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JORDAN =-HOMOMORPHISMS BETWEEN UNITAL
C*-ALGEBRAS

MADJID ESHAGHI GORDJI, NOROOZ GHOBADIPOUR, AND CHOONKIL PARK

ABSTRACT. In this paper, we prove the superstability and the generalized
Hyers-Ulam stability of Jordan #-homomorphisms between unital C*-
algebras associated with the following functional equation

f(fx;ry)+f<x;3z)+f<3xfg+3z) ~ fa).

Moreover, we investigate Jordan s#-homomorphisms between unital C*-
algebras associated with the following functional inequality

f (‘”“’3”) T+ (””‘3‘%) T+ f (3“;’“’“) <@

1. Introduction

The stability of functional equations was first introduced by Ulam [33] in
1940. More precisely, he proposed the following problem:

Given a group G7, a metric group (G3,d) and a positive number €, does
there exist a § > 0 such that if a function f : G; — G5 satisfies the inequality
d(f(zy), f(z)f(y)) < 6 for all z,y € G1, then there exists a homomorphism
T : G1 — Gy such that d(f(x),T(x)) < e for all x € G17

As mentioned above, when this problem has a solution, we say that the
homomorphisms from G; to G are stable. In 1941, Hyers [7] gave a partial so-
lution of Ulam’s problem for the case of approximate additive mappings under
the assumption that Gy and G5 are Banach spaces. In 1978, Th. M. Ras-
sias [27] generalized the theorem of Hyers by considering the stability problem
with unbounded Cauchy differences. This phenomenon of stability that was
introduced by Th. M. Rassias [27] is called generalized Hyers-Ulam stability or
Hyers-Ulam-Rassias stability.
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Theorem 1.1. Let f : E — E’ be a mapping from a norm vector space E
into a Banach space E' subject to the inequality

(1.1) 1f (2 +y) = (@) = F)ll < e(ll]” + llyl*)

for all x,y € E, where € and p are constants with ¢ > 0 and p < 1. Then there
exists a unique additive mapping T : E — E' such that

2¢
(12) 17@) - T@) < 5=
for all x € E. If p < 0, then the inequality (1.1) holds for all z,y # 0, and
(1.2) for x # 0. Also, if the function t — f(tx) from R into E' is continuous
for each fized x € E, then T is R-linear.

Recently, C. Park and W. Park [26] applied the Jun and Lee’s result to
the Jensen’s equation in Banach modules over a C*-algebra. B. E. Johnson
[15, Theorem 7.2] also investigated almost algebra x-homomorphisms between
Banach *-algebras: Suppose that & and B are Banach x-algebras which satisfy
the conditions of [15, Theorem 3.1]. Then for each positive € and K there is a
positive § such that if T € L(U, B) with |T|| < K, ||TV]] < § and ||T(z*)* —
T(x)|| < d||z||, then there is a *-homomorphism 7" : i — B with |7/ —=T|| < e.
Here L(U, B) is the space of bounded linear maps from i/ into B, and TV (z,y) =
T(xy) — T(x)T(y). See [15] for details.

Throughout this paper, let A be a unital C* -algebra with norm || - || and
unit e, and B a unital C*-algebra with norm || - ||. Let 2/(A) be the set of uni-
tary elements in A, Ay, = {z € Alx = z*}, and I1(Asq) = {v € A |Jv]| =
1,v is invertible}. During the last decades several stability problems of func-
tional equations have been investigated by many mathematicians. A large list
of references concerning the stability of functional equations can be found in
[1]-[14], [18, 21, 30, 31, 32, 34].

Definition 1.2. Let A, B be two C*-algebras. A C-linear mapping f: A — B
is called a Jordan #-homomorphism if
{ f(@®) = f(a)?
fla®) = f(a)*

24

for all ¢ € A.

