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ABSTRACT: We calculate the vector isospin susceptibility in AdS/QCD models to study
QCD phase transition. In the hard wall model, we show explicitly that the infalling bound-
ary condition at the horizon can be treated as a Dirichlet boundary with a fine-tuned
boundary value in the zero frequency and momentum limit. With the infalling boundary
condition, we uniquely determine the overall normalization of the vector isospin suscepti-
bility in the hard wall model. In the framework of the soft wall model, we obtain the vector
isospin susceptibility with and without Hawking-Page transition and compare our results
with lattice QCD. We briefly discuss the chiral symmetry restoration in the AdS/QCD
models.
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1. Introduction

There has been much interest in applying the idea of AdS/CFT [[] in strong interaction.
After initial set up for N=4 SYM theory, confining theories were treated with IR cut
off at the AdS space [ and quark flavors [[] were introduced by adding extra probe
branes. More phenomenological models were also suggested to construct a holographic
model dual to QCD H—[{]. The finite temperature version of such model were worked out
in [§, f]. However, the meson spectrum of the model does not follow the well known Regge
trajectories. To remedy this symptom of the these models, quadratic dilaton background
was introduced ref. [[J] whose role is to prevent string going into the deep inside the IR
region of AdS space and as a consequence the particle spectrum rise more slowly compared
with hard-wall cutoff. Remarkably such a dilaton-induced potential gives exactly the linear
trajectory of the meson spectrum. In [[LT], it was pointed out that such a dilatonic potential
could be motivated by instanton effects.

The vector isospin susceptibility 1, which measures the response of QCD to a change
in the chemical potential, was proposed as a probe of the QCD chiral/deconfinement phase
transition at zero chemical potential [[3, [[3]. It is one of the thermodynamic observables
that can reveal a character of chiral phase transition. The lattice QCD calculation [[[J]
showed the enhancement of xy around 7T, by a factor 4 or 5. Since then, various model



studies [[4-[[§ and lattice simulations [[q-P3J] have been performed to calculate the sus-
ceptibility.

In this work, we calculate the vector isospin susceptibility, xy, and study QCD chiral/
deconfinement phase transition in holographic QCD models [§—f, [J]. In the models
adopted in the present work, we implicitly assume that chiral symmetry restoration and
deconfinement take place at the same critical temperature 7.

In a gravity dual of QCD-like model, the confinement to de-confinement phase tran-
sition is described by the Hawking-Page transition (HPT). At low temperature, thermal
AdS dominates the partition function, while at high temperature, AdS-black hole geometry
dominates. This was first discovered in the finite volume boundary case in [RJ], and more
recently it is shown in [P4] that the same phenomena happen also for infinite boundary
volume, if there is a finite scale along the fifth direction. In our work, both hard wall
and soft wall [[[J] models are considered, where we have definite IR scale, so that we are
dealing with theories with deconfinement phase transition.

In the presence of the AdS black hole, the most physical boundary condition is the
infalling one. We show explicitly in the hard wall model [fi, i that the infalling boundary
condition in the zero frequency and momentum limit can be understood as a Dirichlet con-
dition whose field value is special. The value is fine-tuned one such that field configuration
is a limit of infalling wave with zero frequency and momentum. If we are not interested
in a overall temperature independent normalization constant, this observation simplifies
the analysis greatly. In the the soft wall model [I(], we calculate the vector isospin sus-
ceptibility and find that the lattice QCD data is in between our results with and without
the HPT. The back reaction of the metric to the matter field could be very important in
discussing the phase transition, which however is not within the scope of this paper.

The rest of the paper goes as follows. In section 2, we briefly summarize the holo-
graphic QCD models adopted in the present work and discuss the chiral symmetry restora-
tion in the models. In section 3, we first calculate the vector susceptibility in the AdS
black hole background followed by the implication of a Hawking-Page transition [P4]. Sec-
tion 4 gives summary.

