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Abstract

The purpose of this paper is to prove that every 2-isometry without any other
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space is affine, and to give a new result of the Mazur-Ulam theorem for 2-isometry in
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1 Introduction

A satisfactory theory of 2-norm and #-norm on a linear space has been introduced and
developed by Gahler in [1, 2]. Freese and Cho [3] gave some isometry conditions in lin-
ear 2-normed spaces. Raja and Vaezpour [4] introduced the notion of 2-normed hyperset
in a hypervector and also constructed some special 2-normed hypersets of strong homo-
morphisms over hypervector spaces. Different authors introduced the definitions of fuzzy
norms on a linear space. For reference, one may see [5]. Following Cheng and Mordeson
[6], Bag and Samanta [7] introduced the concept of fuzzy norm on a linear space.

Somasundaram and Beaula [8] introduced the concept of 2-fuzzy 2-normed linear space
or fuzzy 2-normed linear space of the set of all fuzzy sets of a set. They gave the notion of
a-2-norm on a linear space corresponding to a 2-fuzzy 2-norm with the help of [7] and
also gave some fundamental properties of this space.

Let X and Y be metric spaces. A mapping f : X — Y is called an isometry if f satisfies
dy(f(x),f(y) = dx(x,y) for all x,y € X, where dx(-,-) and dy (-, ) denote the metrics in the
spaces X and Y, respectively. Two metric spaces X and Y are defined to be isometric if
there exists an isometry of X onto Y. In 1932, Mazur and Ulam [9] proved the following

theorem.

Mazur-Ulam theorem Every isometry of a real normed linear space onto a real normed

linear space is a linear mapping up to translation.

Baker [10] showed that an isometry from a real normed linear space into a strictly convex
real normed linear space is affine. Also, Jian [11] investigated the generalizations of the
Mazur-Ulam theorem in F*-spaces. Th.M. Rassias and Wagner [12] described all volume
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preserving mappings from a real finite dimensional vector space into itself and Viiséla
[13] gave a short and simple proof of the Mazur-Ulam theorem. Chu [14] proved that the
Mazur-Ulam theorem holds when X is a linear 2-normed space. Chu et al. [15] generalized
the Mazur-Ulam theorem when X is a linear n-normed space, that is, the Mazur-Ulam
theorem holds, when the n-isometry mapped to a linear n-normed space is affine. They
also obtained extensions of Th.M. Rassias and Semrl’s theorem [16]. The Mazur-Ulam
theorem has been extensively studied by many authors in different aspects (see [12, 17—
20]).

Recently, Cho et al. [21] investigated the Mazur-Ulam theorem on probabilistic 2-
normed spaces. Moslehian and Sadeghi [22] investigated the Mazur-Ulam theorem in
non-Archimedean spaces. Choy and Ku [23] proved that the barycenter of a triangle car-
ries the barycenter of a corresponding triangle. They showed the Mazur-Ulam problem
on non-Archimedean 2-normed spaces using the above statement. Chen and Song [24]
introduced the concept of weak n-isometry, and then they got that under some condi-
tions a weak n-isometry is also an n-isometry. Alaca [25] gave the concepts of 2-isometry,
collinearity, 2-Lipschitz mapping in 2-fuzzy 2-normed linear spaces. Also, he gave a new
generalization of the Mazur-Ulam theorem when X is a 2-fuzzy 2-normed linear space
or J(X) is a fuzzy 2-normed linear space. Park and Alaca [26] introduced the concept of
2-fuzzy n-normed linear space or fuzzy n-normed linear space of the set of all fuzzy sets
of a non-empty set. They defined the concepts of n-isometry, n-collinearity, #-Lipschitz
mapping in this space. Also, they generalized the Mazur-Ulam theorem, that is, when X
is a 2-fuzzy n-normed linear space or J(X) is a fuzzy n-normed linear space, the Mazur-
Ulam theorem holds. Moreover, it is shown that each #n-isometry in 2-fuzzy n-normed
linear spaces is affine. Ren [27] showed that every generalized area n preserving mapping
between real 2-normed linear spaces X and Y which is strictly convex is affine under some
conditions.

