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SOME REDUCED FREE PRODUCTS OF ABELIAN
C*-ALGEBRAS AND SOME C*-SUBALGEBRA
IN A FREE PRODUCT

JAESEONG HEO AND JEONG HEE KiMm

ABSTRACT. We prove that the reduced free product of k X k matrix al-
gebras over abelian C*-algebras is not the minimal tensor product of
reduced free products of k X k matrix algebras over abelian C*-algebras.
It is shown that the reduced group C*-algebra associated with a group
having the property T of Kazhdan is not isomorphic to a reduced free
product of abelian C*-algebras or the minimal tensor product of such
reduced free products. The infinite tensor product of reduced free prod-
ucts of abelian C*-algebras is not isomorphic to the tensor product of a
nuclear C*-algebra and a reduced free product of abelian C*-algebra. We
discuss the freeness of free product II;-factors and solidity of free prod-
uct II;-factors weaker than that of Ozawa. We show that the freeness in
a free product is related to the existence of Cartan subalgebras in free
product IIj-factors. Finally, we give a free product factor which is not
solid in the weak sense.

1. Introduction

The study of the free probability theory has seen rapid and impressive
progress since it was introduced by Voiculescu in the framework of operator al-
gebras. Free probability theory has turned out to be very powerful in the study
of von Neumann algebras associated with free products of discrete groups, in
particular, of free group factors. In the non-commutative probability theory
there is a notion of the free product of finite von Neumann algebras with spec-
ified traces, for which one has L(G1) * L(G) ~ L(G1 * G3) where L(G) is the
finite von Neumann algebra associated to a discrete group G. In particular,
the reduced free product of C*-algebras is closely related to the free product of
groups via the reduced group C*-algebras. The notion of freeness in operator
algebras can be viewed as an abstract extension of freeness in groups.
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There are many questions about (reduced) free products. One of most basic
questions concerns simplicity of free product C*-algebras or C*-subalgebras
of free product von Neumann algebras. Powers [12] showed that the reduced
group C*-algebra C(G) is simple and has a unique trace when G is the free
group Fy on two generators. This example intrigued the further deep structure
theory for C*-algebras and notably K-theory for C*-algebras. Furthermore, his
method turned out to be a prototype for inferring the simplicity of C*-algebras.
Avitzour [1] introduced a free product of C*-algebras with faithful states and
generalized Powers’ result to free products of C*-algebras. There are also many
questions concerning the basic structure of factors, in particular, of free group
factors. It has recently proved by Ozawa and Popa [10] that @), _, L(F2) is not
s-isomorphic to @, L(F3) if n # m. We will here consider the C*-algebraic
analogue of this result. We refer the survey paper [14] for a detail discussion,
some properties of operator algebras associated to the free groups and related
geometric groups giving rise to algebras with similar properties. See [16, 8] for
more detailed information of free products of C*-algebras.

In this paper we concern with the simplicity, primality and freeness of (re-
duced) free products. We first show that the reduced free product of k x k
matrix algebras over abelian C*-algebras is not the minimal tensor product of
reduced free products of £ x k matrix algebras over abelian C*-algebras and
that they are exact and have stable rank 1. It is shown that the reduced group
C*-algebra associated with a group having the Kazhdan’s property 7' is not
isomorphic to a reduced free product of abelian C*-algebras or the minimal
tensor product of such reduced free products. Furthermore, the infinite tensor
product of reduced free products of abelian C'*-algebras is not isomorphic to the
tensor product of a nuclear C*-algebra and a reduced free product of abelian
C*-algebra. In the third section, we show the simplicity of the C*-algebra gen-
erated by some C*-subalgebra and a Haar unitary in a free product of finite
von Neumann algebras and the uniqueness of a trace. This result has already
been proved by Dykema [4], but we are showing by the different method ex-
tending directly the Powers’ technique. We discuss the freeness of free product
II;-factors and solidity of free product II;-factors weaker than that of Ozawa
[9]. We show that the freeness in a free product is related to the existence of
Cartan subalgebras in free product I1;-factors. Finally, we give a free product
factor which is not solid in the weak sense.