2. Holographic QCD at finite temperature

Hard wall model: The action of the holographic QCD model suggested in [§—F] is
given by

Sp = / d*zdz\/gLs,
1

L5 = Tr[—4—gz(LMNLMN + Ry nRMNY 4 | D@ — M2|9)%] (2.1)
5

where Dy® = 0y ® —iLy® + i®Ry and Ly = LG, 7%/2 with 7% being the Pauli matrix.
The scalar field is defined by ® = Se'™ ™" and < S >= %v(z), where S is a real scalar
and 7 is a pseudoscalar. Under SU(2),,, S and 7 transform as singlet and triplet. In this
model, the 5D AdS space is compactified such that 0 < z < z,,, where z,, is a infrared
(IR) cutoff, which is fixed by the rho-meson mass at zero temperature: 1/z,, ~ 320 MeV,



and the value of the 5D gauge coupling g2 is identified as g2 = 1272 /N, through matching

with QCD [f, ff, [10].
Asin [§], we work on the 5D AdS-Schwarzchild background, which is known to describe
the physics of the finite temperature in dual 4D field theory side,

. 24
é(f(z)dﬁ ~ (da)? - %d%), e=1-7. (2.2)

where ¢ = 1,2,3. Here the temperature is defined by 7" = 1/(wz7) and the critical tem-

2 _
dss =

perature T, for deconfinement is given as T, = 1/(7zy,) [E] We note here that an
analysis based on a Hawking-Page type transition [P4] in the hard wall model predicts
T. = 2Y*)(nzm) ~ 1.189/(7 2y ). With the hard wall model, if IR cutoff z,, exists outside
the horizon (2, < zr) it corresponds to the confined phase of QCD, while the opposite
case (zm, > zr) describes the deconfined phase [§]. The equation of motion for v(z) is

4—f 3
92— —>0.+ ] =0, 2.3
2o o) (23)
and the solution is obtained by [f]
111 2 3 333 24
( ) MZ 2F1<4 4 5,%) +Eq2 2F1 <Z,Z,§,%> (24)

Here M, and X, are identified with the current quark mass and the chiral condensate
respectively. Note that at z = zp, both terms in v(z) diverges logarithmically. To avoid this,
the analysis in ref. [f§] is done only for confined phase where the horizon is behind the cut off.

Our point here is to discuss the nature of the deconfined phase T" — T,.. We note here
that the divergence as (i.e, zp — z,,) requires us to set both of them to be zero,

M, =0, ¥,=0. (2.5)

Now we interpret the absence of the chiral condensation as the signal of the chiral symmetry
restoration in this specific model. The fact that chirally symmetric phase do not allow
current quark mass is logically correct. In reality the the chiral symmetry is partially
broken in low temperature and also partially restored in the high temperature, since current
quark mass is still not completely zero. In this sense, the hard wall model respect the chiral
symmetry more than the reality.!

Soft wall model: In [[{], dilaton background was introduced for the Regge behavior of
the spectrum and we work mostly in this frame work.

Si = / d*zdze % L5, (2.6)

where ® = cz2. Here the role of the hard-wall IR cutoff z,, is replaced by dilaton-induced
potential. The equation of motion for v(z) is given by

|:8§—<262+%>8 + 3f] () =0. (2.7)

n string theory models like D3-D7 system, ¥, M, are not necessarily zero even for deconfined phase.
In that sense, the chiral symmetry in D3-D7 system is not very well defined.



At zero temperature [[[(J], where f = 1, one of two linearly independent solutions of eq. (2.7)
diverges as z — o0, and so we have to discard this solution. Then chiral condensate is
simply proportional to M, [g).

Now we ask what happens at finite temperature. Near zp, solution of eq. (R.7) has
following behavior:

v(z) ~er+ealn(l — z/zr)as z — 27 (2.8)

Again one of the solutions diverges near zp so that we have to abandon co part. Then we
have only one input parameter so that M, and ¥, are not independent. Therefore if we
“impose” chiral symmetry to be restored, M, and X, should vanish simultaneously. This
is similar to the hard wall model. However, the soft wall model does not say that chiral
symmetry should be restored at high temperature, while the hard wall model does.

3. Susceptibilities

In this section, we calculate the vector isospin susceptibility in those models to study QCD
chiral/deconfinement phase transition. The quark number susceptibility was proposed as
a probe of the QCD chiral phase transition at zero chemical potential [I3, [[3]. The flavor
singlet and non-singlet susceptibilities, xg and xng respectively, are defined by

