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Abstract

Using fixed point method, we prove the fuzzy version of the Hyers-Ulam stability of
n-Jordan *-homomorphisms in induced fuzzy C*-algebras associated with the
following functional equation

f<x+§+z>+f<x—23y+z)+f(x+g—zz)=f(x)_
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1. Introduction and preliminaries
The stability of functional equations originated from a question of Ulam [1] concern-
ing the stability of group homomorphisms in 1940. More precisely, he proposed the
following problem: Given a group G, a metric group (g’, d) and ¢ > 0, does there
exist a 6 > 0 such that if a function f : G — G’ satisfies the inequality d(fixy), flx)Ay))
<0 for all x,y € G, then there exists a homomorphism T : G — G’ such that d(fix), T
(%)) <e for all x € G? Hyers [2] gave a partial solution of the Ulam’s problem for the
case of approximate additive mappings under the assumption that G and G'are
Banach spaces. Aoki [3] generalized the Hyers’ theorem for approximately additive
mappings. Rassias [4] generalized the theorem of Hyers by considering the stability
problem with unbounded Cauchy differences.

Let X be a set. A function d: X x X — [0, ] is called a generalized metric on X if d
satisfies

(1) d(x, y) = 0 if and only if x = y;

(2) d(x, y) = d(y, x) for all x, y € X;

(3) d(x, z) < d(x, y) + d(y, z) for all x, y, ze X.

We recall a fundamental result in fixed point theory.

Theorem 1.1. [5,6]Let (X, d) be a complete generalized metric space and let J: X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given ele-
ment x € X, either
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d(]ﬂx’ ]n+1x) = 00

for all nonnegative integers n or there exists a positive integer ny such that
(1) d"x, " %) < o0, Vi1 = ngy

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of ] in the set Y = {y € X|d(J™x,y) < oo};

1
(4) d(y,y") < ) _Ld(y,]y) forallye Y.

Isac and Rassias [7] were the first to provide applications of stability theory of func-
tional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [8-12]).

Katsaras [13] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Some mathematics have defined fuzzy normed on a
vector space from various points of view [14-20]. In particular, Bag and Samanta [21]
following Cheng and Mordeson [22], gave an idea of fuzzy norm in such a manner
that the corresponding fuzzy metric is of Kramosil and Michalek type [23]. They estab-
lished a decomposition theorem of a fuzzy norm into a family of crisp norms and
investigated some properties of fuzzy normed spaces [24].

We use the definition of fuzzy normed spaces given in [16,17,21] to investigate a
fuzzy version of the Hyers-Ulam stability of n-Jordan *-homomorphisms in induced
fuzzy C*- algebras associated with the following functional equation

f(x+;/+Z)+f(x—23y+z)+f(x+);—2z)=f(x).

Definition 1.2. [16-18,21] Let X be a complex vector space. A function
N: X xR — [0,1] is called a fuzzy norm on X if for all x,y € X and all s, t € R,
Ni: N(x t) =0fort<0

Ny: x = 0 if and only if N(x, £) = 1 for all £ > 0

! ) if ce C-{0}
lcl

Ny N(x + 9, s + t) > min{N(x, s), N(y, t)}
Ns: N(x, -) is a non-decreasing function of R and lim, ,.. N(x, £) = 1

Ns3: N(cx, t) =N (x,

Ng: for x = 0, N(x, .) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

Definition 1.3. [16-18,21] Let (X, N) be a fuzzy normed vector space.

(1) A sequence {x,} in y is said to be convergent if there exists an x € ) such that
lim,,_,.. N(x, - x, £) = 1 for all £ > 0. In this case, x is called the limit of the sequence
{x,,} and we denote it by N-lim,, ,.. x,, = x.

(2) A sequence {x,} in y is called Cauchy if for each ¢ > 0 and each ¢ > 0 there exists
an #ng € N such that for all # > 1y and all p > 0, we have N(x,,, ,-x,, ) > 1-¢.