In the present paper, we give a new version of Mazur-Ulam theorem with a new method
when X is a 2-fuzzy 2-normed linear space or J(X) is a fuzzy 2-normed linear space.

2 On 2-fuzzy 2-normed linear spaces

In this section, at first we give the concept of linear 2-normed space and later the concept
of 2-fuzzy 2-normed linear space and its fundamental properties with help of [8]. For more
details, we refer the readers to 7, 8, 28, 29].

Definition 2.1 [28] Let X be a real vector space of dimension greater than 1 and let ||e, o||

be a real-valued function on X x X satisfying the following four properties:

(1) |lz, ¥l = 0 if and only if x and y are linearly dependent,
2) Nyl = lly.
(3) llx oyl = le|llx, |l for any @ € R,

@) llxy +zll < llxyll + [l 2],

|le, || is called a 2-norm on X and the pair (X, ||e, o||) is called a linear 2-normed space.

Definition 2.2 [7] Let X be a linear space over S (a field of real or complex numbers).
A fuzzy subset N of X x R (R, the set of real numbers) is called a fuzzy norm on X if and
only if:

(N1) Forallt e Rwith# <0, N(x,t)=0,
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(N2) Forall £ € Rwitht>0, N(x,t) =1ifand only ifx = 0,

(N3) Forall £ € R with £>0, N(Ax,t) = N(x, IAI) ifL#0,1 €S,

(N4) Foralls,teR,x,y€ X, N(x+y,5s+t) >min{N(x,s), N(y,t)},

(N5) N(x,-) is a non-decreasing function of £ € R and lim;_, oo N (%, £) = 1.
Then (X, N) is called a fuzzy normed linear space or, in short, f-NLS.

Theorem 2.1 [7] Let (X,N) be an f-NLS. Assume the condition that

(N6) N(x,2)>0 forall t >0 implies x = 0.

Define ||x||q = inf{z : N(x,£) > o}, @ € (0,1). Then {|| o |l : @ € (0,1)} is an ascending
Sfamily of norms on X. We call these norms a-norms on X corresponding to the fuzzy norm
onX.

Definition 2.3 Let X be any non-empty set and J(X) be the set of all fuzzy sets on X. For
U,V € 3(X) and A € S the field of real numbers, define

u+ V:{(x+y,v/\pL):(x,v)eU,(y,/L)eV}
and AU = {(Ax,v): (x,v) € U}.

Definition 2.4 A fuzzy linear space X=X x (0,1] over the number field S, where the
addition and scalar multiplication operation on X are defined by (x,v) + (y, ) = (x +y,v A
), AMx,v) = (Ax,v) is a fuzzy normed space if to every (x,v) € X, there is associated a non-
negative real number, ||(x, v)||, called the fuzzy norm of (x, v), in such a way that
(i) [I(x, v)|| = 0 iff x = O the zero element of X, v € (0,1],
(i) A0 v)] = Al (x,v)] for all (x,v) € X and all A €,
(i) 1G5 v) + 0ol < 165w A+ 10,0 A )l for all (x,v), (1) € X,
i) 1V, vll = A, 6 )]l for all v, € (0,1].

Definition 2.5 [8] Let X be a non-empty and J(X) be the set of all fuzzy sets in X. If f €
J(X), then f = {(x, ) : ®x € X and u € (0,1]}. Clearly, f is a bounded function for |[f(x)| < 1.
Let S be the space of real numbers, then J(X) is a linear space over the field S where the
addition and multiplication are defined by

frg={@m+on}={&+yuAn:(xmu) efand () g}

and

)”f: {()»x,,u) : (xr/'L) ef};

where A € S.
The linear space J(X) is said to be a normed space if for every f € J(X), there is associ-
ated a non-negative real number ||f]| called the norm of f in such a way that
) IIfIl =0 if and only if f = 0. For

Il =
= ||&w|:xwesf}=

= x=0, nwe(0,1] < f=0.
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(i) [IAf I = AN, A € S. For

A1 = {26 )] = (e 0) € £, € S}
= {121 6o )| = G 10) €] = IMIIIFLL

(iii) If +&ll < I + lgll for every f,g € S(X). For

If +gll = {[| ) + o) s 2,9 € X, ,m € (0,11}
={|c+2), e Am)| %y €X,11,m € (0,11}
={|uan]+|gmwAn)]: @) ef.n) eg}
= £ + ligll-

Then (J(X), ||  ||) is a normed linear space.
Definition 2.6 [8] A 2-fuzzy set on X is a fuzzy set on J(X).

