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Abstract: Dispersion cancellation with an energy-time entangled photon pair in Hong-Ou-
Mandel (HOM) interference is one phenomenon that reveals the nonclassical nature of the
entangled photon pair. This phenomenon has been observed in materials with very weak
dispersions. If the higher-order dispersion coefficient is non-negligible, then the experiment
must be modified to realize dispersion cancellation. All-order dispersion cancellation using
balanced dispersion was suggested by Steinberg. However, the same phenomenon is
expected to occur even if a photon pair is not entangled. This behaviour can be explained by
path indistinguishability with identical dispersion. To achieve an all-order dispersion
experiment that cannot be explained classically, we modified the experiment and performed
another all-order dispersion cancellation experiment that cannot be explained by identical
dispersion. This is the first demonstration of nonclassical all-order dispersion cancellation.

© 2017 Optical Society of America

OCIS codes: (270.0270) Quantum optics; (270.5530) Pulse propagation and temporal solitons.

References and links

1. A. Einstein, B. Podolsky, and N. Rosen, “B. Podolsky, and N. Rosen, “Can quantum-mechanical description of
physical reality be considered complete?” Phys. Rev. 47(10), 777-780 (1935).

2. J.C.Howell, R. S. Bennink, S. J. Bentley, and R. W. Boyd, “Realization of the Einstein-Podolsky-Rosen
paradox using momentum- and position-entangled photons from spontaneous parametric down conversion,”
Phys. Rev. Lett. 92(21), 210403 (2004).

3. T.B.Pittman, Y. H. Shih, D. V. Strekalov, and A. V. Sergienko, “Optical imaging by means of two-photon
quantum entanglement,” Phys. Rev. A 52(5), R3429-R3432 (1995).

4. D. V. Strekalov, A. V. Sergienko, D. N. Klyshko, and Y. H. Shih, “Observation of two-photon “ghost”
interference and diffraction,” Phys. Rev. Lett. 74(18), 3600-3603 (1995).

5. Y. Shih, “Entangled Photons,” IEEE J. Sel. Top. Quantum Electron. 9(6), 1455-1467 (2003).

6. Y. H. Shih, 4n introduction to quantum optics(CRC press,2011), Chap.12.

7. J.D. Franson, “Bell inequality for position and time,” Phys. Rev. Lett. 62(19), 2205-2208 (1989).

8. J. D. Franson, “Nonlocal cancellation of dispersion,” Phys. Rev. A 45(5), 3126-3132 (1992).

9. S.Y.Baek, Y. W. Cho, and Y. H. Kim, “Nonlocal dispersion cancellation using entangled photons,” Opt.
Express 17(21), 19241-19252 (2009).

10. K. A. O’Donnell, “Observations of dispersion cancellation of entangled photon pairs,” Phys. Rev. Lett. 106(6),
063601 (2011).

11. T. Zhong and F. N. C. Wong, “Nonlocal cancellation of dispersion in Franson interferometry,” Phys. Rev. A
88(2), 020103 (2013).

12. C.K. Hong, Z. Y. Ou, and L. Mandel, “Measurement of subpicosecond time intervals between two photons by
interference,” Phys. Rev. Lett. 59(18), 2044-2046 (1987).

13. A. M. Steinberg, P. G. Kwiat, and R. Y. Chiao, “Dispersion cancellation in a measurement of the single-photon
propagation velocity in glass,” Phys. Rev. Lett. 68(16), 2421-2424 (1992).

14. M. C. Teich, B. E. Saleh, F. N. Wong, and J. H. Shapiro, “Variations on the theme of quantum optical
coherence tomography: a review,” Quantum Inform. Process. 11(4), 903-923 (2012).

15. V. Giovannetti, S. Lloyd, L. Maccone, and F. N. C. Wong, “Clock synchronization with dispersion
cancellation,” Phys. Rev. Lett. 87(11), 117902 (2001).

16. A. Valencia, G. Scarcelli, M. D’Angelo, and Y. Shih, “Two-photon imaging with thermal light,” Phys. Rev.
Lett. 94(6), 063601 (2005).

17. R. S. Bennink, S. J. Bentley, R. W. Boyd, and J. C. Howell, “Quantum and classical coincidence imaging,”
Phys. Rev. Lett. 92(3), 033601 (2004).

#280548 http://dx.doi.org/10.1364/0E.25.001360
Journal © 2017 Received 21 Nov 2016; accepted 30 Dec 2016; published 18 Jan 2017



Research Article Vol. 25, No. 2 | 23 Jan 2017 | OPTICS EXPRESS 1361 I

Optics EXPRESS SN N\

18. G. Scarcelli, A. Valencia, and Y. Shih, “Two-photon interference with thermal light,” Europhys. Lett. 68(5),
618-624 (2004).

19. Y. S. Kim, O. Slattery, P. S. Kuo, and X. Tang, “Two-photon interference with continuous-wave multi-mode
coherent light,” Opt. Express 22(3), 3611-3620 (2014).

20. J. Beugnon, M. P. Jones, J. Dingjan, B. Darquié, G. Messin, A. Browaeys, and P. Grangier, “Quantum
interference between two single photons emitted by independently trapped atoms,” Nature 440(7085), 779-782
(2006).

21. R. Erdmann, D. Branning, W. Grice, and 1. A. Walmsley, “Restoring dispersion cancellation for entangled
photons produced by ultrashort pulses,” Phys. Rev. A 62(5), 053810 (2000).

22. R. K. Erdmann, Quantum interference engineered by dispersive parameter design,” Ph.D Thesis, University of
Rochester, 2004.

23. R. Okamoto, S. Takeuchi, and K. Sasaki, “Tailoring two-photon interference with phase dispersion,” Phys. Rev.
A 74(1), 011801 (20006).

24. A. M. Steinberg, P. G. Kwiat, and R. Y. Chiao, “Dispersion cancellation and high-resolution time measurements
in a fourth-order optical interferometer,” Phys. Rev. A 45(9), 6659—6665 (1992).

25. J. Garrison and R. Chiao, Quantum Optics(OUP, 2008), Chap. 10.

26. D. V. Strekalov, T. B. Pittman, and Y. H. Shih, “What we can learn about single photons in a two-photon
interference experiment,” Phys. Rev. A 57(1), 567-570 (1998).

27. K. Cho and J. Noh, “Temporal ghost imaging of a time object, dispersion cancelation, and nonlocal time lens
with bi-photon state,” Opt. Commun. 285(6), 1275-1282 (2012).

28. C.J. Broadbent, R. M. Camacho, R. Xin, and J. C. Howell, “Preservation of energy-time entanglement in a slow
light medium,” Phys. Rev. Lett. 100(13), 133602 (2008).

