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Clustered boundary layer sign-changing solutions
for a supercritical problem

Seunghyeok Kim and Angela Pistoia

ABSTRACT
We study the existence and profile of sign-changing solutions of the supercritical problem
—Au=|uff""'uin D, w=0ondD,

where D is a smooth open bounded domain in R"™ and p > 1. In particular, for suitable domains D,
we prove that, for any integer m, if p is large enough, such a problem has a sign-changing solution
which concentrates positively and negatively along m different (n — 2)-dimensional submanifolds
of the boundary of D that collapse to a suitable submanifold of the boundary as p — +4o0.

1. Introduction
We are interested in the classical Lane-Emden—Fowler problem
Av+ [p[P"lv =0in D, v =0 on dD, (1.1)

where D is a smooth open bounded domain in R™ and p > 1.

As is well known, the existence of positive and sign-changing solutions to problem (1.1) when
p is above the critical exponent py := (n + 2)/(n — 2) is a difficult issue.

When p € (1, (n +2)/(n — 2)) compactness of Sobolev’s embedding ensures the existence of
at least one positive solution and infinitely many sign-changing solutions.

When p > (n + 2)/(n — 2), the situation is much more delicate. Pohozaev [25] proved that
problem (1.1) does not have any solutions if the domain D is star-shaped. On the other hand,
Kazdan and Warner [15] proved that if the domain D is an annulus, then problem (1.1)
has infinitely many radial solutions. In the critical case, that is, p = (n + 2)/(n — 2), Bahri and
Coron proved that a positive solution of (1.1) exists if the domain D is topologically nontrivial.
Moreover, in [14, 17] it was proved that if the domain D has a small hole, then the number
of sign-changing solutions of problem (1.1) increases as the size of the hole decreases. In the
supercritical case, that is, p > (n 4+ 2)/(n — 2), the presence of topology does not guarantee the
existence of solutions of (1.1). In fact, Passaseo [19, 20] proved that ifn > 4and 1 <k <n—3
is a given integer, then there exists a smooth bounded domain in R” homotopically equivalent to
a k-sphere such that problem (1.1) does not have any solutions if p > (n — k + 2)/(n — k — 2).

Let us define p; ,:=Mnm—-k+2)/(n—k—-2), 0<k<n-3 as the (k+1)th critical
exponent and set p}_; := 4o00.

The almost first critical case, that is, p = p] £ €, when € is positive and small enough, has
been widely studied. The slightly subcritical case, that is, p = p} — €, was considered in [3, 28],
where the existence of positive solutions which blow up at one or more points of D as € — 0
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was established. The existence of sign-changing solutions was studied in [6, 18, 24], where the
authors constructed a large number of solutions with simple or multiple positive and negative
blow-up points. The existence and nonexistence of positive solutions with one or more blow-up
points in the slightly supercritical case, that is, p = p} + €, was established in [8, 21, 23|.

In [22], the authors considered the almost second critical case, that is, p = p5 —e. They
proved that, for some suitable domains D, if € is positive, small enough and different from an
explicit set of values, then problem (1.1) has a positive solution which concentrates along a one-
dimensional submanifold of the boundary 0D. In the same paper, the authors ask the question
whether one can find concentration results for larger critical exponents. More precisely,

(Q1) for any integerk = 2,...,n — 2, if p approaches from below p}, and p is (possibly) different
from an explicit set of values, for some suitable domains D does problem (1.1) have a
positive solution which concentrates along a k-dimensional submanifold of the boundary
oD?

Having in mind that when p approaches from below the first critical exponent p} a large
number of sign-changing solutions exist, another question naturally arises:

(Q2) for any integerk =1,...,n — 2, if p approaches from below pj, and p is (possibly) different
from an explicit set of values, for some suitable domains D does problem (1.1) have a
sign-changing solution which concentrates along a k-dimensional submanifold of the
boundary 0D?

In [1, 16], we afford both questions in the almost (k 4 1)th critical case for 1 <k <n — 3.

In the present paper, we consider the almost (n — 1)th critical case, that is, k = n — 2 and
we give a positive answer when p goes to +00. More precisely, we exhibit some domains D such
that if p is large enough, then problem (1.1) has a positive solution which concentrates along
an (n — 2)-dimensional submanifold Ty of the boundary 9D as p goes to 4+o0c0. Moreover, we
exhibit some domains D such that, for any integer m, if p is large enough, then problem (1.1)
has many sign-changing solutions which concentrate positively and negatively along (n — 2)-
dimensional submanifolds I'y , ..., I';,,, of the boundary 9D such that the I';,’s accumulate to
T’y as the exponent p goes to +oo.

Let us state our main result more precisely.

Let Q be a smooth open bounded domain in R? such that

Qc{(z1,22) €R? : 21 >0} or QC {(x1,22) €R? : xq,29 > 0}.
Let h =1 or h = 2 be fixed. Let M = My + M), with M; > 2 and set
D= {(y1,yn, ') € RM x RMr 5 RZ" - (|y1], ynl, o) € Q}.

Then D is a smooth open bounded domain in R™ with n := M + 2 — h.

As mentioned, we are interested in finding sign-changing solutions for the supercritical
problem (1.1) when p is large enough.

The solutions we are looking for are G-invariant for the action of the group G := O(My) x
O(Mj,) on RY given by
(91, 90) W1, yn, ') == (9191, gnyn, ).

Here, O(M;) denotes the group of linear isometries of RM:. More precisely, we look for solutions
that satisfy

v(y1,Yn, «') = v(g1y1, gryn, ') for all g; € O(M;), y; € RM:, 2/ e RZ7M,
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A simple calculation shows that a function v of the form v(y1, yn, «’) = u(|y1], |yn|, ") solves
problem (1.1) if and only if u solves

h

M;—10
—Au_; z; 87;2:|U|p_1um97 u =0 on 0,

which can be rewritten as
—div(a(r)Vu) = a(z)|ulP " u in Q, wu=0on 00,
where

a(ry, o) =272 ifh=1,
a(zy,zo) = 2 e)27 if h =2 (here n = M + My). (1.3)

Thus, we are led to study the more general anisotropic Lane-Emden—Fowler equation
Agu+[ulfP'fu=0in Q, u=0on 99, (1.4)

where p is a large exponent, (2 C R? is a smooth bounded domain, a:Q — R is a smooth
function over €2 such that

0<a; <a(r) <ag < +oo,

and A, is an operator defined as

Agu = %V(a(w)Vu) = Au+Vlioga-Vu for any u € H}(Q).
a(x

We will assume that

(A1) T € 0Q is a strict local minimum of a;
(A2) Jya(z) := (Va(z),v(Z)) > 0 where v = v(Z) is the inward unit normal at Z € 9.

