Three-dimensional efficient dispersive
alternating-direction-implicit
finite-difference time-domain algorithm
using a quadr atic complex rational
function

E.-K.Kim,'S-G.Ha! J. Lee? Y. B. Park,® and K .-Y. Jung®*

1 Department of Electronics and Computer Engineering, Hanyang University, 222,
\Wangsimni-ro, Seongdong-gu, Seoul 133-971, South Korea
2 The 7th R&D Institute-3, Agency for Defense Development
330 Shin-seong Road, Haemi-myeon, Seosan-si, Chungcheongnam-do 356-823, South Korea
3 Department of Electrical and Computer Engineering, Ajou University, 206, World cup-ro
Suwon 443-749, South Korea

* kyjung3@hanyang.ac.kr

Abstract:  Efficient unconditionally stable FDTD method is developed
for the electromagnetic analysis of dispersive media. Toward this pur-
pose, a quadratic complex rational function (QCRF) dispersion model is
applied to the alternating-direction-implicit finite-difference time-domain
(ADI-FDTD) method. The 3-D update equations of QCRF-ADI-FDTD are
derived using Maxwell’s curl equations and the constitutive relation. The
periodic boundary condition of QCRF-ADI-FDTD is discussed in detail.
A 3-D numerical example shows that the time-step size can be increased
by the proposed QCRF-ADI-FDTD beyond the Courant-Friedrich-Levy
(CFL) number, without numerical instability. It is observed that, for refined
computational cells, the computational time of QCRF-ADI-FDTD is
reduced to 28.08 % of QCRF-FDTD, while the L, relative error norm of a
field distribution is 6.92 %.
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1. Introduction

The finite-difference time-domain (FDTD) method [1] has been popularly applied for a wide
range of electromagnetic (EM) problemsincluding lossy materials[2], plasmonic structures[3],
magnetic photonic crystals[4], metamaterials[5], and organic solar cells[6]. FDTD isaccurate
and robust, and also it can obtain wideband EM responses by performing asingle simulation. In
FDTD, due to the time-domain approach, a proper dispersion model is required for analyzing
materials with frequency-dependent characteristics. Recently, the quadratic complex rational
function (QCRF) dispersion model was successfully employed for the FDTD analysis of dis-
persive media, such as human tissues [7], concrete materials [8], and silicon solar cells [9].
The QCRF dispersion model has higher degree of freedom than Debye [10], Drude [11], or
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Lorentz [12] models and also its coefficients can be obtained by a simple matrix calculation.

Due to the explicit solution of differential equations, the time-step size of FDTD is limited
by the Courant-Friedrichs-Levy (CFL) stability limit [1] which is a function of minimum spa-
tial grid sizes determined by the highest frequency and/or a given structure. When objects are
much smaller than the wavelength of interests (e.g., thin film devices[13], subwavelength struc-
tures[14], or nanostructures[15]), aFDTD analysisis highly demanding. To overcome the CFL
stability limit of FDTD, the aternating direction implicit (ADI)-FDTD can be used [16-18].
Since it involves an semi-implicit scheme, time-marching update equations can be calcul ated
unconditionally stably by using alarge time-step size beyond the CFL stability limit.

In thiswork, we apply the QCRF dispersion model to the ADI-FDTD algorithm to efficiently
analyze optical wave propagation in dispersive media. The periodic boundary condition (PBC)
is employed for the lateral computational cells to excite the plane wave with enhanced com-
putational efficiency and the complex frequency-shifted (CFS) perfectly matched layer (PML)
is used for the longitudinal direction to minimize spurious reflections from the computational
boundary. Finally, a3-D numerical exampleisused to illustrate the computational accuracy and
efficiency of the proposed QCRF-ADI-FDTD.

2. Methodology

Before proceeding with the formulation of QCRF-ADI-FDTD, we briefly review the formula-
tion of QCRF-FDTD [7]. We assume the €3 ®* time convention in what follows, where §=/—1.

2.1. Formulation of QCRF-FDTD
In QCRF-FDTD, the relative permittivity part of adispersive medium is expressed as

At A(Go) +A(Fw)?
()= T B.G0) 1B 0)?