Definition 2.7 [8] Let J(X) be a linear space over the real field S. A fuzzy subset N of
J(X) x I(X) x R (R, a set of real numbers) is called a 2-fuzzy 2-norm on X (or a fuzzy
2-norm on J(X)) if and only if

(2-N1) forall £ € R with ¢t <0, N(fi,/5,t) =0,

(2-N2) forall £ € R with ¢ > 0, N(fi,f2,¢t) =1 if and only if i and f; are linearly

dependent,

(2-N3) N(fi,fa,t) is invariant under any permutation of fi, f,

(2-N4) forallt € Rwith £ >0, N(fi, Af5,t) = N(fi. fo, 757), if A #0, L €6,

(2-N5) for alls,z € R,

N(fi.fo+fs,s+1t) > min{N(fl, 2,S),N(f1,f3,t)},

(2-N6) N(fi,f2,-): (0,00) — [0,1] is continuous,
(2-N7) lim;—, oo N(fi, f5,8) = 1.
Then (J(X),N) is a fuzzy 2-normed linear space or (X, N) is a 2-fuzzy 2-normed linear

space.

Remark 2.1 In a 2-fuzzy 2-normed linear space (X,N), N(fi,f2,-) is a non-decreasing
function of R for all f, f» € J(X).

Theorem 2.2 [8] Let (I(X),N) be a fuzzy 2-normed linear space. Assume that
(2-N8) N(fi,f2,t) > 0 for all t > 0 implies f; and f, are linearly dependent.
Define ||fi,folle =inf{t : N(fi,fot) > o, € (0,1)}.
Then {||e, o, : @ € (0,1)} is an ascending family of 2-norms on I(X). These 2-norms are

called a-2-norms on J(X) corresponding to the 2-fuzzy 2-norm on X.

3 On the Mazur-Ulam theorem
Recently, Alaca [25] introduced the concept of 2-isometry which is suitable to represent

the notion of area-preserving mappings in fuzzy 2-normed linear spaces as follows.
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For f,g,h € J(X) and «, B € (0,1), ||f — h,g — ||« is called an area of f, g and /. We call
WV a 2-isometry if ||f — /,g — hllo = |W(f) — W(h), ¥(g) — W(h)| g for all f,g,h € J(X) and

o, B €(0,1).

A version of the Mazur-Ulam theorem has been obtained in [25] as follows.

Theorem 3.1 [25] Assume that J(X) and I(Y) are fuzzy 2-normed linear spaces. If W :
S(X) — J(Y) is a 2-isometry and satisfies V(f), V(g) and W (h) are collinear when f, g and

h are collinear, then V is affine.

A natural question is whether the 2-isometry in the fuzzy 2-normed linear spaces is
also affine without the condition of preserving collinearity. In this section, we find a reply
to this question when X is a 2-fuzzy 2-normed linear space or J(X) is a fuzzy 2-normed

linear space.

Lemma 3.1 [25] Forallf,g e J(X), « € (0,1) and . € R. Then

Ifs&lle = If>& + Af lla-

Lemma 3.2 Let f,g,h € J(X) and o € (0,1). Then v = % is the unique element of JI(X)

satisfying
1
If =hf-vie=lg-v,g = hllo = E”f—h:g—h”a

with |f —h,g —h|le #0 and v e {kf + (1 -k)g: k € R}.

Proof From Lemma 3.1, it is obvious that v = f% satisfies

1
W =1f =vla =llg =v.g = lla = S If ~ g = Ml

with ||[f —h,g - h|, #0and v e {kf + (1 -k)g: k € R}.

