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1 Introduction and preliminaries

The abstract characterization given for linear spaces of bounded Hilbert space operators in
terms of matricially normed spaces [1] implies that quotients, mapping spaces and various
tensor products of operator spaces may again be regarded as operator spaces. Owing in
part to this result, the theory of operator spaces is having an increasingly significant effect
on operator algebra theory (see [2]).

The proof given in [1] appealed to the theory of ordered operator spaces [3]. Effros and
Ruan [4] showed that one can give a purely metric proof of this important theorem by
using the technique of Pisier [5] and Haagerup [6] (as modified in [7]).

The stability problem of functional equations originated from a question of Ulam [8]
concerning the stability of group homomorphisms.

The functional equation

flx+y)=fx)+f(y)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [9] gave the
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ theorem
was generalized by Aoki [10] for additive mappings and by TM Rassias [11] for linear map-
pings by considering an unbounded Cauchy difference. A generalization of the TM Rassias
theorem was obtained by Gavruta [12] by replacing the unbounded Cauchy difference by
a general control function in the spirit of TM Rassias’ approach.

In 1990, TM Rassias [13] during the 27th International Symposium on Functional Equa-
tions asked the question whether such a theorem can also be proved for p > 1. In 1991,
Gajda [14], following the same approach as in TM Rassias [11], gave an affirmative solu-
tion to this question for p > 1. It was shown by Gajda [14], as well as by TM Rassias and
Semrl [15], that one cannot prove a TM Rassias’ type theorem when p = 1 (cf. the books of
Czerwik [16], Hyers et al. [17]).
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In 1982, JM Rassias [18] followed the innovative approach of the TM Rassias’ theorem
[11] in which he replaced the factor ||x||” + ||y||” by ||x[|? - ||y]|? for p,g € R withp + g # 1.
The functional equation

S+y)+fx-y)=2f(x) +2f ()

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [19] for mappings f : X — Y, where
X is a normed space and Y is a Banach space. Cholewa [20] noticed that the theorem of
Skof is still true if the relevant domain X is replaced by an Abelian group. Czerwik [21]
proved the Hyers-Ulam stability of the quadratic functional equation.

In [22], Jun and Kim considered the following cubic functional equation:

S2x+y) +f(2x—y) =2f (x +y) + 2f (x - y) + 12 (). (11)

It is easy to show that the function f(x) = x* satisfies functional equation (1.1), which is
called a cubic functional equation and every solution of the cubic functional equation is
said to be a cubic mapping.

In [23], Lee et al. considered the following quartic functional equation:

S@x+y)+f2x—y) = 4f (x +y) + 4f (x - y) + 24f (x) - 6/ (y). 1.2)

It is easy to show that the function f(x) = x* satisfies functional equation (1.2), which is
called a quartic functional equation, and every solution of the quartic functional equation
is said to be a quartic mapping. The stability problems of several functional equations
have been extensively investigated by a number of authors and there are many interesting
results concerning this problem (see [24—-33]).
We will use the following notations:

¢ =(0,...,0,1,0,...,0);

E;; is that (i, /)-component is 1 and the other components are zero;

E; ® x is that (i,j)-component is x and the other components are zero;

For x € M, (X), y € Mi(X),

x@_xO
y_Oy'

Note that (X, {|| - ||.}) is @ matrix normed space if and only if (M,(X), | - ||,,) is a normed
space for each positive integer # and || AxB||x < |A|lIB|lllx]l,. holds for A € My, x = (x;) €
M,(X) and B € M, and that (X,{|| - ||.}) is a matrix Banach space if and only if X is a
Banach space and (X, {|| - ||,,}) is @ matrix normed space.

Let E, F be vector spaces. For a given mapping /4 : E — F and a given positive integer n,
define 4, : M,,(E) — M, (F) by

hy ([xu]) = [h(xlj)]

for all [x;] € M,(E).
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Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies
(1) d(x,y) =0 ifand only if x = y;
(2) d(x,y)=d(y,x) for all x,y € X;
(3) dx,z) <d(x,y)+d(y,z) forallx,y,z € X.
We recall a fundamental result in fixed point theory.