1. Introduction

Since FEinstein-Podolsky-Rosen [1] demonstrated that entanglement exists in quantum
mechanics, the nonclassical nature of the entangled photon pair has been observed in various
experiments. These experiments were realized with the position-momentum entangled
photons [2—4] and also with the time-frequency entangled photon pair [5—15]. Whether these
phenomena can be regarded as evidence that an entangled photon pair has properties that
differ from those of classical light or a separable photon pair has been intensely debated [16—
20].

To reveal the nonclassicality of the photon pair, an experiment should reflect a
characteristic feature of the entangled system. The most characteristic feature of an energy-
time entangled photon pair is that it has both strong temporal correlation and frequency anti-
correlation

At —t)AM o, + @ - w,) <1. ©)

where #, and ¢; are the detection times of the signal and idler photons, respectively; and w, ®;
o, are the angular frequencies of the signal, idler, and pump beam, respectively. This feature
generates phenomena that are nonclassical and nonintuitive.

One phenomenon that reveals this nonclassical feature is dispersion cancellation. Two
types of dispersion cancellation have been studied in quantum optics to date: the nonlocal
dispersion cancellation of Franson, and the local dispersion cancellation of Steinberg [9—13].
Figure 1(a) and 1(b) demonstrate how the two dispersion cancellation types are nonintuitive.
Figure 1(a) shows the nonlocal dispersion cancellation scheme of Franson. If two single-
photon wave packets with strong temporal correlation pass through dispersive materials, their
widths become broadened because of dispersion. In this case, the temporal correlation
between the photons should be weakened. However, the temporal correlation is preserved in
an experiment with an entangled photon pair. Figure 1(b) shows the local dispersion
cancellation approach of Steinberg. A dispersive material is placed in one arm of the HOM
interferometer. If two single-photon wave packets with strong temporal correlation pass
through the interferometer, one wave packet becomes broadened. Thus, the two wave packets
are no longer indistinguishable, and the visibility of the HOM interference will likely be
reduced. However, the HOM interference pattern will not be changed, and only its position
moves in an experiment with an energy-time entangled photon pair.
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The frequency anti-correlation of the entangled pair cancels out the dispersion effect
[8,13]. These dispersion cancellation phenomena can be realized only when the photon pair
has both strong temporal correlation and strong frequency anti-correlation. Therefore,
dispersion cancellation is one of the few phenomena that show the nonclassicality of the
energy-time entangled photon pair. Without such a strong frequency anti-correlation, the
HOM dip will be distorted [21].

However, Erdmann [22] also showed that the HOM dip can be restored in balanced
dispersion without strong frequency anti-correlation. In such an experiment, photon pairs are
generated via spontaneous parametric down-conversion (SPDC) using an ultrashort pump
beam and balanced dispersion is realized with weak dispersion materials. For an ultrashort
pump beam, the frequency anti-correlation between the signal and idler photons is very
weak.

To realize both of the dispersion cancellation schemes of Steinberg and Franson, the
dispersion of the medium should be so weak that the dispersion relation can be approximated
to the second-order coefficient. If higher-order coefficients are non-negligible, those
dispersion cancellation schemes are no longer valid. For example, Okamoto et al. [23]
showed that the HOM dip is clearly distorted when the dispersion cancellation method of
Steinberg is attempted with a strongly dispersive medium.

Steinberg suggested that all-order dispersion cancellation [24], i.e., the compensation of
both the even-order dispersion and odd-order dispersion of higher-order coefficients, might
be realized by balanced dispersion. If an identical medium is placed in both arms of the
HOM interferometer, odd-order dispersion is cancelled by the frequency anti-correlation of
the entangled photon pair. In contrast, even-order dispersion is cancelled because of the
original nature of the HOM interference [13,25]. Similar to the experiment of Erdmann [22],
this all-order dispersion cancellation is expected to occur even without strong frequency
correlation. As an extreme case, according to our theoretical considerations, the original
HOM dip can be restored in balanced dispersion with an independent and separable photon
pair with strong temporal correlation (see Appendix B).

In this case, the two photons are not entangled, and there is no frequency anti-correlation.

It is the indistinguishability of the wave packet after identical dispersion that restores the
original HOM dip. In other words, all-order dispersion cancellation in HOM interference can
be realized both with and without frequency anti-correlation. This is the reason that the
nonclassicality of an entangled photon pair cannot be observed in this type of all-order
dispersion cancellation.

Therefore, we considered an all-order dispersion cancellation experiment that can be
realized only with an energy-time entangled photon pair (Fig. 1(d)). If a Mach-Zender
interferometer is added to the HOM interferometer, then single-photon wave packets with
classical temporal correlation cannot explain the interference pattern [26]. If balanced
dispersion materials are placed in this interferometer, the restoration of the HOM interference
pattern in this system cannot be explained by identical dispersion. Indeed, only two-photon
temporal coherence and frequency anti-correlation can explain this effect. We will show that
all-order dispersion cancellation in a modified HOM interferometer is one of few phenomena
that demonstrate the nonclassicality of the energy-time entangled state.

In the next section, we will explain in detail the principle of all-order dispersion
cancellation in a HOM interferometer with an energy-time entangled photon pair. We will
also explain why all-order dispersion cancellation in a modified HOM interferometer
requires energy-time entanglement but cannot be realized with a separable photon pair with
strong temporal correlation.

In the Experiment section, we will present how all-order dispersion cancellation can be
realized experimentally. We will also show the distortion and restoration of the HOM
interference pattern in terms of the change of the dispersion balance of the signal and idler
photons.
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2. Balanced dispersion and all-order dispersion cancellation

If a pump beam with angular frequency w, generates a photon pair via SPDC and if the
angular frequency of the signal photon is w; and the angular frequency of idler photon is w;,
the quantum state of the photon pair can be written as [5,6,27]

|¥) =[[dodo f (0, 0)80, -0, + )i (0)d (,)]0)
= [[dpdp, [/ (g )8t + 11,)al (0] + 1)l (0 + 4] 0). @)
= [dp F(u)al (o) +p,)a (@ - u,)[0)
with  y =0 -0 . =0-0 0= =0,/2 and fu.u)=[ (0] +1,.0 +11)

