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We use the evolution operator method to find the one-loop effective action of scalar and spinor QED in

electric field backgrounds in terms of the Bogoliubov coefficient between the ingoing and the outgoing

vacua. We obtain the exact one-loop effective action for a Sauter-type electric field, E0sech
2ðt=�Þ, and

show that the imaginary part correctly yields the vacuum persistence. The renormalized effective action

shows the general relation between the vacuum persistence and the total mean number of created pairs for

the constant and the Sauter-type electric field.
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I. INTRODUCTION

More than seven decades ago, Sauter, Heisenberg, and
Euler, and Weisskopf studied the effective action of a
charged particle in a constant electromagnetic field [1].
Using the proper time method, Schwinger systematically
derived the effective action in a gauge invariant form in a
constant electromagnetic field [2]. There have been since
then many attempts to find the effective actions in various
configurations of electromagnetic fields (for a review, see
Ref. [3]). The recent revival of the effective action in strong
electromagnetic fields is partly due to a direct test of the
strong QED in terrestrial experiments in the near future [4]
and partly due to applications to astrophysical objects with
strong electromagnetic fields beyond the critical strength.

In contrast to constant electromagnetic fields, finding the
effective action in inhomogeneous electromagnetic fields
is a nontrivial task. There have been recent attempts to find
the pair-production rate in inhomogeneous electric fields,
in particular, in localized electric fields either in space or
time [5–11]. A key idea is the electric-magnetic duality of
the QED effective action [12], according to which the
effective action for a constant magnetic field can be ana-
lytically continued to that for a constant electric field.
Though a Landau level in a constant magnetic field is
dual to the tunneling motion in a constant electric field
[13], in the real spacetime a particle accelerates by an
electric field, whose unbounded motion makes nontrivial
the task of finding the effective action from the time-
dependent state. Dunne and Hall used the resolvent tech-
nique and directly found the effective action in time-
dependent electric fields [14] and Fried and Woodard
found the effective action for electric fields that depend
on the light cone time coordinate [15].

Recently, two of us (S. K. P. and H.K. L.) applied the
evolution operator method to find the effective action of
scalar QED in a constant electric field [16]. In this method
the ingoing vacuum evolves to the outgoing vacuum via the
evolution operator. The evolution operator is given by a
phase part and a squeeze operator, whose parameters are
determined by Bogoliubov coefficients. The effective ac-
tion is then defined through the scattering amplitude be-
tween the ingoing and the outgoing vacua [17–23]. The
renormalized effective action for a constant electric field,
given by a Bogoliubov coefficient for each momentum,
correctly yields not only the vacuum polarization but also
the vacuum persistence [16,18,20–23]. However, it is still
an open question whether the renormalized effective action
for a time-dependent electric field or an inhomogeneous
electric field can satisfy the general relation between the
vacuum persistence and the total mean number of created
pairs.
The main purpose of this paper is to further develop the

evolution operator method in scalar QED, first by clarify-
ing the renormalization procedure in a constant electric
field and then by applying it to time-dependent electric
fields. In particular, we find the exact one-loop effective
action for the Sauter-type electric field, E0sech

2ðt=�Þ, to-
gether with or without a constant magnetic field. Finally,
we extend the evolution operator method to spinor QED
and find the exact one-loop effective action in the Sauter-
type electric field. It is found that our effective action in
spinor QED under the Sauter-type electric field shows the
correct limiting behaviors, in comparison with the effective
action obtained by the resolvent technique [14]. It is further
shown that the imaginary parts of the effective action in
scalar and spinor QED satisfy the general relations be-
tween the vacuum persistence and the total mean number
of created scalar particles and fermions.
The organization of this paper is as follows. In Sec. II,

we elaborate the evolution operator method for scalar QED
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by clarifying the renormalization procedure and then ex-
tend it to spinor QED. This is done by expressing the
Bogoliubov transformation in terms of the evolution op-
erator and then the evolution operator by a two-mode
squeeze operator. We find the mean number of created
pairs and the vacuum persistence in terms of squeeze
parameters, which are, in turn, determined by the
Bogoliubov coefficients, and finally obtain the effective
action in scalar and spinor QED. In Sec. III, we apply the
method to a constant electric field and clarify the renor-
malization procedure in scalar and spinor QED. In Sec. IV,
we find the exact one-loop effective action for a Sauter-
type electric field together with or without a constant
magnetic field in scalar and spinor QED, which is the
main result of this paper.

II. EFFECTIVE ACTION IN ELECTRIC FIELDS

The effective action of a charged particle has been
studied in various configurations of magnetic fields. The
charged particle in a magnetic field has a discrete spectrum
from bounded motions, leading to the effective action.
However, in a strong electric field, a virtual pair from the
Dirac sea gains a sufficient potential energy to separate
over the Compton wavelength and to materialize as a real
pair. In the time-dependent gauge, the electric field pro-
vides a potential barrier, over which the charged particle
scatters from an ingoing state to an outgoing one. To find
the effective action in electric fields is not straightforward
because unbounded motions cause instability of the vac-
uum. In this section we shall introduce a new method to
calculate the effective action at zero temperature using the
evolution operator, which can be factored into a phase
factor and a squeeze operator.