0 0 0 0
= _— m 5 = _ u 3 1
Xs <3uu + 3ud> (nu +na), x5 <5uu 0ud> (Nu — na) (3.1)

where u; is the chemical potential and n; is the quark number density with ¢ = u,d. Note,
however, that xs ~ xns [13, [[4, [§, R]]. In this work, we consider the flavor non-singlet
susceptibility with the normalization convention in ref. [[f]. The vector and axial-vector
susceptibility xy (7') and xa(7') for non-singlet currents are given by the 00-component of
the vector and axial current-current correlators respectively in the zero energy and zero
momentum limit:

xv,a(T) = 2Ny s limy T, (G 4 (po, 7 T)] (32)

where 2Ny is included as a normalization factor. The correlators at finite temperature (in
imaginary time formalism) are defined by

T B
GV 4(po = iwn, 75 T)dab —/ dT/dsq —HFEtenT) <J<;,Aa(7—’ f)J\l?,Ab(O,O)>6 (3.3)

where w,, = 2n7T is the Matsubara frequency.
From [[4], the density-density correlation which is nothing but the 0-0 component of
the vector-vector correlations or fluctuations

(Topg) = B / dzGY (0, ) (3.4)
where Gl is defined in eq. (B.3). After Fourier transformation, it is rewritten
* dw
T, pig) = li —GY(w,k :
( Nq) li% 271' Goo(wa ) (3 5)



By the fluctuation-dissipation theorem yields,

2 1mGE (w, k) (3.6)

Ggo(w, k’) = —m

where 1% (w, k) is retarded Greens function of jp,u, j,u.

dp
XQ(Tv MQ) = a—,uq
q

. * dw 2
= — lim

This ImG(}fO(w, k) is related to the real part of Greens function, applying the Kramers-
Kronig dispersion relations,

© dwt TmGE (w, k)
ReGl (w, k) = i — A 3.8
oGly(wnk) =P [~ X (38)
then one can see that x, is written concisely in the following form,
Xq(T’ 1g) = = lim ReGigy (0, k) (3.9)

The lattice QCD calculations [[3, [4, [[§, BT} showed the enhancement of xy around 7

T
RXEMZLLNE), (3.10)
XV (Tc - 6)
The enhancement in R, may be understood roughly as follows 3. At low temperature,

—Mpn/T

in confined phase yy will pick up the Boltzmann factor e , where My is a typical

hadron mass scale ~ 1 GeV, while at high temperature the factor will be given in terms

~Mq/T " and therefore there could be some enhancement. In ref. [[4], it is

of a quark mass e
shown that the enhancement in yy may be due to the vanishing or a sudden decrease of
the interactions between quarks in the vector channel.

In the holographic QCD models, due to the HPT [P4], the vector isospin susceptibility
is described by the AdS black hole background at high temperature regime and by the
thermal AdS at low temperature regime. We will patch them together. We calculate the
vector isospin susceptibility in the hard wall model [, [] and in the soft wall model [[[]
without Hawking-Page transition first with an assumption that AdS black hole is stable

even at low temperature, and then we describe how HPT changes the picture.

3.1 Hard wall model

We consider the infalling boundary condition. In the presence of the AdS black hole,
especially when the horizon is inside of the wall (27 < z,,), the most natural boundary
condition (at least for wave like solution) is the infalling boundary condition, since the
black hole can only absorb classically. To impose the infalling boundary condition, we
solve the problem at small but non-zero frequency and momentum and then take them to
be zero. This is the problem considered in the literature on hydrodynamics [24]. Here we



give a comparison between the Dirichlet and Infalling boundary in the hard wall model
and give a sketch of the calculation in appendix A. First we write the solution as sum of
two independent solutions: one infalling and the other outgoing in terms of a dimensionless
coordinate u = (z/27)?%;

Vo(u) = aYyin(u) + bYj out (1), (3.11)

and set the infalling BC
b=0, a=1 (3.12)

and then take k = (w,q) to zero with w first. Here we assume that Y’s are normalized
to be 1 at the boundary. It is known [2@] that near horizon (u = 1) behavior of the wave
function is

Yiin(u) ~ (1= u) 2T (1 4 dyu+ dyu® + - ) (3.13)

and all the temperature dependence comes in the combination of w/27T or q/27T. There-
fore in the limit of zero frequency and momentum, there is no temperature dependence
of the coefficient d;. Furthermore, since Y’s should be reduced to the static solution in
zero frequency and zero momentum limit, the infalling boundary condition is effectively
equivalent to

Vo(z) = 1113%) Yiin(w) = 1+ ca(2/27)?, (3.14)

where ¢y = Yocm(u = 0) is a number that is already determined. The fact that ¢y, a temper-
ature independent constant, is determined not by hand but by the physical condition is the
unique feature of the infalling boundary condition compared to the Dirichlet condition. In
other words, for the zero frequency and zero momentum, the infalling boundary condition
can be effectively described by a Dirichlet boundary condition where the IR boundary value
1s taken as a fine-tuned one.

