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1. Introduction and preliminaries

A classical question in the theory of functional equations is the following: “When is it
true that a function which approximately satisfies a functional equation must be close
to an exact solution of the equation?” If the problem accepts a solution, we say that
the equation is stable. The first stability problem concerning group homomorphisms
was raised by Ulam [1] in 1940. In the next year, Hyers [2] gave a positive answer to
the above question for additive groups under the assumption that the groups are
Banach spaces. In 1978, Rassias [3] proved a generalization of the Hyers’ theorem for
additive mappings. The result of Rassias has provided a lot of influence during the last
three decades in the development of a generalization of the Hyers-Ulam stability con-
cept. This new concept is known as generalized Hyers-Ulam stability or Hyers-Ulam-
Rassias stability of functional equations (see [4-8]). Furthermore, in 1994, a generaliza-
tion of the Rassias’ theorem was obtained by Gavruta [9] by replacing the bound &(||
x||” + ||y]|¥) by a general control function ¢(x, ¥).

The functional equation

fle+y)+flx—y) = 2f(x) + 2f(¥)

is called a quadratic functional equation. In particular, every solution of the quadra-
tic functional equation is said to be a quadratic mapping. In 1983, a generalized
Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof
[10] for mappings f: X — Y, where X is a normed space and Y is a Banach space. In
1984, Cholewa [11] noticed that the theorem of Skof is still true if the relevant domain
X is replaced by an Abelian group and, in 2002, Czerwik [12] proved the generalized
Hyers-Ulam stability of the quadratic functional equation.
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The stability problems of several functional equations have been extensively investi-
gated by a number of authors, and there are many interesting results concerning this
problem (see [13-32]).

In 1897, Hensel [33] has introduced a normed space that does not have the Archi-
medean property. It turned out that non-Archimedean spaces have many nice applica-
tions (see [34-37]).

Now, we give some definitions and lemmas for the main results in this paper.

A valuation is a function |-| from a field K into [0, =) such that, for all r,s € K, the
following conditions hold:

(a) |7| = 0 if and only if r = 0;

(b) Irs| = [7lls];

(© |r+s|<|rl +1s]-

A field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are examples of valuations.

Let us consider a valuation that satisfies a stronger condition than the triangle
inequality. If the triangle inequality is replaced by

[r+s| < max{]r], [s[}

for all r,s € K, then the function || is called a non-Archimedean valuation and the
field is called a non-Archimedean field. Clearly, |1| = | -1| =1 and |n| < 1 for all n e
N. A trivial example of a non-Archimedean valuation is the function |-| taking every-
thing except for 0 into 1 and |0] = 0.

Definition 1.1. Let X be a vector space over a field K with a non-Archimedean
valuation [-]. A function ||-|| : X — [0, ) is called a non-Archimedean norm if the fol-
lowing conditions hold:

(a) [|x]] = 0 if and only if x = 0 for all x € X;

(b) ||rx|| = || ||*]| for all re K and x € X;

(c) the strong triangle inequality holds:

[lx +yll < max{[[x]], [ly|l}

forall x, y e X.

Then (X, ||]|) is called a non-Archimedean normed space (briefly NAN-space).

Definition 1.2. Let {x,} be a sequence in a non-Archimedean normed space X.

(1) The sequence {x,} is called a Cauchy sequence if, for any ¢ >0, there is a positive
integer N such that

[lxp — xml] < &

for all n, m = N.
(2) The sequence {x,} is said to be convergent if, for any ¢ >0, there are a positive
integer N and x € X such that

[lxn —x[| < &

for all n > N. Then, the point x € X is called the limit of the sequence {x,}, which is
denoted by lim,, ,.. x,, = x.

(3) If every Cauchy sequence in X converges, then the non-Archimedean normed
space X is called a non-Archimedean Banach space.
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Note that ||x, - x,,|| < max{[|xj,1 - x;|| : m < j <m -1} for all m, n > 1 with n > m.

Definition 1.3. Let X be a set. A function d : X x X — [0, ] is called a generalized
metric on X if d satisfies the following conditions:

(a) d(x, y) =0 ifand only if x = y for all x, y € X;

(b) d(x, y) = d(y, x) for all x, y € X;

() dx, z) <dx, y) +dy, z) forallx, y, ze X.

Theorem 1.1. [38,39]Let (X, d) be a complete generalized metric space and J : X — X
be a strictly contractive mapping with Lipschitz constant L <1. Then, for all x € X,
either

d(J"x, J"'x) = 00

for all nonnegative integers n or there exists a positive integer ny such that

(@) d(J"x, ""'x) <oo for all ny > ny;

(b) the sequence {J"x} converges to a fixed point y* of J;

(¢) y* is the unique fixed point of J in the set Y = {y € X : d(J"™x,y) < oo}

(d) d(y,y*) < L, dy.JyYor all y Y.