Our goal is to construct solutions to problem (1.4) with positive and negative bubbles which
accumulate to Z as p goes to +00. It corresponds to construct solutions to problem (1.1) such
that they concentrate positively and negatively along (n — 2)-dimensional submanifolds of the
boundary of D which accumulate to the G-orbit of T on the boundary of D as p goes to +00. We
point out that the G-orbit of Z on the boundary of D is a (n — 2)-dimensional submanifold of
the boundary of D diffeomorphic to SM =1 x SMr=1 (recall that M — h = n — 2), where SMi~1
is the unit sphere in RM:,

Our first result concerns the existence of a single bubble solution for problem (1.4).

THEOREM 1.1. Assume (A1)—(A2). There is pg such that, for p > pg, there is a family
of positive solutions u, for problem (1.4) with one positive bubble at T as p — +oco. More
precisely,

1 842 1
)= i o G g 0 5):
where the parameters v, § and . satisfy

y=pP/ =D P21 5 — P/
Cp

b

H
= Q

for some C' > 0 and &P satisfies

ez S caero0) < &
p P
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for some Cy,Cs > 0. In particular, for any p > 0, as p — o0

plupPu, — 8med;  weakly in D'(R?), (1.5)
up, — 0 uniformly in Q\ B,(Z) (1.6)
and
sup  u,(z) — Ve. (1.7)
zE€B,(7)

The corresponding result for problem (1.1) reads as follows.

THEOREM 1.2. Let a be as in (1.2) or in (1.3). Assume (A1)—(A2). There exists py such
that, for any p > po, problem (1.1) has a positive solution v, which concentrates positively along
a (n — 2)-dimensional submanifold of the boundary of D, namely the G-orbit of T, as p — +o0.

Our second result concerns the existence of a sign-changing solution for (1.4) with one
positive and one negative bubble which accumulates to the same point.

THEOREM 1.3. Assume (A1)—(A2). There is py such that, for p > py, there is a family of
sign-changing solutions u, with one positive bubble and one negative bubble which accumulate
to * as p — +o00. More precisely,

852 1 862 1
up(x) = log - log +0 (> ,
o L R P (D EIN
where the parameters v, §; and u; satisfy, fori = 1,2,
1) — _ _ 1 Clogp
= pP/ (=) o=p/2(p=1) 5 = e P/4, < < , 1.8
v jz Cplogp ) (1.8)
for some C' > 0 and & satisfies
9 0 1
g L<de o)< and gl
p p plogp
for some é’l, Cy>0.In particular, for any p > 0, as p — o0
plup|Pu, — 0 weakly in D' (R?), (1.9)
up — 0 uniformly in Q\ B,(Z) (1.10)
and
sup  up(z) — Ve and inf  up(z) — —ve. (1.11)

zeBp/pz(gf) z€B, ;2 39!
The corresponding result for problem (1.1) reads as follows.

THEOREM 1.4. Let a be as in (1.2) or in (1.3). Assume (A1)—(A2). There exists py such
that, for any p > pg, problem (1.1) has a sign-changing solution v, which concentrates positively
and negatively along two different (n — 2)-dimensional submanifolds of the boundary of D that
accumulate to the G-orbit of T, as p — +0o0.



CLUSTERED BOUNDARY LAYER SIGN-CHANGING SOLUTIONS 231

We would like to point out that the solutions found in Theorem 1.3 are generated by a
minimum point of the reduced energy (see Section 4). In fact, in that case the interaction
between the two peaks is negative and that allows one to minimize the reduced energy in the
configuration space where the concentration points lie (see (2.1)). When the number of peaks
m > 3, the interaction between the peaks is no longer positive and so the reduced energy has
no longer a minimum point. Actually, in this case the reduced energy should have a critical
point of min—max type, which seems to be very difficult to catch. However, if we assume some
symmetry conditions which allow one to reduce the configuration space so that we can again
minimize the reduced energy, a solution with an arbitrary number of positive and negative
bubbles near a local minimum of a can be found. More precisely, we assume that:

(A3) § is symmetric with respect to the line £ := {Z + v(z) : ¢ € R}, that is,
T4+ (z,v)v+ (v, 7)T€Q & T+ (v, v)v— (x,7)T € Q,
and a is even with respect to the line £, that is,
a(z+ (z,v)v + (z,7)7) = a(Z + (z,v)v — (z,7)7),

where 7 = 7(Z) is a unit tangent vector at T € 9.

THEOREM 1.5. Assume (A2)—(A3). Then, for any m € N, there is py = po(m) such that,
for p > po, there is a family of sign-changing solutions u," for problem (1.4) with m alternating
positive and negative bubbles which accumulate to & as p — +o0c0. More precisely,

my 1 : "
4@ ; 52/ - )

where the parameters vy, §; and yu; are as in (1.8) and every &’ = & + t! /pv is aligned on the
line £ and satisfies

tr—t,i=1,....m and 0<ty <- - <tp.

Moreover, uy,' is even with respect to the line £. In particular, for any p > 0, as p — 00
pluyPu, — 8me Z(—l)“‘léf weakly in D' (R?),
i=1
u, — 0 uniformly in Q\ B,(Z)
and
sup  up(z) — Ve (iisodd) and inf  w,(z) — —Ve (iis even).
xGBp/p2(Ef) IGBp/p2(Ef)

We point out that if we assume (A3), then we do not require that Z is a minimum point of a.
The corresponding results for problem (1.1) read as follows.

THEOREM 1.6. (i) Let a be as in (1.2). Assume (A2)-(A3) and assume also that € is
symmetric with respect to the xi-axis, that is, (x1,x2) € Q if and only if (x1, —z2) € Q.

For any integer m, there exists p,, such that, for any p > p,, problem (1.1) has a
sign-changing solution v, concentrating positively and negatively along m different (n — 2)-
dimensional submanifolds of the boundary of D which accumulate to the G-orbit of %
as p — +00.
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(ii) Let a be as in (1.3), with n > 4 even and My = M = n/2. Assume (A2)—(A3) and also
that Q is symmetric with respect to the line £ := {(z1,x1) : x1 € R}, that is, (z1,22) € Q if
and only if (x9,21) € €.

For any integer m, there exists p,, such that, for any p > p, problem (1.1) has a
sign-changing solution v, concentrating positively and negatively along m different (n — 2)-
dimensional submanifolds of the boundary of D which accumulate to the G-orbit of ¥ as
p — +00.