Fu)=f'(u—u,) -
This photon pair passes through a dispersive medium with a dispersion relation of the
following form:

k@) =k@)+2Y @-0)+ LY (@-ay) +
v dk |, Y2k v
@
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=k(w,)+a(w-a,)+ B(o-a,) ..
2
where o = do ,B= 1d 620 . a is the reciprocal of the group velocity, and f is related to
dk |, 2 dk "

the dispersion of the group velocity.
Steinberg’s dispersion cancellation experiment showed that if a weakly dispersive
medium is
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Fig. 1. Nonclassicality of dispersion cancellation.(a) Nonlocal dispersion cancellation of
Franson. Signal and idler photons pass through dispersive materials with opposite dispersion
coefficients. The temporal correlation between the signal and idler photons is preserved. (b)
Local dispersion cancellation of Steinberg. A dispersive material is placed in the path of a
signal photon. The shape of the HOM dip is preserved, and only the position of the dip is
shifted. (c) All-order dispersion cancellation with balanced dispersion. Identical dispersive
materials are placed in the paths of the signal photon and the idler photon. Even if the material
has an arbitrary dispersion property, the HOM dip will be preserved. (d) Balanced dispersion
with a modified HOM interferometer. The Mach-Zender interferometer is placed in one path
of the interferometer in (c).
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placed in the path of the signal photon, then the HOM dip is not distorted, and only its
position is shifted. The term “Weakly dispersive” describes the case in which the dispersion

relation can be approximated to the second-order coefficient 5. The HOM interference
dip without a dispersive medium is given by

1 e 2 AL
Ry= ] dulF) (1—005[2/17D

1 o 2 AL
- 5(1 —Led,u|F(,u)| cos(Z,uTD.

“

when we rewrite all the detuning as u. AL is the path length difference between signal path
and idler path. The HOM dip with a dispersive medium in Steinberg’s dispersion cancellation

is modified to
P, =%Jm d,u|F(y)|2[1—cos(2,u( _L+aij]
. c

:%(1—I1dy|F(,u)|2 COS(Z,U(ALC_L +aLm.

where L is the length of the dispersive medium (see Appendix A). The shape of the dip is not
changed, and only the position of the dip is shifted [13,26]. However, this process is only
valid when the dispersion relation can be approximated to the second-order coefficient. If
higher-order terms are non-negligible, the dispersion cancellation effect mentioned above is
not valid.

For example, if we consider the dispersion relation up to the third-order term, we have

(6))

ko (40) = ky + o+ B +y p’ + ..
(6)

k(=) = ko — e pr+ Bpr® =y 17 + ..
and the HOM dip is modified to
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Fig. 2. Experimental setups. (a) Signal and idler photons are generated via SPDC. The two
photons are energy-time entangled. (b) HOM interference with balanced dispersion. Both
signal and idler photons pass through respective Rb vapour cells and are then detected by a
Single-photon Avalanche Detector (SPAD, Perkin Elmer SPCM-AQRH-1X). At the same
temperature, the dispersion properties of the two cells are identical. (¢) Balanced dispersion in
a modified HOM interferometer. Mach-Zender interferometer is placed in one arm of the
interferometer.
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The phase differences from odd-order terms are not cancelled out, and the path difference for
complete destructive interference depends on the frequency of the signal photon. As a result,
the HOM dip is distorted. The experiment of Okamoto et.al [23] shows this phenomenon
very well. A solution for this problem was previously suggested by Steinberg [24].

Suppose that the signal and idler photons with detuning u,—u each pass through a

dispersive medium, as shown in Fig. 2(b). If we express the dispersion relation to the third-
order dispersion coefficient, we have

k(u)y=ky+ou+ Bu +yu+..
(®)
k(—p) = ky = o+ B’ =y i +...

The phase change of the whole quantum state is the sum of the phase changes for the signal
and idler photons. If the signal and idler photons travel the same distance in a dispersive
medium, the phase changes are proportional to &,(u) + k(—u) and are expanded as follows:

ke, (1) + k(= 10) = 2k + (a0, =) i+ (B, + B + (7, =y i’ +... . Q)

If two dispersive media have the same dispersion coefficients, then all the odd-order terms
are cancelled out:

ke, (1) + ke, (=) = 2k + 2B 407 + ... (10
Therefore, the quantum state for the frequency pair becomes
|l//>y,-y = |'Ll>s -’Ll>i

lv"),, =explitk, (1) +k,(-LOL)]| ), |-42),
= exp2i[k, + 28,17 1| ), | -14),
W), =exp2ilk, +28,4°1|-1), | 1),

)

,if we approximate even order terms to the second order coefficient. If the photons of the
photon pair in this quantum state meet at the beam splitter, HOM interference occurs, and
even-order dispersion cancellation is achieved. The same principle is applied to the higher-
order terms. Based on these processes, all-order dispersion cancellation, in which both the
odd-order dispersion effect and the even-order dispersion effect are cancelled, is realized.

However, the recovery of the HOM interference pattern can also be achieved with a
photon pair without energy-time entanglement. As explained in the Appendix B, the same
phenomenon is expected to occur when the entangled pair is replaced with separable single
photons exhibiting strong temporal correlation. If the two wave packets pass through a
balanced dispersion HOM interferometer, then the original interference pattern can be
restored. Thus, all-order dispersion cancellation in a HOM interferometer can be realized
with or without energy-time entanglement.

To reveal the nonintuitive or nonclassical nature of an entangled photon pair with all-
order dispersion cancellation, we devised another experiment. This type of phenomenon can
be realized by using HOM interference that cannot be explained with two separable single-
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photon wave packets. This nonclassical behaviour can be achieved using a balanced
dispersion HOM interferometer with a Mach-Zender interferometer in the path of the idler
photon, as shown in Fig. 3. In [26], HOM interference that can be explained only by biphoton
interference was observed. A Mach-Zender interferometer was inserted in one arm of the
HOM interferometer in the experiment of [26]. Using this approach, an explanation of the
interference pattern based on the indistinguishability of two identical single photon wave
packet was excluded. If an identical dispersive medium (atomic cell) is placed in each arm of
the interferometer, then the experimental setup becomes the same as that of the experiment
presented in Fig. 3(a).

In the setup of Fig. 3(a), the signal photon can pass through both the long path and the
short path. When L, = (Liong + Lgior)/2, if the idler photon travels along the long path, it
travels a longer distance than the signal photon. The interference of a dispersed biphoton
wave packet can be analysed using a method similar to that described in [26].;Suppose that a
photon is detected at D; at time #; and that another photon is detected at D, at time #,. We
investigate the interference that determines the probability of this event. Following Strekalov
et al., we introduce the concept of an “effective photon wave function”, which is defined as

w(t.1,) = (0| E7 0)ES ()] ), (12)
where |‘I‘> is the quantum state of the entangled photon pair [6,24]. If we define the
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Fig. 3. Two-photon interference in a modified HOM interferometer with balanced dispersion.
When photons are detected at D; and D,, the two photons could have originated from four
indistinguishable paths. The temporally advanced two-photon detection amplitude can be
transmitted or reflected at the beam splitter. The temporally delayed amplitude also can be
transmitted or reflected at the beam splitter. . Since the signal photon path length for the
amplitude generated earlier is relatively long, the amplitudes can interfere at the detectors.
The coincidence count when L, = (Lione + Lsior)/2 is determined by this interference. The
effective photon wave function corresponding to each path is marked. (b) Biphoton wave
packet after balanced dispersion. Only the width of the wave packet is increased via even-
order dispersion. The effective two-photon wave functions corresponding to the paths in (a)
are drawn in the temporal domain. Wave packets connected by the arrows are pairs that
interfere when L, = (Lyong + Lsior)/2. If the phase difference between them is =, they interfere
destructively, resulting in a dip. If the phase difference is 0, they interfere constructively,
generating a peak. 7 = f; + t, and L, denotes sum of signal path length and idler path length.
Li=Li+ L.
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effective wave function to detect photons as ,,(t,,¢,) , we can obtain the following:

Vo (t.0) =w (@ .6+ 5" +w @ .5 ) @, 0"). (13)

LT indicates that the idler photon passes through the long arm of the MZ interferometer and
is transmitted at the beam splitter. 0T indicates that the signal photon passes through the L,
path and is transmitted at the beam splitter. OR indicates that the signal photon passes the L,
path and is reflected at the beam splitter. SR indicates that the idler photon passes through the
short arm of the MZ interferometer and is reflected at the beam splitter [6,26].

Interference between those four effective photon wave functions generates a dip or peak
at the central position. Figure 3(b) shows this interference between effective two-photon
wave functions in the temporal domain. If the signal photon follows the short path, it travels
a distance shorter than that travelled by the idler. Both the signal and idler photons pass
through their respective atomic cells; thus, odd-order dispersion is cancelled, and only even-
order dispersion remains. The distribution of the biphoton wave packet is shown in Fig. 3(¢c).
The two dispersed wave packets corresponding to the short and long signal paths are
LT , t;JT

overlapped. If L, = (Liong + Lsnor)/2, the dispersed wave packet of y/(# )and the wave

packet of the w('*,£;") path can be overlapped and interfere (T denotes transmission, and

R indicates reflection). Because the two wave packets are generated at different times in the
SPDC crystal, they have different overall phases. This phase difference resulting from the
generation time difference is determined by the MZ interferometer. The interference terms
also depend on this phase difference.

The signal and idler each pass through an identical Rb cell. When the temperatures of
both cells are the same, then the odd-order dispersion is cancelled out by frequency anti-
correlation. Similar to the case of an unmodified HOM interferometer, even-order dispersion
does not change the HOM interference pattern. Therefore, the original interference pattern
without a dispersive medium is restored, and all-order dispersion cancellation is realized.

This phenomenon cannot be explained as interference between two identical single-
photon wave packets. If two separable wave packets pass through this modified HOM
interferometer, as shown in Fig. 1(d), then the wave packet of the signal photon is modified.
After passing through a dispersive medium, the wave packets of both the signal and idler
photons are dispersed and spread out. These two wave packets cannot be overlapped at the
beam splitter (BS). In other words, the restoration of the central dip or peak in the modified
HOM interferometer with balanced dispersion can be achieved only with an entangled
photon pair. The formation of the central dip or peak is possible because of two-photon
temporal coherence. The temporal coherence originates from frequency anti-correlation.
Additionally, odd-order dispersion is cancelled nonlocally because of frequency anti-
correlation. All-order dispersion cancellation in the modified HOM interferometer requires
both strong temporal correlation and strong frequency anti-correlation. The nonclassical
nature of the entangled photon pair is revealed by this process.

3. Experiment

The goals of the experiments are to realize all-order dispersion cancellation and reveal its
nonclassical nature. As a preliminary experiment, we achieved all-order dispersion
cancellation using two identical dispersive media—one in the signal path and the other in the
idler path of the HOM interferometer—as suggested by Steinberg [24]. This experiment
shows that the HOM dip is distorted when the dispersion is unbalanced and that, for balanced
dispersion, the original dip is restored.

In this experiment, the pulse broadening of a Gaussian wave packet in a dispersive
medium can be calculated as
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Figure 4 shows how the calculated envelope of a Gaussian pulse (full width at half maximum
[FWHM] = 3 nm) is distorted in the Rb vapour cells with temperatures of 60°C and 140°C.
As Shown by the large asymmetry of wave packet in Fig. 4, the distortion caused by the odd-
order dispersion coefficient is very high in the Rb vapour cell at 140°C. Therefore, unlike
Steinberg’s experiment [13], dispersion cancellation cannot be realized in experiment 1 if the
dispersive medium is placed in only one arm of the interferometer. Identical dispersive media
(RD cells at the same temperature), one placed in each arm of the interferometer, were used to
achieve all-order dispersion cancellation.

Figure 5(a) shows the experimental result. The temperature of the Rb cell in the signal-
photon path is fixed at 140°C. The temperature of the Rb cell in the idler path is varied (142,
144, 146, 148, and 150°C). The HOM dip for each case is shown in the figure. At 142 and
144°C, the side peak (dip) resides to the left of the main dip. At 148 and 150°C, a waving
pattern can be observed to the right of the main dip. At 146°C, the waving pattern disappears
from both sides and the HOM dip without dispersion is restored

This result confirmed that dispersion cancellation cannot be realized by placing a Rb hot
vapour cell in only one arm, as in Steinberg’s dispersion cancellation approach. We also
verified that all-order dispersion cancellation is achieved when a balanced dispersion
material is placed in the idler path. The temperatures of two cells are not exactly the same
when the HOM dip is restored because a constant difference exists between the nominal
temperatures of the temperature sensor and the actual temperature of the Rb cell. As shown
in Fig. 5(b), if we increase the temperature of the Rb cell in the idler path, the visibility of the
HOM dip gradually increases and is almost completely restored at exactly 146°C. If the
temperature is further increased, however, the visibility decreases again.

Although this experiment shows that the HOM dip is restored, the nonclassicality of the
energy-time entangled photon pair is not revealed in the experiment because it can also be
realized with an identical dispersion of separable pulses (see Appendix B). Thus, another
experiment must be devised to reveal the nonclassical nature of the entangled photon in all-
order dispersion cancellation. Thus, we realized all-order dispersion cancellation with a
modified HOM interferometer. As in the experiment by Strekalov et al. [26], a Mach-Zender
interferometer is placed in the idler path of the HOM interferometer. The Mach-Zender
interferometer is unbalanced, and the path length difference is 600pum. Identical dispersion
media are used: one placed in the signal arm and the other in the idler arm. The bandwidth of

60°C
140°c

Intensity

t(ps)

Fig. 4. Distortion of a wave packet by dispersion. If a Gaussian pulse passes through a Rb cell,
its shape becomes distorted because of dispersion. At 60°C, the effect of dispersion is
negligible, whereas at 140°C, the Gaussian wave packet is clearly distorted. After dispersion,
the wave packet is highly asymmetric, and the width of the wave packet is increased by more
than 10 times.
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the idler photon is 3nm by post selection, and the corresponding coherence length is ~140um.
The path length difference is several times longer than the coherence length. Thus, single-
photon interference is avoided.

