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Abstract
The injection of lower hybrid (LH) waves for current drive into a tokamak affects the profile of
intrinsic rotation. In this paper, the momentum deposition by the LH wave on the electrons is
studied. Due to the increase in the poloidal momentum of the wave as it propagates into the
tokamak, the parallel momentum of the wave increases considerably. The change in the
perpendicular momentum of the wave is such that the toroidal angular momentum of the wave
is conserved. If the perpendicular momentum transfer via electron Landau damping is ignored,
the transfer of the toroidal angular momentum to the plasma will be larger than the injected
toroidal angular momentum. A proper quasilinear treatment proves that both perpendicular
and parallel momentum are transferred to the electrons. The toroidal angular momentum of
the electrons is then transferred to the ions via different mechanisms for the parallel and
perpendicular momentum. The perpendicular momentum is transferred to ions through an
outward radial electron pinch, while the parallel momentum is transferred through collisions.

(Some figures may appear in colour only in the online journal)

1. Introduction

The momentum of radio-frequency (RF) waves has
been studied since the early days of development of
electromagnetics [1]. Recently, the experimental observation
of plasma flows generated by RF waves has renewed the
interest in momentum deposition by RF waves. For example,
a significant ion toroidal rotation (∼50 km s−1) has been
measured by x-ray spectroscopy for impurities in Alcator
C-Mod during lower hybrid (LH) wave power injection [2], and
the relation between the computed toroidal angular momentum
input from LH waves and the measured initial change in ion
toroidal rotation has been investigated [3].

In tokamaks, the LH wave is used to drive plasma parallel
current with asymmetric antenna spectra along the direction
parallel to the static magnetic field [4]. Due to electron
Landau damping, the wave power is transferred to non-thermal
fast electrons (v‖ ∼ 3vte − 10vte, where v‖ is the parallel
electron velocity and vte is the electron thermal velocity)
[4–6]. The toroidal phase velocity of the wave is chosen to
increase current drive efficiency and ensure the accessibility
of the wave to the core of the tokamak. The electron Landau
damping can be described kinetically as a quasilinear velocity

diffusion coefficient if the strength and the spectrum of the
electric field satisfy some conditions given in [7–9]. Many
of the observations (e.g. a driven current density and a hard
x-ray diagnostic) in LH current drive experiments are well-
reproduced by theory and simulation [10, 11].

Recently, for high plasma densities (e.g. line-averaged
density >1020 m−3 in Alcator C-Mod), it has been observed
that penetration of LH waves into the plasma core becomes
problematic in many experiments in diverted tokamaks (e.g.
Alcator C-Mod [12], FTU [13] and JET [14]). The observation
has motivated research on parasitic absorption mechanisms
of the LH wave in the scrape-off-layer (SOL), such as
collisional absorption [12] and parametric decay instability
[13, 14]. Modifying the edge electron temperature based on
the theoretical prediction was found to be useful to overcome
the density limit in FTU [13]. The observation of the significant
ion toroidal rotation change due to the LH wave has been
reported only in the low or medium density regime (e.g. line-
averaged density <1020 m−3 in Alcator C-Mod) [2], and for
this reason, the coupling problems for high densities are not
treated in this paper. This work is concerned only with LH
wave momentum transfer in the core when the wave couples
well and penetrates into the core.
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In this paper, we investigate how the wave momentum
changes as the wave propagates from the launcher to the
core of the tokamak where it is damped and transferred to
the plasma. In particular, we focus on the toroidal angular
momentum transfer to the electrons that is essential to explain
the temporal behavior of the ion toroidal rotation initiated by
the LH wave injection. We also investigate how the transferred
momentum affects the radial motion of the electrons and ions.
The radial particle pinch can be a channel to transfer the
toroidal momentum to the ions. On the transport time scale,
the ion turbulent momentum transport dominates the temporal
evolution of the ion toroidal rotation [3, 15], but it is beyond
the scope of this paper. Before studying this long time scale
behavior we need to understand the momentum deposition.

The wave momentum density is defined as k/ω times the
energy density, where k is the wave vector and ω is the wave
frequency [1]. When the wave has a non-resonant interaction
with the particles in a long propagation distance, the wave
energy density does not change but the poloidal wave vector
changes due to the dispersion relation of the LH wave, and
consequently the poloidal wave momentum varies. On the
other hand, when the wave has a resonant interaction with
the particles in a short propagation distance, the wave energy
density is reduced and the wave vector remains unchanged.

Figure 1 shows the typical behavior of a LH wave in an
inhomogeneous tokamak. As the wave propagates from the
low-field side launcher, it develops a very high poloidal wave
vector (about 10 times larger than toroidal wave vector) due to
the plasma dispersion relation [16]. The large poloidal wave
vector contributes to the parallel wave number k‖ as much as
the toroidal wave vector does, even overcoming the small ratio
of the poloidal magnetic field over the toroidal magnetic field,
Bθ/Bφ ∼ 0.1 (k‖ = Bφ

B
kφ + Bθ

B
kθ in a circular tokamak, where

Bφ , Bθ , B are toroidal, poloidal, and total magnetic field, and
kφ , kθ are toroidal and poloidal wave numbers, respectively).
That results in the parallel refractive index n‖ ≡ k‖c/ω ∼ −3
of the damped wave, significantly larger than the toroidal index
nφ ≡ kφc/ω ∼ −1.6 at the launcher, as shown in figure 1 (the
negative sign means that the wave propagates in the counter-
current direction of the tokamak). Here, c is the speed of light.
The electron Landau damping of the wave becomes stronger
where the phase velocity of the wave becomes lower (in other
words, where the refractive index becomes higher), since a
lower phase velocity resonates with more electrons.

As shown in figure 1, until the wave reaches the region
where the parallel phase velocity of the wave is sufficiently
reduced by the poloidal coupling (e.g. n‖ ∼ −3) to interact
with less energetic electrons, the resonant interaction is
negligible. Nevertheless, the poloidal momentum of the wave
changes due to the inhomogeneity of the magnetic field and the
plasma density and temperature. There is a significant poloidal
wave momentum gain. The wave gains poloidal momentum
slowly in the non-resonant region, and then transfers it in
a short distance where it resonates. However, the toroidal
angular momentum of the wave does not change due to the
toroidal symmetry, and the original amount is fully transferred
to the plasma in the resonance region (see the constancy of
the green line in figure 1). The non-resonant interaction can

0 1 2 3 4
–2.5

–2

–1.5

–1

–0.5

0

0.5

1

toroidal angle[π rad]

re
fr

ac
tiv

e 
in

de
x 

× 
m

aj
or

 r
ad

iu
s

 

 