In the time-dependent gauge, a time-dependent electric
field along the z-direction is given by EðtÞ ¼ �@AzðtÞ=@t.
The Fourier component of the Klein-Gordon equation for
scalar QED and the spin diagonal component of the Dirac
equation for spinor QED satisfy [in units with @ ¼ c ¼ 1
and with metric signature ðþ;�;�;�Þ]

½@2t þm2 þk2
? þ ðkz þ qAzðtÞÞ2 þ 2i�qEðtÞ��k�ðtÞ ¼ 0;

(1)

where � ¼ 0 for scalar particles and � ¼ �1=2 for
spin-1=2 fermions.

A. Scalar QED

1. Evolution operator in terms of squeeze operator

The ingoing vacuum is annihilated by akðtin ¼ �1Þ for
particle and bkðtin ¼ �1Þ for antiparticle for each mo-
mentum, and the outgoing vacuum is similarly defined by
akðtout ¼ 1Þ and bkðtout ¼ 1Þ. These operators are related
through the Bogoliubov transformation [24]

ak;in ¼ ��
kak;out � ��

kb
y
k;out;

bk;in ¼ ��
kbk;out � ��

ka
y
k;out;

(2)

where

�k ¼ ið��
kðtoutÞ _�kðtinÞ � _��

kðtoutÞ�kðtinÞÞ;
�k ¼ ið��

kðtoutÞ _��
kðtinÞ � _��

kðtoutÞ��
kðtinÞÞ

(3)

with the Wronskian condition, _��
kðtÞ�kðtÞ �

_�kðtÞ��
kðtÞ ¼ i. These coefficients satisfy the relation

j�kj2 � j�kj2 ¼ 1: (4)

The inverse Bogoliubov transformation is

ak;out ¼ �kak;in þ ��
kb

y
k;in;

bk;out ¼ �kbk;in þ ��
ka

y
k;in:

(5)

The Bogoliubov coefficients �k and �k implicitly depend
on the gauge potential Az through Eq. (1), so they will be
denoted by �kðAÞ and �kðAÞ. For a constant electric field
in Sec. III and a Sauter-type electric field in Sec. IV, the
coefficients directly found from the exact solution are free
of the dynamical phases of evolution. However, a caveat is
that the dynamical phase of Eq. (3) should be removed in
the effective action to account only interactions with the
electric field background. For instance, even a free scalar
field for Az ¼ 0 with the solution ’k ¼ e�i!kt=

ffiffiffiffiffiffiffiffiffi
2!k

p
,

ð!k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
Þ, has a dynamical phase given by

�kðA ¼ 0Þ ¼ e
i
R

tout
tin

!kdt
; (6)

and �k ¼ 0. Thus, the Bogoliubov coefficients in Eq. (3)
carry the information of both the dynamical phase and the
gauge potential.
To express the outgoing vacuum as multiparticle states

of the ingoing vacuum, we write the Bogoliubov trans-
formation (5) as a unitary transformation

ak;out ¼ Ukak;inU
y
k; bk;out ¼ Ukbk;inU

y
k: (7)

Here, the evolution operator,

UkðAÞ ¼ SkðAÞPkðAÞ; (8)

is factored by the overall phase factor and the two-mode
squeeze operator [25,26]

Pk ¼ exp½i�kðayk;inak;in þ byk;inbk;in þ 1Þ�;
Sk ¼ exp½rkðak;inbk;ine�2i#k � ayk;inb

y
k;ine

2i#kÞ�;
(9)

where the squeeze parameter rk, the squeeze angle #k, and
the overall phase angle �k are determined by

�k ¼ e�i�k coshrk; ��
k ¼ �e�i�kðe2i#k sinhrkÞ:

(10)

As the outgoing vacuum is the two-mode squeezed vacuum
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j0; outi ¼ Y
k

UkðAÞj0; ini ¼ UðAÞj0; ini; (11)

the scattering amplitude is given by

h0; outj0; ini ¼ h0; injUyj0; ini ¼ Y
k

ei�kh0; injSykj0; ini:

(12)

The squeeze operator can further be factored as [26]

Sk ¼ exp½�ka
y
k;inb

y
k;in�exp

�
�k

2
ðayk;inak;inþbyk;inbk;inþ 1Þ

�
� exp½���

kak;inbk;in�; (13)

where

�k ¼ �e2i#k tanhrk;

�k ¼ lnð1� j�kj2Þ ¼ �2 lnðcoshrkÞ:
(14)

2. Mean number of pairs and vacuum persistence

Using the squeeze operator, we now find the vacuum
persistence and the mean number of created pairs. Because
of charge neutrality, the multiparticle state for n-pairs
consists of equal number of particles and antiparticles,

which is compactly denoted as jnk; ti ¼ ðaynk ðtÞ= ffiffiffiffiffi
n!