In the absence of the dispersion effect, the interference pattern is similar to that shown in
Fig. 5(c). The HOM dips of the short and long paths reside in the left and right sides of the
pattern, respectively. In the centre of the pattern, a dip (or peak) generated from the phase
difference between the short and long paths of the MZ interferometer is observed.

As explained previously, the peak or dip in the centre cannot be explained by the overlap
of the wave packets of the signal and idler photons, i.e., if this peak or dip is restored, we can
explain this phenomenon only by the frequency anti-correlation of an entangled photon pair.
The original interference pattern (black line) is observed when the temperatures of both cells
are 20°C. The dispersion effect is negligible at this temperature, as shown in Fig. 4. When
one of the cells is heated to 140°C, dispersion occurs only in the cell. In this case, the
dispersion is not balanced, and the interference pattern is distorted (red line) from the original
interference pattern (black line). When the temperature of another cell is also increased to
140°C, balanced dispersion is achieved. In this case, the original interference pattern is
clearly restored (blue line). This phenomenon can be treated more quantitatively. The
distortion of the two-photon interference pattern reflects the odd-order dispersion of a
biphoton wave packet. We can determine the degree of odd-order dispersion based on the
visibility of the interference dip or peak. As shown in Fig. 4, asymmetric distortion occurs
via odd-order dispersion. Thus, the degree of asymmetry reflects how much odd-order
dispersion occurred. To measure the degree of asymmetry, we can decompose a biphoton
wave packet to a symmetric function and an anti-symmetric function. If the probability for
the symmetric function is Ps and the probability for the anti-symmetric function is P,, the

quantity, D.A.=1—|PS —PA| , reflects the degree of asymmetry. For asymmetric wave

functions, D.4.>0. More asymmetric functions are correlated with higher D.4. values. The
visibility cannot be V' =1 if the wave function is asymmetric. For a more asymmetric wave
function, the visibility has a smaller value. D.4. can be calculated as D.4.=1-V (see
Appendix C).
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Fig. 5. Distortion and restoration of HOM interference pattern. (a) HOM interference patterns
for different RB cell temperatur-es. The temperature of the Rb cell in the idler path is varied
(142-150°C), whereas the temperature of the Rb cell in the signal-photon path is fixed at
140°C. (b) Visibility of the HOM dip. The visibility depends on the temperature of the Rb cell
in the idler path. (c) Two-photon interference pattern in the modified HOM interferometer. As
the phase difference changes in the Mach-Zender interferometer, the interference pattern near
position 0 changes from a dip to a peak. (d) Restoration of the two-photon interference pattern
in the modified HOM interferometer with balanced dispersion. The phase difference between
the short and long paths in MZI is 0, and a peak is generated by interference.
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Figure 5(b) shows the change in the visibility at different Rb cell temperatures. At 142°C,
the visibility is 0.85, and the D.A. is 0.15. At 146°C, the visibility increases to 0.94, and the
D.A. decreases to 0.06. At 150°C, the visibility decreases further to 0.77, and the D.A.
increases to 0.23. These trends reveal the change in the wave function asymmetry caused by
changing the temperature.

The modified HOM interference can be analysed similarly (see Appendix D). For the
curve of Fig. 5(d), V' = 0.8150 at low temperature (60°C). The maximum visibility without
dispersion in Fig. 5. (d) is less than that of the interference pattern without the Rb cell in Fig.
5(c) because mode matching is imperfect in the experiment shown in Fig. 2(c). The Rb cell
geometry is not ideal for beam alignment. The two signal beams in the MZ interferometer
also travel different distances. When these effects are combined, it is difficult to realize
perfect mode matching. Therefore, V' = 0.8150, even when the biphoton wave packet should
have perfect symmetry. Furthermore, D.4. = 0.1850 if we apply the formula D.4A.=1-V .
When the idler cell temperature is increased to 140°C, the visibility decreases to V= 0.7150,
and the D.4. increases to D.A4. = 0.2850. When the signal cell temperature is also increased to
140°C, the visibility increases further to /= 0.8409, and the D.A. decreases to 0.1591.

4. Methods

The entangled photon source was prepared by injecting a 396.5-nm pump beam into a type I
beta barium borate (BBO) crystal. The centre frequencies of the signal and idler photons are
both 793 nm, and the line width is 3 nm. Each photon passes through a Rb vapour cell with
strong dispersion (i.e., high-order dispersion coefficients cannot be neglected). The Rb atom
has a D1 transition line near 795 nm, and the refractive index is given as

ez 1
n(w)—j_mde(a)) I-Zj Zk 'w-o, +l(y +y )| (1)

where j = {1,2} —>{Rbgs, Rbs;}, k= {1,234} >{ifj=1F=22F" =2 F=2—>F" =3, F=
3oF =2 F=3F"=3},{j=2F=1>F" =1 F=12F" =2 F=2>F" =] F=
2—F’ = 2}, and G(w,) is the Doppler convolution function. y; is the dipole moment, g is the
relative peak strength, and N is the atomic number density [28].

Because the path length difference changes slightly because of mechanical vibration, the
phase also changes continuously in the modified HOM interferometer. To fix the phase,
Piezo-electric Transducer (PZT) is attached to the mirror in the long path of the Mach-Zender
interferometer. The Mach-Zender interference signal of a reference laser (a He-Ne laser) was
used to detect the error signal. Low-frequency noise is eliminated (< 300 Hz) by adding a
voltage from the He-Ne laser error signal-detection system to the PZT. The PZT is
proportional-integral (PI) controlled.

5. Conclusion

The nonlocal dispersion cancellation method of Franson and the local dispersion cancellation
method of Steinberg reveal the nonclassical nature of an energy-time entangled state. Those
nonclassical phenomena can be realized only when a photon pair has both strong temporal
correlation and strong frequency anti-correlation. Both dispersion cancellation schemes can
be achieved only when the dispersion coefficients can be approximated to the second order.
Different methods are required to obtain all-order dispersion cancellation. Therefore, we
achieved all-order dispersion cancellation using balanced dispersion with HOM. This
phenomenon, however, is possible even without energy-time entanglement. Thus, the HOM
dip can be restored without dispersion, even if two photons are independent and separable.
The indistinguishability from identical dispersion restores the original HOM dip.
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Thus, we restored the HOM interference pattern using a modified HOM interferometer
with a Mach-Zender interferometer. This finding can be explained only by considering both
temporal correlation and frequency anti-correlation. Therefore, the nonclassical nature of an
energy-time entangled system can be revealed, even if the dispersive material has an arbitrary
dispersion property.