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1nφ R

n
||
(Bφ/B)R

(nφ– n
||
(Bφ/B))R

Figure 1. Evolution of the toroidal angular momentum of a LH
wave in terms of the propagation toroidal angle from the launcher.
The solid line is the toroidal projection of the parallel refractive
index multiplied by the major radius (n‖(Bφ/B)R), which is an
important parameter for Landau damping. The color of the solid
line is the normalized Poynting flux of a ray. The power of the LH
wave is absorbed by electron Landau damping beyond toroidal
angle 3.5π where its color changes from red to blue. In this power
absorption region, n‖(Bφ/B)R is around −2.3, much higher than
original toroidal refractive index multiplied by the major radius
(nφR � −1.4). This graph corresponds to one of the LH wave rays
for Alcator C-Mod with Bφ = 5.3 T, plasma current Ip = 700 kA,
major radius R0 = 0.67 m, minor radius a = 0.22 m, core electron
temperature Te(0) = 3.5 keV, core electron density
ne(0) = 1.2 × 1020 m−3, initial n‖ = −1.6 and Pabs = 0.8 MW.
These profiles are calculated using the ray tracing technique in
Genray-CQL3D [33]. The ray tracing technique can be problematic
at the reflection point (toroidal angle = 2.2π ) where the
characteristic length of the change in the plasma parameters is
shorter than the wavelength. However, the upshift in n‖ for strong
damping (as shown beyond toroidal angle 3.5π ) is widely seen in
both ray tracying codes [16] and full wave codes [10] for typical LH
wave experimental parameters.

be studied as a combination of the Reynolds stress and the
Lorentz force in both fluid models [17, 18] and kinetic models
[19–22], and it has no effect on the toroidal flow [22, 23].

When the wave energy is transferred to the the plasma
due to a resonance, the corresponding wave momentum is also
transferred to the plasma. This relation has been verified by
evaluating the Lorentz force in fluid models [17, 24] and kinetic
models [25–27]. However, the toroidal momentum transfer
by resonance has been calculated incorrectly for the LH
wave [3, 28, 29] resulting in an incorrect radial electric field.
These calculations have ignored an important contribution
to the Kennel–Engelmann quasilinear diffusion coefficient.
The Kennel–Engelmann quasilinear diffusion coefficient [5]
describes the resonant interaction of the plasma with the
wave. The gyro-average of this quasilinear operator is
used to model the diffusion of the distribution function in
velocity space. However, since some components of the
momentum, such as the toroidal direction, depend on the gyro-
phase, the diffusion in gyro-phase must be taken into account
for momentum transfer calculations, and the gyro-averaged
quasilinear operator is not sufficient to explain the total toroidal
momentum transfer. We reexamine the amount of momentum
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transfer from LH wave to the plasma by resonant interaction in
this paper. The new contribution to momentum transfer that we
find is important because the poloidal wave number is large in
the resonance region, giving k‖ > kφ as we have discussed
above. Using the gyro-averaged quasilinear operator only
transfers the parallel wave momentum, leading to an incorrect
evaluation of the toroidal angular momentum transferred by
the wave.

Once the momentum of the LH wave is transferred to
the electrons, part of it is transmitted to the ions by electron–
ion collisions, and the rest is balanced by an electron radial
pinch. The radial non-ambipolar electron pinch has been
proposed as an explanation for the ion rotation induced by LH
waves [2, 30, 31]. It has been argued that the counter-current
direction momentum transfer from the LH wave to the trapped
electrons induces a radially inward pinch, and it results in an
additional inward radial electric field to ensure ambipolarity.
This excess radial electric field will then act on the ions, leading
to ion rotation [30]. In this paper, we propose another (actually
stronger) mechanism that gives an outward electron pinch.

The rest of this paper is organized as follows. In section 2,
we revisit the quasilinear diffusion operator taking into account
the flux in the gyro-phase angle direction to evaluate the
total amount of momentum transfer by resonant particles. In
section 3, we discuss briefly the wave momentum gain or loss
by non-resonant effects. The inhomogeneity of the tokamak
system generates poloidal wave momentum. In section 4,
we discuss the radial non-ambipolar electron pinch due to
the resonant momentum transfer. The pinches of the passing
electrons and the trapped electrons due to the LH wave parallel
momentum are explained. More importantly, we present a new
outward electron pinch due to the perpendicular momentum
transfer. Finally, the conclusions of this paper are given in
section 5.

2. Momentum transfer by resonance

In this section, we reconsider the quasilinear diffusion in
velocity space including the gyro-phase. We show that we
must retain the contribution to the momentum transfer from
the quasilinear diffusion in the gyro-phase direction. In
this section, we only focus on the momentum transfer by
resonant particles and its relation to the power absorption.
We derive a quasilinear diffusion operator, and we use it to
evaluate the momentum deposited by the wave by applying
the resonance condition. This proof can be applied to any
type of resonance (cyclotron or Landau damping) and any
direction of momentum. For convenience and without loss
of generality, we discuss toroidal angular momentum which
has both perpendicular and parallel components. Let z be
the direction parallel to the static magnetic field, and x, y

the orthogonal coordinates (see figure 2(a)). Then, using
the gyro-phase angle α, the velocity is v = v⊥ cos αx̂ +
v⊥ sin αŷ + v‖ẑ = v⊥ρ̂ + v‖ẑ, and its toroidal component is
vφ = v⊥ cos α(x̂ · φ̂) + v⊥ sin α(ŷ · φ̂) + v‖(ẑ · φ̂), where ρ̂ =
v⊥/v⊥ and φ̂ is the unit vector in the toroidal direction. The
wavenumber vector is defined as k = k⊥ cos βx̂ + k⊥ sin βŷ +
k‖ẑ = k⊥ cos (α − β)ρ̂ − k⊥ sin (α − β)α̂ + k‖ẑ, and the

Figure 2. (a) Sketch of a wave vector k = (m/r)θ̂ + (n/R)φ̂ =
k⊥ + k‖ in a parallel (z)-perpendicular (x, y) coordinate system and
in a toroidal (φ)-poloidal (θ ) coordinate system. Here, n and m are
the toroidal and poloidal wave number, respectively, and the radial
wave vector is not represented, because it cannot contribute to the
toroidal momentum. For the LH wave, the component k‖ has a
bigger toroidal projection than the initial toroidal component n/R at
the launcher due to the poloidal coupling. (b) Sketch of the toroidal
momentum conservation. The sum of the toroidal projection of k‖
and k⊥ is equal to the launched toroidal wave vector n/R.

electric field is E = Exx̂ + Ey ŷ + E‖ẑ = E⊥ρ̂ + Eαα̂ + E‖ẑ,
where α̂ = ẑ × ρ̂ is the unit vector perpendicular to both v⊥
and the magnetic field. Here, E⊥ = Ex cos α + Ey sin α =
(E+ + E−) cos (α − β) − i(E+ − E−) sin (α − β), and Eα =
−Ex sin α + Ey cos α = −i(E+ − E−) cos (α − β) − (E+ +
E−) sin (α − β), where E± = 1