p Þ�
ðbynk ðtÞ= ffiffiffiffiffi

n!
p Þj0; ti. The probability for n-pairs with mo-

mentum k to be created from the vacuum is

PnðkÞ ¼ jhnk; outj0; inij2 ¼ jhnk; injSykj0; inij2
¼ e�k j�kj2n: (15)

Note that P0 ¼ e�k and P1 ¼ e�k j�kj2 so that Pn ¼
P0ðP1=P0Þn and

P1
n¼0 Pn ¼ 1 for each k. Thus, the

mean number of pairs created from the vacuum for each
momentum per unit volume is

N k ¼ X1
n¼0

nPnðkÞ ¼ sinh2rk ¼ j�kj2: (16)

The vacuum persistence is

jh0; outj0; inij2 ¼ Y
k

P0ðkÞ ¼
Y
k

1

cosh2rk
¼ Y

k

1

j�kj2
:

(17)

Alternatively, the vacuum persistence is the probability for
the ingoing vacuum to remain the outgoing vacuum

jh0; outj0; inij2 ¼ Y
k

�
1� X1

n¼1

PnðkÞ
�
¼ Y

k

1

cosh2rk
:

(18)

3. Effective action

Following Refs. [16–23], the effective action at zero
temperature is defined by the scattering amplitude as

eiS
sc
eff ¼ ei

R
dtd3xLsc

eff ¼ h0; outj0; ini: (19)

In fact, the effective action is equivalent to the usual form

eiS
sc
eff ¼

Z
D��D�ei

R
LscðAÞ: (20)

After a gymnastic of algebra, the effective action is given
by

h0; outj0; ini ¼ Y
k

1

��
k

: (21)

The effective action may be found directly from the in-
going and the outgoing vacuum wave functional, for in-
stance, from the ground state for ak and bk,

h0k; outj0k; ini ¼
�
’�

kðtinÞ’kðtoutÞ
j’�

kðtinÞ’kðtoutÞj
�

1

��
k

: (22)

Here, the dynamical phase in the square bracket, which is,

for instance, e
�i
R

tout
tin

!kdt
for A ¼ 0, is canceled by that of

��
k, so the effective action (22) is independent of the

dynamical phase, as in Eq. (21).
Finally, we find the effective action per unit volume

L sc
eff ¼ i

X
k

lnð��
kÞ; (23)

where the summation is over all possible states in the
momentum space. It can be shown that the vacuum persis-
tence

jh0; outj0; inij2 ¼ e�2ðImSsc
eff
Þ ¼ e

�V
P
k

lnð1þN sc
k
Þ
; (24)

where V is the volume, leads to the exact relation between
the imaginary part and the total mean number of created
scalar pairs

2ðImLsc
effÞ ¼

X
k

lnð1þN sc
k Þ: (25)

The relation (25) is generally true for any electric field
background. In the weak-field limit, ðj�kj2 � 1Þ, twice the
imaginary part of the effective action per unit volume is the
total mean number of created pairs, 2ðImLsc

effÞ �P
kN

sc
k ¼ N sc.

However, it should be pointed out that the effective
action (23) and thereby the general relation (25) involve
diverging terms, which require some proper regularization
scheme to yield renormalized ones. In this paper we shall
show that the renormalized effective action in scalar QED
indeed satisfies the general relation (25) for a constant and
a Sauter-type time-dependent electric field.

B. Spinor QED

In spinor QED, the Bogoliubov transformation between
the ingoing and the outgoing particle and antiparticle
operators, bn, dn, is given by
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bn;out ¼ �nbn;in þ i��
nd

y
n;in;

dn;out ¼ �ndn;in � i��
nb

y
n;in;

(26)

where n ¼ ðk; �Þ denotes the momentum and spin states,
� ¼ �1=2. The Bogoliubov coefficients satisfy the rela-
tion

j�nj2 þ j�nj2 ¼ 1: (27)

The Bogoliubov transformation can be written as a unitary
transformation [27]

bn;out ¼ Unbn;inU
y
n ; dn;out ¼ Undn;inU

y
n ; (28)

where the evolution operator is factored into the overall
phase factor and the two-mode squeeze operator for fer-
mions as

Un ¼ e�nb
y
n;in

dy
n;ineð�n=2þi�nÞðbyn;inbn;inþdy

n;in
dn;in�1Þee2i�n ��nbn;indn;in :

(29)

The Bogoliubov coefficients are determined by three real
parameters �n, #n, rn for the evolution operator as follows:

�n ¼ e�i�n cosrn; ��
n ¼ �e�i�nðe2i#n sinrnÞ;

�n ¼ �2 lnðcosrnÞ; �n ¼ ie2i#n tanrn:
(30)

The effective action defined as the scattering amplitude,

eiS
sp
eff ¼ h0; injY

n

Uy
n j0; ini; (31)

leads, with the aid of Eq. (29), to the effective action per
unit volume for spinor QED in the form

L sp
eff ¼ �i

X
n

lnð��
nÞ; (32)

where the summation n is over all possible momentum k
and spin �. The mean number of pairs created from the
vacuum for each state n is calculated as

N sp
n ¼ jh1n; outj0; inij2 ¼ sin2rn ¼ 1� j�nj2: (33)

Therefore, the vacuum persistence

jh0; outj0; inij2 ¼ e�2ðImSsp
eff
Þ ¼ e

V
P
n

lnð1�N sp
n Þ
; (34)

where V is the volume, leads to the exact relation between
the imaginary part and the total mean number of created
pairs

2ðImLsp
effÞ ¼ �X

n

lnð1�N sp
n Þ: (35)

The relation (35) is generally true for any electric field
background in spinor QED.