2. On reduced free products of abelian C*-algebras

In this section we investigate the simplicity and stable rank of free products
of abelian C*-algebras. We first would like to remind the definition of reduced
free products of C*-algebras [15]. Let I be an index set and let A, (v € I)
be a unital C*-algebra with a state ¢, whose associated GNS representation
is faithful. The reduced free product of {A,, ¢, : ¢ € I} is the (unique) unital
C*-algebra (A4, ¢) with unital embeddings A, < A such that
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(i) the GNS representation associated with ¢ is faithful on A;
(i) Bla, = i

(iii) {A, : ¢ € I} is free with respect to ¢;

(iv) A is generated by {A, : ¢ € T}.

We denote the reduced free product by (A4, ¢) = *,e1(A,, $,). It is known that
¢ is a trace if ¢, is a trace for each ¢ and that ¢ is faithful if ¢, is faithful for
each ¢.

We now describe Avitzour’s result [1]. Let A and B be unital C*-algebras
with states ¢ and v, respectively. If there are unitaries u,v € ker ¢ and w €
ker ¢ such that ¢(u*v) = 0 and ¢ and ) are invariant under conjugation by u
and w, respectively, then the reduced free product C*-algebra (A * B, ¢ 1)) is
simple. Furthermore, if ¢ and v are tracical states, ¢ % v is a unique tracical
state. Let C[0, 1] be the C*-algebra of all continuous functions on the unit
interval [0,1] and let p be the tracial state on C[0, 1] given by integration with
respect to the Lebesgue measure. We denote by (A, ) the reduced free
product (C[0, 1], p) * - -+ % (C[0, 1], u) of n copies of C[0,1] with respect to the
tracial state p.

Proposition 2.1. For any integer n > 2, the reduced free product (A, pn) is
simple and exact. Moreover, A, has a unique tracial state and stable rank 1.

Proof. To prove this theorem, we will use Avitzour’s result [1] described as
above. To do this, we decomposition (A, pn) as (A1, p1) * (Ap—1, in—1). We
only have to show that Avitzour’s conditions hold. That is, we will show the
existence of unitaries u, v € ker 7 and w € ker p,,—1 such that p (u*v) = 0 and
w1 and i, 1 are invariant under conjugation by u and w, respectively. We take
continuous functions u and v on [0, 1] as follows: u(t) = €2™ and v(t) = e*™.
We can identify A; with the first component of A, ;. Let w € A,_1 be
the image of u in the first component of A, ;. It is not hard to see that
w1 (u) = p1(v) = pp—1(w) = 0 and py(u*v) = 0. Moreover, we have that
p1(u*au) = pi(a) for a € Ay,
tn—1(W*bw) = pp—1(b) for b e A,_1.

By Avitzour’s result, (A, i) is simple and has a unique trace. It follows from
[4] that each A,, has stable rank 1. Exactness also follows from the Dykema’s

result that every reduced amalgamated free product of exact separable C*-
algebras is exact. ([l

Corollary 2.2. For any integer n,m > 2, A, Qmin Am 18 simple and has a
unique trace where the tensor product is spatial.

Proof. The simplicity follows from the fact that the spatial tensor product of
simple C*-algebras is simple. Furthermore, this algebra has a unique trace. [

Popa [11] presented a method of computing the von Neumann algebra gen-
erated by the normalizer of certain subalgebras in some II;-factors. Using this,
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he showed that L(Fg) has no Cartan subalgebras and is not a tensor product
of II;-factors where Fg is a free group with generators in an uncountable set
S. Using Voiculescu’s free entropy theory, Ge [6] has proved that free group
factors L(F,,) (n > 2) are prime, that is, L(F,,) are not isomorphic to the tensor
product of any two factors of type II;. The existence of prime II;-factors was
one of longstanding questions concerning the basic structure of factors. The
following result is motivated by Ge’s result.

Proposition 2.3. For any integer n > 2, A,, is not isomorphic to Ay, @min Aq
(p,q > 1) where the tensor product is spatial.