Theorem 1.1 [34, 35] Let (X, d) be a complete generalized metric space and let ] : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then, for each given element
x € X, either

d(]”x,]””x) =00

for all nonnegative integers n or there exists a positive integer no such that
(1) d("x,J""x) < 00, Vi = n;
(2) the sequence {J"x} converges to a fixed point y of J;
(3) y is the unique fixed point of ] in the set Y = {y € X | d(J"™x,y) < oo};
(4) d,y) < d.)y) forall y e Y.

In 1996, Isac and Rassias [36] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [37-43]).

In this paper, we prove the Hyers-Ulam stability of the following additive-quadratic-

cubic-quartic functional equation:

flx+2y) +flx—2y) =4f(x +y) +4f (x —y) — 6f(x)
+/(29) +(=29) - 4f (y) - 4f () (13)

in matrix normed spaces by using the fixed point method.
One can easily show that an odd mapping f : X — Y satisfies (1.3) if and only if the odd
mapping f : X — Y is an additive-cubic mapping, i.e.,

Sl +2y) +fx—2y) =4f (x + ) + 4f (x — y) — 6f (x).

It was shown in [44, Lemma 2.2] that g(x) := f(2x) — 2f(x) and h(x) := f(2x) — 8f(x) are
cubic and additive, respectively, and that f(x) = % g(x) - %h(x).
One can easily show that an even mapping f : X — Y satisfies (1.3) if and only if the even

mapping f : X — Y is a quadratic-quartic mapping, i.e.,
S +2y) +f(x = 2y) = 4f (x +y) + 4f (x - y) — 6f (%) + 2f(2y) — 8 ().

It was shown in [45, Lemma 2.1] that g(x) := f(2x) — 4f(x) and h(x) := f(2x) — 16f(x) are
quartic and quadratic, respectively, and that f(x) = % g(x) — %h(x).

Throughout this paper, let (X,{]| - ||,,}) be a matrix normed space and (Y, {]| - ||,,}) be a
matrix Banach space.
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2 Hyers-Ulam stability of AQCQ-functional equation (1.3) in matrix normed
spaces: odd mapping case
In this section, we prove the Hyers-Ulam stability of AQCQ-functional equation (1.3) in

matrix normed spaces for an odd mapping case.

Lemma 2.1 Let (X, {| - ||,}) be a matrix normed space. Then:
(1) |Ex @x|ln = x|l forx € X.
@) loeall < Wlxegdlln < 32000 el for [x5] € Miu(X).
(3) limy,—, o0 %y, = x if and only if limy,_, o0 Xij = %5 for x, = [xiju], % = [x5] € Mp(X).

Proof (1) Since Exy ® x = exe; and [l || = llegl| = 1, [|Ex @ %[l < [|%]|. Since ex(Ex @ x)e; = x,
%l < IEx ® %l So | Eia @ %[l = lIx]l.
(2) Since exxe; = xi; and |lex|| = lle;l| = 1, [lxwll < %11l Since [x;] = > i1 Ei ® x5,
n n n
[l ], = DBy @y <Y IE;@wxilla= ) llayll.
ij=1 n o ij=l ij=1
(3) By

n
”xkln - xkl” =< || [xijn _xtj] ”n = || [xijn] - [xl]] ||n = Z ”xyn _xtj”:
ij=1

we get the result. O
For a mapping f : X — Y, define Df : X> — Y and Df,, : M,(X?) — M,(Y) by

Df(a,b) = f(a +2b) + f(a - 2b) — 4f (a + b) — 4f (a — b) + 6f ()
~f(2b) - f(=2b) + 4f (b) + 4f (=),
Df(lxs, 3]) = £ (le) + 205]) + £ (l] = 2005]) — 4 (Ieg] + [g])
= 4fu([x5] = [yg]) + 6fu([25]) =1 (2L951)
—fu(=2[ys]) + 4 (1) + 4 (= Ds])

forall a,b € X and all x = [x;],y = [y;] € M,(X).

