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for some real numberso > 0,8 > 0,r,s € Rwitha + 8 = r + s # 1, and prove the
Hyers-Ulam stability of the above additive set-valued functional equations.
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1. Introduction and preliminaries

Set-valued functions in Banach spaces have been developed in the past decades. The pioneering papers by Aumann [1]
and Debreu [2] were inspired by problems arising in Control Theory and Mathematical Economics. We can refer to the
papers by Arrow and Debreu [3], McKenzie [4], the monographs by Hindenbrand [5], Aubin and Frankow [6], Castaing and
Valadier [7], Klein and Thompson [8] and the survey by Hess [9].

The stability problem of functional equations originated from a question of Ulam [10] concerning the stability of group
homomorphisms. Hyers [11] gave a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [12] for additive mappings and by Rassias [13] for linear mappings by considering an
unbounded Cauchy difference. The paper of Th.M. Rassias [13] has provided a lot of influence in the development of what
we call Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations. A generalization of the Rassias theorem
was obtained by Gavruta [14] by replacing the unbounded Cauchy difference by a general control function in the spirit of
Rassias’ approach (see [15-24]).

It is easy to show that if f : R — R is a solution of the inequality

[f(ex + By) —1f () —sf(W)| < ¢ (1.1)

for some ¢ > 0 then there exists a linear function g(x) = mx, m € R, such that |f(x) — g(x)| < e forallx € R.
The inequality (1.1) can be written in the form

flax+ By) —1f (x) —sf(y) € B0, ¢),
where B(0, ¢) := (—¢, ¢). Hence we have
flax+ By) +B(0, &) S 1f (x) + B(0, &) + sf (y) + B(0, ¢)
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and denoting by F(x) = f(x) + B(0, &), x € R, we get
F(ax+ By) CrF(x) +sF(y), x,yeR(ifr,s>1)
and
g() € F).

Let Y be a real normed space. The family of all closed and convex subsets, containing 0, of Y will be denoted by ccz(Y).
Let A, B be nonempty subsets of a real vector space X and X a real number. We define

A+B={xeX:x=a+b,acA,beBj},
M={xeX:x=2Aa, acA}.

Lemma 1.1 ([25]). Let A and u be real numbers. If A and B are nonempty subset of a real vector space X, then
A(A+ B) = AA + AB,
(A 4+ w)A C XA+ uB.
Moreover, if Ais a convex set and Ly > 0, then we have
(A 4+ WA = LA + uA.
Asubset A C X issaid tobeaconeif A+A C Aand LA C Aforall A > 0. If the zero vector in X belongs to A, then we say
that A is a cone with zero.

Set-valued functional equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [26-29]).

2. Stability of the set-valued functional equation (1)

In this section, let X be a real vector space, A C X a cone with zero and Y a Banach space.
The following theorem is similar to the results of [30,31].

Theorem 2.1. If F : A — ccz(Y) is a set-valued map satisfying

F(ax 4 By) C rF(x) +sF(y) (2.1)
and

sup{diamF(x) : x € A} < 400

forallx,y € Aand somea > 0,8 > 0,r,s € Rwitha + = r + s # 1, then there exists a unique additive mapg : A — Y
such that g(x) € F(x) forallx € A.

Proof. For x € A, replacing y by x in (2.1), we get

F((ee + B)x) S 1F(x) + sF(x) = (r + 5)F(x) (2.2)
and if we replace x by (o« + B8)"x, n € N, in (2.2), then we obtain

F((a+ B)"™ %) S (r +$)F((@ + B)"x)

and
F((a + B)"'x) c r+s) Fle + ")
(@+p)mt T (@+p) (@+p)"
Thus we get
F((a + )" 'x) c Fla+p"™)
@+pmt = (a+p

Case l.Leta + 8 > 1.

Denoting by F, (x) = %ﬁ;:x)

Banach space Y. We have also

,X € A, n € N, we obtain that (F,(x)),>0 is a decreasing sequence of closed subsets of the

diamF,(x) = mdiamﬂ(a + B)"x).

Since « + B > 1 and sup{diam(F(x)) : x € A} < oo, we get that lim,_, , », diam(F,(x)) = 0 for all x € A.
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Using the Cantor theorem for the sequence (F,(x))n>0, wWe obtain that the intersection (), , F,(x) is a singleton set and
we denote this intersection by g (x) for all x € A. Thus we obtainamap g : A — Y.Then g(x) € Fo(x) = F(x) forallx € A.
Now we show that g is additive. We have

Fll@ + B)"(ax+ By) _ Flale +B)"x + Ble + )"Y)

Folax+ By) = @t By @t By
- F((a + B)"x) + sF((o + B)"y) _ rF((a + B)"x) SF((Ot +B)"y)
- (a+B)" (@ +B)" (a+B)"

rF,(X) + sF,(y).

By definition of g, we can get for all x, y € A,

glax+ By) = [\ Falex + By) < () (Fa(0) + sF 1)) - (23)

n=0 n=0
On the other hand, it is easy to show that, for all x, y € A,
rg(x) + sg(y) € rFy,(x) + sF,(y). (2.4)
Now, we fix n € Nand x, y € A. Then it follows from (2.3) and (2.4) that

there exist a; € F,(x) and b; € F,(y) such that g(ax + By) = ra; + sby,
there exist a, € F,(x) and b, € F,(y) such that rg(x) + sg(y) = ra, + sb,.