2 (Ex ± iEy)e∓iβ .
The quasilinear diffusion operator is obtained from

Q(f ) = − Ze

m

〈
∇v ·

[(
E +

v × B

c

)
f

]〉
(1)

� − Ze

m
∇v ·

[∑
k

{
I

(
1 − k · v

ω

)
+

kv

ω

}
· E−kfk

]
,

(2)

where the triangular bracket 〈· · ·〉 in (1) indicates the average
over a number of wave periods in time and space. Here,
m and Ze are the mass and the charge of the species of
interest, respectively, e is the charge of the proton, and I is
the unit tensor. We have used the Fourier analysed perturbed
fluctuating electric field, E = ∑

k Ek exp(ik · r − iωkt), the
fluctuating magnetic field B = ∑

k Bk exp(ik ·r − iωkt), and
the fluctuating distribution function, f = ∑

k fk exp(ik · r −
iωkt). The functions Ek ≡ E(ωk, k), Bk ≡ B(ωk, k), and
fk ≡ f (ωk, k) satisfy the relation f−k ≡ f (ω−k, −k) =
f ∗(ωk, k) where ∗ denotes complex conjugate and ωk =
−ω∗

−k. Faraday’s law has been used in going from (1) to (2)
to write Bk = (c/ω)k×Ek

1. The quasilinear operator can be
written as

Q(f ) ≡ Ze

m

[
1

v⊥

∂

∂v⊥
(v⊥�⊥) +

1

v⊥

∂�α

∂α
+

∂�‖
∂v‖

]
. (3)

1 In typical tokamak geometry, the toroidal and poloidal spectra are discrete
due to periodicity, but the radial spectrum is continuous. Also, the parallel
spectrum is continuous for the flux surfaces with non-rational safety factor
by the coupling of toroidal and poloidal components [9]. Even though using
integrals in Fourier space would be more appropriate, we use the notation

∑
k

for simplicity. The summation in the discrete toroidal and poloidal spectrum
space is also closer to the numerical evaluation in a code [34, 35].
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The flux in the perpendicular direction is

�⊥ = −
∑

k

{
E∗

k,⊥

(
1 − k‖v‖

ω

)
+ E∗

k,‖
k⊥v‖
ω

cos (α − β)

}
fk

, (4)

the flux in the gyro-phase direction is

�α = −
∑

k

{
E∗

k,α

(
1 − k⊥v⊥

ω
cos (α − β) − k‖v‖

ω

)
− E∗

k,⊥
k⊥v⊥

ω
sin (α − β) − E∗

k,‖
k⊥v‖
ω

sin (α − β)

}
× fk, (5)

and the flux in the parallel direction is

�‖ = −
∑

k

{
E∗

k,‖

(
1 − k⊥v⊥

ω
cos (α − β)

)
+ E∗

k,⊥
k‖v⊥
ω

}
fk.

(6)

Here, the perturbed fluctuating distribution function consistent
with a single mode wave [36] is

fk = −Ze

m
exp(−ik · r + iωt)

∫ t

−∞
dt ′ exp(ik · r′ − iωt ′)

× Ek ·
[
I

(
1 − v′ · k

ω

)
+

v′k
ω

]
· ∇v′f0, (7)

where (t ′, r′, v′) is a point of phase space along the zero-order
particle trajectory. Its end point corresponds to (t, r, v). The
background distribution, f0 = f0(t, r, v⊥, v‖), is gyro-phase
independent because of the fast gyro-motion. As a result,

fk = −Ze

m

∫ ∞

0
dτ exp(iγ )

{
cos (η + �τ)((Ek,+ + Ek,−)U

− Ek,‖V ) − i sin (η + �τ)(Ek,+ − Ek,−)U

+ Ek,‖
∂f0

∂v‖

}
. (8)

Here, τ = t − t ′, and γ = (ω − k‖v‖)τ − λ(sin (η + �τ) −
sin (η)), where λ = k⊥v⊥

�
, η = α − β, � = ZeB0/mc is the

gyro-frequency and B0 is the magnitude of the background
magnetic field. Also,

U = ∂f0

∂v⊥
+

k‖
ω

(
v⊥

∂f0

∂v‖
− v‖

∂f0

∂v⊥

)
and

V = k⊥
ω

(
v⊥

∂f0

∂v‖
− v‖

∂f0

∂v⊥

)
.

We follow Stix’ notation in [36].
For the energy transfer, the contribution of the flux in the

gyro-phase direction vanishes due to the integral over α,

Pabs =
∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

〈
mv2

2
Q(f )

〉
α

=
∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

Zev2

2

[
1

v⊥

∂

∂v⊥
(v⊥ 〈�⊥〉α)

+
∂
〈
�‖
〉
α

∂v‖

]
, (9)

with 〈· · ·〉α = 1
2π

∫ 2π

0 dα(· · ·) the gyro-average. For this
reason, the typical Kennel-Engelmann quasilinear diffusion

operator [5] is gyro-averaged and does not retain the flux in
the gyro-phase direction. For completeness, we have evaluated
the energy transfer, Pabs, in appendix A.

The gyro-averaged quasilinear operator is not sufficient
to calculate the toroidal momentum transfer, which has gyro-
phase dependent components. The total toroidal angular
momentum deposited by the wave is

Pφ = 2π

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥v⊥〈mRvφQ(f )〉α

≡ P
‖
φ + �P ⊥

φ + �P α
φ , (10)

where

P
‖
φ = −ZeR

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥v⊥

∫ 2π

0
dα(ẑ · φ̂)�‖ (11)

is the component of momentum transfer that one obtains when
using the gyro-averaged quasilinear operator, whereas

�P ⊥
φ = ZeR

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥v⊥

∫ 2π

0
dα(− cos α(x̂ · φ̂)

− sin α(ŷ · φ̂))�⊥, (12)

�P α
φ = ZeR

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥v⊥

∫ 2π

0
dα(sin α(x̂ · φ̂)

− cos α(ŷ · φ̂))�α (13)

are the contributions that appear when the complete
dependence on the gyro-phase is retained.