Theorem 2.2 Let ¢ : X2 — [0,00) be a function such that there exists an a < 1 with

pla,b) < 2a<p(g, g) (2.1)

foralla,be X. Let f : X — Y be an odd mapping satisfying

| Dfu(lx), )|, = D 0lxii ) (2.2)

ij=1
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Sor all x = [x;),y = [yy] € M,(X). Then there exists a unique additive mapping A : X — Y
such that

e (2Lx51) = 8f([x]) = Au(lx]) |, < Z ﬁ <2<P(xi;’»xij) + %¢(2xi/rxij)> (2.3)

Sor all x = [x;] € M,(X).

Proof Let x;; = 0 and y;; = 0 except for (i,/) = (s, £) in (2.2).
Putting ys = %y in (2.2), we get

”f(syst) —4f (2y5) + 5/ (¥sr) ” < @Wstr Yst) (2.4)

for all y,;, € X.
Replacing x by 2y, in (2.2), we get

|f (4y5e) — 4F Byse) + 6/ (2y5e) — 4f 0se) | < (2952, yst) (2.5)

for all y,; € X.
By (2.4) and (2.5),

|f (495) — 107 (2y5e) + 16f (vt |
< [|4(FByse) = 4F 2ys) + 5F ) | + |f (4yse) = 4F Byse) + 6f (2950) = 4 (s
= 4[|f Bys) — 4 (2y50) +5F Ose) | + [f (4ysr) — 4 Byse) + 6 (2950) — 4F ) |
< 49Wst» Yse) + (295t Yst) (2:6)

for all y,; € X. Replacing ys; by x5, and letting g(x;) :=f(2x5) — 8f (%) in (2.6), we get
lg(@xs) = 2g(xst) | < 40 (st Xst) + (265, Xt

for all x; € X. So

H (xst (szt)

1
= 2(p(xst:xst) + E(p(zxst;xst) (27)

for all x;; € X.
Consider the set

S={h:X—>Y}
and introduce the generalized metric on S:
1
d(g,h) = inf{u eR,: Hg(a) — h(a) || < u<2¢(a,a) + Ew(Za,u)),Va € X},

where, as usual, inf¢ = +00. It is easy to show that (S, d) is complete (see [46, 47]).
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Now we consider the linear mapping J : S — S such that

Je(@) 1= 3.¢(20)

foralla € X.
Let g, i € S be given such that d(g, i) = ¢. Then

|et@) - h@)| < 20(@.a) + S p(2a,a)

for all 2 € X. Hence

|g(a) - Jn(a)| = H %g(2a) - %h(%)

<a (w(a, @)+ 5004, a))
for all @ € X. So d(g, h) = € implies that d(Jg,Jh) < ae. This means that
d(Jg,Jh) < ad(g,h)

forallg,h e S.
It follows from (2.7) that d(g,Jg) < 1.
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of /, i.e.,

A2a) = 2A(a) (2.8)
for all @ € X. The mapping A is a unique fixed point of J in the set
M={geS:d(hg) < oo}

This implies that A is a unique mapping satisfying (2.8) such that there exists a u € (0, 00)
satisfying

le(@ - A@)] < u(20(@a) + o (2a,a)
2

foralla € X;
(2) d(J'g,A) — 0 as [ — oo. This implies the equality

lim %g(Zla) =A(a)

-0

foralla e X;
(3)d(g,A) < ﬁd(g, Jg), which implies the inequality

dg,A) < ——.
l-«

So

le(@) - A@)] < %(zma) . lw(za,m) 2.9)
- 2

foralla e X.
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It follows from (2.1) and (2.2) that

1
DA = fim [ De(2'a,2b)|

=00

< lim %((p (2“14, 2l+1b) + 8¢ (2141, 2lb))
L1
< lim 22—7(g0(2a, 2b) + 8¢(a, b)) =0

A

for all a,b € X. Hence DA(a,b) =0 for all a, b. So A : X — Y is additive.
By Lemma 2.1 and (2.9),

I 2031) = 8fu((1) = An(lx]) [, = DI @osy) = 8 (i) — Alwy)|

ij=1

n
1 1
< Z T—a (2§0(xij:xz’j) + 5@(2%}:?@']‘))

ij=1

for all x = [x;] € M, (X). Thus A : X — Y is a unique additive mapping satisfying (2.3), as
desired. O

Corollary 2.3 Letr,0 be positive real numbers withr < 1. Letf : X — Y be an odd mapping
such that

| DA (Ll ) [, < D0 (g + il (2.10)

ij=1

Sor all x = [x;5),y = [yy] € M(X). Then there exists a unique additive mapping A : X — Y
such that

n

I (20ey1) = 85 (151) ~ An (B}, = D 52 Ol
ij=1

Sor all x = [x;] € M,(X).