C. Park [24] introduced and investigated Jordan s-derivations between unital
C*-algebras associated with the following functional inequality

|f(a)+ f) + kf(c)| < ||kf (“ZbJFC)

for some integer k greater than 1 and proved the generalized Hyers-Ulam sta-
bility of Jordan x-derivations between unital C*-algebras associated with the
following functional equation
a+b a)+ f(b
(e ee) - Lot

= e) = B e
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for some integer k greater than 1 (see also [23, 19, 17, 20, 25]).

In this paper, we investigate Jordan #-homomorphisms between unital C*-
algebras associated with the following functional inequality

(550 + o (555) s (B0 | <

We moreover prove the generalized Hyers-Ulam stability of Jordan x-homomor-
phisms between unital C*-algebras associated with the following functional

equation
b—a a— 3¢ 3a+3c—>
(550 () v () -

2. Jordan *-homomorphisms

In this section, we investigate Jordan *-homomorphisms between unital C*-
algebras.

Lemma 2.1. Let f: A — B be a mapping such that

’f (b;a) ny (a—g?.c) ny <3a+§c—b>
for all a,b,c € A. Then f is additive.
Proof. Letting a =b=c¢=01n (2.1), we get
1305 < 1/(0)]I5-
So f(0) = 0. Letting a = b =0 in (2.1), we get

If(=c)+ F(e)lls < [[f(0)ls =0

for all ¢ € A. Hence f(—c) = —f(c) for all ¢ € A. Letting a = 0 and b = 6¢ in
(2.1), we get

(2.1)

<@l

B

1f(2c) = 2f(c)lls < If(0)|5 =0

for all ¢ € A. Hence

f(2¢) =2f(c)
for all ¢ € A. Letting a =0 and b = 9¢ in (2.1), we get

1£(3¢) = fle) = 2f()l[B < [[f(0)llz =0

for all ¢ € A. Hence

f(3c) =3f(c)
for all ¢ € A. Letting a = 0 in (2.1), we get

b b
173+ F(=e) + fle = 2)ls < IFO)l5 =0
for all a,b,c € A. So

PG+ f(=) + fle—2) =0



152 MADJID ESHAGHI GORDJI, NOROOZ GHOBADIPOUR, AND CHOONKIL PARK

for all a,b,ce A. Let t1 =c— 2 and ty = 5 in the last equation, we get
f(t2) _f(tl +t2) + f(t1) =0
for all ¢1,t; € A. This means that f is additive. O

Now we prove the superstability problem for Jordan x-homomorphisms as
follows.

Theorem 2.2. Letp < 1 and 6 be nonnegative real numbers, and let f : A — B
be a mapping satisfying f(0) =0, f(3"ux) = f(3"u)f(x) for all u € U(A) and
all x € A and

(22) ’f<b3a)+f< 3uc)+uf<3a+§cb)B

(2.3) [fB"u") = fF(3"w)"|[p < 203",

forallp € TV := {\ € C ;|\ =1}, all u € U(A), n = 0,1,2,... and all
a,b,c € A. Then the mapping f : A — B is a Jordan *-homomorphism.

< |[lf(a)ll5,

Proof. Let p=11in (2.2). By Lemma 2.1, the mapping f : A — B is additive.
Letting a = b =0 in (2.2), we get

1 (=pe) + nf(0)lls < 1£(0)][p =0
for all c € A and all u € T!. So
—f(ue) + nf(e) = f(—pc) + pf(c) =

for all ¢ € A and all u € T*. Hence f(uc) = uf(c) for all c € A and all u € T!.
By Theorem 2.1 of [22], the mapping f : A — B is C-linear. By (2.3), we get

) = Jim @) = it = ( Jim @) =

n—oo 3"

for all uw € U(A). Since f is C-linear and each x € A is a finite linear combination
of unitary elements (see [16, Theorem 4.1.7], i.e., z = >_"; Nju; (A, € C,u; €
U(A)),