Using the perturbed distribution function and the
expansion in Bessel functions described in appendix A, the
toroidal momentum transfer term in the parallel direction, P

‖
φ ,

becomes

P
‖
φ = −πZ2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∑

n

δ(ω − k‖v‖ − n�)(ẑ · φ̂)

× k‖v2
⊥

ω
|χk,n|2L(f0) =

∑
k

{
k‖
ω

Pabs,kR(ẑ · φ̂)

}
=
∑

k

{n‖
c

Pabs,kR(ẑ · φ̂)
}

, (14)

where χk,n = Ek,‖Jn
v‖
v⊥

+ Ek,+Jn−1 + Ek,−Jn+1 is the effective
electric field, and Jn(λ) are the Bessel functions of the first
kind with integer order n. The operator

L(f0) =
(

1 − k‖v‖
ω

)
1

v⊥

∂f0

∂v⊥
+

k‖v⊥
ω

1

v⊥

∂f0

∂v‖

is introduced in [5, 36] (see appendix B for the detailed
derivation). The piece of the momentum transfer P

‖
φ is directly

related to the quasilinear diffusion operator used to calculate
the power absorption (compare equation (14) with (A.8)). The
direction of diffusion is determined by the characteristics of
the operator L(f0) (i.e. the tangents to the contours v2

⊥ +
(v‖ − ω

k‖
)2 = constant), and the magnitude of the diffusion

is determined by the projection of the distribution function
gradient onto these characteristics [5, 36] (see figure 3). In
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Figure 3. Sketch of the quasilinear diffusion direction and
magnitude in v‖ − v⊥ space (i.e. a parallel (z)-perpendicular (x, y)
coordinate system). The black contours in the x–z plane and the y–z
plane are the contours of the gyro-averaged distribution function and
the brown contours are the characteristics of the operator L(f0).
The diffusion direction is tangential to the characteristics,
v2

⊥ + (v‖ − ω

k‖ )2 = constant. For Landau damping, the intensity of
the diffusion is determined by the projection of ∇vf0 onto the
characteristics of the operator L(f0) = 0 at v‖ = ω/k‖. The
diffusion in velocity space results in an average increase in the
parallel velocity, δv‖. The perpendicular momentum transfer δvk⊥
has the direction of k⊥, but its effect on the distribution function
vanishes due to the fast gyro-motion (the averaged perpendicular
acceleration represented by the pink arrows in the yellow circle in
the x–y plane vanishes).

particular, for electron Landau damping of the LH wave (i.e.
ω = k‖v‖), the piece of the toroidal momentum transfer P

‖
φ can

be simplified to the following equation within a small error of
O((k⊥v⊥

�e
)2 �e

ω
):

P
‖
φ,ELD � −πe2R

me

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥δ(ω − k‖v‖)

× |Ek,‖|2 ∂fe0

∂v‖
J 2

0 (λ)(ẑ · φ̂)

=
∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥meRvφ

∂

∂v‖

×
(

〈DELD
ql 〉α ∂fe0

∂v‖

)
, (15)

where me is the electron mass, and the gyro-averaged
quasilinear diffusion coefficient for electron Landau damping
is 〈DELD

ql 〉α = πe2

m2
e

∑
k δ(ω − k‖v‖)|Ek,‖|2J 2

0 (λ). For Landau
damping, the quasilinear diffusion happens only in the parallel
direction (see figure 3). Equation (15) exemplifies the
problems that appear if the gyro-averaged quasilinear diffusion
operator is employed to evaluate toroidal angular momentum
transfer.

Using the typical gyro-averaged quasilinear diffusion
coefficient, we can only evaluate the parallel momentum
transfer P

‖
φ instead of the full momentum transfer Pφ . For the

rest of the toroidal momentum transfer, we need the quasilinear

diffusion operator before the gyro-phase averaging,

�P ⊥
φ + �P α

φ

= ZeR
∑

k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

∫ 2π

0

dα

2π

[
E∗

k,‖
k⊥v‖
ω

×(cos β(x̂ · φ̂) + sin β(ŷ · φ̂)) +

(
1 − k‖v‖

ω

)
×(E∗

k,xx̂ · φ̂ + E∗
k,y ŷ · φ̂) + i

(
k⊥v⊥

ω

)
×(E∗

k,+ − E∗
k,−)(sin α(x̂ · φ̂) − cos α(ŷ · φ̂))

]
fk.

(16)

Using appendix B, we can simplify this equation to

�P ⊥
φ + �P α

φ = −πZ2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∑

n

δ(ω − k‖v‖ − n�)(cos β(x̂ · φ̂)

+ sin β(ŷ · φ̂))
k⊥v2

⊥
ω

|χk,n|2L(f0)

=
∑

k

(
k⊥ · φ̂

ω
Pabs,kR

)
=
∑

k

{n⊥
c

Pabs,kR(cos β(x̂ · φ̂) + sin β(ŷ · φ̂))
}

. (17)

The perpendicular momentum transfer, �P ⊥
φ + �P α

φ , cannot
change the gyro-averaged distribution function as shown in
figure 3. As a result, it cannot drive a parallel current, while
a perpendicular energy transfer (e.g. in the electron cyclotron
current drive (ECCD) [4]) can drive the parallel current through
collisions because it can change the gyro-averaged distribution
function in the perpendicular direction.

In conclusion, for any resonance (e.g. cyclotron, Landau
damping), the total toroidal angular momentum transfer
according to (14) and (17) is

Pφ = P
‖
φ + �P ⊥

φ + �P α
φ =

∑
k

(
k · φ̂

ω
Pabs,kR

)
, (18)

as expected [1, 17, 24–27]. The toroidal angular momentum
absorbed in the plasma is equal to the launched momentum
only when both the parallel and the perpendicular momentum
are taken into account correctly, as shown in figure 2(b). If
only the parallel momentum transfer by resonant interaction is
considered as is done in [3, 28, 29], it gives the incorrect result
that the toroidal momentum transfer is larger than the launched
toroidal momentum.

3. Momentum transfer by non-resonant interaction

The increase in the poloidal mode number is important to
determine the location of the resonance as shown in figure 1.
In the eikonal limit, the poloidal mode number of the LH wave
(m � kθ r in a circular tokamak) is determined by the poloidal

5



Plasma Phys. Control. Fusion 54 (2012) 125005 J Lee et al

variation of the determinant of the dispersion relation D0 along
a ray path [16],

dm

dt
= ∂D0(ω, m, ne, Te, Bφ)

∂θ

/
∂D0(ω, m, ne, Te, Bφ)

∂ω
.

(19)

Here, in the electrostatic limit, D0 � Sk2
⊥ + Pk2

‖ , S �
1 + ω2

pe/�
2
e − ω2

pi/ω
2 ∼ O(1) and P � −ω2

pe/ω
2  S

are the components of the dielectric tensor, and ωpe and ωpi

are electron and ion plasma frequency, respectively. Figure 1
shows that as the LH wave propagates from the low-field side
launcher in an inhomogeneous tokamak, the increase in m can
be as large as nq at the resonance position. Here, n � kφR and
q � r

R

Bφ

Bθ
are the toroidal mode number and the safety factor,

respectively.
As we discussed in section 2, the poloidal wave

momentum is transferred to the electrons mainly by resonance,
but there is another mechanism that makes the poloidal number
much larger at the resonance than at the launcher. The origin of
the increased poloidal momentum is the external force required
to keep the density ne, the temperatures Te and Ti, and the
static magnetic field Bφ constant in time in the dispersion
relation. We assume that these parameters are fixed in the
dispersion relation because the transport and the resistive
time scale are much longer than the propagation time of the
wave. The wave exerts a non-resonant force that can affect
the evolution of the background profile. In general, this non-
resonant force is smaller than the resonant one by a factor of
vg/(γL) < 1, where L is the characteristic length of variation
of the background, vg is the group velocity of the wave, and
γ is the wave damping rate at the resonance region. However,
the accumulated momentum transfer by the non-resonant force
along the ray path is not negligible.