Proof The proof follows from Theorem 2.2 by taking ¢(a,b) = 6(|la||” + ||b]|") for all
a,b € X. Then we can choose o = 2! and we get the desired result. O

Theorem 2.4 Let ¢ : X*> — [0,00) be a function such that there exists an a <1 with

ola,b) < %¢(2a, 2b)

foralla,be X.Letf : X — Y be an odd mapping satisfying (2.2). Then there exists a unique
additive mapping A : X — Y such that

n

1
o (205) = 83 (I251) = Au(lx)) [, < % (2</’(xi/:xi1) + 590(2%7’%/))
ij=1

Sor all x = [x;] € M, (X).
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Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2
Now we consider the linear mapping J : S — S such that

Jg(a) := 2g<g)

foralla € X.
It follows from (2.7) that

X, Xt X, X, 1
Hg(xst) - 2g(7”> ’ < 4¢<7“, 2“) + go(xst, 7”) < a<2¢>(xs;,xst) + §<p(2xsr,xst))

for all x;; € X. Thus d(g,Jg) <. So

d(g,A) < —

o
l-a

The rest of the proof is similar to the proof of Theorem 2.2 d

Corollary 2.5 Letr, 0 be positive real numbers withr > 1. Letf : X — Y be an odd mapping
satisfying (2.10). Then there exists a unique additive mapping A : X — Y such that

n

11 @) 85 (1)) - A}, < 30 2o

— 2r -2
ij=1

Sor all x = [x;] € M, (X).

Proof The proof follows from Theorem 2.4 by taking ¢(a,b) = 0(|lal|” + ||b]|") for all

a,b € X. Then we can choose o = 27" and we get the desired result. O

Theorem 2.6 Let ¢ : X> — [0,00) be a function such that there exists an o < 1 with

ab
¢(a,b) < 8a<p<§, 5)

foralla,be X.Letf : X — Y be an odd mapping satisfying (2.2). Then there exists a unique
cubic mapping C : X — Y such that

n

I (20x51) = 2 (1) = Ca ()|, < D

1 1
Py m (2§0(xij,xl'j) + iq)(zxij’xij))

Sor all x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Replacing yy; by x5 and letting g(xy;) := f(2x5:) — 2f (x5) in (2.6), we get

| g(2%5) — 8g (%) || < 45t Xst) + (2%, Xt

for all x; € X. So

Hg(xst) B, égaxst)

1 1
= <2‘p(xst:xst) + §¢(2xst,xst)> (2.11)
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for all x,, € X. Thus d(g,Jg) < 1. So

dgA) <

The rest of the proof is similar to the proof of Theorem 2.2. g

Corollary2.7 Letr,0 be positive real numbers withr < 3. Letf : X — Y be an odd mapping
satisfying (2.10). Then there exists a unique cubic mapping C : X — Y such that

" 942"
1 20x) = 263 (Ix51) = Ca(bx]) [, < D0

Py 8§-2"

0l 1"
Sor all x = [x;] € M,(X).

Proof The proof follows from Theorem 2.6 by taking ¢(a,b) = 0(||la||” + ||b||") for all

a,b € X. Then we can choose o = 23 and we get the desired result. O

Theorem 2.8 Let ¢ : X> — [0,00) be a function such that there exists an a < 1 with
o
¢(a,b) < §¢(2u, 2b)

foralla,be X.Letf : X — Y be an odd mapping satisfying (2.2). Then there exists a unique
cubic mapping C : X — Y such that

n

I (20eei1) = 2 (121) - Ca(lx) ], < D

ij=1

o 1
Y 2<p(xi/, xi;) + E(ﬂ(zxij» xi/’)