<2Au1 ) :ZXﬂ ) =D NS ()’
- S =1 (S ) oy

for all z € A. Since f(3"ux) = f(3"u)f(z) for all w € U(A), = € A and all
n=01,2...,

fluz) = Tim o f(3u) = Tm o f(3) () = () f(2)

n—oo n— oo
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for all u € U(A), z € A. Since f is C-linear and each x € A is a finite linear
combination of unitary elements, i.e., z =Y " \ju; (A € C,u; € U(A)),

=f (Z /\iuiy> = Z Aif(uiy) = Z Aif (ui) f(y)
=f (Z Ai”i) fly) = f(@)f(y)
i=1

for all z,y € A. Replacing y by z in (2.4), we get f(2?) = f(x)? for all x € A.
Therefore, the mapping f : A — B is a Jordan x-homomorphism, as desired.
O

(2.4)

Theorem 2.3. Let p > 1 and 0 be a nonnegative real number, and let f : A —
B be a mapping satisfying (2.2) and (2.3). Then the mapping f : A — B is a
Jordan x-homomorphism.

Proof. The proof is similar to the proof of Theorem 2.2. O

We prove the generalized Hyers-Ulam stability of Jordan *-homomorphisms
between unital C'*-algebras.

Theorem 2.4. Suppose that f : A — B is a mapping for which there exists a
function ¢ : A x A x A — RT such that

o= a b ¢

i=0

. on a b C o
(2.6) 7}5203 ¥ <3n7 30’ 3n> =0,
(2.7) [F(3"u") = f(3"u)*|[B < ¢ (3"u, 3"u, 3"u),
(2.8)

r(25) + 1 (555) v (B ) = s+ 1) - 102

< ¢(a,b,c)

B

for all a,b,c € A and all p € T'. Then there exists a unique Jordan *-
homomorphism h : A — B such that

a 2a
(2.9) 1h(a) = f(a)l|B < 231 2 2
37307
for all a € A.
Proof. Letting =1, b= 2a and ¢ =0 in (2.8), we get

|37 (5) - £ <@ 20,0
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for all a € A. Using the induction method, we have

1 () - 0] < S (5.300)

for all @ € A. In order to show the functions h,(a) = 3" f(55) form a convergent
sequence, we use the Cauchy convergence criterion. Indeed, replace a by %
and multiply by 3™ in (2.10), where m is an arbitrary positive integer. We find
that

man m minct ; (a 2a
e[ (gam) -3 (5)] < 2 w(?,i,?,i,())

for all positive integers. Hence by the Cauchy criterion the limit h(a) =
lim,, s o0 hy(a) exists for each a € A. By taking the limit as n — oo in (2.10)

we see that
a 2a
h(a < g 31
|| H (31’ 31 )

and (2.9) holds for all a € A. Let u = 1 and c¢=01in (2.8), we get
< (a,b,0)

b—a a 3a—b
f( . >+f(3)+f( 3 )—f(a) ]
for all a,b,c € A. Multiplying both sides (2.12) by 3™ and Replacing a,b by
respectively, we get

s () oo () o0 () - ()

b

for all a,b,c € A. Taking the limit as n — oo, we obtain

(2.14) h (b;a> +h (%) +h <3a3— b) — h(a) =

for all a,b,c € A. Putting b = 2a in (2.14), we get 3h(5) = h(a) for all a € A.
Replacing a by 2a in (2.14), we get
(2.15) h(b — 2a) + h(6a — b) = 2h(2a)

for all a,b € A. Letting b = 2a in (2.15), we get h(4a) = 2h(2a) for all a € A.
So h(2a) = 2h(a) for all a € A. Letting 3a —b=s and b —a =t in (2.14), we

get
t s+t t s+t
QORIGYRIORISY
for all s,t € A. Hence h(s) + h(t) = h(s+t) for all s,t € A. So, h is additive.
Letting a = ¢ = 0 in (2.12) and using the above method, we have h(ub) = ph(b)

(2.10) ’