As in the case of scalar QED, the spinor effective action
(32) and the general relation (35) are not renormalized yet.
In the next sections we shall put forth a regularization
scheme, obtain the renormalized effective action, and
show the general relation (35).

III. EFFECTIVE ACTION IN A CONSTANT
ELECTRIC FIELD

As the first application of the method in Sec. II, we find
the effective action for a constant electric field. In the time-
dependent gauge Az ¼ �Et, the Fourier-component of the
Klein-Gordon or the spin diagonal Dirac equation takes the
form

½@2t þm2 þ k2
? þ ðkz � qEtÞ2 þ 2i�qE��!;kðtÞ ¼ 0;

(36)

where � ¼ 0 for scalar QED and � ¼ �1=2 for spinor
QED. The equation describes the scattering problem over
an inverted harmonic potential. The asymptotic ingoing
and the outgoing vacuum may be defined with respect to
the asymptotically positive frequency at t ¼ �1 andþ1,
respectively. A positive frequency solution at t ¼ �1 is,
in general, scattered into a branch of positive frequency
and another branch of negative frequency at t ¼ 1. The
solution of the parabolic cylinder function

�!;kðtÞ ¼ DpðzÞ; (37)

with

z ¼
ffiffiffiffiffiffiffi
2

qE

s
ei	=4ðkz � qEtÞ;

p ¼ � 1

2
� i

m2 þ k2
? þ 2i�qE

2ðqEÞ ;

(38)

has an appropriate ingoing flux at t ¼ �1 with respect to

the asymptotic form DpðzÞ � e�z2=4zp for jzj � 1. In the

other asymptotic region at t ¼ 1, the solution is analyti-
cally continued to the form [28]

DpðzÞ ¼ e�ip	Dpð�zÞ þ
ffiffiffiffiffiffiffi
2	

p
�ð�pÞ e

�iðpþ1Þ	=2D�p�1ðizÞ:
(39)

Thus, we find the Bogoliubov coefficients

�k ¼
ffiffiffiffiffiffiffi
2	

p
�ð�pÞ e

�iðpþ1Þ	=2; �k ¼ e�ip	: (40)

A. Scalar QED

From Eq. (23) for scalar QED, the effective action per
unit volume is given by

L sc
eff ¼ i

qE

2	

Z d2k?
ð2	Þ2

�
ln

ffiffiffiffiffiffiffi
2	

p � ln�ð�p�Þ

� i
ðp� þ 1Þ	

2

�
: (41)

Here, qE=ð2	Þ is the number of states along the z-direction
and d2k?=ð2	Þ2 is the number of states for each k?. Using
the gamma function [29]
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ln�ðzÞ ¼
Z 1

0

�
e�zs

1� e�s �
e�s

1� e�s þ ðz� 1Þe�s

�
ds

s
;

(42)

and subtracting all divergent terms which are independent
of qE and linear in qE, the effective action per unit volume
takes the form

Lsc
eff ¼ �i

qE

4	

Z d2k?
ð2	Þ2

Z 1

0

ds

s
eðp�þ1=2Þs

�
�

1

sinhðs=2Þ �
2

s
þ s

12

�
: (43)

Note that the effective action (43) is now finite after a
renormalization prescription, where the ð2=sÞ-subtraction,
independent of qE, corresponds to the vacuum-energy
renormalization, and the ð�s=12Þ-subtraction, quadratic
in qE, corresponds to the charge renormalization. Also,
note that the resonances at p� ¼ n of scattering amplitude,
1=��

k, which correspond to the complex energy eigenval-
ues, m2 þ k2

? þ iqEð2nþ 1Þ, from the electric-magnetic

duality in Ref. [14], are regular points of the integral in Eq.
(43).

Further, by integrating over the momentum k?, the
effective action is given by a finite integral

L sc
eff ¼

1

16	2

Z 1

0

ds

s3
eim

2s

�
qEs

sinhðqEsÞ � 1þ ðeEsÞ2
6

�
:

(44)

Finally, by doing the contour integral over a quarter circle
in the first quadrant in Fig. 1, we obtain the exact one-loop
effective action per unit volume

Lsc
eff ¼ � 1

16	2
P
Z 1

0

ds

s3
e�m2s

�
qEs

sinðqEsÞ � 1� ðeEsÞ2
6

�

þ i
ðqEÞ2
16	3

X1
n¼1

ð�1Þnþ1

n2
e�ð	m2n=qEÞ; (45)

where P denotes the principal value. The effective action
(45) agrees with the exact result by Schwinger [2]. The
imaginary part may be written in the form

Im ðLsc
effÞ ¼

qE

2ð2	Þ
Z d2k?