In this paper, using the fixed point and direct methods, we prove the generalized
Hyers-Ulam stability of the following functional equation

1f(x+2y) + 11f (x — 2y) = 44{f (x +y) + f(x — y)} + 12f(3y)
— 48f(2y) + 60f (y) — 66f(x)

in non-Archimedean normed spaces.

1.1)

2. Non-Archimedean stability of the equation (1.1): a fixed point method-
odd case

Using the fixed point alternative approach, we prove the generalized Hyers-Ulam stabi-
lity of functional Equation (1.1) in non-Archimedean normed spaces for an odd case.
In [40], Lee et al. considered the following quartic functional equation:

fQx+y)+f(2x —y) = 4f(x+y) + f(x — )} + 24f (x) — 6f(¥) (2.1)

It is easy to show that the function flx) = x* satisfies the functional Equation (2.1),
which is called a quartic functional equation and every solution of the quartic func-
tional equation is said to be a quartic mapping.

One can easily show that an even mapping f: X — Y satisfies (1.1) if and only if the
even mapping f: X — Y is a quartic mapping, that is,

fQx+y)+f(2x—y) = 4{f(x +y) + f(x = y)} + 24f (x) — 6f(¥) (22)

and an odd mapping f: X — Y satisfies (1.1) if and only if the odd mapping f: X —
Y is a additive-cubic mapping, that is,

fQx+y)+f(2x—y) = 4f(x+y) + f(x =)} — 6f (%) (2.3)

It was shown in [[41], Lemma 2.2] that g(x) = fi2x) - 2f{x) and h(x) = f2x) - 8f(x) are
cubic and additive, respectively, and that f(x) : = 116 g(x) — 116h(x).
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For a given mapping f: X — Y, we define

Dr(x,y) = 11f (x + 2y) + 11f (x — 2y) — 44{f(x +y) + f(x — )}
— 12f(3y) + 48f(2y) — 60f(y) + 66f(x)

forall x, ye X.

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the
functional equation ®(x, y) = 0 in non-Archimedean normed spaces: an odd case.

Throughout this section, let |8] = 1.

Theorem 2.1. Let X be a non-Archimedean normed space and Y a non-Archimedean
Banach space. Assume that v: X> — [0, ) is a function such that there exists an L <1
with

Xy L

’ ’ 2.4

y(2 2)5 |8|y(xy) (2.4)
forallx,ye X Iff: X > Y is an odd mapping satisfying

e (x Il = v(xy) (2.5)

for all x, y € X, then the limit
e an X\ X
0w = lim 8" (f (-1 ) =2/ ()
exists for all x € X and defines a unique cubic mapping C : X — Y such that
9 —2f @) ~Cl = o © o maxd L y@en, | yeo]. e
= 18] — 8L DA EEIEA el :

Proof. Putting x = 0 in (2.5), we have
[112f(3y) — 48f(2y) + 60f(V)II =¥ (y,0) (2.7)

forallye X.
Replacing x by 2y in (2.5), we get

[I11f (4y) — 56f(3y) + 114f(2y) — 104f()Il < ¥(2y.7) (2.8)

for all y € X. By (2.7) and (2.8), we have
Iftan) — 1070+ 161 - |, [107Ca1) = 56/ 3p) + 147(2) — 1045
311210 = 48720+ 607 )| 29)

< max{ y(2y,y),

14
, 0
o 33‘y(y )}

for all y € X. Letting ¥ := 3 and g(x) := f (2x) - 2f{x) for all x € X, we get

e -se ()] =mas 3 o315 o)

Consider the set

S={g: X—>Y}
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and the generalized metric d in S defined by

Y (2%, x),

. 1
df9)- inf {ng(x) ~ el < pemax

(X 0) VX EX
1 ’ ’

where inf & = +oo. It is easy to show that (S, d) is complete (see [[42], Lemma 2.1]).
Now, we consider a linear mapping / : S — S such that

Jg(x) =8¢ (;) (2.11)

for all x € X. Let g, 1 € S be such that d(g, /1) = ¢. Then we have

1

2 7 7
|H|y( X, X)

l1g(x) — h(x)]| < amax{

14

, 0
33’3/(36 )}
for all x € X and so

g(x) — Jh(x)I| = HSg(;) ‘Sh(z)H

1 X
8| max (x, ),
18] {m'y 5

L 1
|8] -  emax
18] [11]

IA

14 (x 0)
3317 o’

v, | 3| ro)]

for all x € X. Thus d(g, k) = ¢ implies that d(/g, /1) < Le. This means that
d(Jg, Jh) < Ld(g h)

for all g, 1 € S. It follows from (2.10) that

L
d(gJ8) = g/ (2.12)
By Theorem 1.1, there exists a mapping C : X — Y satisfying the following:
(1) Cis a fixed point of J, that is,
1 X
= 2.13
Le-c(3) e

for all x € X. The mapping C is a unique fixed point of J in the set
Q={heS:d(gh) < oo}

This implies that C is a unique mapping satisfying (2.13) such that there exists 4
(0, o) satisfying