Thus we obtain
glax + By) — (rg(x) +sg(¥)) = r(a; — az) + s(by — by).
We know that raq, ra, € rF,(x) and sb, sb, € sF,(y). So we get
lg(ax + By) — (rg(x) +sgW)Il = lIr(ar — a2)ll + [Is(by — by)|
< r - diamF,(x) + s - diamF;,(y),
which tends to zero as n tends to co. Thus
glax+ By) =rg(x) +sg(¥). (2.5)

Letx =y = 01in (2.5). Then we get g(0) = (r + s5)g(0). So g(0) = 0. Lettingy = 0 and x = 0 in (2.5), respectively, we
obtain

glax) =r1g(x) and g(By) =sg(¥). (2.6)

Replacing x by g and y by % in (2.6), respectively, we get g(x) = rg (g) andg(y) = sg ( ) forall x,y € A. By (2.5),

Y
B

g(X+y)=g<a~§+ﬂ%> =rg<§)+sg <%> =g +g®)

forall x, y € A. Thus g is additive.
Case2.let0 <a+ 8 < 1.
Replacing x in (2.2) by W, n € N, and multiplying the resulting relation by (¢ + 8)", we obtain

N (Ol -‘,—,B)H_HF <L>
B (a+pmtt)”

X r+
o+ B)'F C
@*h <(a+ﬁ)”>_a+
. +
Smceﬁ>0,weget

n X n+1 X
(@+ B)"F (W +ﬁ)n> S (@+p)"F (7@[ +ﬂ)n+1> :
Let

I n X
F,(x) = (a+B) F<(a+ﬂ)n>'

The sequence (F, (x))n>o is increasing and the sequence of positive numbers (diamF, (x))n>o is increasing, too. Hence we
have

diamF.(x) = (@ + f)"diamF (M)
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and so
nll>rlr;lo diamF, (x) = 0.

Thus F; (x) is single valued for all x € A. The set-valued map F is single valued and
F(ax + By) = rF(x) 4+ sF(y)

for all x, y € A. Using the same method as in Case 1, we can show the additivity of F.
Therefore, we conclude that there exists an additive map g : A — Y such that g(x) € F(x) forall x € A.
Next, let us prove the uniqueness of g.
Suppose that F have two additive selections g1, g : A — Y. We have

ngi(x) = gi(nx) € F(nx)
foralln e N,x € A,i € {1, 2}. Then we get
nllgix) — @ = ngi1(x) — ngX) || = llg1(nx) — g(nx)|| < diamF (nx)

forall x € A, n € N. It follows from sup{diamF (x) : x € A} < oo that g;(x) = g»(x) forallx € A, as desired. O

Remark 2.2. The stability problem for a singled-valued functional equation is whether, for a map satisfying almost a given
functional equation, there exists an exact solution of the functional equation near the given almost map. On the other hand,
the stability problem for a set-valued functional equation is whether, for a set-valued map satisfying almost a given set-
valued functional equation, there exists an exact solution, in the set related to the set-valued functional equation, of a
functional equation related to the set-valued functional equation.

3. Stability of the set-valued functional equation (2)
In this section, let X be a real vector space, A C X a cone with zero and Y a Banach space.

Theorem 3.1. If F : A — ccz(Y) is a set-valued map satisfying

F(x+y+z)§2F<)(?/)+F(z) (3.1)

and
sup{diamF(x) : x € A} < 400
forallx,y, z € A, then there exists a unique additive map g : A — Y such that g(x) € F(x) forallx € A.
Proof. Lettingx =y = zin (3.1), we get
F(3x) € 3F(x). (3.2)
Replacing x by 3"x, n € N, in (3.2), we obtain
F(3-3") C 3F(3"x)
and

F(3™x) _ F(3")
3n+1 S 3n

Denoting by F,;(x) = “32*),

Banach space Y. We have also

x € A,n € N, we obtain that (F,;(x))n>o is a decreasing sequence of closed subsets of the

1
diamF,(x) = ydiamFG"x).

Taking account of sup{diamF (x) : x € A} < 400, we get

lim diamF,(x) = 0.
n—oo

Using the Cantor theorem for the sequence (F,(x))n>0, we obtain that the intersection N;>¢ F;(x) is a singleton set and we
denote this intersection by g(x) for all x € A. Thus we getamapg : A — Y and g(x) € Fo(x) = F(x) for all x € A.
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We now show that g is additive. Forallx,y,z € Aandn € N,
F3"x+y+2z) F@3"+3"+3"%)
3n - 3n

2F<3nx;3ny) F(3"z X
+
LG o (zy) +Fy(2).

Fix+y+2) =

C
- 3n 3n

By definition of g, we obtain
gx+y+2) = R&+y+2 <) (ZFn (2) +Fn(z)) :
n=0 n=0
g () € F, (3¥) and g(2) € Fy(2). Thus we get

e

which tends to zero as n tends to co. Thus

X
2 < 2. diamF, (%) + diamF, (2),

gx+y+z)—2g (m) -8

gx+y+z)=2g (%) +g@). (3.3)

Lettingx =y = z = 0in (3.3), we have g(0) = 2g(0) + g(0). Thus g(0) = 0. Lettingy =z =0andx =z = 0in (3.3),
respectively, we obtain

X y
gx) =2g (7) and g(y) =2g (7)
2 2
forall x, y € A. So we get

xX+y X y
lge+y+2) —g00 —g0) —g@ = |28 (=~ ) —2¢(5) —2¢ ()| =0
forallx, y, z € A. Thus g is additive.
The rest of the proof is similar to the proof of Theorem 2.1. O
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