The nonlinear forces due to the RF wave have been
investigated in previous works [17–22]. For example, the
nonlinear force exerted by the wave has been calculated for
a tokamak by neglecting the gradient of the magnetic field
compared with the gradient of the density and the temperature
[20]. In a steady state, these nonlinear forces must exactly
balance the momentum increase of the wave. Thus, the wave
takes momentum from the plasma as it propagates due to the
plasma inhomogeneity, leading to the increase in the wave
poloidal momentum. This momentum is given back to the
plasma at the resonance position. Consequently, the wave has
redistributed the poloidal momentum of the plasma. The effect
that this has on the poloidal rotation is small due to the strong
poloidal collisional damping in a tokamak [37].

4. Radial particle flux by LH wave

In this section, we investigate different types of electron radial
drifts that can be induced by the resonant momentum transfer
from the LH wave. The Lorentz force due to the radial electron
pinch, and the collisional friction in the parallel direction
can balance the toroidal force due to waves. The dominant
radial electron drift comes from toroidal momentum transfer
in the perpendicular plane (section 4.1). The Lorentz force
that results from the pinch is comparable (O(100%)) to the

LH wave momentum source, giving a sizeable radial pinch
(O(1 mm s−1)) that has an outward direction in tokamaks.
Other radial pinches induced by the wave parallel momentum
transfer are relatively small. The passing electron pinch caused
by the resonance gives a Lorentz force which is O(10%) of the
LH wave momentum (section 4.2), and the Ware-like LH wave
induced pinch by trapped electrons [30] is associated with only
O(1%) of the LH wave momentum transfer (section 4.3).

4.1. Outward electron pinch due to perpendicular wave
momentum

The quasilinear term due to the LH wave in the Fokker–Plank
equation gives rise to a correction to the electron distribution
function, Fe = f ′

e − fe, where f ′
e and fe are the electron

distribution function with and without LH wave respectively.
For convenience, we write Fe as a function of total energy
E = 1

2mev
2 − e�, where � is the background potential,

magnetic moment µ = mev
2
⊥

2B
, and the gyro-phase angle α.

The equation for Fe in these variables is

∂Fe

∂t
− e

∂�

∂t

∂Fe

∂E
+ v‖∇‖Fe + vd · ∇Fe + �e

∂Fe

∂α

= Ce(Fe) + QLH(f ′
e), (20)

where Ce(fe) is the linearized collision operator to the
order of interest (i.e. Ce(Fe) = Cee(Fe, fe) + Cee(fe, Fe) +∑

i Cei(Fe, fi)), and vd is the ∇B and curvature drift. In (20)
we only consider the long wavelength and slowly evolving
piece of the distribution function because the quasilinear term
affects mainly the background distribution function. The
size of the first and second terms is determined by the gyro-
Bohm transport time scale, ∂/∂t ∼ DgB/a2 ∼ ε2

i vti/a ∼√
mi/meε

2
e vte/a, making it much smaller than other terms

in (20). Here, DgB = εiρivi is the gyro-Bohm diffusion
coefficient, a is the minor radius, mi is the ion mass, vte and vti

are the electron and ion thermal velocities, and εe = ρe/a � 1,
εi = ρi/a ∼ √

mi/meεe � 1 are the small ratios of electron
and ion Larmor radius over the radial scale length, respectively.
The third term in (20) is of order vteFe/(qR) where q is the
safety factor and R is the major radius. The fourth term in (20)
is smaller than the third term by (B/Bθ)εe. The gyro-motion
term �e

∂Fe
∂α

is much larger than any of the other terms (i.e.
v‖∇‖Fe/(�e

∂Fe
∂α

) ∼ aεe/(qR) � 1 and C(Fe)/(�e
∂Fe
∂α

) ∼
νe/�e � 1). Then the lowest order equation is trivial,
�e

∂Fe0
∂α

= 0 (i.e. Fe0 = 〈Fe〉α), and the next order equation is

v‖∇‖Fe0 + �e
∂Fe1

∂α
= Ce(Fe0) + QLH(f ′

e). (21)

Here, we have neglected the time derivative term and the
perpendicular drift term. The gyro-phase independent part
can be obtained by taking the gyro-average of (21),

v‖∇‖Fe0 = Ce(Fe0) +
〈
QLH(f ′

e)
〉
α
. (22)

The quasilinear term balances with the collision operator and
the parallel streaming term. The gyro-phase dependent part,
F̃e = Fe − 〈Fe〉α , is obtained from the gyro-phase dependent

6
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contribution to equation (21), giving

�e
∂F̃e1

∂α
= QLH(f ′

e) − 〈
QLH(f ′

e)
〉
α

= − e

me

[
1

v⊥

∂

∂v⊥
v⊥(�⊥ − 〈�⊥〉α) +

1

v⊥

∂�α

∂α

+
∂

∂v‖
(�‖ − 〈

�‖
〉
α
)

]
. (23)

Its solution is

F̃e1 = − e

me�e

∫
dα

[
1

v⊥

∂

∂v⊥
v⊥(�⊥ − 〈�⊥〉α) +

1

v⊥

∂�α

∂α

+
∂

∂v‖
(�‖ − 〈

�‖
〉
α
)

]
∼ �P ⊥

φ + �P α
φ

nemevteR�e
fMe. (24)

Thus, the collisional toroidal friction due to the gyro-phase
dependent piece of the distribution function is much smaller
than the corresponding RF force,∫

dv3(meRvφ)C(F̃e1) ∼
(

νe

�e

) (
�P ⊥

φ + �P α
φ

)
, (25)

and most of the perpendicular momentum transfer is balanced
by the Lorentz force

∫
dv3(meRvφ)�e

∂F̃e1
∂α

from (23).
The radial particle flux can be obtained from

〈�e · ∇ψ〉s �
〈∫

dv3Fe0vd · ∇ψ

〉
s

+

〈∫
dv3F̃e1v⊥ρ̂ · ∇ψ

〉
s

, (26)

where ψ is the poloidal magnetic flux, 〈· · ·〉s is the flux-surface
average (see appendix C) and �e is the electron particle flux
due to the correction Fe. From the steady state Fokker–Planck
equation given in (21), taking the moment (mevφR) and a flux-
surface average of the resulting moment equation, we can relate
the radial pinch 〈�e · ∇ψ〉s to the correction Fe by

e

c
〈�e · ∇ψ〉s �

〈
nφ − n‖(ẑ · φ̂)

c
RPabs

〉
s

+

〈
(ẑ · φ̂)R

∫
d3vmev‖

[
C(Fe0) +

〈
QLH(f ′

e)
〉
α

]〉
s

. (27)