(2.12) ‘

a b
3ny Jno

(2.13)
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for all b € A and all 4 € T. Hence by Theorem 2.1 of [22], the mapping

f:+A— Bis C-linear.
Now, let ' : A — B be another C-linear mapping satisfying (2.9). Then we

have h (3%) — 1 (3%) HB

Ih(a) — ' (a)|| 5 = 3"
n(50) -+ ()], + |

>, . a 2a
< 223%0 ( i,o)
g 3’3

33"[

¥ (50 =7 (5]

=0
for all a € A. By (2.6), (2.7), (2.8) and similar to the proof of Theorem 2.2, the
mapping h : A — B is a Jordan *-homomorphism. ([

Corollary 2.5. Suppose that f : A — B is a mapping with f(0) =0 for which
there exist constant 8 > 0 and p1,p2,p3 > 1 such that

() (U520 vt (B0 o) - @)+ 5@ - pep?
< 6l + 0l + el
153 ") ~ (80" 15 < 03" + 372 4 3%)

forall a,b,c € A and all p € T. Then there exists a unique Jordan x-homomor-
phism h : A — B such that

B

0|all™ 027> |al|">
If(@) = h(@)lz < T=50= + T30
for all a € A.
Proof. Letting ¢(a,b, c) := 0(||a|/”* + ||b||"> + ||c[|P?) in Theorem 2.4, we obtain
the result. g

Theorem 2.6. Suppose that f : A — B is a mapping with f(0) =0 for which
there exists a function ¢ : Ax Ax A — B satisfying (2.7), (2.8) and (2.8) such
that

(2.16) Z3‘i<p(3ia,3ib, 3%c) < oo,
=1
(2.17) lim 372" p(3%a, 3%, 3%) = 0

for all a,b,c € A. Then there exists a unique Jordan x-homomorphism h : A —
B such that

(2.18) Iha) = f@)l < D _37"¢(3'a,3'2a,0)

for all a € A.



156 MADJID ESHAGHI GORDJI, NOROOZ GHOBADIPOUR, AND CHOONKIL PARK
Proof. Letting p =1, b= 2a and ¢ =0 in (2.8), we get
(2.19) HBf (%) - f(a)” < ¢(a,2a,0)

B

for all a € A. Replacing a by 3a in (2.19), we get
1371 f(3a) — f(a)|l B < 37" ¢(3a,2(3a),0)
for all @ € A. On can apply the induction method to prove that

(2.20) 137" f(3"a) = f(a)llp <Y 37 "¢(3'a,2(3a), 0)
i=1

for all @ € A. In order to show the functions h,(a) = 37" f(3"a) form a
convergent sequence, we use the Cauchy convergence criterion. Indeed, replace
a by 3™a and multiply by 37™ in (2.20), where m is an arbitrary positive
integer. We find that

m—+n
(2.21) I3 FETG) 3T F(BMa)| <Y 370(3%a,2(3'a), 0)

i=m+1

for all positive integers. Hence by the Cauchy criterion the limit h(a) =
lim,, o0 hyn(a) exists for each a € A. By taking the limit as n — oo in (2.20)
we see that

[h(a) = fla)]| < 23”'@(3% 2(3'a),0)

and (2.18) holds for all a € A.
The rest of the proof is similar to the proof of Theorem 2.4. O

Corollary 2.7. Suppose that f : A — B is a mapping with f(0) = 0 for which
there exist constant 0 > 0 and p1,p2,ps < 1 such that

Hf (,Ltb3_ a) —|—f (a—336> +/,Lf (3@3— b +C> _ f(a) —|—f(02) _ f(C)2
< 6(lall? + bl + [je]),

B

[£(3™u*) — f(3™u)*|| 5 < O(3™P + 3"P2 4 3nPs)

for alla,b,c € A and all p € T. Then there exists a unique Jordan *-homomor-
phism h : A — B such that

Olal| 0272 ||a||">
[ f(a) — h(a)HB < 3(-p1) — 1 + 3(1-p2) _ 1

for all a € A.

Proof. Letting ¢(a, b, c) :== 0(||a|/”* + ||b]|”> + ||c||P?) in Theorem 2.7, we obtain
the result. (]
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