We point out that problem (1.4) was first studied in [2, 11, 26, 27] in the nonanisotropic
case, that is, a(x) = 1. Successively, in [12, 13] the authors constructed for p large enough
positive and sign-changing solutions with simple positive and negative blow-up points. In [29],
the authors studied the effect of the anisotropic coefficient a. In particular, they constructed
positive solutions with an arbitrary large number of positive blow-up points which accumulate
to a strict local maximum point of a in Q. We also quote the papers [31, 32] where the
authors studied the existence of positive solutions for an anisotropic Emden—Fowler equation
and the paper [30], where sign-changing solutions with multiple blow-up points are found for
an anisotropic sinh-Poisson equation.

The proof of our results rely on a very well-known Ljapunov—Schmidt reduction. In Section 2,
we write the approximate solution. In Section 3, we study the linear problem. In Section 4,
we reduce the problem to a finite-dimensional one, we study the reduced energy and we prove
Theorems 1.1 and 1.3. In Section 5, we treat the symmetric case and we prove Theorem 1.5.
In the Appendix, we recall some important estimates on Green’s function G(z,y) and Robin’s
function Hg(x) = H(z,x), z,y € Q, where H is the regular part of Green’s function.

2. An approximation for the solution

A key ingredient to define an approximate solution to (1.4) is given by the standard bubble:

862
Use(x) = log [CEETEE

It is well known (see [10]) that those are all the solutions of the problem

&xeR? §>0.

—Au = €" in R?, J e < 4o0.
R2
Let us introduce the configuration space in which the concentration points belong to:

A= {§ = (517"';5771) € (BP(‘(E) OQ)m : % < d(glan) < %a

1
gi_£'>7v iajzla"'am7i .7 ) 2.1
66l > o # (2.1)
where the constants C‘l and ég will be chosen in Lemma 4.3.
Next, we set, for i € {1,...,m},

T _ _ 1 Clogm_lp

= pp/ (=) o=p/2(0=1) 5= /A — g 2o F

Y=DP ) i = i ) C’plogm_lp Hi D )

for some C' > 0 where the exact description for u; will be given later, and introduce a function
that was introduced in [13],

B a; 1 z—& 1 x—&
()= W Usiesla) + p° ( di ) - 2 ( d; )] ’ 22)

Sz
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with a; € {—1,1}. Here, wy and w; are radial solutions of

8 1

Aw; + w; =
(1+1y[?)? (1+yl?)

5 fillyl) in R, (2.3)

for i = 0,1, respectively, with

Uflo Uinjo wOU120 w%
=4 - — J .+ L U Y
fo Uio, f1 8( 3 3 5 woUr,0 + 5
having an asymptotic expansion
1 C; 1
wi(r) =Cilogr+0O (- |, 3Tw7;(r):7+0 ) as r — oo, r =y, (2.4)
r
for ¢ = 0,1 where
oo t2 —1
C; = (1) dt 2.5
|t (25)
(see also [9]).
We now approximate the solution by
U=> U=> (U;+HD), (2.6)
i=1 i=1
where H? is a correction term defined as a solution of
ALHP +Vioga-VU; = 0in Q, HP = —U;on 09. (2.7)
The following estimation was derived in [29].
LEMMA 2.1. For any v € (0,1), p large,
a; C() Cl 2 log (5, Cl
H(2) = ———— | |1 - — — == | H(z,&) —1og(86?) + == [ Cy + — o(s;
(2 (I‘) "y/_j,f/(pil) |:( 4p 4p2) (‘/I’lﬂg ) Og( z) + D 0 + D + ( 2 )
uniformly in €.
Furthermore, we define u; (i =1,...,m) as a solution of
C() Cl log (51 C’1
log(8ul) = H(&,6) (1 - — — —= Co+—
ox(sit) = 16, (1- 2 - L) + 2% (04 &
m 2/(p—1)
i Co Oy
+ aa;) | — G(&, &5 <1——). 2.8
jZ_;u])(uj) €6 (1-2 - (2.8
JFi

As in [29, Lemma 2.4], we can check that (2.8) is solvable and p; satisfies

log(1
i = €xp —%‘*‘i H(&, &)+ Y aia;GEL &) | ¢ <1+O<og(;gp))) : (2.9)
J#i

In particular, by our construction (2.1) of the configuration spaces, there exists a constant C' > 0
independent of p and i such that u; € [(Cp)~"log' ™™ p, Cp~'log™ ' p| for any p sufficiently
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large. Also, such a choice of (u1,...,uy) gives us that if we write x = d;y + &; for fixed i €
{1,...,m}, then

J#i
i 1 1
- w;(”l) [p T ULo(y) + Jwo(y) + Sun(y)
# (1= O (g + 606 - H(EL€) +O6))
4p 4p2 y (2] (ZA-Y] 7
(024 Co Cl
+ ; Uj(z) — T&_UG(&,&) (1 T 4p2> (2.10)

uniformly in (Q — &;)/d; owing to the previous lemma. In particular, from Lemma A.2 we have

Ula) = —pm [p + UL + Sun() + () +0 (37 (14 20|

I d(&;,00)
+y [ (67)+0 (W) +O(57|y:7)}, (2.11)
J# ’Yﬂ?/ Y d(&;,09) '

in |z —¢&| <p~? for any v € (0,1), ¥ € (0,1/2), € Q and £ € A. This justifies our selection
of U as an ansatz for the solution of problem (1.4).

We will seek for a solution of (1.4) in the form u = U + ¢. If we write W = p|U|P~!, then
(1.4) is equivalent to an equation of ¢ given by

L(¢) = —(R+ N(¢))in Q, ¢=0ondQ,
where
L(¢) = Np+Wo, R=AU+|UPU
and
N(¢) = U+ ¢P~ (U + ¢) — |UP~'U -~ Wo.

Define the norm

-1
1]l = 2‘618 (; 02+ |z — §i|2)3/2> h(z)|,

for any h € L>°(Q2). We then have the following estimation for the remainder term R.

LEMMA 2.2. There exists C' > 0 such that, for any £ € A and p large,

C
|R|l. < =.

Proof. Since its proof is similar to the proof of [12, Proposition 2.1] (cf. [13, Lemma 2.1,
29, Proposition 2.1]), we give only a sketch. However, we stress that here we have to take care
of the effect due to the boundary of the domain.