1
y(2x, x),

) = Cla)l < x| |

;:‘ v (x, 0)}

for all x € X.
(2) d(J"g, C) > 0 as n —> . This implies the equality

Jim 8% () = Jim 8" (7 (,01) = (1)) = €9

for all x e X.
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3)d(g,C) < dgg_']f) with g € Q, which implies the inequality

L
A0 = g Car (2.14)

This implies that the inequality (2.6) holds.
Since @ (x, y) = Dy (2x, 2y) - 20/ (x, y), using (2.4) and (2.5), we have

@ (50 30|

cbf(zfl 2:1> f<2xn2yn>”

(et )| (2" o]l
;}Lr?o|8|nmax{ <2n 1 n- 1) ( )}

n—1

e, y(x,y)}

l1@c(x )l = lim |8]"

lim |8]"
n—oo

IA

lim |8|”max”
n—oo

IA

IA

lim |8|”max{
n—o00 |8
=0

forall x, ye Xand n > 1 and so ||Dc(x, y)|| = O for all x, y € X. Therefore, the
mapping C : X — Y is cubic. This completes the proof. ©
Corollary 2.1. Let 6 > 0 and r be a real number with r >1. Let f: X — Y be an odd
mapping satisfying
125 Cx, )11 < O(1Ixl" + 1Iyll") (2.15)

for all x, y € X. Then the limit C(x) = limp_ 8" (f (,X\) — 2f (1) Jewists for all x e
X and C: X — Y is a unique cubic mapping such that
‘ [lx ||T}

181" (12" + 1)9||x||r
12 - 26 - cel = o max{ o

forall x e X.
Proof. The proof follows from Theorem 2.1 if we take

y(xy) =0(lIxlI" + [Iyll")

for all x, y € X. In fact, if we choose L = |8]", then we get the desired result. O
Theorem 2.2. Let X be a non-Archimedean normed space and Y a non-Archimedean

Banach space. Assume that y: X* — [0, ) is a _function such that there exists an L <1
with

¥ (2x,2y) < [8|Ly(x,y) (2.16)
forallx,ye X. Iff: X > Y is an odd mapping satisfying (2.5), then the limit

9 = tim 1O 200

n—00 n

exists for all x € X and defines a unique cubic mapping C : X — Y such that

1 1
@0 -2 -cwi = ' maxf Ly

4
a3 ‘ y(x o)} . @17)
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Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.

Consider the mapping J : (S, d) — (S, d) such that
1
J3(x) = ¢ 8(2x) (2.18)

for all x € X.

Proceeding as in the proof of Theorem 2.1, we find that d(g, &) = ¢ implies that d(Jg,
Jh) < Le. This means that d(Jg, Jh) < Ld(g, h) for all g, h € S.

It follows from (2.10) that

H 8(2x)
8

1 1
_g(x)H = 1| max{uumx’x)'

;;1 ‘ V(xIO)}

for all x € X. So

1
d(8J8) = g/ (2.19)
By Theorem 1.1, there exists a mapping C : X — Y satisfying the following:
(1) C is a fixed point of J, that is,
8C(x) = C(2x) (2.20)

for all x € X. The mapping C is a unique fixed point of J in the set
Q={heS:d(gh) < oo}

This implies that C is a unique mapping satisfying (2.20) such that there exists y €
(0, o) satisfying

Ilg(x)—C(x)IISMmaX{ ' @),

[11]

|0l

for all x € X.
(2) d("g, C) — 0 as n —> oo. This implies the equality

on 2n+l — 2f(2"
fm 52 _ o FV0 =212 _
n—o00 n n—o00 8n
for all x € X.

(3)d(g C) < dgg;]f) with g € Q, which implies the inequality

LCIOE— (2.21)

This implies that the inequality (2.17) holds. The rest of the proof is similar to the
proof of Theorem 2.1. O

Corollary 2.2. Let 6 > 0 and r be a real number with 0 < r <1. Let f: X — Y be an
odd mapping satisfying (2.15). Then the limit C(x) = lim, o (Z"Mx)s_nzf ") exists for all
xe€ Xand C: X — Y is a unique cubic mapping such that

181" {(I2IT+ 1)61x|I"
ax

1F(2%) = 2/ () = CON = g1 (g2 mp

14 .
011xl|
33

forall x e X.