@

where Ag, A1, A, B1, By are the real coefficients which can be simply obtained by a 5x5
matrix calculation [7]. In order to obtain the update equations of QCRF-FDTD, we consider
the constitutive relation as follows

Ao+Ai(30) +A(3 w)z)
D(w) =¢ E(w). 2
(@) 0<1+Bl(jw)+Bz(ja))2 (@) @)
By applying the inverse Fourier transform and the central difference scheme (CDS), we have
n+1 n n-1 n+1 n-1 n+1 n n-1
pnt +2|?1 +D +BlD +2£{3 +BZD + 72A|?2+D (3)
_ SOAO En+l+2£Eln+Enfl + goAl En+lZZtEn71 + gOAZ En+l*2A$;+En71 )

With some manipulations, final update equation for E can be obtained as follows
En+1 _ CaEn +CbEn71 =+ CCDnJrl +Can _|_Ceanl (4)

where Ca = —2(ap — 02) /(0o + 01 + 02), Cp = —(0to — o1 + 2) / (ct0 + 01 + 02), Cc = (Bo+
Bi+B2)/ (00 + 01+ 02), Ca = 2(Bo — B2)/ (00 + 01 + 02), and Ce = (o — P+ B2) /(00 +
o + ap). Note that o = Ao(At)z, o1 = 2A1AL, o = 4R, Bo = (At)Z/SO, P1 = 2B1At /gy, and
B2 = 4B/ gp. In above, the superscript refers to the time-step indexing. The update equations
of D and H can be obtained by applying the CDS to time-dependent Maxwell’s curl equations.
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2.2. Formulation of QCRF-ADI-FDTD

The ADI scheme requires updating EM field components from the time step n to n+ 1 through
two sub-iterations. Therefore, QCRF-ADI-FDTD update equations of E can be written as

First sub-iteration:

En+l/2 — CCDn+l/2 + ¢n (5)
¢n+1/2 _ CaEI”H—l/Z +CbEn +Can+l/2 +CeDn (6)
Second sub-iteration:
En+1 — Cch+1 + ¢n+1/2 (7)
¢n+1 _ CaEn+1 _|_CbEn+l/2 _|_Can+l _|_CeDn+1/2. (8)

Note that C,, Cp, C, Cq, and Ce are same as in FDTD but with different variables: op =
Ao(At)2/4, o = A1AL, o = 4A, ﬁo = (At)z/(4€0), [31 = B]_At/so, and BZ = 482/80. Simi-
lar to E update eguations, the update equations of D and H at each time step is divided into

two sub-iterations and they can be obtained from time-dependent Maxwell’s curl equations.
n+1/2 n+1/2

For example, the first sub-step update equations of the Dy and H; are derived as
n+1/2 n+1/2 n+1/2
DX||+1/21 k™ DX||+1/2 is Kkt ZAy(HZ‘|+1/2,j+1/2,k7 Z|i+1/2,j71/2,k) ©)

At
E(Hy|in+1/2,j,k+1/2 —Hyl2k1/2)

n+1/2 - At
Hali 12 a2k = Haltaj2. 17260~ 72“0AX(EV|?+1.J'+1/2,1< —E/lNj11/20) (10)
At n+1/2 n+1/2
+ 2quy( xlis1)2,j+ 1k~ Exlite/2 00

where the subscript refers to the spatial grid indexing. Note that we cannot solve D”*l/ 2 and

”*1/2 directly from Egs. (9) and (10), because field values at the simultaneoustime (n+1/2)
areinvolved. Therefore, plugging Eqg. (5) into Eq. (10) and then putting the resulting egquation
into Eq. (9), we have

CoDoCc  int1/2 CoDoCc ni1/2 CoDoCe . \n+1/2
- (Ay)z X|i+l/2,j—1k 1+2——0 ( y) DX||+1/2,j,k_ (Ay)2 Dx‘i+1/2,j+1,k (11)

Co
=Dulh1/2jkt+ Ay (HZ\inH/z,jﬂ/z,k - HZ|in+1/2,j—l/2,k>
Co
~ % (Hy|in+l/2,j,k+l/2 - HY|in+1/2,j,k—l/2)
CoDo
T AyAX ( ylvsj+126— Bylijrr2k— Bylitaj—1/2k Ey|in,j71/2,k>

CoDo
( )2 (¢X|I+l/2] 1K 2¢X|in+1/2,j,k+¢X|in+l/2,j+1,k)

whereCo = At/2 and Do = At/ (2up). Note that Eq. (11) can be efficiently solved by the Thomas
algorithm [19]. Overall, the 3-D QCRF-ADI-FDTD procedure in the first sub-iteration is sum-
marized as
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1. Implicitly update D"%/2 (e.g., Eq. (11))
2. Explicitly update E™Y/2 (e.g., Eq. (5))
3. Explicitly update ¢""/2 (e.g., Eq. (6))
4. Explicitly update H™%/2 (e.g., Eq. (10)).

