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1. Introduction

The theory of fuzzy sets was introduced by Zadeh in 1965 [1]. After the pioneering work of Zadeh, there has been a great
effort to obtain fuzzy analogues of classical theories. Among other fields, a progressive development is made in the field
of fuzzy topology [2-12]. One of the problems in £-fuzzy topology is to obtain an appropriate concept of £L-fuzzy metric
spaces and £-fuzzy normed spaces. Saadati and J. Park [13], respectively, introduced and studied a notion of intuitionistic
fuzzy metric (normed) spaces and then Deschrijver et al. and Saadati generalized the concept of intuitionistic fuzzy metric
(normed) spaces and introduced and studied a notion of £-fuzzy metric spaces and £-fuzzy normed spaces [14,15].

On the other hand, the study of stability problems for functional equations is related to a question of Ulam [ 16] concerning
the stability of group homomorphisms, which was affirmatively answered for Banach spaces by Hyers [17]. Subsequently,
the result of Hyers was generalized by Aoki [18] for additive mappings and by Th.M. Rassias [19] for linear mappings by
considering an unbounded Cauchy difference. The paper by Th.M. Rassias has provided a lot of influences in the development
of what we now call the Hyers-Ulam-Rassias stability of functional equations. For more information on such problems, we
refer the interested readers to [20-32].

Throughout this paper, assume that l is a fixed positive integer. In this paper, we prove the Hyers-Ulam-Rassias stability
of the quadratic functional equation

fUx+y) + fx —y) = 2If (x) + 2f () (1.1)

in non-Archimedean £-fuzzy normed spaces.
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2. Preliminaries

In this section, we recall some definitions and results for our main results in this paper.

A triangular norm (briefly, a t-norm) is a binary operation T : [0, 1] x [0, 1] — [0, 1] which is commutative, associative,
monotone and has 1 as the unit element. Basic examples are the Lukasiewicz t-norm T, T;(a, b) = max{a + b — 1, 0} for
alla, b € [0, 1] and the t-norms Tp, Ty, Tp, where Tp(a, b) := ab, Ty (a, b) := min{a, b},

. Jmin{a, b}, ifmax{a, b} =1;
To(a, b) = [0, otherwise.
At-norm T is said to be of HadZic type (we denote this by T € #)([33]) if the family (x<T")

where x\" is defined by

)nen is equicontinuous atx = 1,

x?) =X, x%") = T(x?"_l), x), ¥n>2, xe]l0,1].
Other important triangular norms are as follows (see [34]).
(1) The Sugeno-Weber family {T;" };,.¢(—1.0), is defined by T% = Tp, TS = Tp and

X —1+2x
T)‘?W(x,y) = max {O’ —W}

14+ A
if A € (—1, 00).
(2) The Domby family {T)?}Ae[o,oo] is defined by Tp, if . = 0, Ty, if A = oo and
1
TP (x,y) = i
1—x\* 1—
1+ ((Tx) + (TY) )
if L € (—1, 00).

(3) The Aczel-Alsina family {Tf"‘}le[o,o@] is defined by Tp, if . = 0, Ty, if A = oo and

_ s A1/A
Tf’q(x, y)=e (|logx|*+|logy|*)

ifA € (-1, 00).

A t-norm T can be extended (by associativity) in a unique way to an n-ary operation taking, for all (x;, ..., x,) € [0, 1]",
the value T (xq, ..., x,) defined by

T xi=1,  TL,x =TT %, %) = T(X1, ..., Xn).
A t-norm T can also be extended to a countable operation taking, for any sequence {x,},en in [0, 1], the value

00 T n X
TZxi = lim T x;.
n—oo

Proposition 2.1 ([34]).
(1) For T > T the following implication holds:

o0
,,IEEOTI‘O;X”“ =1 ;(1 —Xp) < Q.
(2) If T is of HadZic type, then
lim T2 Xpqi = 1
n—oo

for every sequence (X;)nen in [0, 1] such that lim,_, o0 X, = 1.
(3) If T € {T{}c00.00) U {T} }re(0,00), then

o0
lim T2 a0y = 1 <= 2(1 —xp)” < 00.
n=

(4) If T € {T{" }re1-1,00), then

o0
nan;oT?ilxn+i =1« Z(l — X)) < 00.