Appendix A: Hong-Ou-Mandel (HOM) interference and second order
dispersion cancellation with an energy-time entangled photon pair

Dispersion cancellation of Steinberg [13] is schematically shown in Fig. 6(a). The dispersion
relation can be approximated to the second-order dispersion coefficient for a glass sample. If
this glass is placed in the idler path of the HOM interferometer, the HOM dip is not distorted,
and only its position is shifted. If a pump beam with angular frequency w, generates a photon
pair via spontaneous parametric down conversion(SPDC) and if the angular frequency of the
signal photon is w, and the angular frequency of the idler photon w;, the quantum state of the
photon pair can be written as [5,6,27]

%) = [[doda f(o,0)8@,-o,+0)d (@) (@)]0)
= ([ dudu, 1y )8, + p)al (@] + p,)al (@ +p)|0).  (16)
= [du,F(u,)al (@ +u,)a (o - 1,)[0)
with =0 -0 p=0-0 0 =0 =a,/2

and 't p4) = £ (@) + p1,, 0+ 44,)  F () = f'(p1,, =4,
This photon pair passes through a dispersive medium with a dispersion relation of the
following form:

2
k@) =k(@)+92 (@-o)+ 1LY (- .. .
dk |, 2 dk o (17)
=k(w)+ou+pu’ +...
2
U =w-wiand o= do ,B= 1d (20 where a is the reciprocal of the group velocity, and
dk |, 2 dk” |,

p is related to the dispersion of the group velocity. If this dispersive medium is placed in the
path of the signal photon, the magnitudes of wave vector of the signal photon with detuning u
and detuning —u become

ky 20)50/0
k(u)=k,+ou+pu’ +.. . (18)
ke, (=40 = ko — o+ B’ + ..

What is the quantum state of a photon pair with detunings ¢ and —u changed by dispersion if
they are detected at D; and D,? The quantum state before dispersion is [5,6, 27]

W) = [duF () (o + ) (o - )] 0). (19)

After passing the BS, the quantum state becomes
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where [1), = ! (@) +0)]0).|~), = ! @ - )]0).
How is the quantum state changed if a dispersive medium is placed in the path of the
signal photon? The difference between the phase change in vacuum and that in the dispersive
medium is given as (ky(u)—w; /c)L and (ky(—u)—w, /c)L for the quantum state of different
detunings when the length of the medium is L. Therefore, the quantum state becomes

i 2L i k(-2 L k-2 gy 2Ak
), = ey o T L
. —i| (k:( )7/(5 - ))L+2—'u AL-L)
_ o)) o) b Sy

[qﬁ(m — 2 (AL-L)+k, (u))

c
after passing through the dispersive medium. Because

ke (40) =k (=) = ko + o + Bu® — (ky — o+ B,

(22)
=2o0u
(a) (b)
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Fig. 6. HOM interference and dispersion cancellation. (a) Dispersion cancellation experiment
of Steinberg [1]. The signal photon of the entangled photon pair travels in free space, whereas
the idler photon passes through a dispersive material (glass sample L). The two photons meet
at the beam splitter(BS), and HOM interference occurs. The shape of the interference pattern
is not distorted, and only the position of the dip is shifted. , - are detunings from the half-
centre frequencies of photons detected at detector 1(D,;) and detec-tor 2(D,), respectively. (b)
The dispersion experiment of Stei-nberg performed with two independent single-photon wave
packets. The wave packet is distorted after it passes through the dispersive material. Different
from the original experim-ent of Steinberg, dispersive material has strong dispersion property,
i.e., high order dispersion coefficients are non-negligible, in this figure. Whether dispersion is
weak or strong, dispersion cancellation does not occur because the two wave packets cannot
overlap completely at the beam splitter. (¢) Two independent and separable wave packets pass
through a dispersive material. The dispersion of the two wave packets is identical. Therefore,
the two wave packets are indistinguishable at the BS, and the HOM dip is restored without
entanglement.

the quantum state can be rewritten as
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The coincidence count for this pair is

Ez(ﬂ,—ﬂ)zé(l—cos(Z,u(ALc_L +aL)D. 24)

When AL = (I —a)L, Piy(u,—) = 0.

As shown above, the phase changes originated from even-order terms in the dispersion
relation are identical for both the Reflection-Reflection path and Transmission-Transmission
paths. Therefore, these phase changes cancel each other out when the total phase change is
calculated. If the dispersion relation is approximated to the second-order terms, only the
effect from group velocity remains. The HOM dip resulting from this effect is

P, :lJm dﬂ|F(/¢)|2 [l—cos(y{(M_L +0(ij]
27 c

AL

1 = 2 —L
_E[l—jwdﬂ|F(,u)| cos[z,u( . +0{L]D.

and if AL = (I —ca)L, then Py, = 0. In other words, the shape of the HOM dip does not change,
and only the position of the lowest point is shifted [1,5].

(CA))

Appendix B: HOM interference and all-order dispersion cancellation with a
separable photon pair

The HOM interference of two separable and independent single photons has been reported
[6]. To apply this experiment, we consider the balanced dispersion of two independent
single-photon wave packets, as shown in Fig. 6(c). In this setup, the photo detection
amplitudes for each wave packet are given as

(0|EX (z=0.8)|w) = g(1)
(0| £ (z=0.,)|9) = g(1,)

and satisfy the following equation:

Idtl |g(t1)|2 = 1a_[dt2 |g(t2)|2 =1

(26)

The two photons are generated almost simultaneously; therefore, they have strong temporal
correlation. If we write

— Li j— LS — Lf
=1 _?’IZ,S =t —7,1‘21- =t, —?,

s

4

the photo-detection amplitude for the detection of the two photons with D, and D, is
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In HOM interference, the probability of detecting photons is integrated over time. (In the
experiment, the detector is turned on for a finite time. In most cases, the time interval far
exceeds the temporal width of the wave packet.) The coincidence count from this integration
is

Ry = [[duds, (0| £ @) E5 1))
= a2t 20,0~ )6,)
- %.U ddt, |g(t2,i gt )|2 +%'U dt,dt, |g(t2,s )8t )|2 (28)

. N 1 . .
—% [[dndeg @)2(,08 (t,)200,) = [ dudig®, )¢ ()88 @),

1
2 2

Re [[dtdt, (g (,)2(t,) 8 (4,)e(,))

As in the case of the entangled photon pair, the coincidence count decreases to 0 when L,—L;
= AL = 0. The distribution of the coincidence count rate is determined by convolution
between the photo detection amplitude of each wave packets. When AL/c exceeds the width
of the wave packet, the interference effect is not manifested. Therefore, HOM interference
can be observed with two separable and independent wave packets.