To obtain equation (27), we use that the first and second term
on the left-hand side of (21) give the first and second term on
the right-hand side of (26), respectively. The right-hand side of
(27) is obtained by decomposing the right-hand side of (21) into
the gyro-phase dependent and gyro-phase independent pieces,

Ce(Fe) + QLH(f ′
e) � [

QLH(f ′
e) − 〈

QLH(f ′
e)
〉
α

]
+
[
Ce(Fe0)

+
〈
QLH(f ′

e)
〉
α

]
. (28)

The second term on the right-hand side of (27) is the parallel
force balance obtained from the second term on the right-hand
side of (28), which will be discussed in the next subsection.
The first term on the right-hand side of (27) is the toroidal
projection of the perpendicular wave momentum transfer,
(�P ⊥

φ + �P α
φ ), which comes from the first term on the right-

hand side of (28). In (28) we have already neglected the
perpendicular collisional friction (see (25)).

The collisions transfer most of the parallel wave
momentum to the ions, but the rest of the toroidal angular

momentum (e.g. nφR−n‖(Bφ/B)R � 0.9 in figure 1) remains
and it has the opposite toroidal direction to the original toroidal
angular wave momentum, giving an electron outward pinch
that is opposite to the inward pinch predicted in previous
works [2, 30, 31]. Physically, the outward radial pinch comes
from the effect of the perpendicular wave momentum transfer
�P ⊥

φ +�P α
φ on the gyro-motion (see figure 4(a)). This electron

pinch is still very small compared with the Ware pinch [32].
For example, if 1 MW of LH wave power is locally absorbed
in a volume of 0.1 m3 where the plasma density is 1020 m−3,
the poloidal magnetic field is Bθ = 0.5 T, and the refractive
index is nφ − n‖(Bφ/B) = 1, then the electron outward radial
pinch is about 4 mm s−1 which is a hundred times smaller than
the Ware pinch for a dc toroidal electric field of 0.2 V m−1.

We assume that the electron transport time scale in
equation (20) is much longer than the time scale of the
LH wave momentum and energy transfer. The LH wave
momentum transfer is balanced by collisions and the Lorentz
force due to the radial electron pinch in a short time (O(10 µs)–
O(1 ms)). The new outward radial particle pinch in this paper
does not cause a significant radial transport of the toroidal
momentum, because it is typically smaller than the turbulent
particle pinch. Instead, the outward radial electron pinch
only transfers the toroidal momentum from the electrons to
the ions at the local flux surface, because the ions follows
the radial motion of the electrons due to the ambipolarity
condition. The momentum transfer by the radial particle
pinch happens in an ion transit time scale (O(10 µs)–O(1 ms))
in which the ion classical and neoclassical polarization can
respond to the electron radial current [38]. The initial
direction of toroidal momentum that the ions gain from the
LH wave is determined by the transfer mechanism having
the shorter time scale among the ion–electron collisions that
transfer parallel momentum, and the radial outward ion pinch
that transfers perpendicular momentum. The comparison
between these time scales determines the initial direction
because the parallel and perpendicular momentum transfers
typically have the opposite signs of toroidal momentum as
shown in figure 2(b). However, as soon as both parallel and
perpendicular momentum are transferred to the ions, the ions
achieve the original size and direction of the launched LH
wave toroidal angular momentum. Then, in the ion transport
time scale (O(1 ms)–O(100 ms)) due to the turbulent transport
of the ion toroidal momentum (a turbulent viscosity), the
momentum is radially transferred out [15]. Eventually, the
change of ion toroidal rotation by LH wave is saturated and
the system (a tokamak) can reach steady state: The input from
the LH wave balances the output due to the ion momentum
turbulent transport.

4.2. Passing electron pinch due to parallel wave momentum

To solve for the gyro-phase independent perturbation 〈Fe〉α
due to the LH wave in (22), we use a subsidiary expansion
of Fe0 = F 0

e0 + F 1
e0 + · · ·, in the small ratio of the collision

frequency over the transit frequency in the banana regime. The
lowest order equation is ∇‖F 0

e0 = 0, implying that F 0
e0 is a flux

function. The next order equation is

v‖∇‖F 1
e0 = Ce(F

0
e0) +

〈
QLH(f ′

e)
〉
α
. (29)

7
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Taking a bounce average of (29) (see appendix C), the left-hand
side of (29) vanishes,〈

Ce(F
0
e0) +

〈
QLH(f ′

e)
〉
α

〉
b

= 0. (30)

According to (C.1), for passing particles, this equation is
equivalent to 〈

B

v‖

(
Ce(F

0
e0) +

〈
QLH(f ′

e)
〉
α

)〉
s

= 0. (31)

In general, the solution F 0
e0 to equation (31) does not make

the second term on the right-hand side of (27) vanish, giving
a non-zero radial pinch due to the passing electrons. This
imbalance comes from the variation of v‖, B and R along the
orbit, which is of the order of the local aspect ratio, O(r/R).
For the electrons resonant with the LH wave, the effect of
the change in v‖ along the orbit is negligible because most
resonant electrons have much larger parallel velocity than
perpendicular velocity (i.e. small magnetic moment, µ � 0)
due to the high phase velocity of the wave in the parallel
direction. The non-vanishing contribution to the radial pinch
is due the competition between the localized wave power
absorption within a flux surface and the collisions that occur
over the whole flux surface.

