0) + 1UT™ ;U [l Lo (B3, 0))
< C(1L+ U Nipos)) 1U (0,

Next, by employing Lemma 8.2 (2), we obtain the second inequality, i.e.,
11728, Ullce (0, < € (1Ul=(o,) + 11U llcs(p,)) -

Besides, an application of Lemma 8.1 to (8.3) as well as inequality (8.4) imply that

1/2
||aiajU||L°°(Q3,~/4)§C(/Q rl—zwaia,-wzdz) + CIUT2@:U) @ U) | LBy, 5)
4r/5

< C(IUlexon) + IV @U@, U) | Lx(s,)) -
Therefore, Lemma 8.2 (1) shows
10:9;Ullce(0,2)
< C(18:9;UllLoo(0s) + NUT10;0;U || Lo 8y, ) + ||Uq_z(aiU)(ajU)||L°°(Bg,/4))
< C(IlUllz=co, + ||Uq_z(aiU)(ajU)llLoo(B,>)
+ CIUT e, (U=, + U@ U0 V) 3,))

which is the third inequality of Proposition 8.3. On the other hand, by employing Lemma 8.2
(2) to (8.2) again, we deduce the fourth inequality

1£'729:9; Ullca(g,0) < C (19:Ullco,) + 1047 iUl oos,)) -
Finally, the last inequality follows from the fact that
722U = —(1 = 25)t "B 9,U — 17X AU in Q.
This completes the proof. O
As a corollary of the above result, we get

Corollary 8.4 Let {U,},cn is a sequence of solutions of (2.4) with € = €,. For any r > 0,

let A, = C'\ U, Bf“((xé, 0), 7). Then, there exist a € (0, 1) and a constant C > 0
independent of n € N such that

2
o

D Hrl—ZSa}v§ (0D~ v)

1<k+1<2

<
ce(AL) ce (A}

for any n € N large enough.

Proof Fix any compact subset K C Al such that K N Q # (. By (4.21), we have

NUnllLoky < C(k},)¥ (cf. Lemma 4.4). Since Green’s function G¢ is positive in C,
again (4.21) tells us that the value inf ¢ K()»,ll)_N%ZY U, (z) is bounded away from zero for

large n € N. Thus, even in the case that p —2 — ¢, = =5 — €, < 0(i.e., N > 6), we know

072U P ) = €O,
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As a consequence,

2
N—-2s
viy, ‘ Hz’—zsalvku < cohy .
Z‘ x=n C“(A;)—i_ Z rrxEn Co(Al) - (n)
k=1 0<k<lI,1<I=<2,
1<k+1<2
The proof is finished. O

Proof of (4.22) and (4.23) Let us consider the sequence {V,U,},en. By Corollary 8.4, it
converges to some function F uniformly over a compact subset of A/. Then (4.21) and
an elementary analysis imply the fact that F = ¢ Zf"zl bi VxGec((x,1), x;). The other

functions can be treated similarly. This proves (4.22) and (4.23). ]
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