What happens if we place a dispersion material in one arm of the interferometer, as
shown in Fig. 6(b)? Suppose that the photo-detection amplitude of a photon changes from
g(?) to g,(?) after dispersion. Thus, the photo-detection amplitude for two photons becomes

7 () 7 (+) 1 LA L‘ L‘ LA
(O] £, t)E, ()] ) = —(gz, (t, ~ =gl ——) ~ g, = —)g, ¢, ——)). (29)
: 2 c c c c
Thus, the two photon coincidence count becomes

([ dude, (0| £ e B )| )| = %(1 -Re [ dtdt,g; (t,)2(t,,)g; (4,)g(,))- (30)

Dispersion cancellation is not observed.

Consider a balanced dispersion HOM interferometer, as shown in Fig. 6(c), in which each
of the two independent wave packets passes through a dispersive material. Although the two
wave packets are distorted by dispersion, they can interfere destructively because they have
identical temporal amplitude distributions. The effect of dispersion is not manifested in the
coincidence count. In this case, the two-photon coincidence count becomes the following:
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The formula can be rewritten as follows:
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The result does not depend on k(w); therefore, the same result is achieved, even in the
absence of dispersion.

(b)
. B
Ll = =-Signal
- .~ photon
T ¥
type [ AW =4l Idler
"~ photon

Fig. 7. (a) Biphoton wave packet. If #,— has the same value, the photons are detected with the
same probability, regardl-ess of #,, #. The amplitudes at different times exhibit only a phase
difference. The amplitudes at different times exhibit two-photon mutual temporal coherence.
(b)If the signal and idler photons travel different distances, the temporal distribution of the
amplitude is shifted. The shift is determined by the length of the path difference.
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The same principle applies to g,(z,,). The HOM interference pattern is restored by this

process. Therefore, even if two photons are not entangled, the dispersion effect is not
manifested.

Appendix C: biphoton wave packet in HOM interference and all-order
dispersion cancellation

A biphoton wave packet is the amplitude distribution of an energy-time entangled photon
pair in the time domain. An energy-time entangled state satisfies the inequality
Alt, —1)M@, + @ —w,) <1, where #; and #; are the detection times for the signal and idler

photons, respectively; and w,, w; w, are the angular frequencies of the signal, idler, and
pump beams, respectively. In other words, the photon pair has strong temporal correlation
and strong frequency anti-correlation. The frequency anti-correlation makes a biphoton wave
packet differ substantially from the wave packets of a photon pair with classical correlation.
The temporal distribution of the photo detection amplitude from this quantum state has the
following form [27]:

2
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—- (1 +)

OIEDHED @)|¥)=e > " glt, ~1,). (35)
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Fig. 8. (a) Photo-detection amplitude distribution along the #,-#, axis. The wave packets from
the RR and TT paths are shifted in the opposite directions and are anti-symmetric around the
t1-t, = 0 point. The two wave packets have opposite phase, and the whole wave packet is the
superposition of the two wave packets. (b) If the path length difference is decreased, the two
wave packets overlap. The overlapping region causes interference terms, and the coincidence
count rate is changed. This results in HOM interference. When the path length difference is 0,
the two wave packets overlap completely and cancel each other out. Thus, the coincidence
count rate is 0. (c) HOM interference after dispersion. Because the amplitudes of the TT and
RR paths are asymmetric, they do not interfere completely. Thus, the interference pattern is
distorted. (d) HOM interference after odd-order dispersion cancellation. Because two wave
packets with even-order dispersion have symmetric distributions, complete destructive
interference occurs when the path length difference is 0.

The character of this temporal distribution clearly differs from that of the temporal
distribution of classically correlated wave packets. If #, —¢; is the same, the probability of
detecting photons is the same, regardless of ¢, #;. If ¢, —t; has the same value, the photo-
detection amplitudes at different times have the same magnitude. Only the phase is different,
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and a perfect temporal coherence exists between the photo-detection amplitudes at different
times. Fig. 7(a) presents this distribution.

How does this distribution change after the photon pair passes through the BS of the
HOM interferometer? The change in the amplitude distribution after the signal and idler
photons travel finite distances answers this question. When the distance the signal photon
travels is L, and that of the idler photon is L, a difference exists between the photon
generation time and the detection time. Thus, if a signal photon is detected at ¢, it was
generated at time ¢ =t - L_/c .Therefore, if the signal and idler photons are detected at ¢, and

t,, respectively, then the photo detection amplitude is

Dy L L
A(+) A+ IT(I'HZ _7_?) s Li
(O|EV()E™ (t)|¥) =e gt ————1, +-)
C C
(36)
i%(’l‘*‘fz*L‘:Li) AL
=e gt —t,——).
C
AL=L -L

This distribution is shifted by AL/c from the original distribution of the biphoton wave packet
along the #,—#, axis. When the two path lengths of the HOM interferometer are different, the
photo-detection amplitudes at D; and D, are also shifted. If the photon pair follows the
reflection-reflection path at the BS, this behaviour corresponds to the signal-D, idler-D,
path. In contrast, if the pair follows the transmission-transmission path, they move along the
signal- D, idler- D, path .Thus, the wave packet from each path is in the opposite direction
and is anti-symmetric around the #- #, = 0 point.

If a biphoton wave packet from the RR path has a distribution g'(¢, —¢, —AL/c), the

biphoton wave packet from the TT path has a distribution —g’(—(t, —¢, —AL/¢)) . The minus

(—) sign in front of the distribution originates from the phase difference between the RR and
TT paths. The whole wave packet of the photon pair is a superposition of the two wave
packets.

What happens if a dispersion material is placed in one of the paths? When the dispersion
is very strong, the shape of the biphoton wave packet is asymmetrically distorted because of
odd-order dispersion (Fig. 9(a)).

(@)
N
(b)

A_);/\’\/\/—v_) o~

Fig. 9. (a) If a Gaussian wave packet passes through a medium with strong dispersion, the
wave packet becomes distorted. Additionally, because of odd-order dispersion, the shape of
the wave packet becomes asymmetrical. (b) Nonlocal dispersion cancellation of odd-order
dispersion. When only one photon passes through a dispersive material, the biphoton wave
packet is distorted. If another photon also passes through an identical dispersive material, then
odd-order dispersion is cancelled out because of frequency anti-correlation. Thus, only the
even-order dispersion effect remains, and the wave packets become symmetric.

The photo-detection amplitude at D, and D, becomes the distribution shown in Fig. 8(c).
Because the two wave packets are anti-symmetric around the #- £, =0 point, they cannot
overlap completely. Thus, complete destructive interference cannot occur, and the HOM dip
is distorted. If dispersion is balanced at both paths, then nonlocal dispersion cancellation



Research Article Vol. 25, No. 2 | 23 Jan 2017 | OPTICS EXPRESS 1378 I

Optics EXPRESS SN N\

occurs for odd-order dispersion. If one photon passes through a dispersive material, the
biphoton wave packet is distorted. If another photon also passes through an identical
dispersion material, then odd-order dispersion is cancelled out, and only the even-order
dispersion effect remains (Fig. 9(b)). As demonstrated by Steinberg [13], even-order
dispersion does not change the shape of the interference pattern for HOM interference.
Therefore, the interference pattern without dispersion is restored. The wave packet
distribution for this process is shown in Fig. 8(d).