Physically, this pinch can be explained by how the passing
orbit of a single electron is changed by the resonance. The
canonical angular momentum of the electron ψ∗ = ψ+Iv‖/�e

determines the radial deviation of the electron orbit from the
flux surface ψ due to the curvature and ∇B drifts. Here
I = RBφ is a flux function to lowest order. After the resonance
with the negative k‖ of the LH wave, the absolute value of
the negative velocity of the resonant electrons is increased
by |�v‖| due to the absorbed wave power. Accordingly, the
change in the canonical momentum is �ψ∗ = I�v‖/�e < 0,
where the gyro-frequency�e is evaluated at the local resonance
point within the flux surface. Assuming the low frequency
collisions cause the resonant electron to lose its momentum
only after many transits, we can use the temporally averaged
radial location to describe its radial motion. The increase in
the transit averaged (bounce averaged) radial position of the
particle is

� 〈ψ〉b = 〈ψ2〉b − 〈ψ1〉b

= �ψ∗ −
{〈(

Iv‖
�e

)
2

〉
b

−
〈(

Iv‖
�e

)
1

〉
b

}
(32)

= I�v‖
�e

− mecI

e

(∮
2 dl/B

τb2
−

∮
1 dl/B

τb1

)
(33)

� I�v‖

(
1

�e
− 1

�e0

)
. (34)

Here, the values with the subscripts 1 and 2 are before and
after the resonance, respectively, and τb is the bounce time.
From (32) to (33), equation (C.1) is used. From (33) to
(34), we neglect the radial displacement due to the poloidal
variation of the parallel velocity because of the small magnetic
moment (µ � 0). The flux-surface averaged value in (33)
is approximated by that at the magnetic axis using a small
inverse aspect ratio expansion. The frequency �e0 is the gyro-
frequency at the magnetic axis. Equation (34) means that the

temporally averaged particle radial flux due to the resonance
is negative for a low-field side resonance (inward radial pinch)
and positive for a high-field side resonance (outward radial
pinch). It is shown in figure 4(b). The increase in the
curvature drift due to the increase in the parallel velocity after
the resonance results in the different passing orbits depending
on the resonance location on the flux surface. This radial drift
is included in the second term on the right-hand side of (27) as
the competition between the localized wave power absorption
within a flux surface and the collisions that occur over the
whole flux surface. For a typical small inverse aspect ratio
tokamak, this imbalance is small, about 10% (O(r/R)) of the
total momentum transfer.

4.3. Trapped electron pinch due to parallel wave momentum

For trapped electrons, since odd functions in v‖ vanish
under the bounce averaging according to (C.2), equation (30)
becomes 〈

Ce(F
0
e0)
〉
b = − 〈〈

Qeven
LH (f ′

e)
〉
α

〉
b
. (35)

The trapped particle contribution to the distribution function
Fe0 is an even function of v‖, because the bounce averaged
quasilinear term is even. Two trapped electrons at the outer-
midplane that have opposite parallel velocities have the same
electron Landau damping resonance at the same local point
in their banana orbits due to the small electron banana width
(see figure 4(c)). The non-zero Fe0 due to the LH wave can
be understood as follows: a trapped electron is accelerated
only when it resonates with the wave, that is, when its velocity
is the same as the wave phase velocity, and this acceleration
continues every transit until it collides. As a result, it has an
open trajectory that moves inward every bounce. There is no
net gain of toroidal angular momentum for the trapped electron
because Fe0 is an even function, but there is a gain of canonical
angular momentum that leads to a Ware-like LH induced pinch.
This pinch is the contribution of the trapped electrons to the
second term on the right-hand side of (27). The LH wave
trapped electron pinch is tiny, because the power absorption by
trapped electron is less than 1% of total wave power due to the
small size of the population of trapped electrons resonant with
the LH wave phase velocity (ω/k‖ ∼ 3vth − 10vth). It results
in a very small contribution to the radial pinch (approximately
less than 0.1 mm s−1).

The mechanism behind the radial pinch by trapped
electrons is similar to the mechanism of the outward radial
pinch due to the gyro-motion described in section 4.1. Instead
of considering the effect of the acceleration on the gyro-motion,
one needs to consider its effect on the banana orbit (compare
figures 4(a) and (c)).

5. Conclusion

In this paper, we have proven that wave–particle momentum
transfer by resonance happens through both the parallel motion
and the gyro-motion. Only considering the parallel motion
leads to incorrect results when evaluating toroidal angular
momentum transfer. The toroidal momentum carried by
the parallel motion is rapidly dissipated by collisions with

8
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Figure 4. (a) Sketch of the outward radial drift during the gyro-motion due to the perpendicular momentum transfer, (�P ⊥
φ + �P α

φ ). The
direction of the toroidal component of the perpendicular force is the same as the direction of the plasma current Jφ . (b) Sketch of the
poloidal cross section of the trajectories for two passing electrons that receive wave parallel momentum at the inner-midplane (blue) and the
outer-midplane (red), respectively. The dashed black line is the transit orbit before the resonances. Due to the increased curvature drift
(upward direction) after the resonance, the passing electron orbits are different depending on the resonance location. The temporally
averaged radial flux is outward for a resonance at R < R0 and inward for a resonance at R > R0. (c) Sketch of the poloidal cross section of
the trajectories for trapped electrons that receive wave parallel momentum. The dashed black line is a flux surface. For both signs of v‖ at
the outer-midplane on the flux surface, the orbits move inward and increase its width with every bounce.

ions. The perpendicular force is balanced by an electron
radial pinch rather than collisions. For the LH wave in
tokamaks, the difference between the toroidal wave vector and
the toroidal component of the parallel wave vector, represented
by nφR − n‖(Bφ/B)R, determines the radial pinch of the
electrons. Typically, the high poloidal wave number at the
electron Landau resonance induces a pinch with the opposite
sign to the pinch that one would have expected for a wave
with no poloidal wave number and the same toroidal wave
number. For counter-current direction LH wave momentum
input, this pinch is O(1 mm s−1) and it generates an additional
outward radial electric field that makes the flux of electrons
and ions ambipolar. This radial electric field gives an
E × B ion flow with the opposite direction to the momentum
source. Eventually, after receiving the parallel momentum
by collisions with electrons, the ion velocity will acquire
the direction of the momentum source. The ions achieve
the toroidal angular momentum that the LH wave contained
originally through two main channels: ion–electron collision
for the parallel direction motion, and the Lorentz force due to
an outward radial ion pinch following the electron pinch.
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Appendix A. Wave power absorption by quasilinear
diffusion

To evaluate the wave power absorption in (9), we utilize the
Bessel function expansion for the sinusoid phase,

eiλ sin η =
∑

n

einηJn(λ), (A.1)

sin ηeiλ sin η = −
∑

n

ieinηJ ′
n(λ), (A.2)

cos ηeiλ sin η =
∑

n

n

λ
einηJn(λ), (A.3)

and the sifting property of the phase average∫ 2π

0
dηe−iλ(sin (η+�τ)−sin (η))

=
∫ 2π

0
dη

∑
l

e−il(η+�τ)Jl(λ)
∑

n

einηJn(λ) (A.4)

= 2π
∑

n

e−in�τJ 2
n (λ). (A.5)

Then, the power absorption Pabs,k for a single mode can be
evaluated [5, 36] as

Pabs ≡
∑

k

Pabs,k =
∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

〈
mv2

2
Q(f )

〉
α

,

(A.6)

giving

Pabs,k = πZ2e2

m2

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∑

n

mv2

2
L

(
v2

⊥δ(ω − k‖v‖ − n�)|χk,n|2L(f0)

)
(A.7)

= −πZ2e2

m2

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∑

n

mv2
⊥δ(ω − k‖v‖ − n�)|χk,n|2L(f0). (A.8)