An analogous procedure can be applied for deriving the update equations of QCRF-ADI-FDTD
in the second sub-iteration. In this work, the CFS-PML [20] is employed to minimize spurious
reflection from the outer grid boundaries along the longitudinal (2) direction. By using a com-
plex stretched coordinate technique [21], the CFS-PML implementation of QCRF-ADI-FDTD
can be straightforwardly obtained and thus details are omitted in this paper. On the other hand,
we employ the PBC [22] on the lateral (x and y) direction to efficiently excite the plane wave
and details on the PBC implementation of QCRF-ADI-FDTD will be discussed in the next
section.

2.3. Periodic boundary condition of QCRF-ADI-FDTD

When applying the PBC to QCRF-ADI-FDTD, the update equations of D do not have atridiag-
onal matrix form anymore. Without loss of generality, we consider they directional periodicity.
We can write the update equation of Dy in the first sub-iteration as a cyclic tridiagonal matrix
form [M]x=r

r n+1/2 7

Dyl:
bo Co 0 0 an_1 X||+1/2.0,k ro
a1 by C1 0 0 :
1/2
M=o . o | x=| Dz =] 0| @
0 0 an2 by2 on2 : ;
c© O 0  an-1 by n+1/2 rIn
_DX|i+1/2,N71,k_ ‘N’l

Let us consider the PBC at j=0. As seen from Eq. (11) and Fig. 1(a), to update Dx"/ /7,

we need Hz|i”+1/2._1/2’k, Ey|in+1,—1/2¢k' Ey|irj—1/2,k’ and ¢X|in+1/2¢—1.k‘ They are not alocated in the
computer memory and thus we use aternative field values using the periodicity:

Hzlt 1/2 _1/2k ¢ Helih1/on-1/2x (13)
Ey|in+1,71/2,k%Ey\in+1,N71/2,k
Byl 12k < Eylin-1/2k
Ol 1/2 1k € Oxlibr2n-1k

When updating Dx|i"++j/§ i @ J=N (see Fig. 1(b)), we can simply use the filed value at j=0;

n+1/2

1/2
i+1/2Nk < Dl (14)

Dy i+1/2,0.k"

n+1/2

For updating DZ|iA07k+1/2,

we need Hx\i”ﬁl/ZkH/z and we can use the following relation:

Hel 12k 172 ¢ HXliN_1/2k11/2- (15)
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Fig. 1. Field location in the computational cell. (a) updating DQH/ 2 a j=0. (b) updating

DY Y2 g j=N.

n+1/2

Also, we replace D,; i Ki1/2

a j=Nas

n+1/2 n+1/2
DZ|i,N,k+l/2 = DZ|i,O,k+1/2' (16)

Note that, in the y directional periodicity, no special PBC treatments are needed for other field
components (E™1/2, ¢™1/2, H"1/2 and DJ*?). Similar PBCs are straightforwardly applied
for the x directional periodicity and the second-sub-step update equations. It is worthwhile to
note that the cyclic tridiagonal matrix [M] in Eq. (12) can be applied for the case of a # c,
differently from the previous literature (see Eq. (13) in [22]). To solve Eqg. (12), the Sherman-
Morrison algorithm [19, 23] is applied as what follows. Let us consider Eq. (12) as a perturba-

tion of matrix [N] by the by following relation

M] = [N]+wz", (17)
by c O 0 0
ar by C1 0 0
0 0 an_2 bnoo CN-2
0 0 0 an—1  bn-_1+(c1an—1/bo)

W= [_b07 07 B 07 Co, ]T7 Z= I:la 07 T 07 _aNfl/bO:IT~
Then, we use the Thomas a gorithm to eval uate two auxiliary vectors (x3 and x2)

N]xy=r, (18)
[N] x2 = w. (19)

After solving x; and X2, the final update equation of Dy can be obtained via
X = X1 + Bxo, (20)

where
o 'x
147X
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Fig. 2. (a) Geometry of the numerical example. (b) Convergence test of space-step sizes.