Page 7 of 22
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Proof. The proof follows from Theorem 2.2 if we take
v (% y) =0l + [Iyll")

for all %, y € X. In fact, if we choose L = |8|'”, then we get the desired result. O

Theorem 2.3. Let X be a non-Archimedean normed space and Y a non-Archimedean
Banach space. Assume that v: X*> — [0, ) is a function such that there exists an L <1
with

y (;g) < |;y(x,y) (2.22)

forallx,ye X Iff: X —> Y is an odd mapping satisfying (2.5), then the limit

A(x) = JL%ZH (f(zril) N 8f<2x">>

exists for all x € X and defines a unique additive mapping A : X — Y such that

1

L
120 - 87 - Al =, F ) max] | v@n)

14
i ’ y(x 0)} . (223)

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Letting y := z and /(x) := f (2x) - 8f (x) for all x € X in (2.9), we get

=20 () = maxf 7 303 ()]

Now, we consider a linear mapping / : S — S such that
X
Jh(x) := 2h (2) (2.25)
for all x € X. Let g, h € S be such that d(g, /) = ¢. Then we have

1 14
2/ r ’0
v, |3 |rwol

for all x € X and so

IA

e[ (3) (D] = ] (e 2). 12 o)

o 'y, |0
. £ max X, X), X,
2] 11’ 33]7

IA

for all x € X. Thus, d(g, h) = ¢ implies that d(Jg, /1) < Le. This means that
d(Jg, Jh) < Ld(g, h)

for all g, h e S. It follows from (2.24) that

L
d(g,Jg) <

o (2.26)

By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:
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(1) A is a fixed point of J, that is,

;A(x) - A (;) (2.27)

for all x € X. The mapping A is a unique fixed point of J in the set
Q={heS:d(gh) < oo}

This implies that A is a unique mapping satisfying (2.27) such that there exists 4
(0, o) satisfying

1

2 7 !
|11|V( X, X)

nmm—Amnsumu{

;:‘ V(xlo)}

forallx e X.
(2) d(J"h, A) — 0 as n — oo. This implies the equality

o (XN p o X\ X\

am 2 h(zn) = lim 2 <f<2"71) 8f<2n)) =AWR)
forall x e X.
(3) d(h,A) < d(lh_']f) with 2 € Q, which implies the inequality

L

LRV (2.28)

This implies that the inequality (2.23) holds. The rest of the proof is similar to the
proof of Theorem 2.1. O

Corollary 2.3. Let 6 > 0 and r be a real number with r > 1. Let f: X — Y be an odd
mapping satisfying (2.15). Then, the limit A(x) = limy_002" (f (1) — 8f () ewxists
forallx e X and A : X — Y is a unique additive mapping such that

o (121" + 1)6 [l xIl"
1720 =8 =AW= ) e max{ 1] ’

14 .
1 x|
33

forall x € X.
Proof. The proof follows from Theorem 2.3 if we take

y(xy) =60l xI"+ I ylI)

for all x, y € X. In fact, if we choose L = |2|", then we get the desired result. ©
Theorem 2.4. Let X be a non-Archimedean normed space and Y a non-Archimedean

Banach space. Assume that y: X*> — [0, «) is a function such that there exists an L < 1
with

v(2x,2y) < |2|Ly(x,y) (2.29)
forall x,ye X. Iff: X > Y is an odd mapping satisfying (2.5), then the limit

AG) - fim [0 —8@)

n—o00 on

Page 9 of 22
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exists for all x € X and defines a unique additive mapping A : X — Y such that
1
I f(2x) — 8f(x) — A(x) || < { 2x, X I I x,0 } (2.30)
f22) = 8() ~ AE) I = ) max] L v(2), | y(0)

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
Consider the mapping J : (S, d) — (S, d) such that

Jg(x) = ;g(2x) (2.31)

for all x € X. By (2.24), we obtain
H h(2x)

_()H 21" {|11|V(2x’x) ‘y(x’o)}

for all x € X. So

1
d(g,Jg) < I (2.32)
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, that is,
2A(x) = A(2x) (2.33)

for all x € X. The mapping A is a unique fixed point of J in the set
Q={heS:d(gh) < oo}

This implies that A is a unique mapping satisfying (2.33) such that there exists 4 €
(0, o) satisfying

I h(x) — Ax) |l SumaX{m'V@x,x) ‘V(x,O)}
for all x e X.
(2) d("h, A) — 0 as n — oo. This implies the equality
on 2n+1 _ on
i "2 i 1S
n—o00 n n%oo
for all x € X.

3) d(h,A) < d(h”’) with & € Q, which implies the inequality

1
ahA) = 5 (2.34)

This implies that the inequality (2.30) holds. The rest of the proof is similar to the
proof of Theorem 2.1. O

Corollary 2.4. Let 0 =2 0 and r be a real number with 0 <r < 1. Let f: X — Y be an
odd mapping satisfying (2.15). Then, the limit A(x) = lim,_ o (2"”?6)2;81“ ") exists for all
xe€ Xand A : X — Y is a unique additive mapping such that

21"+ 1)6 r
ax{(l "+ 1) ||x||’

I f(2x) — 8f(x) — A(x) I < 11|

: ‘ q x||f}

2] — 12| 33
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forall x e X.
Proof. The proof follows from Theorem 2.4 if we take

y(xy) =0l xI"+ I ylI)

for all x, y € X. In fact, if we choose L = [2]|" " 1 then we get the desired result. D

3. Non-Archimedean stability of the equation (1.1): a fixed point method-
even case

Using the fixed point method, we prove the generalized Hyers-Ulam stability of the
functional Equation (1.1) in non-Archimedean normed spaces for an even case.
Throughout this section, let [16] = 1.