Proof. If p or ¢ is 1, then A, @min A is not simple, so that A, @min Aq is
not isomorphic to A4,, since each A,, (n > 2) is simple. Suppose that p,q > 2
and that A, is isomorphic to A, ®min Ag for some integer n > 2. We first
note that the tracial state u, is unique for each n > 2. Let m; be the GNS
representation associated with a faithful normalized tracial state uy of Ax (k >
2). Then 7, (Ay)” is isomorphic to the free group factor L(Fy) (k > 2) (see
Theorem 7.9 in [8]). The latter is not the tensor product of any two factors
of type II; (see [6] for the proof). From the uniqueness of the tracial state, it
follows that this isomorphism induces an isomorphism of weak operator closures
such that 7, (A;)"” is isomorphic to the von Neumann algebra tensor product
p(Ap) ' @my(Aq)”. However, this contradicts the fact that L(Fy) (k > 2) is a
prime factor. Thus A, is not isomorphic to A, ®min Aq- O

For each positive integer k, let M} denote the C*-algebra of k x k matrices
over C and let try be the normalized trace on M. Consider the spatial tensor
product C[0, 1]® M, of two C*-algebras C[0, 1] and M}, and we denote by 7 the
tracial state u ® try on C[0,1] ® M). We denote by (B, 7,) the reduced free
product (C[0,1] ® My, 7) -+ x (C[0,1] ® My, 7) of n-copies of the C*-algebra
C[0, 1] ® My, with respect to the tracial state 7 where 7, is obtained by the free
product of n-copies of 7. We will identify the C*-algebra C[0, 1] ® M}, with the
algebra C(]0,1] — M},) of continuous functions from [0, 1] to M.

Corollary 2.4. Let m,n > 2 be positive integers.

(1) (B, 1) is simple and has a unique tracial state.
(2) By, @min B is simple and has a unique trace.
(3) For each integer ¢ > 2, By is not isomorphic to By, @min Bn.

Moreover, each B,, has stable rank 1 and is exact.
Proof. To prove (1), we first decompose (B, Tn) as (B1,7) * (Bp—1,Th—1). We
define two functions f and g in C([0,1] — M) as follows:

f(t) = diag(e*™, ..., e*™ ) and g(t) = diag(e?™, ..., ™),

that is, f(t) and g(t) are diagonal k x k matrices with entries 2™ and e*™,

respectively. Identifying By with the first factor of B, _1, we let h € B,,_1 be
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the image of f in the first factor of B,,_1. It is not hard to see that 7(f) =
7(9) = Th—1(h) = 0 and 7(f*g) = 0. Moreover, we have that

7(f*bf) =7(b) for b e By,
Tn—1(h*ch) = 7,—1(c) for c € B, _1.

Hence (B,,, 7,) is simple and has a unique trace.

(2) It follows from (1) and the simplicity of the spatial tensor product of
simple C*-algebras.

(3) We still denote by p the tracial state on L°°[0, 1] induced by the Lebesgue
integration and also denote by 7 the trace p ® try on L*°[0,1] ® My. Since
the free product My (L>[0,1]) -+ x My (L>°[0,1]) of n copies of My (L>[0,1])
with respect to the trace 7 is isomorphic to L(F,,), the result follows from the
uniqueness of the trace and the primality of the free group factors. By the
Dykema’s results [4], the remains are true. O

In Corollary 2.4, we showed that each B, (¢ > 2) is not isomorphic to tensor
products of two or more of B,,’s. It follows from [10] that minimal tensor
products of different lengths are non-isomorphic like the case of free group
factors. In particular, the spatial tensor product @} _, By, is not isomorphic to
the spatial tensor product @7_, B, if p # q. A countable group G is said to
have the Kazhdan’s property T if the trivial representation 14 is isolated in the
set of all irreducible representations of G. Connes [2] proved that the group von
Neumann algebra L(G) has a countable discrete outer automorphism group if
G is a countable discrete i.c.c. group with the Kazhdan’s property T. Connes
and Jones have defined property T for a finite von Neumann algebra. They [3]
proved that a countable i.c.c. group has the Kazhdan’s property 7' if and only
if the corresponding group von Neumann algebra L(G) has property T'.