n=1

3. £-fuzzy normed spaces

In what follows, we shall adopt the usual terminology, notation and some definitions introduced by Saadati et al. [35].
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Definition 3.1 (/36]). Let £ = (L, <;) be a complete lattice and let U be a non-empty set called the universe. An .L-fuzzy set
in U is defined as a mapping 4 : U — L. Foreachuin U, 4(u) represents the degree (in L) to which u is an element of .

Consider the set L* and operation <;+ defined by
I* = {(x1,X2) : (x1,%) € [0, 11> and x; + x, < 1},
X1, %) <p(¥1,¥2) &= X1 <Y1, X2 =)
for all (xq, x2), (y1,y2) € L*. Then (L*, <;») is a complete lattice (see [37,38]).

Definition 3.2 ([39]). An intuitionistic fuzzy set 4, , in the universe U is an object A, , = {(u, {4 (W), n4(w) : u € U},
where {4 (u) € [0, 1] and n4(u) € [0, 1] for all u € U are called the membership degree and the non-membership degree,
respectively, of u in «, , and, furthermore, satisfy ¢, (u) + n4(u) < 1.

In the last section, t-norms on ([0, 1], <) is defined as an increasing, commutative, associative mapping T : [0, 1]> —
[0, 1] satisfying T(1, x) = x for all x € [0, 1]. This definition can be straightforwardly extended to any lattice £ = (L, <;).

Definition 3.3. A triangular norm (t-norm) on .£ is a mapping 7 : LI — L satisfying the following conditions:

(i) (Vx € L)(T (x, 1) = x) (: boundary condition);
(i) (V(x,y) € [>)(T(x,¥) = T (y, X)) (: commutativity);
(iii) (Y(x,y,2) € PYT(x, T(,2)) = T(T(x,¥), 2)) (: associativity);
(iv) (V(x, X,y,y) e H(x< ¥ andy <,y = T(x,¥) <, T (¥, ) (: monotonicity).

A t-norm 7 on £ is said to be continuous if, for any x, y € £ and any sequences {x,} and {y,} which converge to x and y,
respectively,

lim 7 (Xn, yn) = T (%, y)-
n—oo
For examples, 7 (x, y) = min(x, y) and 7 (x, y) = xy are two continuous t-norms on [0, 1]. The t-norm A defined by

x ifx<yy

/\(va) = {y ifnyx

is a continuous t-norm.
A t-norm 7 can also be defined recursively as an (n + 1)-ary operation (n € N) by 7' = 7 and

- - en—1
T X1y o X)) =TT (X, .0, X)) Xna1)

foralln > 2andx; € L.

Definition 3.4. (1) A negator on £ is any decreasing mapping & : L — L satisfying & (0,) = 1, and N (1) = O.
(2) f N (N (x)) = xforall x € L, then  is called an involutive negator.
(3) The negator N; on ([0, 1], <) defined as N;(x) = 1 — x for all x € [0, 1] is called the standard negator on ([0, 1], <).

In this paper, the involutive negator .V is fixed.

Definition 3.5. (1) The triple (X, M, 7) is said to be an £-fuzzy metric space if X is an arbitrary (non-empty) set, 7 is a
continuous t-norm on .£ and M is an L-fuzzy set on X x (0, +o0) satisfying the following conditions: forallx, y, z € X
and t, s €]0, +o0[,

(a) ‘M(X7 Y, t) >L 0.>Cv

(b) M(x,y,t) = 1, forallt > 0ifand onlyif x = y;
(€) M(x,y,t) = My, X, t);

(d) T(M(Xs Y, t)v ‘M(yv Z, S)) =L ‘M(xa z,t+ S),

(e) M(x,y,-) :]0, +00[— Lis continuous.