Theorem 3.1. Let X be a non-Archimedean normed space and Y a non-Archimedean
Banach space. Assume that y: X*> — [0, ) is a function such that there exists an L < 1
with

y(2x,2y) < |16]Ly(x,y) (3.1)
forallx,ye X If f: X > Y is an even mapping with f(0) = 0 satisfying (2.5), then the

limit

Q(x) := lim f@%)

n—oo 16"

exists for all x € X and defines a unique quartic mapping Q : X — Y such that

1 1 6
@ - 1= g e ™ e | vl 62
Proof. Putting x = 0 in (2.5), we have
[12f(3y) — 70f (2y) + 148f ()| < v(0.¥) (3.3)

forallye X.
Substituting x = y in (2.5), we get

Ify) —4f (@) = 17f ()| = ¥ 1. ¥) (3.4)

for all y € X. By (3.3) and (3.4), we have

If(29) = 16f ()|

|5, 1210 = 70720 + 1450 + 1 1G9 — 472~ 1770

) (3.5)

122]

max{ y(0,7), ‘ﬁ‘y(y,y)}

for all y € X. Consider the set
S:={g:X—>Y, g(0)=0}

and the generalized metric 4 in S defined by

(0,x),

6
H‘y(x,x)},‘v’xex}

1
’ = i f -
d(f. 8) penf {II g(x) —h(x) II < umax{ 221"

where inf & = +oo. It is easy to show that (S, d) is complete (see [[42], Lemma 2.1]).
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Now, we consider a linear mapping / : S — S such that
1
= 2 3.6
Jg(x) = | 8(2%) (3.6)
for all x € X. It follows from (3.5) that

1
a(f, Jf) < 6| (3.7)

By Theorem 1.1, there exists a mapping Q : X — Y satisfying the following:
(1) Q is a fixed point of J, that is,

16Q(x) = Q(2x) (3.8)
for all x € X. The mapping Q is a unique fixed point of J in the set
Q={heS:d(gh) < oo}

This implies that Q is a unique mapping satisfying (3.8) such that there exists y € (0,
o) satisfying

1 6
1) - QW Il < Mmax{ 70| ] ) x)}
for all x € X.
(2) d(J"f, Q) —> 0 as n —> . This implies the equality
tim 7™ - o)

n—oo 16"

forall x € X.
(3)d(f.Q) < d?_”{) with fe Q, which implies the inequality

1

d(f,C) = 6] — (3.9)

16|L’
This implies that the inequality (3.2) holds. The rest of the proof is similar to the
proof of Theorem 2.1. O
Corollary 3.1. Let 0 > 0 and r be a real number with r > 1. Let f: X — Y be an even

mapping with f(0) = 0 satisfying (2.15). Then, the limit Q(x) = limn_)oof(lzgx) exists for

n

all x e X and Q : X - Y is a unique quartic mapping such that

o1 x|
122]

6

1
f@-Qw = o o

, 2
|16|r+1 ’

‘9 [ xll’}
forall x € X.
Proof. The proof follows from Theorem 3.1 if we take

y(x ) =0l xI"+ 1l ylI")

for all x, y € X. In fact, if we choose L = [16]", then we get the desired result. ©

Similarly, we can obtain the following. We will omit the proof.

Theorem 3.2. Let X be a non-Archimedean normed space and Y a non-Archimedean
Banach space. Assume that y: X*> — [0, ) is a function such that there exists an L < 1
with

Page 12 of 22
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L
V(iz) < |16|V(x,y) (3.10)

forallx,ye X Iff: X > Y is an even mapping with fl0) = 0 satisfying (2.5), then the
limit

o - jm 1673

exists for all x € X and defines a unique quartic mapping Q : X — Y such that

L 1 6
— < 0,x), ’ . 3.11
1@ - = g F e ma] . | vl @)
Corollary 3.2. Let 6 > 0 and r be a real number with 0 <r < 1. Let f: X — Y be an
even mapping with fl0) = 0 satisfying (2.15). Then, the limit Q(x) = lim,— 0 16"f ()
exists for all x € X and Q : X — Y is a unique quartic mapping such that

16| 01 x| 6
— < , 2 % r
FORCO T ENE ) AR IMA R

forall x e X.
Proof. The proof follows from Theorem 3.2 if we take

y(xy) =0l xI"+ 1l ylI")

for all x, y € X. In fact, if we choose L = |16|"”, then we get the desired result. O

4. Non-Archimedean stability of Equation (1.1): a direct method-odd case
Throughout this section, using direct method, we prove the generalized Hyers-Ulam
stability of the functional Equation (1.1) in non-Archimedean spaces for an odd case.