Appendix B. Wave momentum transfer by
resonances

The toroidal momentum transfer in the parallel direction (11)
can be written by inserting the flux �‖ (6) and the perturbed

9
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fluctuated distribution function fk (8):

P
‖
φ = ZeR

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥v⊥

∫ 2π

0
dα(ẑ · φ̂)

×
{
E∗

k,‖

(
1 − k⊥v⊥

ω
cos (α − β)

)
+ E∗

k,⊥
k‖v⊥
ω

}
fk

= −Z2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∫ ∞

0
dτei(ω−k‖v‖)τ

∫ 2π

0
dη(ẑ · φ̂)

×
∑

n

einη

((
1 − n�

ω

)
JnE

∗
k,‖

+
nJn

λ

k‖v⊥
ω

(E∗
k,+ + E∗

k,−) + J ′
n

k‖v⊥
ω

(E∗
k,+ − E∗

k,−)

)
×
∑

l

e−il(η+�τ)

(
Ek,‖

∂f0

∂v‖
Jl +

lJl

λ
((Ek,+ + Ek,−)U

− E‖V ) + (Ek,+ − Ek,−)UJ ′
l

)
.

The phase i(ω−k‖v‖−n�)τ is averaged out in the τ integration
except where ω − k‖v‖ − n� = 0. Using the Dirac-delta
function to express this resonance condition, the momentum
transfer becomes

P
‖
φ = −πZ2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥∑

n

δ(ω − k‖v‖ − n�)(ẑ · φ̂)

×
((

1 − n�

ω

)
JnE

∗
k,‖ +

nJn

λ

k‖v⊥
ω

(E∗
k,+ + E∗

k,−)

+ J ′
n

k‖v⊥
ω

(E∗
k,+ − E∗

k,−)

)
×
(

Ek,‖
∂f0

∂v‖
Jn +

nJn

λ
((Ek,+ + Ek,−)U − Ek,‖V )

+ (Ek,+ − Ek,−)UJ ′
n

)
(B.1)

= −πZ2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∑

n

δ(ω − k‖v‖ − n�)(ẑ · φ̂)
k‖v2

⊥
ω

|χk,n|2L(f0)

(B.2)

=
∑

k

k‖
ω

Pabs,kR(ẑ · φ̂) =
∑

k

n‖
c

Pabs,kR(ẑ · φ̂)

, (B.3)

where the resonance condition ω − k‖v‖ − n� = 0, the
Bessel function identities nJn/λ = (Jn+1 + Jn−1)/2 and J ′

n =
(Jn−1 − Jn+1)/2, and χk,n = Ek,‖Jn

v‖
v⊥

+ Ek,+Jn−1 + Ek,−Jn+1

are used from (B.1) to (B.2).
The rest of the toroidal momentum transfer in (16) can

be obtained by inserting the perturbed fluctuated distribution

function fk (8). Before doing so, we rewrite (16) as

�P ⊥
φ + �P α

φ = ZeR
∑

k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

∫ 2π

0

dα

2π

×
[
E∗

k,‖
k⊥v‖
ω

(cos β(x̂ · φ̂) + sin β(ŷ · φ̂))

+

(
1 − k‖v‖

ω

)
{((E∗

k,+ + E∗
k,−) cos β

−i(E∗
k,+ − E∗

k,−) sin β)(x̂ · φ̂)

+((E∗
k,+ + E∗

k,−) sin β + i(E∗
k,+ − E∗

k,−) cos β)(ŷ · φ̂)}

+i

(
k⊥v⊥

ω

)
(E∗

k,+ − E∗
k,−)

×{(sin η cos β + cos η sin β)(x̂ · φ̂)

−(cos η cos β − sin η sin β)(ŷ · φ̂)}
]
fk. (B.4)

Using (8) for fk and the Dirac-delta function for the resonance
condition gives

�P ⊥
φ + �P α

φ

= −πZ2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×δ(ω − k‖v‖ − n�)

[
(cos β(x̂ · φ̂) + sin β(ŷ · φ̂))

×
{

k⊥v‖
ω

JnE
∗
k,‖ +

(
1 − k‖v‖

ω

)
Jn(E

∗
k,+ + E∗

k,−)

+J ′
n

k⊥v⊥
ω

(E∗
k,+ − E∗

k,−)

}
−i(sin β(x̂ · φ̂) − cos β(ŷ · φ̂)))

×
{(

1 − k‖v‖
ω

− n�

ω

)
Jn(E

∗
k,+ − E∗

k,−)

}]
×χk,nv⊥L(f0) (B.5)

= −πZ2e2R

m

∑
k

∫ ∞

−∞
dv‖

∫ ∞

0
dv⊥2πv⊥

×
∑

n

δ(ω − k‖v‖ − n�)

×
(

cos β(x̂ · φ̂) + sin β(ŷ · φ̂)
) k⊥v2

⊥
ω

|χk,n|2L(f0)

(B.6)

=
∑

k

k⊥ · φ̂

ω
Pabs,kR =

∑
k

n⊥
c

Pabs,kR

×(cos β(x̂ · φ̂) + sin β(ŷ · φ̂)). (B.7)

From step (B.5) to (B.6), the resonance condition and the
Bessel function identities nJn/λ = (Jn+1 + Jn−1)/2 and J ′

n =
(Jn−1 − Jn+1)/2 are used.

Appendix C. Bounce averaging and flux-surface
averaging

The bounce average is defined as

〈X〉b = 1

τb

∮
d� X

v‖
= 1

τb

∮
dθ X

v‖ẑ · ∇θ
,

10
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where θ is the poloidal angle and τb(E, µ) = ∮
d�

v‖(E,µ,l)
is the

bounce time. The flux-surface average is

〈X〉s = 1

τs

∮
dθ X

B · ∇θ
= 1

τs

∮
d� X

B
,

because the Jacobian is

J = 1

∇φ × ∇ψ · ∇θ
= 1

B · ∇θ
.

The normalization factor is τs = ∮
d�
B

. There is a relation
between the flux surface averaged value and the bounce
averaged value for passing particles,

〈X〉bτb =
〈
B

v‖
X

〉
s

τs. (C.1)

For trapped particles, assuming that the flux-surface average
is taken between the turning points of the orbit, the bounce
averaged value is defined as

〈X〉b ≡ 1

2

∑
σ

τs 1
2

τb 1
2

〈
B

|v‖|X
〉

s 1
2

, (C.2)

where τs 1
2

and τb 1
2

stand for the integration and the bounce
time from one turning point to the other turning point, and
the summation over σ = v‖/|v‖| indicates that the values of
X for the two parallel velocity signs must be added. Bounce
averaging annihilates the operator v‖∇‖X for both passing and
trapped particles.
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