Theorem 2.5. Let G be a countable group with the Kazhdan’s property T’. The
reduced group C*-algebra C}(G) is not isomorphic to An, ®@min *** Omin An,
or Bp, ®@min * ** @min Bn,, for n; > 1 and k > 1. In particular, C:(G) can not
be expressed by the minimal tensor product of C*(F,) (n > 2) together with
C*-algebra with a unique normalized trace.

Proof. Note first that the outer automorphism group of a free product of fi-
nite von Neumann algebras is very large, at least, uncountable (see Proposi-
tion 3.5 in [7]). Since my,,(Ay,)” and m,,(By,)” have uncountable outer au-
tomorphism groups, C}(G) is not isomorphic to A, ®min *** Omin An, Or
By, @min * * * ©min Br,,- To show the second part, note that the free group factor
L(F,,) is isomorphic to a free product of n copies of L>([0,1]) with the trace
given by the Lebesgue integration. It is known that the automorphism group
of L*°([0,1]) is uncountable, in particular, non-trivial automorphisms are all
outer, so that the outer automorphism group of L(F,) is uncountable (see [7]
for the detailed proof). However, the outer automorphism group Out(L(G))
of L(G) is countable. Hence we get the conclusion, that is, C)(G) is not the
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minimal tensor product of C}(F,) (n > 2) together with C*-algebra with a
unique normalized trace. (I

In fact, we can see that the C*-algebra C}(G) in Theorem 2.5 is not isomor-
phic to the reduced free product of C*-algebras with unique faithful normalized
traces. Let I be the group of all finite permutations of positive integers N, that
is, an element g € Il is a one-to-one mapping of N onto itself which leaves all but
a finite number of positive integers fixed. Then we can see that A, ®min C; (II)
and A, are not isomorphic (p,¢ > 1).

Let 2 be the infinite C*-minimal tensor product @,—, Ao (see [13] for in-
finite tensor products) where Ay = A,, for some fixed n > 2 where A, is as
in Proposition 2.1. Let pioo be the infinite product tracial state Q- ¢o on
A with ¢9 = py,. Similarly, let B be the infinite C*-minimal tensor product
Qe Bo with By = B, (n > 2) and 7., the infinite product tracial state.

Proposition 2.6. Let n > 2 be a positive integer. The infinite C*-minimal
tensor product 2 (respectively, B) is not isomorphic to the tensor product
Ay @min CF (1) (respectively, By, @min C(11)).

Proof. Since the proof for 2 is similar to one for B, we will only show the
case for 2. Suppose that 2 is isomorphic to A, ®min CH(II). Let my be
the GNS representation associated with a faithful tracial state pus, and let 7
be a normalized faithful trace on C*(II). Denote by 7 (respectively, m2) the
GNS representation associated with faithful normalized traces p,, (respectively,
7) on A, (respectively, C(II)). From the uniqueness of the tracial states, it
follows that this isomorphism induces an isomorphism of weak operator closures
such that mo ()" is isomorphic to the von Neumann algebra tensor product
71 (Ap)'®@ma(CH(I1))”. We know that the former is isomorphic to the W*-
infinite tensor product ®;021L(Fn), but the latter is isomorphic to L(F,,)@R
where R is the hyperfinite II;-factor. However, ®:‘;1L(Fn) and L(F,)®R are
not isomorphic [10] since while the former is asymptotically abelian, the latter

is not. Therefore, 2 is not isomorphic to A, @min C(II). O

3. On simplicity and freeness of free product factors

When we study free products of C*-algebras and von Neumann algebras,
the first thing we want to understand is the freeness in the free product. In
this section we will discuss the freeness in free product factors. Before the
discussion, we will give an elementary proof of Dykema result [4] of free product
of C'*-algebras. The following proposition may be known, but we do not know
a reference.