In this case, M is called an £-fuzzy metric.

(2) If M = My y is an intuitionistic fuzzy set (see Definition 3.2), then the 3-tuple (X, My n, 7) is said to be an intuitionistic
fuzzy metric space.

Example 3.6. Let (X, d) be a metric space. Denote 7 (a, b) = (a;by, min(a, + b,, 1)) for alla = (ay, a;), b = (by, by) € L*
and let My y be the intuitionistic fuzzy set on X x]0, oo defined as follows:

ht" md(x, y)
ht" + md(x,y)’ ht" + md(x, y)

My N, t) = (

forallt, h,m,n € R". Then (X, My N, T) is an intuitionistic fuzzy metric space.
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Example 3.7. Let X = N. Define 7 (a, b) = (max(0, a; + by — 1), a, + b, — ayb,) foralla = (ay, a3), b = (by, by) € L* and
let My, be the intuitionistic fuzzy set on X x]0, oo[ defined as follows:

(iyﬂ() ifx <y
y oy

x_
(X, y) ify <x
X X

forallx,y € X and t > 0. Then (X, My n, 7) is an intuitionistic fuzzy metric space.

My, t) =

Definition 3.8. (1) The triple (V, &£, 7) is said to be an .£-fuzzy normed space if V is vector space, 7 is a continuous t-norm
on £ and &£ is an £L-fuzzy set on V x (0, +00) satisfying the following conditions: forallx,y € V and t, s € (0, +00),
(a) P(x, ) > 0;

P(x,t) = 1, ifand only if x = 0O;

Pox, t) = P, \([7\) for each a # 0;

TP, Py, )< PER+Y, t+5);

P(x,-) :]0, oo[— Lis continuous;
(f) limi—o P(x,t) = 0 and lim; oo P(x,t) = 1.
In this case, & is called an £-fuzzy norm.

(2) If # = &, is an intuitionistic fuzzy set (see Definition 3.2), then the 3-tuple (V, £, ,, 7) is said to be an intuitionistic
fuzzy normed space.

(b)
()
(d)
(e)

Example 3.9. Let (V, ||-||) be anormed space. Denote 7 (a, b) = (a;bq, min(ay+b,, 1)) foralla = (ay, a3), b = (by, by) € L*
and let &, , be the intuitionistic fuzzy set on V x (0, +o0) defined as follows:

P R .|
v t+ [l e+ Ix]]

forallt € R*. Then (V, Pyu,v, T) is an intuitionistic fuzzy normed space.

Definition 3.10. (1) A sequence (X,)ney in an £L-fuzzy normed space (V, &, 7) is called a Cauchy sequence if, for each
e €L\ {0, }andt > 0, there exists ny € N such that, for all n, m > n,

P (Xn — Xm, t) > N (&),
where . is a negator on L.

(2) Asequence (x)nen is said to be convergent tox € V in the £-fuzzy normed space (V, &£, 7), which is denoted by x,, e X,
if P(x, — x,t) > 1., whenevern — +ooforallt > 0.
(3) An L£-fuzzy normed space (V, #, 7) is said to be complete if and only if every Cauchy sequence in V is convergent.

Note that, if & is an £-fuzzy norm on V, then the following are satisfied:

(1) #(x, t) is nondecreasing with respect to t for all x € V.
2) Px—y,t) =Py —x,t)forallx,y € Vandt € (0, +o00).

Let (V, £, 7) be an L-fuzzy normed space. If we define
MEx,y,t) =Px—y,t)

forallx,y € Vandt > 0, then .M is an £-fuzzy metric on V, which is called the £-fuzzy metric induced by the £-fuzzy
norm &£.