It is well-known that every convergent sequence in a fuzzy normed vector space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be com-
plete and the fuzzy normed vector space is called a fuzzy Banach space.
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We say that a mapping f: X — ) between fuzzy normed vector space X, ) is
continuous at point xy € X if for each sequence {x,} converging to xo in X, then the
sequence {f(x,)} converges to f (xo). If f: X — ) is continuous at each x € X, then
f: X — Y is said to be continuous on X (see [24]).

Definition 1.4. Let X be a *-algebra and (X, N) a fuzzy normed space.

(1) The fuzzy normed space (X, N) is called a fuzzy normed *-algebra if

N (xy,st) = N (x,8) - N(y, t) &  N(x* 1) =N(x1)

(2) A complete fuzzy normed *-algebra is called a fuzzy Banach *-algebra.

Example 1.5. Let (X, ||-||) be a normed *-algebra. let

t

,t50, xeX
N(x, t) = t+[x)" ¢
0, t<0xeX.

Then N(x, ¢) is a fuzzy norm on X and (X, N(x, t)) is a fuzzy normed *-algebra.

Definition 1.6. Let (X, ||-||) be a C*-algebra and Ny a fuzzy norm on X .

(1) The fuzzy normed *-algebra (&, Nx) is called an induced fuzzy normed
*-algebra

(2) The fuzzy Banach *-algebra (&, Nyx) is called an induced fuzzy C*-algebra.

Definition 1.7. Let (X, Nx) and (), N) be induced fuzzy normed *-algebras.
Then a C-linear mapping H: (X, Nx) — (), N) is called a fuzzy n-Jordan *-homo-
morphism if

H(x") = Hx)" & H(x*) = H(x)*

forall x e X.
Throughout this article, assume that (X, N) is an induced fuzzy normed *-algebra
and that (), N) is an induced fuzzy C*-algebra.

2. Main results
Lemma 2.1. Let (Z, N) be a fuzzy normed vector space and let f : X — Z be a map-
ping such that

N(f<x+)3/+z>+f(x—23y+z)+f(x+ g_zz),t>2N<f(x),;) @.1)

for all x,y,ze€ X and all t > 0. Then f is additive, i.e., fix + y) = flx) + fy) for all
xyek.
Proof. Letting x =y = z = 0 in (2.1), we get

N(3f(0),1) =N (f(O)r ;) =N (f(o)’ ;)

for all £ > 0. By N5 and Ng, N(f(0), t) = 1 for all £ > 0. It follows from N, that fl0) = 0.
Letting z = -x, y = &, x = 0 in (2.1), we get

N (F(0) + f(—2) + f(x),£) = N (f(O), ;) 1
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for all £ > 0. It follows from N, that f{-x) + flx) = 0 for all x € X'. So
f=x) = =f(x)

for all x e X.

Letting x = 0 and replacing y, z by 3y, 3z, respectively, in (2.1), we get

NG +2)+f(-2r+2) +fr- 29,0 = N (£(0), ) =1

for all ¢ > 0. It follows from N, that

fr+z)+f(=2y+2)+f(y—22) =0 (2.2)
for all y,z e X. Let t = 2y-z and s = 2z-y in (2.2), we obtain

flt+35)=f©+f(5)

for all t,s € X, as desired. O
Using fixed point method, we prove the Hyers-Ulam stability of fuzzy n-Jordan
*-homomorphisms in induced fuzzy C*-algebras.

Theorem 2.2. Let ¢ : X3 — [0,00) be a function such that there exists an L < 33;
with
x y Z) - L
’ ’ xl ’ 2'3
¢(335) = 5etupa 2:3)

forall x,y,z€ X. Let { : X — Y be a mapping such that

N(f<pcx " p;y + uz> +f<ﬂx_z,;y 4 uz) +f(ux " ;;y—Z,uz) _Mf(x)’t) »

> ! ,
Tt el y 2

VCORI (ORI w(; 0,0) (2.5)
NUE) =002 o 2.0

for all xyzeX, all ¢t > 0 and all peT':={reC:|r|=1}. Then
H(x) =N — limn_)oo_f;"f(;n) exists for each x e X and defines a fuzzy n-Jordan
*-homomorphism H: X — ) such that