Proposition 3.1. Suppose that F1 and Fy are subsets of finite von Neumann
algebras My and Ma, respectively, such that Fy U {I} and Fy U {I} are or-
thogonal (or orthonormal) bases for L?(My,11) and L*(Ma,13), respectively.
Then (Fy+F2)U{I} is an orthogonal (or orthonormal) basis of L*(My* Ma,T)

where T = Ty * Ty.
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Proof. We first show that (F; * F2) U {I} is an orthogonal subset of L?(M; *
My, 7). For any two elements = and y in F; * Fa, suppose that © = z129 -+ - @,
and y = y1y2 - - - yn With z; and y; in 1 UF,. Since elements in F; and F> are
orthogonal to I, we have that
T(z;) =7(y;) =0 fori=1,...,mandj=1,...,n.

Hence we obtain that (x,I) = 7(x) = 0, which implies that F;*F3 is orthogonal
to I. We want to show that (z,y) = 0 for  # y. Without loss of generality,
we may assume that x1 € F;. If 1 # vy, then either y; lies in F7, or in Fs.
In the first case, z; and y; lie in F; and thus are orthogonal in L?(M;y, 1),
that is, 7(yiz1) = (z1,y1) = 0. By the definition of F; * F», we know that xo
and yo lie in Fo (€ Mg). Then y*z =y - y3(yix1)z2 - - - Ty is & monomial
of length n 4+ m — 1. In the other case (when y; € F3) y*x is also a monomial
of length n + m, so that (z,y) = 7(y*z) = 0.

If 1 = 1, then there is k& > 1 such that z; = y; for 1 < j < k and
Tkt1 7 Ykt1- Since x # y, we may assume that n > m and n > k. Then xy41
and yx11 belong to the same set Fy or 7, and 7(yj 1 Zr+1) = 0. Now we have
that

(,y) =7(y"z) = 7(yp - Y2yi 2122 -~ )
— (- yiai o — T(eie) Day ke 1)
+ 7(@I2)T (Y Y Tk T3 T2 TRk D)

= T(mikxl)fr(y; e yz+lxz e 1’;1’2 BN % ) R I xm)

= 1(ziw1) - T(TRTR)T (Y, - 'yZ+1ﬂfk+1 S Tm)

= T(xiwy) - T(@pzr) T Yk o Yk 1Tk 1) Tha2 - T

Therefore, x is orthogonal to y. From the above computation, we see that if
T(zfz;) =1, then

T(z*x) = T(aizy) - T2 @m) = 1.

Thus when F; and F> consist of unit vectors, then so does Fi * Fs.

Now we show that the linear span of (F; * Fo) U {I} is dense in L?(M; *
Moy, 7). To see this, we only need to show that finite linear combinations of
elements in (F; * F2) U{I} approximate any monomial 2125 - - - z,, in My * Mo
arbitrarily close in the trace norm. This follows from the inequality

[ABCll2 < [A[llIB]l2lIC|l

and the assumption that F; U {I} and F2 U {I} are orthogonal bases where
| B2 = 7(B*B)* means the trace norm of B. O

Given a finite von Neumann algebra M with a finite faithful trace 7, a Haar
unitary (with respect to 7) is a unitary, u € M, such that 7(u™) = 0 for every
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non-zero integer n. If w is a Haar unitary in a x-probability space, then the
normalized Lebesgue measure on the circle serves as a *-distribution for w.

Let M7 and M5 be finite von Neumann algebras with finite faithful traces
71 and 7y, respectively. Let A be a unital separable C*-subalgebra of M; which
is ultraweakly dense in Mj and contains a Haar unitary u. Let v be a Haar
unitary in Moy with respect to 7. We denote by 2 the C*-subalgebra in the
free product (M * Mo, 7) generated by A and v where 7 is the trace given as
in Proposition 3.1. We define sets F; (i = 1,2) as follows:

Fr={v™av™ - apv™ :a; € A with 7(a;) =0, k> 1 and
ny £0 (1<) <k—1)}
Fo={v":neZ\{0}}.
Note that ng and ny may be zero. Let Fo = Fy U Fp and F = Fo U {I}. We
denote still by 7 the restriction of the trace on My x My to . All finite linear

combinations of elements in F, denoted by CF, form a norm dense *-subalgebra
of A. The length ¢(x) of an element x in F is defined by

Inol + - - + |n| if x = v™0aiv™ ... qpU™t
l(x) = .
0 ife=1.