Sor all x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (2.11) that

X, Xst X X,
o -as(3 ) =5 5) ol 5)

=

R

1
<2§0 (xstr xst) + 5 (p(zxst; xst))

for all x;; € X. Thus d(g,Jg) < 7. So

o
,A) < .
g4 = 4 - 4o

The rest of the proof is similar to the proof of Theorem 2.2. O
Corollary 2.9 Let r, 0 be positive real numbers with r > 3. Let f : X — Y be an odd map-
ping satisfying (2.10). Then there exists a unique cubic mapping C : X — Y such that

Uf(2tes) =2 (6x) - Collsl) [, = D2 220yl
ij=1

Sor all x = [x;] € M, (X).
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Proof The proof follows from Theorem 2.8 by taking ¢(a,b) = 6(||la|” + ||b]|") for all
a,b € X. Then we can choose « = 23" and we get the desired result. 0

3 Hyers-Ulam stability of AQCQ-functional equation (1.3) in matrix normed
spaces: even mapping case

In this section, we prove the Hyers-Ulam stability of AQCQ-functional equation (1.3) in
matrix normed spaces for an even mapping case.

Theorem 3.1 Let ¢ : X?> — [0,00) be a function such that there exists an a < 1 with

a b
1b 4 ~N? A~
pla,b) < a<p<2 2)

foralla,be X. Let f : X — Y be an even mapping satisfying f(0) = 0 and (2.2). Then there
exists a unique quadratic mapping Q : X — Y such that

1 1
I (20631) = 16£0([e3)) = Qu(l]) |, < D 5—- (2€0(xi/»xtf) + §¢(2xu»xi/)>

e~ 2 - 20
ij=1

Sor all x = [x;] € M, (X).
Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.

Let x; = 0 and y;; = 0 except for (i,j) = (s,£) in (2.2).
Putting y5; = x5 in (2.2), we get

”f(syst) —6f(2y5) + 15f(YSt)|| < 9Wst> Yst) (3.1)

for all y,; € X.
Replacing x; by 2y in (2.2), we get

“f(4'yst) - 4'f(3yst) + 4f(2yst) + 4'f(yst)|| = (p(zyst:yst) (3-2)

for all y,; € X.
By (3.1) and (3.2),

If (4yse) — 20f (2y5e) + 64f (vst) |
< |4(f(3yse) — 6 (2y5e) + 15f se)) || + |[f (4yse) — 4F Byse) + 4f (25t + 4 (vse) |
=4[ fBys) — 6 (2y5) + 15 (se) | + | (4yse) — 4f Bysr) + 4F (2y5e) + 4f (0e) |

< 4“/)()/st’yst) + (0(2yst:yst) (3.3)
for all y,; € X. Replacing ys by %, and letting g(xs:) :=f(2x5) — 16f (x5) in (3.3), we get
”g(zxst) - 4g(xst) H < 4§0(xst’ xst) + (p(zxst:xst)

for all x;; € X. So

1 1 1
Hg(xst) - Eg(2xst) =5 <2§0(xst»xst) + 5¢(2xst,xst)) (3.4)
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for all x, € X. Thus d(g,Jg) < 1. So

1
d ,A<
(g )_2

The rest of the proof is similar to the proof of Theorem 2.2. d
Corollary 3.2 Let r, 0 be positive real numbers withr <2. Let f : X — Y be an even map-
ping satisfying (2.10). Then there exists a unique quadratic mapping Q : X — Y such that

n

an (2[x,,]) - 16fn([xz]]) - Qn([xij]) ”n = Z 2

— 4 -2
ij=1

015"
Sor all x = [x;] € M,(X).