Theorem 4.1. Let G be an additive semigroup and X a complete non-Archimedean
space. Assume that ¢ : G* — [0, +o0) is a function such that

T A
Jim 8% (510 22) =0 @

forall x,ye G. Let forallx € G

2k’ k+l 33

1 X X 14 X
_n k+1 .
dD(x)—nanolomax{|8| max{|ll|(p( ), ’¢(2k+1,0)},05k<n} (4.2)

exist. Suppose that f: G — X is an odd mapping satisfying the inequality

|5y < 0(xp) 4.3)

for all x, y € G. Then the limit

g (L)~ (2)

exists for all x € G and C : G — X is a cubic mapping satisfying

@9 = 260~ CEllx = g @) (@)

Page 13 of 22
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for all x € G. Moreover, if

1 x X
lim lim max{|8|k+1 max{ lnlgo( ),

j—00 n—>00 2k' L33!

14 X . .
33 ¢(2k+1,0) Jsle<nejp=

then C is the unique mapping satisfying (4.4).
Proof. Proceeding as in the proof of Theorem 2.1, we obtain

Hf(4y)—10f(2y)+16f(y)llxsmax{ o(21.7) ‘W,O)} (@.5)

j111¢

for all y € X. Letting ¥ := 5 and g(x) := fi2x) - 2flx) for all x € X, we get

0522, {m' o3 [l o))

Replacing x by 5, in (4.6), we get

v (2)- (5], <rme] o) [l o)) @

It follows from (4.1) and (4.7) that the sequence { 8"g ( 2",1)}:21

is a Cauchy sequence.

Since X is complete, so {S"g (2")}n | is convergent. Set
= tim s () = Jim 8 (50n1) - 2 ()
€)= fim 875 () = im & (7 (1) =2 (1))
Using induction, we see that
X
s (50) =09
‘ 8 yn) 80|,
< 1max 18/%*1 max ! (x X )
=8 1111 % gk gret )7

By taking # to approach infinity in (4.8), one obtains (4.4). If L is another mapping

(4.8)
33 Qk+1’ }

14‘(/)( X O)};0§k<n

satisfying (4.4), then, for x € G, we get
Il C) = L(x)llx
- fim s () -9¢ ()],
- fim o () 293 (;) - ()],
< fimmax {[9'[ () =5 ()], ¥/ [s(5) < G)]L,]

! lim lim max {|8/"! max ! (x X ) 14 ( X O) i<k<n+j
’ ’ ’ JJ=SR<n+
= 18] e 11119 \orr g1 )7 3319\ gkt ] J

[S)

=0.

Therefore, L = C. This completes the proof. O
Corollary 4.1. Let & : [0, ) — [0, o) be a function satisfying

S(|£|> <|2|>§U) : <|;|> <
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forallt>0. Let 0 >0 and f: G — X be an odd mapping satisfying the inequality
|7 (e ) = 85 (IxD) + £ (D) (4.9)

for all x, y € G. Then the limit C(x) = lim,_.o8" (f () — 2f (5 ) Jexists for all x €
G and C: G — X is a unique cubic mapping such that

1
/@) = 210 — s < max | | s (140 )], e
forall x e G.
Proof. Defining ¢ : G*> — [0, =) by ¢(x, y) := o(&(|x|) + &(]y])). Since |8]& <|2‘> < 1, we
have

n

. n (X Y : -
lim 181" (, ), ) < lim [|8|s (mﬂ ¢(x.7) =0

forallx,ye G. Also forallx e G

_ : k+1 1 X X

P(x) = Jirglomax{l& max{llll(p(2k'2k+1)'

1 X

|8|max{\11\‘p<’z)’

ii'w(xf‘))}
|8|max{ ) (1 + él),

ié(\xl)}
exists for all x € G. On the other hand,

14 X ) x
33 ¢<2k+1’0> O=<k<n

132

lim lim max {[8/**!' m ! (x x) 14 (x 0) <k .
j—00 n—>00 ax ax |]_1|(p k" ok+1 )’ |33 % Qh+1’ J=R<N+]

lim |8}*! max ! (x x) 14 (x 0)
o0 1112 W7 2] [33] 9 (g1

=0.
Applying Theorem 4.1, we get the desired result. O

Theorem 4.2. Let G be an additive semigroup and X a complete non-Archimedean
space. Assume that ¢ : G* — [0, +o0) is a function such that

2", 2"
lim P25 2") _

n—o00 |8|n

(4.10)

forall x, ye G. Let for each x € G

‘w(2kx, 0)} 0<k< n} (4.11)

1
®(x) = li 2ktly 2k,
(x) ng}lomaxhg'k”m {|11|<p( X
exist. Suppose that f: G — X is an odd mapping satisfying the inequality (4.3). Then

the limit

) = lim [C7 = 2C")

n—00 8n

Page 15 of 22
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exists for all x € G and C: G — X is a cubic mapping satisfying
[1f (2x) — 2f(x) — C(x)lIx =< ®(x) (4.12)

for all x € G. Moreover, if

1
lim lim max (p(zk”x 2k
|8|k+1 |11|

j—00 n—>00

lgo(zkx,o)};jfk<n+j} =

then C is the unique mapping satisfying (4.12).
Proof. 1t follows from (4.5) that