3. Numerical example

Asaproof of concept of QCRF-ADI-FDTD, we analyze optical wave interaction with asquare
periodic array of Ag nanospheres (the Ag radius of 10 nm and the center-to-center distance
of 40 nm) surrounded by SiO, under a normal incident x-polarized plane wave excitation (see
Fig. 2(a)). The observation point is located at the center on a transverse plane and 5 nm below
from the plane wave source plane. Ten CFS-PML layers are used for the z direction and the
PBC is used for the x and y directions. The total physical domain is 40 nm x 40 nm x 60
nm. We set Ag = 112.62, Ay = 7.224 x 10716, A, = 1.364 x 100, B; = 3.108 x 10 *® and
B, = 7.590 x 103! for the QCRF coefficients of Ag. Note that we use a constant relative
permittivity of 2.25 for SiO,. We define the CFL number (CFLN) asCFLN = At/AtrpTp, mex
and we use cubic cells (As=Ax=Ay=Az). Before proceeding, we first perform a convergence test
by varying the space-step sizesin FDTD simulations. The space-step sizeslarger than 2 nm lead
to high staircasing errors and the space-step sizes smaller than 0.25 nm lead to overwhelming
computational costs. Therefore, we consider As=2 nm, 1 nm, 0.5 nm, and 0.25 nm for the
convergence test. Figure 2(b) shows the relative error of Ey field against the reference data
(extracted from As=0.25 nm) defined by [Ex(t) — Exrer (t)] /|Exref (t)|mex [1]. The maximum
relative error is 10.44%, 3.28%, and 1.14% for As=2 nm, 1 nm, and 0.5 nm respectively.

We first employ computational cells with As=0.5 nm. Figure 3(a) shows the time response
of Ex field and good agreement is observed between QCRF-FDTD and QCRF-ADI-FDTD up
to CFLN=8. Figure 3(b) represents the relative error using QCRF-FDTD as reference, show-
ing that the maximum relative error of QCRF-ADI-FDTD is 4.6%, 6.79%, and 14.09% for
CFLN=4, 8, and 16 respectively. Next, we employ computational cellswith As=0.25 nm. Figure
4(a) showsthetime response of Ex field and good agreement is observed between QCRF-FDTD
and QCRF-ADI-FDTD up to CFLN=16. Figure 4(b) represents the relative error using QCRF-
FDTD as reference, showing that the maximum relative error of QCRF-ADI-FDTD is 2.6%,
4.29%, and 7.45% for CFLN=4, 8, and 16 respectively. Figure 5 shows the snapshots of Ex
field on the xy-plane at the center of the Ag nanosphere at the time instant of 0.0034795 ps, ob-
tained from QCRF-FDTD with CFLN=1 and QCRF-ADI-FDTD with CFLN=16 for As=0.25
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Fig. 3. (a) Ex field for As=0.5 nm. (b) Relative error of Ey field for As=0.5 nm.
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Fig. 4. (a) Ex field for As=0.25 nm. (b) Relative error of Ex field for As=0.25 nm.

nm. Overall, thefield distribution of QCRF-ADI-FDTD agreeswell with that of FDTD. We also
calculate the Ly relative error norm || 6 ||2 [24] of the field against the reference data (extracted
from QCRF-FDTD) by

Zf,'g%m >0mm (Ey apl — Exr o7D)?
Z;‘Ig%m >0 (Ex FpTD) 2
It turns out that || 6 ||2= 6.92 %. Finally, we compare the computational time of QCRF-ADI-

FDTD normalized by the QCRF-FDTD counterpart in Fig. 6. Note that the CPU time of QCRF-
ADI-FDTD with CFLN=8is 56.17 % and that of QCRF-ADI-FDTD with CFLN=16 is 28.08

116 ll2= (21)
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Fig. 5. Snapshot of Ey field for As=0.25 nm. () QCRF-FDTD with CFLN=1. (b) QCRF-
ADI-FDTD with CFLN=16.
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Fig. 6. Normalized CPU time of QCRF-ADI-FDTD.

%, compared to the QCRF-FDTD counterpart.

4, Conclusion

The QCRF dispersion model has been successfully applied to ADI-FDTD for the efficient opti-
cal analysisof dispersive media. In thiswork, the formulations of update equations and the PBC
are derived in detail. The computational accuracy and efficiency of the proposed QCRF-ADI-
FDTD is validated through the 3-D numerical example. For computational cells with As=0.25
nm, the QCRF-ADI-FDTD with CFLN=16 agrees well with the QCRF-FDTD counterpart,
with the speedup enhancement of 3.56. QCRF-ADI-FDTD can be applied for the efficient
optical analysis of electrically refined structures, such as nanowires, nanoholes, or plasmonic
organic solar cells. It is also noting that the QCRF dispersion model can be extended to the
pseudo-spectral time domain (PSTD) method [25-27].
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