For the uniqueness of v, assume that u € J(X) also satisfies

1
W =1f =~ ulla = g = 14,8 = hlla = S If =18 = hlla

with ||f —h,g — k|l 70 and u € {kf + (1 - k)g: k € R}. Let u = kf + (1 — k)g for some k € R.

From Lemma 3.1, we have

If =g =l = 21f = of - ulla
=2|f - hf - (K + @-hg),
=201 KIIlf -/ f ~glla
= 21 =Kl - g = hlla

and

Wf -hg—hlle =2lg-hg—ull
=2|g-hg- (K +1-Kg)|,

Page 5 of 9
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=2|kllg - g —flla
=2|klIf =g = hlla-

Since ||f — h,g — h|l« #0, we have 1 = 2|1 — k| = 2|k|. So, k = % andu:v:J%. O

Theorem 3.2 Let J(X) and I(Y) be fuzzy 2-normed linear spaces. If ¥ : J(X) — J(Y) is
a 2-isometry, then \V is affine.

Proof Let ®(f) = W(f) — W(0). Obviously, ®(0) = 0 and & is a 2-isometry. Now, we prove
that @ is linear.

Firstly, we show that ® is additive. For f,g,h € J(X), o, B € (0,1) with || —h,g - hll4 #0,
D) - ®(g) - P(M)llg # 0 and from Lemma 3.1, we have

e o) 25

ot

1
= = _h7 - o
2Ilf S =4l

1
= = _hx _hot
Jf —hg— ]

= S~ 000, 0@ - o] .

o

Similarly,

P(g) - B(h), Dlg) - ¢<¥) - 210 - o), o) - 201,
B

And

o(55%)-0@.00- <g>ﬁ=H¥—g,f—ga

1
= Ellf—g,f—glla =0.

So, we get

(f”*’) (g) = k((f) - (@)

for some k € R by Definition 2.7. That is,

(f g) kD(f) + (1 - k)D(g).

Thus, from Lemma 3.2,

cD(f;g) _ 2 ; 2@)

forall f,g € J(X).
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Since ®(0) = 0, we have

cb(]%) :cb(f;0> L2000 o

and

o+ - ¢<2f+2g) _ 0N+ 0029 _0Qf) | 2e)
2 2 2 2

= d(f) + (g).

It follows that ® is additive.
Secondly, we show that ®(rf) = r®(f) for every r € R, f € J(X) and «, 8 € (0,1). Let

reR" and f € J(X) and «, B € (0,1). Since ®(0) = 0 and & is a 2-isometry, we have
|20, ()], = [@0f) - 2(0), @(F) - 2(0)],
= Irf =0,/ = Ollo

=17 of e
=0.

So, ®(rf) = s®(f) for some s € R from Definition 2.7. As dim J(X) > 1, there exists a g €
J(X) such that ||f,g|le #0. It is easy to see that

rllfsglla = 17f glle = [ @) @@, = s, 20,
= sl @(f), @@, = IslIfglla-

So,s=rors=-r.If s=-r, then

Ir=1Ilf.glle = | r=1)f. 8], = I7f = f.g = Olla
= |@6r) - @), ®(e) - ®(0) |,
= [-ro() - o(), 2@,
= (r+ D@0, 2@,
= (r+Df.glla-

So, |[r—1| =r +1. This is a contradiction since r € R*. Thus, ®(rf) = r®(f) for every r € R¥,
feJX)and «, B €(0,1).

Similarly, we can prove ®(rf) = r®(f) for every r e R™, f € J(X) and 0, B € (0, 1).
Hence, we prove that ® is linear and W is affine. O

Remark 3.1 Theorem 3.1 has been substantially improved by Theorem 3.2.
Remark 3.2 Itis clear that the Mazur-Ulam theorem has been proved under much weaker

conditions than the main result of Alaca [25] in the framework of 2-fuzzy 2-normed linear
spaces.
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Open problem How can obtain some results for the Aleksandrov problem in fuzzy 2-
normed linear spaces with the help of this technique?
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