H 8(2x)
8

- Iflil {|11| (2%, %), ‘ (x,O)} (4.13)

for all x € G. Replacing x by 2"x in (4.13), we get

1
— |8|n+1

g(2"'x) (2"

1
ax 2™y 2My),
gn+l 8n { |11|¢( )

;L ‘ o(2"x, 0)} . (4.14)

n o0
It follows from (4.10) and (4.14) that the sequence {g(g,,x)} is a Cauchy sequence.
n=1

n o0
Since X is complete, {3(§nx) } is convergent. It follows from (4.14) that
n=1

q-1 g(2k+1x) g(zkx)

H (2 (24x)

gh+1 - 8k
k=p X
k+1 k
- ax[ s _ g2 p<k<q*1] (4.15)
X
1 kel ok k _
ax{lslk”m {Imw(z x2x)' ‘(p(2x0)lp<k<q 1]

for all x € G and all non-negative integers ¢, p with g >p > 0. Letting p = 0 and pas-
sing the limit ¢ — oo in the last inequality, we obtain (4.12).

The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 4.2. Let & : [0, ) — [0, =) be a function satisfying

§(121t) = &(12D&(1),  &(121) < 18]
forall t > 0. Let 6 > 0 and f: G —> X be a mapping satisfying the inequality (4.9).
Then the limit C(x) = lim,Hoof(zmx)g_nzf(znx)exists forallxe Gand C: G - X isa
unique cubic mapping such that

F(22) — 2f(x) - CWlIx < max{

18| 5 a1, ' ‘SE(IxI)} (4.16)

|11

forall x e G.
Proof. Define ¢ : G* > [0, ) by ¢(x, ) := 0(&(|x]) + &(]y])). Proceeding as in the
proof of Corollary 4.1, we have

2", 2"
lim P25 2") _

n—o00 |8|n
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Page 17 of 22
for all x, y e G. Also

1
1]

;;1 ’ o(x, 0)}
;:‘SE(IxI)}

d(x)

. 1 kel Ak
limp— oo max{ |8|k+1 max{ (2" x, 2%x),

1 { 1 (2 )
max o(2x, x),
18] [11]

1 1+ 8|
< max SE(|x]),
18] { [11] (1)

14
33‘(p(2kx,0)};0§l’<’,< n}

exists for all x € G. Applying Theorem 4.2, we get the desired result. O

Theorem 4.3. Let G be an additive semigroup and X a complete non-Archimedean
space. Assume that ¢ : G* — [0, +o0) is a function such that

X
lim |2|"<p( , y)=0
n—o0o on- on

forallx,ye G. Let forallx e G

(4.17)

®(x) = lim max {|2|* max ! (x x)
s |11|(/) 2k’ Dk+1 )’

14 X
33‘<p(2k+1,0)},0 §k<n} (4.18)

exist. Suppose that f: G — X is an odd mapping satisfying the inequality (4.3). Then
the limit

e om X\ x
Ax) = lim 2 <f<2n*1> 8f<2n>>

exists for all x € G and A : G — X is an additive mapping satisfying
I1f(2x) — 8f(x) — A(X)lIx = @(x)

(4.19)
for all x € G. Moreover, if

lim lim max {|2|* max ! <x * )
A e 1111 ¥ Nk’ geer )7

14 X . .
33|</J(2k+1,0)},]§k<n+]} =0,
then A is the unique mapping satisfying (4.19).

Proof. Letting y := 5 and h(x) := fi2x) - 8flx) for all x € G in (4.5), we get

X 1 x 14 X
— . 4.
Hh(x) 2h<2)HX§maX{|u|‘p(x'z>’ 33“”(2’0)} (4.20)
Replacing x by 5, in (4.20), we obtain
n x _ on+l X H
l2n () =2 () . .
< |2|" max ! <x * ) 1 <x O) 2
- |11|¢ on’ on+l )’ |33 ¢ on+l’ '

Using induction, one can easily show that

() -9

< max | [2/* max 1 <x x) 14 (x O) o<hen (4.22)
= RIACUS VAN EEIAACIE RN K ’

The rest of the proof is similar to the proof of Theorem 4.1.