N (f(x) = H(x), 1) = (1— Lglt:«?; 0,0) 7

forall x e X and all t > 0.
Proof. Letting 4 = 1 and y = z = 0 in (2.4), we get

N(3f(§> — 1), t) = t+(p(9tc, 0,0) @8)

Page 4 of 10
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forall x e X.
Consider the set

S={g: X —> Y}

and introduce the generalized metric on S:

t
’ =i g - ’ - /V IV ’
d(g h) 1nf{a € R, : N (g(x) — h(x), at) > L+ 0(x,0,0) xe X, Vt > 0}

where, as usual, inf ¢ = +co. It is easy to show that (S, d) is complete (see the proof
of [[25], Lemma 2.1]).
Now we consider the linear mapping J: S — S such that

Jg(x) := 38 (;C )

forall x e X.
Let g h € S be given such that d(g /) = ¢. Then

t
NG —h@ ez

for all x € X and all £ > 0. Hence

N 050) ~ o 1et) =N (3 (5) =3 (5) et = ((5) = (5) - 5t

Lt Lt
> 3 > 3
T 493,00 T Y+ lox00
_ t
Ct+9(x,0,0)

for all x € X and all £ > 0. So d(g h) = ¢ implies that d(Jg Jh) < Le. This means that
d(Jg Jh) < Ld(g h)

forallg he S

It follows from (2.8) that d(f, Jf) < 1.

By Theorem 1.1, there exists a mapping H : X — ) satisfying the following:
(1) H is a fixed point of ], i.e.,

H<§> - ;H(x) (2.9)

for all x € X. The mapping H is a unique fixed point of / in the set
M={geS:d(f g) < oo}
This implies that H is a unique mapping satisfying (2.9) such that there exists a o €
(0, o) satistying

t

N(f () —H (), at) = t+0(x0,0)

for all x € X';

Page 5 of 10



Park et al. Advances in Difference Equations 2012, 2012:42
http://www.advancesindifferenceequations.com/content/2012/1/42

(2) dJ* £ H) — 0 as k — 0. This implies the equality
—lim 34 (Y =
N = Jim 3 (50) = HE
for all x € X';

3) d(f,H) < ,',d(f.Jf), which implies the inequality

1
H :
WH = _ |

This implies that the inequality (2.7) holds.
It follows from (2.3) that

= X y z

k
ZS (p(?)k' 3k’ Sk) <
k=0

for all x,y,z€ X.
By (24),

ke [ MX + 1LY + 12 ke (X — 20y + uz ke (X + QY —2uz ke (X &
N(3ef( 3k+1 )+3f( 3k+1 >+3f( 3k+1 _Msf(3k>’3t
t
z Xy z
”w(?)k '3k’ 3k)

forall x,y,z€ X,all£>0andall ueT! So

ke [ MX+ LY + UZ ke (X — 2y + uz wp [ MX+ LY —2uz ke (X
N<3(f( 3k+1 )+3Cf< 3k+1 )+3f< 3k+1 7M3f(3k)’t
t
3k

> — t
2t (xy z (XY oz
3k*‘”(3k'3k'3k> ”3”(3k’3k'3k>
t =1

limy,_,
for all x,y,z€ X, all t >0 and all u e T!. Since toee I+3k¢,< vz > for
3k'3k" 3k
all x,y,z€ X and all £ > 0,

-2 -2
(5 g () (20 )

forall x,y,z€ X, allt>0andall x e T!. Thus

H(Mx+MY+MZ>+H(,U«x—2l1«)’+ll«z)+H(WC+M)’—2MZ

3 : ! ) = uH(x) (2.10)

for all x,y,z€ X, all ¢ >0 and all u e T!. Letting x =y = z = 0 in (2.10), we get H
(0) = 0. Let # = 1 and x = 0 in (2.10). By the same reasoning as in the proof of Lemma
2.1, one can easily show that H is additive. Letting y = z = 0 in (2.10), we get

H(ux) = 3H (‘;x) - uH(x)

for all x ¢ X and all y e T'. By [[26], Theorem 2.1], the mapping H: X — ) is C-
linear.