How does this apply in the case of a modified HOM interferometer with a Mach-Zender
interferometer? Because a biphoton wave packet does not have a definite generation time, the
two-photon amplitudes generated earlier and later have mutual temporal coherence. If the
advanced amplitude propagates over a longer path, the two amplitudes can meet at the
detectors and interfere. If the temperature of the cell is so low that the dispersion effect is
negligible, the distribution of the wave packet is like that shown in Fig. 10(a). When
Lo=(LongTLsnor)/2, the wave packets connected by the arrow overlap and interfere. If the
temperatures of the two cells are high and different, then unbalanced dispersion occurs.
Because wave packets from the RR and TT paths are distributed asymmetrically, the total
distribution is modified. Because the two wave packets connected by arrows have different
distributions, destructive interference cannot occur completely. If the temperatures of the two
cells are balanced, then nonlocal odd-order interference pattern without dispersion is
restored. Throughout this process, energy-time dispersion cancellation occurs. Only the even-
order dispersion effect remains. Thus, the entanglement affect the interference two times.

S,

. jy/,])/ t -t
L) 0w
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B L |
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L. lk
.
Fig. 10. (a) Biphoton wave packet distribution after the BS when Ly = (Lionge + Lsior)/2 in
modified HOM inteference. The arrow indicates that the amplitude generated earlier and the
amplitude generated later meet and interfere. The amplitude generated earlier, which travelled
along the TT path, interferes with the amplitude generated later that travelled along the RR
path and vice versa. 7. =, + £, and L, denotes sum of signal path length and idler path
length. L, = L, + L. (b) Biphoton wave packet after the BS in the presence of a dispersive
material. The amplitudes that travelled along the TT and RR paths do not overlap completely.
Constructive or destructive interference cannot occur completely, and the interference pattern
is distorted. (c) Biphoton wave packet after the BS with balanced dispersion. Because the
wave packets are symmetric, the amplitudes that travelled along the TT and RR paths overlap

completely. Thus, constructive or destructive interference can occur completely, and the
interference pattern is restored.
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Frequency anti-correlation makes the temporal information of the photon pair uncertain.
Two-photon temporal coherence originates from this property and enables interference
between the wave packets, as shown in Fig. 10. The nonlocal cancellation of odd-order
dispersion also originates from frequency anti-correlation. In the absence of any of these
processes, all-order dispersion cancellation in the modified HOM interferometer cannot
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occur. None of these processes occur with two single-photon wave packets with classical
temporal correlation

Appendix D: measuring the degree of asymmetry with the visibility of HOM
interference

Effect of dispersion in HOM interference can be treated more quantitatively. The distortion
of the two-photon interference pattern reflects the odd-order dispersion of a biphoton wave
packet. We can determine the degree of odd-order dispersion based on the visibility of the
interference dip or peak. As shown in Fig. 9, asymmetric distortion occurs via odd-order
dispersion. We can quantitatively determine the degree of asymmetry of the wave function
via a simple integration. Suppose that ¢(¢) is an asymmetric wave function. ¢(-f) is a function
that is mirror symmetric with ¢(f) around =0. To show the asymmetry quantitatively, we can
decompose ¢(¢) to a symmetric function and an anti-symmetric function as shown below. The
two functions are normalised.

[Lddlptof =1
P(t) = ap,(t)+ by, (1)
o, (-)=0,0),] dilp@f =1.

0, () ==, 0),[ dip, ) =1

(37

If ¢(7) has perfect symmetry or anti-symmetry, then ||a|2 —|b|2| =1.However, this value is far

smaller than 1 if ¢(f) is quite asymmetric. Therefore, 1-||a|2 -|b|2| can reflect the degree of

asymmetry(D.A.). It is not necessary to obtain a and b directly to calculate D.A4. Indeed, D.A.
can be calculated from ¢(#) and ¢(-¢) as follows:

[~ dipo)g’ (=0)= [ dt (ag,()+ b, (1)) (ap,(~1) + b, (—1))
= [ dt(ap,()+bp, (1)) (ap, ()b, (1))
= [ dt(|ag, () ~[be, () +ab @, ()0, () +a’bp, (1) 9,(1)). (38)

[ flonof o)
=laf ~of

s * 2 2
DA= 1—‘ [~ arp(trp (—t)‘ - 1—“a| —|p]
For an asymmetric wave function,

- digtoy o)

<l. (39)

is always true. In other words, D.A4.>0.

More asymmetric functions are correlated with higher D.A. values. However, ¢(f) and ¢(-
f) can have a relationship in the form of ¢(-f)=p(t+1,), where 2, is a fixed value. In this case,
the integral described above is less than 1, but it does not accurately reflect the degree of
distortion. Thus, we consider a function that has the form of a convolution:
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v(0)= | dig’ (t+7)p(-1). (40)

If p(-f) = o(t + 1), then v(z) = 1 when 7 = ¢,. However, if ¢(¢) is asymmetric and ¢(-f)z¢p(t +
tp) for any value of 7, then w(7) is always v(7)<l. The maximum value of v(r) must be found
by varying the value of 7. This property can be applied to both HOM interference and
modified HOM interference. The effective photon wave function for an energy-time
entangled pair has the following form:

O(t,1,) =" g(t, - 1,). (41)

The effective wave functions for transmission-transmission path and reflection-reflection
path are

1 e
q)TT(IIJZ):Ee o t)g(t1_t2)

©p(t,1,) = —%e"”’""‘””g<—(q —1,)). 42)
[dtlg(@] =1

The visibility is determined by the product of two functions.

2 T T *
v —?Re(J‘ [ i@ (1,.0)0,, (tl,tz))

0

. (43)

Since temporal width of the wave packet is far narrower than 7', (16)-(20) can also be
applied to the visibility.

V= ‘%Re(fjdtl J‘OTdtzg*(tl —1,)g(=(t —t, )))‘ (44)
= ‘Re(J‘dt,g*(L)g(_ﬁ))"

,where t. = t;-1,.
As (38) shows, J-dtf g (t.)g(~t_)is always a real value. Thus, we can rewrite (43) as

v =|[ag @)g-1). (45)
The visibility cannot be ¥V = 1 if the wave function is asymmetric. For a more asymmetric
wave function, the visibility has a smaller value. D.A. can be calculated as
D.A.=1-V. (46)
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