Definition 3.11. Let (V, #, 7) be an £-fuzzy normed space and let ./ be a negator on .£.
(1) Forallt > 0, we define the open ball B(x, r, t) with center x € V and radiusr € L\ {O,, 1.} as follows:
Bix,r,t) ={yeV:Px—y,t)> N()}
and define the unit ball of V by
B(O,r,1) ={x: Px, 1) > N()}.

(2) Asubset A C V is said to be open if, for each x € A, there existt > Oandr € L\ {O,, 1} such that B(x,r,t) C A.
(3) Let 7» denote the family of all open subsets of V. Then 7 is called the topology induced by the .£-fuzzy norm £.

Note that, in the case of an intuitionistic fuzzy normed space, this topology is the same as the topology induced by
intuitionistic fuzzy metric which is Hausdorff (see Remark 3.3 and Theorem 3.5 of [40]).

Definition 3.12. Let (V, #, 7) be an £-fuzzy normed space and let &' be a negator on .£. A subset A of V is said to be
LF-bounded if there existt > 0andr € L\ {O,, 1,} such that (x, t) >, N (r) for all x € A.

Note that, in an £-fuzzy normed space (V, &, 7), every compact set is closed and .LF-bounded (see Remark 3.10 of [40]).
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4. Non-Archimedean .£-fuzzy normed spaces

In 1897, Hensel [41] introduced a field with a valuation in which it does not have the Archimedean property.
Definition 4.1. Let X be a field. A non-Archimedean absolute value on X is a function | - | : X — [0, +00) such that, for

anya,b € X,

(i) la] = 0 and the equality holds if and only if a = 0,
(i) |abl = la||b],
(iii) |a + b| < max{|a|, |b|} (the strict triangle inequality).

Note that |n| < 1 for each integer n. We always assume, in addition, that | - | is non-trivial, i.e., there exists an ay € X
such that |ag| #£ 0, 1.
Definition 4.2. A non-Archimedean L-fuzzy normed space is a triple (V, &, 7), where V is a vector space, 7 is a continuous

t-normon £ and & is an £L-fuzzy set on V x (0, +-00) satisfying the following conditions: forallx, y € V andt, s € (0, +00),

a) 0, < P(x,0);

b) £(x,t) = 1, if and only if x = 0;

c) Plax,t) = P(x, ﬁ) foralla # 0;

d) T (P, 1), Py,s) <y Px+y, max{t, s});
(

(f) limo P (x, t) = 0, and lim;_, o P (%, t) = 1.

Example 4.3. Let (X, ||.||) be a non-Archimedean normed linear space. Then the triple (X, #, min), where

0, ift <|x|;
1, ife > [Ix]l,

fWOZ{
is a non-Archimedean £-fuzzy normed space in which L = [0, 1].

Example 4.4. Let (X, || - ||) be is a non-Archimedean normed linear space. Denote 7 (a, b) = (min{a,, b1}, max{a,, b,}) for
alla = (ay, az), b = (b1, by) € L* and let £, , be the intuitionistic fuzzy set on X x]0, 4-oco[ defined as follows:

P t) = t [IX]
e t+ Xl e+ x|

forallt € R*. Then (X, #,., 7n) is a non-Archimedean intuitionistic fuzzy normed space.

5. £-Fuzzy Hyers-Ulam-Rassias stability

Let X be a non-Archimedean field, X a vector space over X and (Y, &, 7) a non-Archimedean £-fuzzy Banach space
over X.

In this section, we prove the Hyers-Ulam-Rassias stability of the quadratic functional equation (1.1).