O
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Corollary 4.3. Let & : [0, ) — [0, =) be a function satisfying

S<|;|> =5 <|;|>§(t)’ : <|;|> - |;|

forallt >0. Let 6 > 0 and f: G — X be an odd mapping satisfying the inequality
(4.9). Then the limit A(x) = lim,_oo2" (f (,i51) — 8f (5)) exists for all x € G and A :
G — X is a unique additive mapping such that

IIf (2x) — 8f(x) — A)lIx < max{(l + é') 5S|§|17I),

373‘s(|x|)}

forallx e G.
Proof. Define ¢ : G> — [0, =) by ¢(x, y) := 6((&(|x]) + &(|y])). Also

_ . ® 1 X X 14 x )

*W = Jl)nf}oma"i'z' max{|11|¢’(2k’2k+l)’ 33‘¢(2k+1’0)}’05k<"}
_ 1 8&(xl) |7
i max{(“|z|> |’ 33‘5("6')}

exists for all x € G. Applying Theorem 4.3, we get the desired result. O
Similarly, we can obtain the following. We will omit the proof.
Theorem 4.4. Let G be an additive semigroup and X a complete non-Archimedean
space. Assume that ¢ : G* — [0, +o0) is a function such that
2y, 2"
lim #(27x,27) =0

n—00 |2|"

(4.23)

forall x,y e G. Let for each x € G

14
33

n—oo

1 1
®(x) = lim max max 2k+ly ok,
) {max{ ot )

‘ o(2"x, 0)} ;0<k< n}4.24)

exist. Suppose that f: G — X be an odd mapping satisfying the inequality (4.3). Then
the limit

A oo fim ) 827

n— 00 on

exists for all x € G and A : G — X is an additive mapping satisfying

I1F(2x) — 8f(x) — A(X)lIx < é' () (4.25)

for all x € G. Moreover, if

1 1
lim lim max{ e max{ o(2"1x, 2%x),

j— 00 n—>00 |]1|

14
33‘g0(2kx,0)};j <k< n+j} =0,
then A is the unique mapping satisfying (4.25).

5. Non-Archimedean stability of Equation (1.1): a direct method-even case
Theorem 5.1. Let G be an additive semigroup and X a complete non-Archimedean
space. Assume that ¢ : G* — [0, +) is a function such that
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2", 2"
0(27%, 2%) _

n—00 |]6|”

(5.1)
forallx,ye G. Let forallx e G

d(x) = lim max{ |116|k max{ |212|<p(0, 2kx), I 161 I(p(2kx, 2kx)} ;0<k< n} (5.2)

n—oo

exist. Suppose that f: G — X is an even mapping with f0) = 0 satisfying the inequal-
ity (4.3). Then the limit

_ i f(27%)
Qx) = nlgl;z 16"
exists for all x € G and Q : G — X is a quartic mapping satisfying
1
[ORECTNENE 53

for all x € G. Moreover, if

1 1
lim lim max max 0, 2kx ,
{|16|k { #(0.2°%)

= 00 100 122

6
H’(p(2kx,2kx)};j§k< n+j} =0,

then Q is the unique mapping satisfying (5.3).
Proof. Proceeding as in the proof of Theorem 3.1, we obtain

f(2x)

o I

< ! ' o0, | e
max , X)), X, X .
< 16| 122¢ 1|?

One can easily show that

f(2"%)

o =)

X

1 1 1 v . |6 i } }
< max max 0,2%), 2°x,2°x) ;0 <k <ny.
< pmas] bemax] ) et0.2%) MUERES

The rest of the proof is similar to the proof of Theorem 4.1. O
Corollary 5.1. Let £ : [0, ) — [0, o) be a function satisfying

§(121n =& (2D &), &2 < [16]
forallt>0. Let 0 >0 and f: G — X be an even mapping with fl0) = 0 satisfying the
inequality (4.9). Then the limit Q(x) = limnﬁoof(lzg,f‘)existsfor allxe Gand Q: G > X
is a unique quartic mapping such that

06D, 2| e |

1
[If(x) = Q()IIx = |16] max{|22|

forall x e G.
Proof. Define ¢ : G? > [0, ) by o(x, y) := o(&(|x]) + &(|y]). Also

o) =max{ © se(ah, 2| |Gan)

122]

exists for all x € G. Applying Theorem 5.1, we get the desired result. O
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Similarly, we can obtain the following. We will omit the proof.
Theorem 5.2. Let G be an additive semigroup and X a complete non-Archimedean
space. Assume that ¢ : G* — [0, +o0) is a function such that

X
lim 16|"<p< , y):o
n—oo on-on

forallx,ye G. Let forallx e G

O (x) = i 16" ' (0 ) 0 (s ot ) {70 =E
X -nerolomax max |22|(/J "okl )71 ¥ k+1’ ok+1 W= k<n

exist. Suppose that f: G — X is an even mapping satisfying the inequality (4.3). Then
the limit

o= 107 ()

exists for all x € G and Q : G — X is a quartic mapping satisfying
[If (x) = Q(x)IIx < ®(x) (5.4)

for all x € G. Moreover, if

lim lim max {|16|* max ] (0 ),
122

j—00 n—>00 ! 2k+1

6 X x - .
1 (p<2k+1’2k+1) ij<k<n+j;=0,

then Q is the unique mapping satisfying (5.4).

6. Conclusion

We linked here three different disciplines, namely, the non-Archimedean normed
spaces, functional equations and fixed point theory. We established the generalized
Hyers-Ulam stability of the functional Equation (1.1) in non-Archimedean normed
spaces.
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