Proof The proof follows from Theorem 3.1 by taking ¢(a,b) = 6(|la|l” + ||b]|") for all

a,b € X. Then we can choose « = 2”2 and we get the desired result. g

Theorem 3.3 Let ¢ : X2 — [0, 00) be a function such that there exists an a < 1 with
o
pla,b) < pr(2a, 2b)

foralla,be X. Letf : X — Y be an even mapping satisfying f(0) = 0 and (2.2). Then there
exists a unique quadratic mapping Q : X — Y such that

n

I (20x51) = 16, (1251) = Qu(s]) [, < >

« 1
Py m 2§0(xij,xij) + 59"(2’%%’;)

Sor all x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (3.4) that

X Xst X X a 1
Hg(xst) - 4g(7“) H < 4<p<7“, 7”) + <p<xst, 7”) <5 (2(/7(xst:xst) + EQD(ZxStrxst))

for all x;; € X. Thus d(g,Jg) < 5. So

d(g,A) <

T 2-2«a

The rest of the proof is similar to the proof of Theorem 2.2. d
Corollary 3.4 Letr, 0 be positive real numbers withr > 2. Let f : X — Y be an even map-
ping satisfying (2.10). Then there exists a unique quadratic mapping Q : X — Y such that

n r

fo(20s1) 16 (15) — Qu((l) |, < 3 2t 0 sy

e~ DI — 4
ij=1

Sor all x = [x;] € M, (X).
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Proof The proof follows from Theorem 3.3 by taking ¢(a,b) = 0(||la|” + ||b]|") for all

a,b € X. Then we can choose « = 227" and we get the desired result. O

Theorem 3.5 Let ¢ : X? — [0, 00) be a function such that there exists an o < 1 with

ab
,b) <16a¢( =, -
¢(a,b) < fw(z 2)

foralla,be X. Letf: X — Y be an even mapping satisfying f(0) = 0 and (2.2). Then there
exists a unique quartic mapping R : X — Y such that

n

I (20x51) = 4 (Lx3]) = Ra () |, < D

1 1
2 3 82 20 (xij, %) + E‘/)(zxij:xlj)

Sor all x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Replacing yy; by x5 and letting g(x) := f(2x5) — 4f (x5) in (3.3), we get

“g(zxst) - 16g(xst) || =< 4‘p(xstr xst) + (P(szz; xst)

for all x; € X. So

1
”g(xst) - Eg(zxst)

1 1
=< g 2‘p(xst;xst) + EW(zxst:xst)

(3.5)
for all x,, € X. Thus d(g,Jg) < 1. So
d(g,A) < .
@4) = 8 — 8«
The rest of the proof is similar to the proof of Theorem 2.2. d

Corollary 3.6 Let r, 6 be positive real numbers withr < 4. Let f : X — Y be an even map-
ping satisfying (2.10). Then there exists a unique quartic mapping R : X — Y such that

n

U6 213,) - 45, (5) ~Rulls )], = D s

16 — 27

O llx; 1"
ij=1

Sor all x = [x;] € M, (X).

Proof The proof follows from Theorem 3.5 by taking ¢(a,b) = 6(||la|” + ||b]|") for all

a,b € X. Then we can choose o = 2% and we get the desired result. O

Theorem 3.7 Let ¢ : X? — [0, 00) be a function such that there exists an o < 1 with

o
¢(ﬂ, b) =< Ew(zﬂx 2b)

Page 12 of 15
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foralla,be X. Letf: X — Y be an even mapping satisfying f(0) = 0 and (2.2). Then there
exists a unique quartic mapping R : X — Y such that

1 (2051) = 4 (1) = Ru([2]) ||, < Z ﬁ <2§0(xij»xij) + %‘P(%Czj,xlj))
ij=1

Sor all x = [x;] € M,(X).

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (3.5) that

X, Xst X X,
o - (5)] 29053 ) (o 3)

1
<2§0(xst: Xot) + 5 (p(zxst; xst))

=

| R

for all x;; € X. Thus d(g,Jg) < % So

o
d(g,A) < .

@4)= 8 — 8«

The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 3.8 Letr, 0 be positive real numbers with r > 4. Let f : X — Y be an even map-
ping satisfying (2.10). Then there exists a unique quartic mapping R : X — Y such that

Uf(2les)) = 44 (]) ~ Rl ], = D 2l
ij=1

Sor all x = [x;] € M,(X).

Proof The proof follows from Theorem 3.7 by taking ¢(a,b) = 6(||la|” + ||b]|") for all
a,b € X. Then we can choose a = 24 and we get the desired result. O
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