Next, we define an £-fuzzy approximately quadratic mapping. Let ¥ be an £-fuzzy set on X x X x [0, 0co) such that
¥ (x,y, -) is nondecreasing,

t
(cx, cx, t) > ¥ (x,x, m) VxeX, c#0

and

tlim Ux,y,t) =1, Vx,yeX, t>0.
— 00

Definition 5.1. A mapping f : X — Y is said to be ¥ -approximately quadratic if

Px+y) +flx —y) —2Pf(x) = 2f (), ) >, ¥ (x, ¥, 1), Vx,yeX, t>O0. (5.1)

The following is one of our main results in this section.
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Theorem 5.2. Let X be a non-Archimedean field, X a vector space over X and (Y, &, ) a non-Archimedean £-fuzzy Banach
space over K. Let f : X — Y be a ¥-approximately quadratic mapping and f (0) = 0. If there exist an « € R(a > 0) and an

integer k, k > 2 with |I¥| < «, |I| # 1and  # 0 such that

(%, Ry, ) > W (x,y, at), VxeX, t>0,

and

. o ot
lim 72 M | x =1y, VxeX,t>D0,

oo 4= ’ W
then there exists a unique quadratic mapping Q : X — Y such that
+1p

PEX) —QX), ) = T;Z3M (X, W

), VxeX, t>0,

where

M, t) ;=T (W (x,0,t),¥(x0t),..., ¢ % 01), VxeX, t>0.

Proof. First, we show, by induction on j, that, forallx € X, t > 0andj > 1,
PEER) = Pf(x), ) =1 Milx, )
= T(¥(x0,0),...,¥(F 'x,0,0)).
Putting y = 0in (5.1), we obtain
PQf(IX) —2Pf(x), ) > ¥(x,0,t), VxeX,t>0,
and
Px) — Pf(x), t) > W (x,0,2t) >, ¥(x,0,t), VxeX, t>0.
This proves (5.4) for j = 1. Let (5.4) hold for some j > 1. Replacing y by 0 and x by Fx in (5.1), we get
PEE %) — Bf(Fx), t) >, @ (Fx,0,t), VxeX, t>0.
Since |I| < 1, it follows that

PEETx) — PIF(x), £) > T(PEET %) — Pf(Fx), ), P Pf (Fx) — PITVF(x), £))

=7 (P(f(ﬂ“x) — Pf(¥x), t), P (f(zfx) — PFf(x), #))

> T(PEET %) — Pf(Fx), 0), P(FFx) — Ff(x), 1))
> T (¥ (Fx,0,t), Mj(x, 1))
= Mjp1(x,t), VxeX, t>0.

Thus (5.4) holds for all j > 1. In particular, we have
P — P f(x), t) >, M(x,t), VxeX, t>0.
Replacing x by I=*"*9x in (5.5) and using inequality (5.2), we obtain

ffi—lz"fx () = M2
[kn fntk )27 ) =L [kn+k

> M, ") VxeX, t>0,n>0

and so

o [ /12kyn X\ pknt X LH
o ((l )f <(lk)n) (l ) f ((lk)n+1) s t) Z M (X’ |(12k)n|t>

n+1
> M X,Lt , VxeX,t>0,n>0.
[()m|

(5.2)

(5.4)
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Hence it follows that

() (i) ) 2 o (0 (35) - 53) )

a1
L‘”"+pM<x ) VxeX, t>0,n>0.

= [(I<)]
Since lim,_, o "’°°M(x \(lk)ilt) = 1y forallx € Xandt > O, {(IZk)"f(ﬁ)}neN is a Cauchy sequence in the non-
Archimedean £-fuzzy Banach space (Y, &, 7). Hence we can define a mapping Q : X — Y such that
Zk n _ _
n_) ((l f ((lk)n> Q(x), t) =1p VxeX,t>0. (5.6)

Next, foralln > 1,x € X and t > 0, we have

n—1
P <f(x) (12k ”f ((1[{)11) ’ t) =& (Z(IZk)if ((5(‘)1) (Zk)H—lf ((lk)l+1> t)
ot (2 (9 (i75) - @ (5) )

i+1
> 7 [ x Lt
—L Yi=0 ) |lk|i
and so

PEX —Q),0) =, T (? (f(X) " ((,k)n) : f) ; (( 2yrf ((lk)n> -Q, t))
n— Oli+]t k1
=7 (7;=°1°M ("’ I ) <( Py ((lk)"> - t)) ' &7