Page 6 of 10
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By (2.5),
N (3"’7( o ) (%) 3"’%) > !
3nk 3k/) ! - t+g0(;k,0,0)

forall x e X and all £ > 0. So

xf X \" ; t
k k 3nk _
N<3nf<3nk)_3nf<3k>'t>Z t %,0,0) -1yt
3nk +(p(3kl ’ ) t+(3 L) (p(x, 0, 0)

L

=1 for all d
- (Sn—lL)k(p (x,0,0) orallxedan

for all x € X and all £ > 0. Since liMk—oo
all £ >0,
N(H(x")—H(x)"t)=1

for all x € X and all £ > 0. Thus, H(x") - H(x)" = 0 for all x ¢ X.
By (2.6),

ke (X5 akef X \* 2k t
N<3f<3k> 3f<3k>’3t>zt+¢(;,o,o)

for all x ¢ X and all £ > 0. So

* % t
N 3k X _3k (x ’) 3k _ t
( f(sk) f 3k> )= 5 +9(4,0,0)  t+3k(4,0,0)

3kt 3k’

for all x € X and all £ > 0. Since limg_ oo ) =1 forall x e X and all ¢

t+3kp (4,0,0

> 0,
N(H(x*) — H(x)*,t) =1
for all x € X and all £ > 0. Thus, H(x*) - H(x)* = 0 for all x ¢ X.

Therefore, the mapping H : X — ) is a fuzzy n-Jordan *-homomorphism. O
Corollary 2.3. Let 0 > 0 and let p be a real number with p >n. Let X be a normed

vector space with norm || - ||. Let f: X — Y be a mapping satisfying
X+ (Y + Uz HX — 2y + puz X+ Ly — 2puz
N(f( )+f +f — uf(),t
3 3 3
¢ (2.11)
>

’

"0 (Il + ]+ 121?)

t

>
Z ol (2.12)

N(f (") = f@" 1)

N (f (x*) = f@)* 1) (2.13)

>
T t+0x)|

forall x,y,z€ X, allt >0 and all ;€ T'. Then H(x) =N — limnﬁoo3”f(;‘n) exists
for each x € X and defines a fuzzy n-Jordan *-homomorphism H : X — Y such that

Page 7 of 10
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(3" —3)t
N(fx)—H®),t) > (37 — 3) t + 370||x||

forall x e X and all t > 0.
Proof. The proof follows from Theorem 2.2 by taking

0 (x.7.2) =6 (Ix1 + y] + 11"

and L = 37
Theorem 2.4. Let ¢ : X* — [0,00) be a function such that there exists an L < 1
with

Xy z
! ! < 3L ! ’7
¢ (0rz) < ‘0<3 3 3)
for all x,y,z€ X. Let f: X — Y be a mapping satisfying (2.4), (2.5), and (2.6).
Then H (x) = N — limy_.oc 5. f (3"X) exists for each x € X and defines a fuzzy n-Jordan
*-homomorphism H : X — Y such that

(1-L)t
N(f(x) —H@®),t) > (1 — Lt +Lo(x0,0) (2.14)

forall x e X and all t > 0.
Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Consider the linear mapping J: S — S such that

1
Jg (x) := 3g (3x)

forall x e X.
It follows from (2.8) that

N( 1 ;3 1t)> t - t
JO =3 G0 ) 2 350,0) = 14 3L (x,0,0)

for all x e X and all £ > 0. So d(f, Jf) < L. Hence

L
d(f,H) = |~

which implies that the inequality (2.14) holds.

The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let 6 > 0 and let p be a positive real number with p < 1. Let X be a
normed vector space with norm || - || Let f: X — Y be a mapping satisfying (2.11),
(2.12), and (2.13). Then H (x) = N — lim;,_ o 31,,f (3"x) exists for each x e X and
defines a fuzzy n-Jordan *-homomorphism H : X — Y such that

)1
[\](f(x) - H(x),t) = (3 =3P t+3P0|x|P

forall x e X and all t > 0.

Page 8 of 10
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Proof. The proof follows from Theorem 2.4 by taking
0 (x.7,2) =6 (Il + [y + 11"

and L = 3. O
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