If |x —&|>p2 for all i =1,...,m, then the direct computation using (2.10) and (A.2)
yields that

AU ()| = |AT ()] < CpPlog?™ ) per/2 and  |U(a)] < C1282, (2.12)
p
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hence

1 p
AU + |U\p_1U||* < C’plogm*lpe”/4 [p5 logQ(m*l)pe_p/2 + (in) }

< Cp6 10g3(m71)pe—p/4.
On the other hand, if |z — &| < p~21/4; for some 4, then, by (2.11), the relation

P
S R
(,W?/(p 1)) 52 2/(1) 1’

and the expansion

A B O\’ 1 A? 1 A3 B2 A* A’B
I+=+=S+=) =’ |1+=-(B-F |+ 5 (C-AB+ —+—+ -
p P P 3 2 8 2

+0 (h)gG(LyB * 2))] : (2.13)

which holds for |y| < CeP/® provided —4log(|ly|+2) < A(y) < C and |B(y)|+|C(y)| <
C'log(ly| + 2), we have

1
AU + [UP U, < <o
Finally, for p=2y/0; < |x — &| < p~2, since (1 + sp~1)? < e, we get, from (2.11),
[UP]l., ||AU|. < Cp'/?1og"/2m=1) pe=r/8,

This concludes the proof. ]

3. The linearized problem

2 o, T @i oge 170
Zij(x) = o 16,02 — € (3.1)
5; - 9i,8i 7) — i\ T Si)g ifj =1,2,
o) g

fori=1,...,m.
In this section, we will solve the following linear problem: find ¢ € W*2(Q2) and ¢;j € R
which solve

h—|—Zch %t 75 in Q,

1=1 j=1

6=0 on 9Q, (3:2)

aeVsisi 76 =0 fori=1,...,m, j=1,2,
Q

if h e C(9).

PROPOSITION 3.1. For p large enough, £ € A and h € C(2), (3.2) admits a unique solution
¢ and c;; which satisfies

18]l L (0) < Cpllhll.,
where C' > 0 is independent of p.



236 SEUNGHYEOK KIM AND ANGELA PISTOIA

The proof of Proposition 3.1 consists of a series of lemmas.

LEMMA 3.1. For sufficiently large p, € € A and h € C**(Q) (a € (0,1) fixed), a solution
for

L) =h in Q,
P =0 on 02,

J aeVisi Zp =0 fori=1,...,m, j=0,1,2
Q

satisfies
1Yl Lo () < Cllh]]«, (3.3)

where C' > 0 is independent of p.

Proof. The proof of this result consists of three steps.

Step 1. For sufficient large p, there is a large number R > 0 independent of p such that
the operator L satisfies the maximum principle in Q:=Q)\ U™, Bre,(&). In other words, if
Lo <0in Q and ¢ >0 in 89, then ¢ > 0 in Q.

To prove it, it suffices to construct a barrier Z in €, that is, Z > 0 and LZ < 0 in Q. The
barrier which we introduce here is the one used in [31]. Let @y be a solution of

—A;Py=1inQ, Pg=2 on 0N

=Efosn- () )

and

=1
where « is any number in (0, 1).
For any R > 1 fixed, 1 < Z(z) < M in Q for some M > 0. Moreover, since
m
<C Z eYsi¢i for some constant C' > 0 (3.4)

i=1
(see [12, Lemma 3.1] or [29, Lemma 3.1]), we have

ala+1)05 add(z — &) 8C M §?
B e S e 1 Rt i
( o—gp YU e Y @ - aP)

LZ(z)

N

'MSEMS

«
I
—

Zi(x).

Now fix i € {1,...,m}. In R; < |z — &| < p~?, for sufficiently large p and R,

- ad® 1 8C' M52
Zilr) < —1— —2% 1-1IV1 oy - — it A
(@) P <“+ IViegali=) p2) T @GPy
a28e SCOMS?
< —1-— + < —1.

2w = &l |z -Gt
If |z — &| > p~2, then, for any large p,
Zi(x) < =1+ || Viogal p=(@yadfp* @) + 8CMsZp® < —1.

Summing up, LZ(z) < —m/2 in Q.
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Step 2. Define the inner norm of ¢ by

loll: = sup |¢()]-

z€UiZ, Brs, (i)

Then there exists C' > 0 such that every solution ¢ of L¢ = h in Q, ¢ =0 on 9 with some
h € C%(Q) satisfies

[@llL=(e) < CISlls + [[2]+). (3:5)

This follows from the application of the maximum principle in NQ obtained in Step 1 to the
function ¢ := (||¢]|; + ||h]|«)Z. In particular, we can check that ¢ > |¢| in €, which gives rise

to (3.5).
Step 3. We conclude the proof. Suppose, on the contrary, that there are sequences of
parameters p,, — 0o, m-tuples of points &, = (£7,...,£%) € A, functions h,, € C%*(Q) and

corresponding solutions 1,, such that
[hnlls — 0, |Unllpe@) =1 asn — oo. (3.6)

We consider the expansion of W = p,,|U"|P»~! where U™ is defined by (2.6) with &, € A:
for |z — &' < pp?\/07,

W (z) = W5}y + &)

1 8 1 Ui o(y)
= (07)2 ’ (1+y2)? L+ QDTL (wo(y) —Uioly) — ;)
log*(Jy| +2)
o (2], 57

which can be derived from (2.11), (2.13) and (A.2). Then employing (3.7) and elliptic regularity,
we can deduce that ¢ := 1, (0] - +£]') where &, = (§7,...,&),) € A, pn = (p7, ..., pyy,) and

or = pit e Pr/% for i € {1,...,m} converges uniformly over compact sets to a solution P of
A¢+L¢>—o in R? (3.8)
(1+ Jy*)? ’ '
which satisfies
—1+yP -
8a£§’°J ———= U (y)dy =0 3.9
&) o Ty )
and
Yj 7,00 2

32a(&° J Tt aali Wdy =0, y=(y1,y2) € R, 3.10
for each i =1,...,m and j = 1,2. Here, £*° € 002 is an accumulation point of the sequence

(&)y,. However, by the result of [5], any bounded solution of (3.8) can be expressed as a linear
combination of
—1+ [yl 4y 4ys
Lyl 7 14yl 1+ |y

(that is, Z1; defined in (3.1) with 6; = 1 and & = 0 for j = 0, 1,2). Therefore, (3.9) and (3.10)
imply 2° = 0 or lim,, . ||¢n]|: = 0. However, by (3.5) and (3.6), liminf,, .« ||t ||; > 0, which
is a contradiction. U
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LEMMA 3.2. For sufficiently large p, £ € A and h € C%(f2), a solution for

(¢) h in ©,
¢ = on 09,
J'ae‘ngquzﬁ_O fori=1,....,m, j=1,2
satisfies
16/l Lo () < Cpl[hl|s, (3.11)

where C' > 0 is independent of p.