Taking the limit as n — oo in (5.7), we obtain

\

i+1
PEX) — QX). 1) =, T3 M (x, "‘Wf) ,

which proves (5.3). As 7 is continuous, from a well-known result in £-fuzzy (probabilistic) normed space (see [42],
Chapter 12), it follows that

Jim 2 ()" (x4 y)) + )" A" = y)) = 202" F (7 (%)) = 2" F 7" @), 1)
= PQUx+y) +Qx —y) — 2PQx) — 2Q). 1)

for almostallt > 0.
On the other hand, replacing x, y by I=*"x, I=¥"y in Eqgs. (5.1) and (5.2), we get

PP AU+ ) + EOAUx = y) = 209 X)) = 2(P9"FA 1)), )

t
—kn —kn
zL¥ (l X 77y, “2k|n)

ot
lell(x,y,”k'"), Vx,ye X, t > 0.

Since lim,,_ o ¥ (X, y, Imﬂ) = 1,, we infer that Q is a quadratic mapping.
For the uniqueness of Q, let Q' : X — Y be another quadratic mapping such that

PQ ) —f®),t) >, Mx,t), VxeX, t>D0.

Then we have, forallx,y € X and t > 0,

P(Q(X) - Q/(X)7 t) ZL T (f(/j <Q(X) (IZk)nf ((lk)n) ’ ) ’ ((IZk)nf <(Ik) ) - Q/(X)a t) N t) .

Therefore, from (5.6), we conclude that Q = Q’. This completes the proof. O
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Corollary 5.3. Let X be a non-Archimedean field, X a vector space over X and (Y, #, T) a non-Archimedean [£-fuzzy Banach
space over K under a t-norm 7 € JH.Let f : X — Y be a W-approximately quadratic mapping. If there exist an
a € R(a > 0), [I] # 1, 1 # 0and an integer k, k > 2 with |I¥| < « such that

lI/(l_kx, l_ky, t)y> ¥, y,at), VxeX,t>D0,
then there exists a unique quadratic mapping Q : X — Y such that

i+1

P x) —Q(x), t) > T;23M (x, ), VxeX, t>0,

|l|ki
where
M, t) ;=T (WP (x0,t),¥(x0t),..., ¢ % 0,t), VxeX, t>D0.

Proof. Since

. ot
lim M[x,— ) =1,, VxeX,t>0,
n—oo |1|kJ

and 7 is of HadZi¢ type, it follows from Proposition 2.1 that
ot

m, %M (%

limTooM(x >=l£, VxeX, t>0.

Now, if we apply Theorem 5.2, we get the conclusion. 0O
Now, we give an example to validate the main result as follows:

Example 5.4. Let (X, ||.||) be a non-Archimedean Banach space, (X, #,,,, Tu) a non-Archimedean «£-fuzzy normed space
(intuitionistic fuzzy normed space) in which

t [Ix]l
t+lIxll" ¢+ lIx]]

and let (Y, &, 7u) be a complete non-Archimedean £-fuzzy normed space (intuitionistic fuzzy normed space) (see
Example 4.4). Define

t 1
vx,y,t)= <17—|—t7 m) .

It is easy to show that (5.2) holds for « = 1 (note that |I| # 1, [ # 0). Also, since

M(X, t) L 71
X, t) = ) ,
1+t 1+t

we have
odt t
lim 7:°° — ) =1 lim 7" —
i T j=nM <x’ |l|’<1> o <m£“oo T j=nM (X’ |1|k1>>

. t ||
= lim lim [ ———,

n— 00 M—00 t-|—|lk|’1 t+|[k|n
=(1,00=1;x, VxeX,t>D0.

Let f : X — Y be a ¥-approximately quadratic mapping. Therefore, all the conditions of Theorem 5.2 hold and so there
exists a unique quadratic mapping Q : X —> Y such that

fu,v(xat)=< ), VxeX, t>0,

t [k
Pttt =002 (7 7w )
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