The following theorem which extends Powers’ result to a free product of
finite von Neumann algebras are the same as that of Dykema [4], but we will
give a proof by a direct variation on Powers’ proof for the reduced C*-algebra
of non-abelian free groups.

Theorem 3.2. Let A be a C*-subalgebra in My x My generated by A and v
where My, Mo, A and v are same as above. Then the C*-algebra 2 is simple
and has a unique trace.

Proof. Suppose that J is a non-zero two-sided ideal in . We can choose a non-
zero positive element = in J with 7(z) # 0. Multiplying « by some constant
A € C if necessary, we may assume that 7(z) = 1. From the Kaplansky’s
density theorem, we know that for any € > 0 there is a self-adjoint element y
in CF such that

le =yl < e and [ly] < ]

We also assume that 7(y) = 1 so that we can write

y:I—I—Z)\jyj for some \j e Cand y; € Fo (j=1,...,n)
j=1

since traces of all elements in Fq are zero.
Let mg — 1 be the maximum of lengths of ¥, ..., y,, that is,

mo — 1 =max{l(y;) : 1 <j <n}.

Then the elements v=""°y;v™° begin and end with a nonzero power of v for all
j=1,...,n. Let C be the set of elements in Fy which begins by v™° (followed
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by a non-trivial element in A, or by nothing at all) and let D = F—C. Then we
see that C and D are orthogonal. From above argument, we also see that y,C
and C are orthogonal for each j =1,...,n. Since D = F — C, one can see that
uv™™ D and u/v ™™D are orthogonal whenever i # j. Since A is ultraweakly
dense in My, we have that L?(2,7) = L>(My x {v}", 1)
Let K be the closed subspace spanned by D and P the projection from
L?(,7) onto K. For each positive integer j, we define w; and Q; by
w; = wo™™ and Q; = ijwj*l.

Since w; D and w;D are orthogonal for ¢ # j, we see that Q1,Q2, ... are pairwise
orthogonal projections. Moreover, y;C and C are also orthogonal. Hence we
have that

(I-Py,I-P)=0 forj=1,...,n
It follows from the definition of @; that I — P = w;l(I — Q;)w;. Since
(I-P)y;(I-P)=0 foreachl<j<mn,
we obtain that (I — P)(E 1Ay5)(I — P) = 0. Therefore, we get the equality

0=(1-Quw (ZAM> NI - Q).

Now we prove that the inequality
n

1) i (Z )y

iYi

holds for each positive integer k > 1. If £ € L?(2,7) is a unit vector, we have
that

IN
T =
™

INA
e
(]~
M
/\
N
@
<

(Z Azyz) NI - @Q)), £>|

<(I Q) (Z/M%)w_ngé £> <ijj(i§j;w)w;1&£>|}

=1
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(I - Qj)w (ZM%) wj(ZAiyi)w !
i—1

1Qs€1l +

IN
T =
—

IIQjEII}

AN
T =
M»

Z&yz (le;éll + 11Q5¢l)
Jj=1]li=1
9 n
ST ;Aiyi

Since y is a self-adjoint element, y—I = Y | A\;y; is also a self-adjoint element
in CF. Hence get the inequality (1).
Next we will show that

1 k
(2) EZ ; \F||x|| te

for each integer £ > 1. Using the triangle inequality, we have

1 -1
I— T E wiTw;
Jj=1
1< 1& 1
Z —1 j : 2 : -1
: I_%J:leywy ! %jﬂwyng _Ejzlw]ij

iYi

< 2| +
— | €.
~Vk

By the inequality (2) we have the inequality

?ﬂH

k
Z -71 <1 for sufficiently large k.