ð2	Þ2 lnð1þN kÞ; (46)

where N k ¼ e�	ðm2þk2
?Þ=ðqEÞ, and confirms the relation

(25), now a renormalized one.
A passing remark is that the Bogoliubov coefficients

(40) can also be obtained from Eq. (3) by appropriately
normalizing the ingoing wave function as

’k;inðtÞ ¼ e�	ðm2þk2
?=4qEÞffiffiffiffiffiffiffiffiffi

2qE
p DpðzÞ; (47)

and by choosing tin þ tout ¼ 2kz=qE, which amounts to
removing the dynamical phase.

B. Spinor QED

In spinor QED, the effective action per unit volume can
be obtained from Eq. (32) as

L sp
eff ¼ �i

qE

2	

Z d2k?
ð2	Þ2

�
ln

ffiffiffiffiffiffiffi
2	

p � ln�ð�p�Þ

� i
ðp� þ 1Þ	

2

�
: (48)

Using the gamma function (42) and summing over the spin
states ð� ¼ �1=2Þ, we find the effective action per unit
volume in the form

Lsp
eff ¼ �i

qE

4	

Z d2k?
ð2	Þ2

Z 1

0

ds

s
eiðm2þk2

?=2qEÞs

�
�
cothðs=2Þ � 2

s
þ s

12

�
: (49)

Finally, integrating over the momentum k? and doing the
contour integral as in the case of scalar QED, we obtain the
renormalized effective action

Lsp
eff ¼

1

8	2
P
Z 1

0

ds

s3
e�m2s

�
ðqEsÞ cotðqEsÞ � 1

s
þ ðeEsÞ3

3

�

þ i
ðqEÞ2
8	3

X1
n¼1

1

n2
e�ð	m2n=qEÞ; : (50)

The effective action (50) agrees with the exact result by
Schwinger [2]. The imaginary part may be written in the
form

Im ðLsp
effÞ ¼ � qE

ð2	Þ
Z d2k?

ð2	Þ2 lnð1�N kÞ; (51)

where N k ¼ e�	ðm2þk2
?Þ=ðqEÞ, and confirms the relation

(35), which is now renormalized.FIG. 1. The contour of s integration for Eq. (50).
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IV. EFFECTIVE ACTION IN A SAUTER-TYPE
ELECTRIC FIELD

In this section we turn to the main result of this paper,
the exact one-loop effective action for a Sauter-type elec-
tric field EðtÞ ¼ E0sech

2ðt=�Þ [30] together with or without
a parallel constant magnetic field. In a Lorentz frame
where the electric field is parallel to the magnetic field,
we may choose as

A� ¼
�
0;�By

2
;
Bx

2
;�E0�

�
1þ tanh

�
t

�

���
: (52)

Here, we have chosen the gauge such that the Klein-
Gordon or Dirac equation reduces to a free scalar theory
in the past infinity (t ¼ �1) when B ¼ 0. In the first case
of a pure electric field (B ¼ 0), the time component of the
Klein-Gordon equation or the spin diagonal component of
the Dirac equation may be written as

€’ kðtÞ þ!2
kðtÞ’kðtÞ ¼ 0; (53)

where

!2
kðtÞ ¼

�
kz � qE0�

�
1þ tanh

�
t

�

���
2 þ k2

? þm2

þ 2i�qEðtÞ; (54)

where � ¼ �1=2 denotes the spin state. The mode equa-
tion (53) has the asymptotic frequency at t ¼ �1 andþ1,

!k;in ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
;

!k;out ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkz � 2qE0�Þ2 þ k2

? þm2
q

:

(55)

A. Scalar QED

The Bogoliubov coefficients between the ingoing and
the outgoing vacua are found from the solution to Eq. (53)
with � ¼ 0, which has the asymptotic ingoing solution at
t ¼ �1,

’k;inðtÞ ¼ e�i!k;intffiffiffiffiffiffiffiffiffiffiffiffiffi
2!k;in

p : (56)

The solution is given by [5,20,24,31]

’kðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!k;ine

	�!k;in
p ð1� zÞ1=2þi
sc

z�i�!k;in=2

� Fð�k; �k;�k; zÞ; (57)

where Fð�k; �k;�k; zÞ is the hypergeometric function,
and

z ¼ �e2t=�; 
sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqE0�

2Þ2 � 1
4

q
; (58)

and

�k ¼ 1

2
� i

2
ð�!k;in � �!k;out � 2
scÞ;

�k ¼ 1

2
� i

2
ð�!k;in þ �!k;out � 2
scÞ;

�k ¼ 1� i�!k;in:

(59)

The solution evolves to the form at t ¼ 1
’kðtÞ ¼ �k’k;outðtÞ þ �k’