Proof. Suppose, by contradiction, that there are sequences of parameters p,, — 0o, m-tuples

of points &, = (£7,...,&") € A, functions h,, € C%%(Q) and corresponding solutions ¢,, such
that
Pullhnlls — 0, |[¢nllLe) =1 as n — oo. (3.12)
For each i € {1,...,m}, define a sequence {¢?},en of scaled functions by

O (y) = $n(0fy + &) forall y € QF := (2 - &) /57,

with §, = (§1,...,§h) € A, o = (pf, ..., 1) and 67 = pft e ~Pn/4 Then, by (3.7) and elliptic
regularity, ¢” converges to gboo uniformly over compact subsets in R? and consequently ¢°°
solves

- 8
AP + ———— 9> =0 in R?,
1+ [yl?)?
and satisfies
320(67) | i) dy =0
2 (14 [y?)?
for each i =1,...,m and j = 1,2 where £ € 0Q) is an accumulation point of the sequence

(€)n. By the nondegeneracy result on the linearized Liouville equation (3.8) in [5], it follows
that, as in the proof of Lemma 3.1,

) 5yl —

o — ¢ = WETT in Cloc(R?), (3.13)

for some constant C’z € R.
To obtain a contradiction, we will show that C; = 0 for all i = 1,...,m and, for this aim, we
consider smooth solutions w, ¢ of

Aw + 8 w = 8 —1+ [yl
TP = TP TP
8 8
At + t= in R?,

Tr e~ T r P

such that
1
wly) = mmm+0Q|) aw—0<M)aum-m (3.14)

and

4 y 1 1 )
v =-.—7 _40(——), Vi) =0 ——) forall y € R%, 3.15
w(y) 3 1+yP? <1+|y2> (@) <1+|yl2) orany (3.15)
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whose existence are shown in [12, Lemma 2.1]. Using these functions, for any i € {1,...,m}
and n € N, set

_¢n 4 1 - &

and
~n __ .n n
u; =u; + hy,
where h}' is a solution of

AT +Vioga-Vul =0in Q, A = —ul on IN.

K2

By means of (3.14), (3.15), (A.2), (2.1) and elliptic regularity, it can be estimated that

183 + 5H (2, &) | 0o () = O(pad}) (3.16)
and
1R + ui* + %G@%5?)”00({\175;\@72\/@}) = O(pnlog” p,6}')  for j #i. (3.17)

Observe that a]' solves
A"+ What = (W — Usn ¢ny\~n + Usn ¢n Zoo + U&n,gn(~n —u+ Lrr(en ¢n
all; ai = ( e e 00 Zyg + e 0 (0 —uit + g H (&)

Thus, it follows that

J ale™ T Zighy + (W — V508 )i ]
Q

1
= J a [u"hn —eUsrer (u" —u + 3 H( ?,5?)) dm] : (3.18)
Q
We estimate each term of (3.18). First of all, by (3.13),

8 -1+ |y|2 n
AT aP? Tipe W
sy~ 12 , 8-
S = % iy = ST ra(e°).
(RS R

Moreover, the second term of the left-hand side of (3.18) can be estimated as

J 0 o = j a(8y + €7)
Q (Q—=&1) /o7

— Cuale?) |

Q

a(W™ — "0 )il g, da

J'lw—ﬁflépnzw/ti?

! - —€
_ng(gjvfi)J = aWm ¢, dx + O(e (pn/8)(1 ))
j#i lo—€71<pn /07
Sa(@y+&1) 1 U2(v)
- s — | woly) = U _ L)
Ly<cpn3/2longxm—npnepn/s At g \ oW~ Uel) =5
)+ 210g6, =L 4 L et) - SHGuy+ 6060) + 060 } (0] 0
W - 10g 0y, 5 nsySn - n nsySn n H
YTgo8my 13 y) = 3H0ny y)| dy
1 . :
3; e ly|<Cpn®/? log/D(m=1) p,, evn /s O3y fJ)(1+Iyl2>r"% W) dy p
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4 5 logd}! J {861(5?11 + &M (|yl* - 1)?
37 pa ly|<Cpn®/? 1og(1/D(m=1) p, cpn/8 (Jy|2 +1)4

2
« <w0<y> U ofy) - Uf”)

dy + o(1)

— T,

with constants C' > 0 and € € (0,1). In this chain of equalities, the first equality is due to (3.17),
and the second equality comes from (3.16) and (3.7). Besides, we used (A.2), the logarithmic
growth of U; o and wy (see (2.4)) and

2_ 1 ] 2 _1)2 U12 ( )
J']RZ (1|y“|‘y|2)3 dy =0, JRQ ((||yy||2+1))4 (wo(y) —Uio(y) — ’gy> dy = —8m,

to obtain the third equality and the last implication.
On the other hand, IQ atlhy, is bounded by a constant multiple of p,||hy]|«, since

i - dy
aty hy | < Cllhy |« J Wi (ony + &)l =373 |
| Il ((Q_Wﬂ oy + &)l

and the estimates (3.16) and (A.2) imply that [|a}| L~ = O(logd?) = O(py). By (3.16) and
(A.2) again, we see that
ap — i + g H(E &) = 3(H(E, &) — H(@, &) + O(pnd})
= O(py)|lz = &7 + O(pnd7),

for any v € (0,1), and so

1
J aelsren <a$ —ul + - H( Zﬂ&")) Pn
0 3

CL[EUW (@){O(pp)|z — €]" + O(p,d7)}] dw = O((5")).

Summing up all of the estimates, we conclude that

N

1 N
107 & ey = o,

or C; = 0, which implies, in particular, that the inner norm |[¢n]li — 0 as n — oco. However,
(3.12) and (3.5) tells us lim inf,,_,o ||¢n|]; > 0, so a contradiction arises. The proof is completed.

O

LEMMA 3.3. For p sufficiently large, £ € A and h € C%%(), a solution for (3.2) satisfies

9]l L) < Cpllhll«
with C' > 0 independent of p.

Proof. As before, we assume the existence of sequences of parameters p,, diverging to oo,
m-tuples of points &, = (£,...,&%) € A, functions h,, € C%*(Q2) and corresponding solutions
b, cfy satisfying (3.12).