This inequality implies that b = %Z;?:l wjij_l is invertible in 2. However,
the element = belongs to J and J is a two-sided ideal, so that b lies in J.
Since the ideal J contains an invertible element, the closed ideal J contains 2.
Therefore, the C*-algebra 2 is simple.

To show that 2 has a unique trace, let 7/ be any normalized trace on 2I.

Suppose that z € 2 and € > 0 are given. Then it follows from the above proof
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that there are unitaries w; € F and A\; € C (j =1,...,n) with 3, A; = 1 such
that

< €.

n
T(x)I — Z Ajw;rw;
j=1
Hence, we have that

7' (7(2) ] — Z Ajwjrw;)
j=1

7(z) — Z AT (wjzwy)
j=1

=|r(z) — 7' (2)| < e

Since € > 0 is arbitrary, we have that 7(z) = 7/(z) for every x € 2. Hence 2
has a unique trace. ([

Suppose that M is a finite von Neumann algebra with a faithful normal trace
7. Let Aut(M) denote the group of the trace preserving x-automorphisms of
M and Int(M) the group of inner automorphisms of M. Let Out(M) be the
quotient Aut(M)/Int(M). When M is a factor of type II;, there is a unique
normalized trace on M and all *-automorphisms always preserve the trace.
The following proposition shows that any pair of automorphisms on finite von
Neumann algebras M7 and M implement in a natural way an automorphism
on the free product M; * Ms. It may be well-known, but we cannot find a
reference so that we give a more detailed proof for the convenience of a reader.

Proposition 3.3. Let M7 and My be finite von Neumann algebras with nor-
malized faithful normal traces 71 and T2, respectively. For any oy in Aut(M;)
and as in Aut(Ms), there is a unique trace preserving *-automorphism, de-
noted by oy * asz, of the free product My * Mo such that ay * ag|ym, = @1 and
Q * 042|M2 = Q3.
Proof. We define a mapping « of the algebraic free product M %, Msy into
My x4 Ma by

al) =T and a(z129- - Tpn) = a4y (T1) i, (22) -+ 0y, (Tn),
where z1x5 - - x, is a monomial in the algebraic free product M *, My such
that z; € My, i1 # 2 # -+ # i and i; € {1,2}. Extend linearly to
the algebraic free product Mj %, Ms. Since a; and «as are trace preserving
automorphisms, the mapping « is also trace preserving on Mj *, My and maps
M1 x4 Mg onto ag (M) x4 ae(Mz) (= My x4 M).

Moreover, we have that for any monomial xxs - - -z, in M7 %, Mo,
a((r1z2- - 20)") = alzy, - 2327)
= i, (27,) - iy (23) s, (7)
=, (xn)" - gy (32) v, (21)"
= (i, (w1) iy (2) - -~ i, (#n))"

= a(r1m2 - xn)".
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It is a routine calculation to see that a(zy) = a(x)a(y) for z and y in My x, Mo
and that « is one-to-one. Thus « is a trace preserving *-automorphism of M1 %,
M. Because the algebraic free product M x, My is dense in L?(M; * My, 7)
where 7 = 71 % 79, a extends to a unitary operator u on the Hilbert space
L?(Mj * Mg, 7) and u* is the extension of o=t (on Mj *, M3).

For any x in My * Mo, let ay s () be uzu*. Then g *as is an ultraweakly
continuous #-isomorphism of the free product My * Ms onto u(M;y * Ma)u*.
Let & be the unit vector corresponding to I in Mj x M. Since 7 is the vector
state induced by £ and u(§) = &, we see that a; * ag preserves the trace 7. For
any x1 in My, we want to show that a; * as(z1) = ay(z1). For any element x
in My x, My (C L2(M; * Ma, 7)), we know that a~1(x) and so x1a~1(z) lie
in My %, My. Using the property that « is an automorphism, we have that

oy * ag(z1)(2) = uriu* (z) = uzi (o (z))
= u(z1a” (z)) = a(zia”!(2))
— afw1)(@) = o (@1) (@).
Similarly, we have that a; * as|pm, = aa. We know that Mj * My is generated
by M; and M5 as a von Neumann algebra, so that an ultraweakly continuous

automorphism of My * My is determined by its restrictions on M; and M.
Hence the uniqueness of o * as follows. [l