�
k;outðtÞ; (60)

where

’k;outðtÞ ¼ e�i!k;outtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!k;out

p (61)

is the outgoing solution, and

�k ¼ 2�i�!k;out

ffiffiffiffiffiffiffiffiffiffiffiffi
!k;out

!k;in

s �
�ð�kÞ�ð�k � �kÞ
�ð�kÞ�ð�k � �kÞ

�
;

�k ¼ 2i�!
out
k

ffiffiffiffiffiffiffiffiffiffiffiffi
!k;out

!k;in

s �
�ð�kÞ�ð�k � �kÞ
�ð�kÞ�ð�k � �kÞ

�
:

(62)

The terms in front of the brackets of the Bogoliubov
coefficient (62) are removed in a renormalization proce-
dure; thus, according to Eq. (23), the effective action per
unit volume is given by

Lsc
eff ¼ i

Z d3k

ð2	Þ3 ½ln�ð�
�
kÞ þ ln�ð��

k � ��
kÞ � ln�ð��

kÞ
� ln�ð��

k � ��
kÞ�: (63)

By using the gamma function (42), we obtain the effective
action in an intermediate form

Lsc
eff ¼ � i

2

Z d3k

ð2	Þ3
Z 1

0

ds

s
ðe�ði=2Þ�ðþÞ

k
s þ e�ði=2Þ�ð�Þ

k
sÞ

�
�

1

sinhðs=2Þ �
2

s
þ s

12

�
þ i

2

Z d3k

ð2	Þ3

�
Z 1

0

ds

s
e�i�!k;ins

�
e�s=2

sinhðs=2Þ �
2

s
þ 1� s

6

�

þ i

2

Z d3k

ð2	Þ3
Z 1

0

ds

s
e�i�!k;outs

�
�

es=2

sinhðs=2Þ �
2

s
� 1� s

6

�
; (64)

where

�ð�Þ
k ¼ �!k;in þ �!k;out � 2
sc: (65)

Finally, by doing the contour integral over a quarter circle
in the fourth quadrant, we obtain the exact one-loop effec-
tive action per unit volume
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Lsc
eff ¼

1

2

Z d3k

ð2	Þ3 P
Z 1

0

ds

s
ðe��ðþÞ

k
s þ e��ð�Þ

k
sÞ

�
�

1

sinðsÞ �
1

s
� s

6

�
� 1

2

Z d3k

ð2	Þ3 P
Z 1

0

ds

s

� ðe�2�!k;ins þ e�2�!k;outsÞ
�
cotðsÞ � 1

s
þ s

3

�

þ i

2

Z d3k

ð2	Þ3 ln

� ð1þ e�	�ðþÞ
k Þð1þ e�	�ð�Þ

k Þ
ð1� e�2	�!k;inÞð1� e�2	�!k;outÞ

�
:

(66)

It can be shown by a direct calculation that

2ImðLsc
effÞ ¼

Z d3k

ð2	Þ3 lnð1þN sc
k Þ; (67)

where

N sc
k ¼ coshð2	
scÞ þ coshð	�!k;out � 	�!k;inÞ

2 sinhð	�!k;inÞ sinhð	�!k;outÞ :

(68)

The mean number of created pairs, Eq. (68), agrees with
the exact result, Eq. (43), of Ref. [32].

In the second case of the electric field together with a
constant magnetic field, the mode equation takes the form

€’kðt; x; yÞ þ
�
�ð@2x þ @2yÞ þ

�
qB

2

�
2ðx2 þ y2Þ þ qBLz

þ
�
kz � qE0�

�
1þ tanh

�
t

�

���
2 þm2

�
’kðt; x; yÞ ¼ 0:

(69)

Now, the mode equation (69) has the asymptotic frequency,

!nk;in ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ qBð2nþ 1Þ þm2

q
;

!nk;out ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkz � 2qE0�Þ2 þ qBð2nþ 1Þ þm2

q
:

(70)

In Ref. [24], the solution is found to be ’kðt; x; yÞ ¼
’nkðtÞ’nðx; yÞ, where ’nðx; yÞ is the two-dimensional har-
monic oscillator function with the Landau level, qBð2nþ
1Þ, and

’nkðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!nk;ine

	�!nk;in
p ð1� zÞ1=2þi
sc

z�i�!nk;in=2

� Fð�nk; �nk;�nk; zÞ; (71)

with parameters replaced by

�nk ¼ 1

2
� i

2
ð�!nk;in � �!nk;out � 2
scÞ;

�nk ¼ 1

2
� i

2
ð�!nk;in þ �!nk;out � 2
scÞ;

�nk ¼ 1� i�!nk;in:

(72)

By repeating the same procedure for the pure electric field,

we obtain the exact one-loop effective action per unit
volume

L sc
eff ¼

1

2

Z dkz
2	

P
Z 1

0

ds

s

X1
n¼0

ðe��ðþÞ
nk

s þ e��ð�Þ
nk

sÞ
�

1

sinðsÞ

� 1

s
þ s

6

�
� 1

2

Z dkz
2	

P
Z 1

0

ds

s

X1
n¼0

ðe�2�!nk;ins

þ e�2�!nk;outsÞ
�
cotðsÞ � 1

s
þ s

3

�
þ i

2

Z dkz
2	

� X1
n¼0

ln

� ð1þ e�	�ðþÞ
nk Þð1þ e�	�ð�Þ

nk Þ
ð1� e�2	�!nk;outÞð1� e�2	�!nk;inÞ

�
;

(73)

where

�ð�Þ
nk ¼ �!nk;in þ �!nk;out � 2
sc: (74)

It can be shown that 2ImðLsc
effÞ ¼

P
k lnð1þN sc

k Þ, thus
confirming the renormalized relation of Eq. (25).