By Lemma 3.2, any solution ¢ of (3.2) must satisfy

m 2 m 2
8]l o) < Cp [ 1Bl + D> leis] -l Zyglle | < Cp [ Rl + DD e

i=1 j=1 i=1 j=1
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Hence, our assumption gives a small positive number ¢y such that

m 2
Pn Y > lel| > e > 0. (3.19)

i=1 j=1

We will show that p, >/, 2521 |ci;| — 0 as n — oo to obtain a contradiction.
Fori=1,...,mand j = 1,2, let h' be a correction term defined as a solution of

Ay +Vioga-VZ5: =0in Q, h; = —Zjon 09,
where Zj} is equal to Z;; with §, € A. Through W?2P_estimation, we can check that
||h?j||H1,2(Q) = 0((6M)'°) uniformly in n for any € > 0. (3.20)
Define then
Z5 =20+ his,
so that it satisfies

Zn n __ Usn en o - 7n
AZjs = AZjG = —e "0 Z5 in Q,  Z75 =0 on 00

Multiplying aZ, (k=1,...,m and | = 1,2) on both sides of L(¢,) = hy, + > 1, 25:1 iy X
eVorer Z;; and integrating, this yields

m 2
2.2, ( J v VZ@) +| anZii=| ez - | adiso g @2
i=1 j=1 Q Q Q Q

For the first term of the left-hand side of (3.21), the correction term estimation (3.20) shows

Zn Zn __ Usn en mn n Usn en ron rmrn nyl—e
J avVZi -V z‘l*J ae S Z] il*J ae " Z0Zn +O((67) )
Q Q Q

= 128J a(5?y+£?)(1yj¢4 dy + O((67)' )
(Q-¢r) /67

+ [y[?)
327T o) n\l—e
= TG(& )01+ O((6;) ™) (3.22)
and
J aVZ} - N2} = O(6]'pnlogpn) + O((67)' ) for i # k, (3.23)
Q

where 6;; denotes the Kronecker delta and £ — £7° € 02 along a subsequence. Besides, one
can immediately check

< Cllhnl+

J ahn 2},
Q
Next, the right-hand side of (3.21) can be estimated as follows, owing to (3.7):
J CLW”(ﬁnZ}?I - J anJi}‘gg ¢T7,Z]?l
Q Q

= || alwn— et )o, (Zg 4 i) + | acck o,
Q Q

S o O
r— E <pn )7:

o0 2 ~
s oo <w0<y> ~Uholw) - Um(y)) Bt dy + 07 )

Pn 14 Jyl? 2
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Accordingly, (3.21) can be reduced to
321 g 1
Bt o) 33ty =0 (hall+ ).

or equivalently

This in particular implies that

for some constant C; € R and thus

. 2 ~
JR 2 <wo(y) —Uioly) — U“)(y)> o7 (y) dy — 0.

T+ Iy 2
Therefore,
m 2 1
> Il =0llal) +o (o).
g Pn
which is impossible because of (3.19). O

Proof of Proposition 3.1.  Step 6 of the proof of [12, Proposition 3.1], based on a well-known
argument which utilizes the Fredholm alternative, can be adapted to our case with some minor
modifications. More precisely, in this case we have

m 2
Kg = chijzij 1 Gy € R s

i=1 j=1

Kg‘ = {¢ € L*(Q) :J an“i'fiZijgbzo fori=1,....,mand j = 1,2}
Q
and

m 2
IIegp = Z Z%‘Zij,

i=1 j=1

where the coefficients ¢;; are uniquely determined by the system of linear equations

m 2
J an&wiiZij <¢—Zchlel> =0 fori=1,...,mand j=1,2,
Q

k=11=1

owing to (3.22). Moreover, the Hilbert space Ké N H}(Q) is equipped with the inner product

(6,9 3y = L V- V.

‘We omit the details. ]
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4. The reduced problem

First, we want to solve the nonlinear problem: find ¢ € W*2(Q2) and ¢;; € R which solve

L(¢) = —(R+ N(¢ +ZZC€5EZ in ©Q,

i=1 j=1
=0 on 012, (4.1)

J an‘sivéiZij¢:O fori=1,...,mand j=1,2.
Q

PROPOSITION 4.1. For p large enough and & € A, there is a unique solution ¢¢ and c;j;¢
for (4.1) with

C C C
”(z’E”Lx(Q)gEa [Pellmo) < S5 and |%‘,5|<2g- (4.2)

Proof. Proposition 3.1 allows us to apply the contraction mapping principle to find a
solution for the problem (4.1) satisfying (4.2). Since it is a standard procedure, we shall not
present the detailed proof here. See the proof of [12, Lemma 4.1]. |

Let I, be the energy functional whose critical points are solution to the problem (1.4), namely

1 1
I (u) = —J a(z)|Vul? de — 7J' a(x)|ulPttde  for u € H} ().
2 O + ].
Using Proposition 3.1, we can introduce the reduced energy
Fp(§) = Ip(Us + ¢¢), €A, (4.3)

where the subscript £ in Ug is used to emphasize the dependence of U on £ € A.

LEMMA 4.1.  The function F, : A — R is of class C''. Furthermore, if F}}(€) = 0, then ¢;(§) =
0 for ¢ = 1,2 and, in particular, Us + ¢¢ is a solution of (1.4).

Proof. To obtain F, € C'(A), it suffices to check that & — ¢¢ is C. In fact, it follows from
the implicit function theorem with Proposition 3.1 (we refer the reader to [12, pp. 57-58] for
details).

Suppose now that { € A is a point such that F(§) = 0. Then we have

021/(Us+¢5)(DU§+D¢§)
:_ZZ% J aetheZ, DU&JFZZCU J (Vi Zis) . (4.4)
i=1 j=1 i=1 j=1

To obtain the second equality, we took advantage of the relation fQ aeVis Z;ipe = 0. Also, D
denotes the differentiation with respect to the parameter £ = (&1,...,&y,), that is,

0 0 0 0
b= (6(&){ 3Es " BEm) a<§m>2> |

As the first step of estimation for (4.4), we assert

O(Ue)i ow x—& owy [z —& e
a([g]f)j - wf/é’ s, (Z - 2198(&(;]— ( 51-5 ) B 19126(51-)]- ( 61-5 ) +0 (s ))
(45)
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for arbitrary ¢ € (1,2). To see this, we first decompose DUg = DUg 4+ D(H,)¢ and estimate
each term. Since dp/0¢; = O(log™ p) by definition (2.8) of p and [|Us, ¢, ||L~ ) = O(p), we
obtain that

a(Ug)Z - 1 1 a’LU() T — fz 1 81111 T — gz 2m—1
0(&); = v 6 <Z”(m) pO(&); ( 8 > p? 9(&); ( 0 )> Ot e
Furthermore, by the elliptic regularity of the equation that (9/0(&;);)(H;)e satisfies, we
obtain ||D(H?)¢| p=() = O(p*15§2_2q)/q) for any ¢ € (1,2). Hence, putting them together,
we derive (4.5).