If either a;; or s is not an identity automorphism, then we can see that
Q1 * o is an outer automorphism on M * Ms. More precisely, there is an
embedding of the direct product Aut(M;) x Aut(Myz) into Out(M; * My)
induced by the free product of automorphisms defined in Proposition 3.3 (see
[7] for more details). To discuss the freeness in a free product of von Neumann
algebra, we consider the given questions in the beginning of this section: for
any abelian von Neumann subalgebra A of a free product II;-factor M, is there
a projection P (# 0,I) in M such that A and P are free? Here free means
that the von Neumann subalgebra generated by A and P is *-isomorphic to
the free product of A and the algebra generated by P and I. It is proved by
Voiculescu that L(F,,) (n =2,3,...,00) doesn’t have Cartan subalgebras. We
need a lemma which was proved in [7] to prove Theorem 3.5.

Lemma 3.4 ([7]). Suppose that My and Ms are finite von Neumann algebras
with faithful normal traces T and 19, respectively. If A is a non-atomic abelian
von Neumann subalgebra of M1 and w is a unitary operator of the free product
M1 x My such that wAw* is contained in My, then w is in M.

The following theorem shows that the above question about freeness in a
free product is related to the existence of Cartan subalgebras in free product
II;-factors.

Theorem 3.5. If for any abelian von Neumann subalgebra A in a free product
II; -factor M there is a projection P (# 0,1) in M such that A and P are free,
then M does not have any Cartan subalgebra.
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Proof. Let A be a maximal abelian von Neumann subalgebra of M. By the
assumption, there is a non-trivial projection P (# 0,I) in M such that A
and P are free. By Lemma 3.4, we know that the normalizer of A in the von
Neumann subalgebra generated by A and P is contained in A. Thus A can
not be a Cartan subalgebra of the von Neumann algebra generated by A and
P. Since any Cartan subalgebra of a von Neumann algebra is also Cartan in
any subalgebra containing it, A can not be a Cartan subalgebra of M. This
completes the proof. O

A von Neumann algebra M is solid if for any diffuse von Neumann subal-
gebra A in M, the relative commutant A’ N M is injective. Ozawa [9] proved
that the hyperbolic group von Neumann algebra is solid, which is related to
the primality of the free group factor. In particular, the free group factor is
solid. Thus, we can ask the similar question for free product II;-factors: For
any non-atomic injective subalgebra B of a free product 11y-factor M, is the
relative commutant of B in M always injective? This is weaker than the solid-
ity of a von Neumann algebra. Here we would like to answer this question in
the negative. A counterexample is directly obtained from Theorem 5.2 in [5].
For the convenience of a reader, we will give the example.

Suppose that the group G is the direct product of an i.c.c. (infinite conjugacy
classes) amenable countable discrete group H with a countable discrete group
G1. Then L(H) is the hyperfinite II;-factor and we denote it by Ro which is
generated by two unitary generators Us, Va with the relation Us Vs = €27 V5 U,
Let M1 = R % L(G) where R; is generated by unitary generators Uy, Vi with
UiVi = ™V U,. If we choose # such that 26’ = 6, then the mapping o
given by a(U;) = Uy and a(V;) = Vi# determines an isomorphism of R; into
Rsy. Let N = M3(C) ® M; and let R be the subalgebra of A/ consisting of all
elements (§ a(OI)) for x € R1. We denote by M the free product of A" and N}
where N is any type II;-factor. By Corollary 3.2 in [7], R’ N M is contained
in NV, so that ' " M = R’ N N. The relative commutant of R in M is not
injective if G is not amenable. Hence we obtain that M has a non-atomic
injective subalgebra R with a non-injective relative commutant R' N M if G4
is not amenable.
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