B. Spinor QED

The Sauter-type electric field in spinor QED does not
change the asymptotic solutions ’k;in and ’k;out for each

spin diagonal component, which define the ingoing and the
outgoing vacua. The spin diagonal component equation
(53) has the solution [20,31]

’kðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!k;ine

	�!k;in
p ð1� zÞð1�2�Þ=2þi
sp

z�i�!k;in=2

� Fð�sp
k ; �

sp
k ;�k; zÞ; (75)

where

z ¼ �e2t=�; 
sp ¼ qE0�
2; (76)

and

�
sp
k ¼ 1� 2�

2
� i

2
ð�!k;in � �!k;out � 2
spÞ;

�
sp
k ¼ 1� 2�

2
� i

2
ð�!k;in þ �!k;out � 2
spÞ;

�k ¼ 1� i�!k;in:

(77)

Then the Bogoliubov coefficients are

�
sp
k ¼ 2�i�!k;out

ffiffiffiffiffiffiffiffiffiffiffiffi
!k;out

!k;in

s �
�ð�kÞ�ð�sp

k � �sp
k Þ

�ð�sp
k Þ�ð�k � �

sp
k Þ
�
;

�sp
k ¼ 2i�!

out
k

ffiffiffiffiffiffiffiffiffiffiffiffi
!k;out

!k;in

s �
�ð�kÞ�ð�sp

k � �
sp
k Þ

�ð�sp
k Þ�ð�k � �

sp
k Þ
�
;

(78)

and the effective action per unit volume is given by

EFFECTIVE ACTION OF QED IN ELECTRIC FIELD . . . PHYSICAL REVIEW D 78, 105013 (2008)

105013-7



L sp
eff ¼ i

Z d3k

ð2	Þ3 ½ln�ð�
�
kÞ þ ln�ð�sp�

k � �
sp�
k Þ

� ln�ð�sp�
k Þ � ln�ð�k � �sp�

k Þ�: (79)

Finally, using the gamma function (42) and summing over
the spin states, we obtain the exact one-loop effective
action in spinor QED

Lsp
eff ¼ �

Z d3k

ð2	Þ3 P
Z 1

0

ds

s
½ðe��

spðþÞ
k

s þ e��spð�Þ
k

sÞ

� ðe�2�!k;ins þ e�2�!k;outsÞ�
�
cotðsÞ � 1

s
þ s

3

�

� i
Z d3k

ð2	Þ3 ln

� ð1� e�	�spðþÞ
k Þð1� e�	�spð�Þ

k Þ
ð1� e�2	�!k;inÞð1� e�2	�!k;outÞ

�
;

(80)

where

�spð�Þ
k ¼ �!k;in þ �!k;out � 2
sp: (81)

Note that the effective action (80) is finite due to the
renormalization of vacuum-energy and charge. The differ-
ence of the factor of 2 from Eq. (66) in scalar QED is the
spin multiplicity of spin-1=2 fermions. A direct calculation
leads to the general relation, which is renormalized,

Im ðLsp
effÞ ¼ �

Z d3k

ð2	Þ3 lnð1�N sp
k Þ; (82)

where

N sp
k ¼ coshð2	
spÞ � coshð	�!k;out � 	�!k;inÞ

2 sinhð	�!k;inÞ sinhð	�!k;outÞ :

(83)

A few comments are in order. First, the mean number
(83) from the imaginary part agrees with the exact result
(42) for spin-1=2 fermions of Ref. [32] and also with
Ref. [31]. Second, we may compare the imaginary part
with Eq. (30) of Ref. [14],

Im ðLsp
effÞ ¼

Z d3k

ð2	Þ3 ln½ð1� e�	�ðþÞ
k Þð1� e�	�ð�Þ

k Þ�:
(84)

However, the denominator of the imaginary part in Eq. (80)
is necessary to explain no pair production in the limit of
either E0 ¼ 0 for a finite � or � ¼ 0 for a finite E0. Note
that in the limit of �!k;in � 1 the denominator approaches

to identity and the imaginary part of Eq. (80) reduces to
Eq. (84).