On the other hand, it can be shown that ||D(eYs: ¢ Zij)HLoo(Q O(5; ") by computing
directly. Consequently, (4.4) can be written as, for each k=1,...,m and [ = 1,2,

Y Y e o ac Ui 22+ 30 es(6) <>

1=1j5=1 1=1 j=1
W
= 4a(©eu(©) | pd YN e
(P AP ; !
16
3 Ckl + Z Z Cz] ( >
=1 j5=1
which implies ¢k (£) = 0. This proves the lemma. |

Moreover, the following energy expansion holds.

LEMMA 4.2. For sufficiently large p, it holds that

B " 4re logp ¢ 1 } ( 1 )
F = —a(&; —2—= 4+ - — -V, O — 4.
(6) ;pa<e>[l 2822 Lyg| o (16)
uniformly for £ = (&1,...,&m) € A where
qu(g) :H(€l7gl)+zala]G(£%§])a 1= 17"'7ma (47)
j#i
the constant c is defined as
1 8U1,0(y)

and € > 0 arbitrarily small.
Proof. By multiplying with a(Ue + ¢¢) on both sides of

Ao(Ue + d¢) + |Ue + delP ™ (Ue + o¢) ch eVsiei 7, in Q, (4.9)

i=1 j=1
and applying (4.2), we get

1 1

1
Fp(f) = <2 - ])-I-1> JQ a(z) (|VU§|2 +2VUe - Voe + |V¢§|2) dr + O (p4> '
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We consider [, a(z)|VUe|* dx first. In fact, by (2.1), (2.2) and (2.11), we have

J a(z)|VUe | dv
Q

T

:Zjﬂa(x)-w;&_l)[% ) 4 (Aw0)< 61&)—5—]312(Aw1)< ;"ﬂm(m)dx

a; x—§
( )77 [ Usiei(@) 4 Z (Aw0)< >
|[z—&i|<p~2 ’y,uf/(p D i

I
NMS
—
Q
8

L T & —p/2+€
+pQ(Aw1)( 51? > +O(eP/2+ )} Ue () dz
& a(diy + &) 8 . i . e
_;lekp—% 1 (,y’u?/(pfl))z {( +‘y|2) (A 0)(y) + 7 (Awy)(y) + O( + )]

e

_ - 1 8p
N Z 2Py {ngpzs;l wlday + &) (1+lyl?)? dy

+Jy<p25i1 a(8iy + &) (m - Aw“”) d+o (pllf) } ’

where € > 0 is sufficiently small. Furthermore, from the expansion
_ e —2elogp+e 1 4/ (p— 4 1
p p p p p
and (2.8), it follows that

- [p +U10(0) + Su(s) + un(s) +0 (pf

Q
i 1 21 1 4 1
-3 Zae) {H ng+o< 2_6)] - {1logm+0 <2>}
P P P P P P

-_[87rp+ J}RQ (M - Awo(y)> dy + O <p11_5)]
e 122wt s L (240~ omr) o

~ p L+ Jyl?)
1

p3—€ ( )

On the other hand, by virtue of (4.2), we deduce that

1
J a(z)(2VUg - Ve + |Ve|?) dz = O <p4> . (4.11)
Q

Consequently, putting (4.10) and (4.11) together, we obtain (4.6). O

Now, we look for critical points of the reduced energy (4.3).

LEMMA 4.3. Assume either m =1 and a; = +1 or m =2, a; = +1 and as = —1. For
sufficiently large p, the minimum of F}, in A is attained by a point in the interior of A.
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Proof. 'We consider the case when m = 2 only, since the case m = 1 is a little bit easier and
can be handled just as in the case m = 2.

Let &P = (&7,€5) € A be a minimizer of F}, in A. We will show that it is contained in the
interior of A.

Define £ = Z + v(Z)/p and &9 = z + 2(v(Z)/p). Then the point £ := (£9,£9) € A provided
C1 <1 and 2 < Cs. By utilizing (A.4), we obtain an upper energy estimation:

. 8re _ 210gp> @ 1
min F, <F,(%) = —a@) |1+ +—=+0(———1, 4.12
win Fy(€) < F(€) = “a(e) (14 25 ) 1 5o (4.12)
where « is a positive constant.

Suppose now that £ € OA. Then one of the three alternatives holds:

_ Ci Gy 1
PedB,(z), d(&r,o00)=—o —, or [&I-¢&|= )
& con@), A on=or E o ig-gl=

for some i =1, 2.
First, if £ € 0B,(z), by (A1) we deduce that there exists a positive constant C' such that

a(€) > a(@) + C.
Thus,

) 8re _ 210gp) 4reC < 1 >
Fp(&) = F,(¢7) > — 1+ - +o (5],
min £ () = Fp(&7) = = a(ﬂf)( ) ) e

but it contradicts (4.12). Note that this argument also shows that &, — Z as p — oco. Here, we
used in a crucial way that the interaction between the peaks G(&1,&2) is positive.

Next, if d(€7,09) = C;/p (j = 1,2) for some i = 1,2, we denote by z¥ € 99 the orthogonal
projection of & into 9 and by (A2) we can select Cp > 0 such that

1> a(z) + i
p

Qe

a(&}) = a(x}) + Co

3

Hence,

. swe _ 2logp 1 ~ -
F,(€) = F,(&P) > —= 1 (50 — Balog Oy —
win £3(6) = £ > T alo) (14 2L ) 4 (51C; - paorC ~ 1),
where (31, B2 and ~ are positive constants. This and (4.12) imply again a contradiction if we
choose (1 sufficiently small and Cy sufficiently large.