In the presence of a constant magnetic field parallel to
the Sauter-type electric field, the exact one-loop effective
action is obtained by summing over Landau levels,

L sp
eff ¼ �

Z dkz
2	

P
Z 1

0

ds

s

X1
n¼0

½ðe��
spðþÞ
nk

s þ e��
spð�Þ
nk

sÞ

� ðe�2�!nk;ins þ e�2�!nk;outsÞ�
�
cotðsÞ � 1

s
þ s

3

�

� i
Z dkz

2	
P
Z 1

0

ds

s

� X1
n¼0

ln

� ð1� e�	�
spðþÞ
nk Þð1� e�	�

spð�Þ
nk Þ

ð1� e�2	�!nk;inÞð1� e�2	�!nk;outÞ
�
;

(85)

where

!nk;in ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ qBð2nþ 1Þ þm2

q
;

!nk;out ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkz � 2qE0�Þ2 þ qBð2nþ 1Þ þm2

q
;

(86)

and

�
spð�Þ
nk ¼ �!nk;in þ �!nk;out � 2
sp: (87)

V. CONCLUSION

In this paper we further developed the evolution operator
method to calculate the effective action of scalar and spinor
QED in electric field backgrounds, which was expressed in
terms of the Bogoliubov coefficient. In fact, the
Bogoliubov transformation between the ingoing and the
outgoing Fock space enables one to explicitly calculate the
scattering amplitude between the ingoing and the outgoing
vacua, whose complex phase is the effective action. For
that purpose, we first expressed the evolution operator in
terms of a two-mode squeeze operator and an overall phase
part. As the two-mode squeeze operator carries the infor-
mation about the multi-pair production, this approach cor-
rectly yields not only the mean number of created pairs but
also the vacuum polarization.
We first applied the method to a constant electric field to

clarify the renormalization procedure. The exact one-loop
effective action and its imaginary part thus obtained agreed
with the standard scalar and spinor QED result from other
methods. According to the electric-magnetic duality, the
Landau levels of a charged scalar particle or spin-1=2
fermion in a magnetic field correspond to a discrete spec-
trum of complex frequencies in the electric field. However,
the actual motion in an electric field is an acceleration.
Instead, the evolution operator method makes use of the
Bogoliubov transformation between the ingoing and the
outgoing Fock space. The Bogoliubov coefficient leads to
the exact one-loop effective action simultaneously with the
correct imaginary part as the sum of residues of a proper
integral.
As the next application, we applied the method to a

Sauter-type electric field, effectively acting for a finite
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period of time. Using the Bogoliubov coefficient, we ob-
tained the exact one-loop effective action at zero tempera-
ture, which is the main result of this paper. The real part of
the effective action of scalar and spinor QED takes the
form

Re ðLeffÞ ¼ � 2Sþ 1

2

Z d3k

ð2	Þ3 P
Z 1

0

ds

s
½ðe��ðþÞ

k
s

þ e��ð�Þ
k

sÞfðsÞ � ðe�2�!k;ins

þ e�2�!k;outsÞgðsÞ�; (88)

where the upper (lower) sign and S ¼ 0 (1=2) are for scalar
particles (spin-1=2 fermions), and gðsÞ ¼ cotðsÞ � 1=sþ
s=3, and fðsÞ ¼ 1= sinðsÞ � 1=s� s=6 for scalar particles
and fðsÞ ¼ gðsÞ ¼ cotðsÞ � 1=sþ s=3 for spin-1=2 fermi-
ons. The imaginary part is given by

Im ðLeffÞ ¼ � 2Sþ 1

2

Z d3k

ð2	Þ3

� ln

� ð1� e�	�ðþÞ
k Þð1� e�	�ð�Þ

k Þ
ð1� e�2	�!k;inÞð1� e�2	�!k;outÞ

�
;

(89)

where the upper positive signs are for scalar particles and
the lower negative signs for spin-1=2 fermions. It is further
shown that the imaginary part of the renormalized effective
action indeed satisfies the general relation, as expected,

2ðImLeffÞ ¼ �ð2Sþ 1Þ
Z d3k

ð2	Þ3 lnð1�N kÞ; (90)

where

N k ¼ coshð2	
Þ � coshð	�!k;out � 	�!k;inÞ
2 sinhð	�!k;inÞ sinhð	�!k;outÞ : (91)

The mean number of created pairs, Eq. (91), agrees with
the exact results, Eq. (43) for scalar particles and Eq. (42)
for spin-1=2 fermions of Ref. [32]. The denominator in Eq.
(89), which is missing in Ref. [14], is necessary to explain
no pair production in the limit of either E0 ¼ 0 for a finite �
or � ¼ 0 for a finite E0. However, in the other limit of � !
0 for a finite E0�, the mean number approaches the limiting
value N sc

k ¼ ð!k;out �!k;inÞ2=ð4!k;in!k;outÞ for scalar

particles and N sp
k ¼ ½4ðqE0�Þ2 � ð!k;out �

!k;inÞ2�=ð4!k;in!k;outÞ for spin-1=2 fermions. Finally, we

found the exact one-loop effective action both in the
Sauter-type electric field and in a constant magnetic field.
It should be pointed out that the method can be applied

to the finite-temperature effective action in a time-
dependent electric field, which describes a nonequilibrium
quantum field [33].
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