Finally, if [} — ¢8| =1/plogp, then we have G(&,&8) > Cloglogp for some positive
constant C. Therefore,

. 8me 2logp loglogp) ( 1 )
F,(&) = F,(¢P) > — 1+ +C +0 (=),
min £y (&) = Fp(€7) = = a(m)( ) » e

and yet it is again impossible in view of (4.12).
This proves that a minimum point &, of F}, should be contained in the interior of A. |

Proof of Theorems 1.1 and 1.3. Lemma 4.3 shows that F}, has a minimum point in A,
which is stable under C%-perturbations. Therefore, by Lemma 4.1, we have a solution to (1.4)
of the form Ugr + ¢er with some &7 = (£7,...,&F,) € AP such that & — T as p — oo, given p
is sufficiently large. This proves the existence part in the statement of Theorems 1.1 and 1.3.
The properties (1.5)—(1.7) in Theorem 1.1 and (1.9)—(1.11) in Theorem 1.3 follow from (4.2),
(2.12), (2.11) and (3.7). O
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5. The symmetric case and the proof of Theorem 1.5

We will look for a solution of (1.4) as in (2.6) where the concentration points &1, ...,&,, are
aligned on the line £ (see (A3)):

ti .
§i:§i(t):i+;u(x) with t = (t1,...,tm), 0 <ty < -+ <tp. (5.1)

We search for solutions in the space H. of functions which are even with respect to the
line £ (see (A3)). We point out that the approximate solution (2.6) belongs to H, when &;
satisfies (5.1).

A standard argument (see, for example, [7]) proves that if t is a critical point of the reduced
energy F,(t) := F,(£(t)) defined as in (4.3), then the function Ue(ty + ¢¢) € He is a solution
of problem (1.4). Therefore, we are led to compute the expansion of the reduced energy and,
with the aid of (A.4) and (A.1), we obtain that, given a; = (1),

- dre 2log p c] 4re < 1 )
F(t) =m—a(z) |1+ +-|+—=T -,
®) p ()[ p pl P )+ p?

where the constant ¢ is defined in (4.8) and

m

I'(t) :zz (Ova(z) - t; — 4a(z )logt)+4a(@)2(_1)i+j+110g

i=1 j#i

|ti+tj|
Iti — ;]

Finally, Theorem 1.5 will follow by the next lemma, where we prove that I' has a minimum
point which is stable under uniform perturbations.

LEMMA 5.1. The set T has a minimizer in A := {(t1,...,tp) 0 <t} < -+ <tp}.

Proof. We claim that T'(¢1,...,tm) — +oo if there are i,j € {1,...,m}, i < j such that
either ¢; — 0 or +o0, or t; —¢; — 0.
To show that ¢; — 0 or +oo for some 4 implies I‘(tl, ooy tm) — 00, it suffices to prove

m— m
z+]+1 |t1+tj| z+]+11 t +t 07

ZZ -t Z Z S p—

i=1 j#i i=1 j=i+1

since 0,a(0),a(0) > 0 by our hypothesis. If m — 7 is even, then we have

m
S (—1) L log it o Gt ) (tive —t) log (b1 + ti) (b — ti)
ti —1; (tig1 — ti)(Lipa + ;) (tm—1 — ti)(tm + t;)

j=it1
and each summand in the right-hand side of the above identity should be nonnegative, since
it holds

(te +ti) (1 — t;)

(tr —ti)(tepr + i) ~

whenever k € {i+1,i4+3,...,m — 1}. If m — ¢ is odd, then

- " ti 4+t
§ : (_1)z+3+1 log J +
£ tj—t
J=i+1
t; ti)(tixzo — t; ton— ti)(tm_1 — t; tm +t;
:log(+1+ )(tis2 )+~«+log( 2+ ti)(tm—1 )+1Og +h
(tig1 —ti)(tiva +t3) (tm—2 —t;)(tm—1 + 1) tm — T

which is nonnegative, too.
Finally, the claim follows arguing exactly as in [7, Proposition 3.1]. O
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Appendix. Estimates of Green’s functions and Robin’s functions

This appendix lists some interior and boundary estimates of Green’s function and Robin’s
function defined as follows.

Let Gp(x,y) be Green’s function associated to —A with Dirichlet boundary condition,
namely,

—A,Gp(z,y) = 0y(x) forxz e,
Gp(z,y) =0 for xz € 99,

and Hp(z,y) be its regular part defined as

1
[z =yl

Also, denote Green’s function of —A, with Dirichlet boundary condition as G(x,y), that is,
let G(z,y) be a function satisfying the following equation:

—(A4)2G(x,y) = 8wy (x) for x € Q,
G(z,y) =0 for z € 99,

1
HD(xvy) = GD(‘ray) - % IOg

and define
1
H(z,y) = G(z,y) — 4log ———.
(@) = Gla.y) ~ dlog =

Then we have the following estimations.

LEMMA A.1. Let dy >0 be so small that there is a unique point x, € 0f) satisfying
d(xz,00) = |x — x| for any z € Q, d(z,0Q) < dy. For such x € Q, let z* = 2z, —x denote
the reflection point of x with respect to 0S). Then

|

T

G(-,z) =4log +o(1), (A1)

|- —al
where o(1) — 0 as d(x,09) — 0 uniformly in ).

LEMMA A.2. For any y €, y+ H(-,y) is a continuous map from Q into C*7(Q),
Vy € (0,1) and

1
HH('vy)”LOO(Q) = O(|logd(y, 09)|), ||H('7Z/)||CM(Q) =0 <d(y,89)) (A.2)
uniformly in Q. Moreover, we have
H(z,y) = 8nHp(z,y) + Viega(y) - V(|jx — y[*log [z — y|) + Hi(z,y), (A.3)

where y — H1(-,%) is a continuous map from Q into C*7(Q). The map (z,y) — H,(x,y) is in
C1(Q2 x Q) and, in particular, x +— H(x,z) € C(Q).

LEMMA A.3. Let Hp denote the Robin function  — H(x,x). Then

Hp(z) = 4log(2d(z, 9Q)) + O(d(z, 09)), (A.4)
VHp(z) = O (@) (A.5)

uniformly in €.
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Proof of Lemma A.1-A.3. Lemma A.l was proved in [32, Lemma 2.1], while Lemma A.2
was proved in [31, Lemma 2.1] (see also [32, Lemma 2.2] and the paragraph following it) except
the L*°-estimate of H(-,y), which can be obtained from (A.3) and the fact that Hp(z,y) =
O(|logd(y,09)|). Finally, in considering Lemma A.3, the estimate (A.5) was obtained in
[32, Lemma 2.3], and (A.4) comes from (A.3) since

Vioga(y) - V(|z -y log|z — y|)[y=- =0, Hi(z,) — 0 as d(z,09) — 0

and
Hp(z,2) = % log(2d(x, Q) + O(d(z,99))

(see [4, Subsection 2.1]). O
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