The vector isospin susceptibility in this case is that

2
v (T) = 2Nfg—20271'2T2. (3.15)
5

In fact, using the result of ref. [2§], one can determine cy as follows. One should notice

that in terms of the rescaled coordinate v = (z/2r)?, the momentum k = (w, 0,0, q) enters

in the action only in the combination of w = 525, q = 5%=. The relevant equations of

motion for the vector fields in the A, = 0 gauge are

1
wA)+af A5 =0, Aj— of (a4 +wads) =0, (3.16)
/
1
5+ 7143 T (w? Az +wqdp) =0, (3.17)

where ' means 9,. Out of the coupled equations we can eliminate A3z to get a second order
differential equation for A} := .

U 4 (uu_f w® — q2f(u)

) o N
TV =0, (3.18)



After taking out the near horizon behavior ~ (1—wu)~"™/2 of infalling wave, one can extract
the small frequency behavior of the residual part using Mathematica. The result is

2AQ + wqAY v 2u? 2
U= (1 =) 2. T2 TR () 1y —¢’In 1
(1=u)” w—o) U T2 " Tre YT T (8.19)

where Ag is the boundary value of A,. With the prescription for the retarded Green
function

525
5 A0 (—k)SAT ()’

GR (k) = (3.20)

with

2T2 /d4 YO (k) + - -]uzo. (3.21)

one can get the retarded Green functlon
G (w /d4xe 9 G4, (), T (0)]) (3.22)
in small frequency;

27272 9> )
R 2
= 1+1In2 (— — >> 2
Goo g G o L inZl 2/2)< n 200 q (3.23)

Finally, by using eq. B.9, we get the susceptibility

2272
xv = 2N; =, (3.24)
95
from which one can read off the cs.

In summary, the infalling and Dirichlet boundary conditions give the same result on the
vector isospin susceptibility apart from the fact that the infalling condition at the horizon
uniquely fixes the overall normalization. The vector isospin susceptibility in eq. (B.24) is
rather too small compared to the results from model studies [[[4—[[§] and lattice simulations

(3R], where ¢y ~ —0.8.
3.2 Soft wall model

Now we consider the soft wall model [I(]. By imposing infalling boundary condition.
Following the same procedure given in section 3.1, we arrive at?

T2 —cr
wag 5 < — 2+ 2e°T + 3(cr — 2)e*T (Bi(—2cr) — Ez‘(—cT))> ) (3.26)
which is plotted in figure B.3. Note that due to the HPT, we can trust the figure only
when T /T. > 1.3 As in the hard wall model, xy is too small with the infalling boundary
condition also in the soft wall model.

2YK: Just for our discussion, I included Kwang-Hyun’s note in appendix B.
3YK: For our discussion I showed low temperature regime too in figure 2. Later, we may plot only
T/T. > 1. In figure 1 and 2, x-axis label will be corrected as T'/T.
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Figure 1: yy in the soft wall model with the infalling boundary condition.

Finally, we give a brief comment on the axial-vector susceptibility. For this we consider
the axial vector Ag. The equation of motion reads

2 1 i o 1 2
a; — ;82 + 7 g5 Wv(z) Ap(z,4) =0. (3.27)

For the chiral symmetric regime, the AdS/background is not relevant while in the chiral
symmetry restored regime, v(z) becomes zero. Then eq. (C.]) and eq. (B.27) become

identical, implying xa(T.) = xv (T.).*

4. Summary

We first discussed the chiral symmetry restoration in AdS/QCD models. The AdS/QCD
models respect the chiral symmetry more rigidly than the reality in the sense that, in chiral
symmetry restored phase, both of the chiral condensate and the mass of the quarks are zero.

Then, we calculated the vector isospin susceptibility in both hard wall and soft wall
models. In the hard wall model, we show that, for the zero frequency and zero momentum,
the infalling boundary condition can be effectively described by a Dirichlet boundary con-
dition with a fine-tuned IR boundary value. For the hard wall model with the HPT, we
observe that the vector isospin susceptibility jumps from 0 to a finite value. For the soft
wall model, our result with no HPT agrees qualitatively with the results from various model
calculations and lattice QCD. With the HPT, we predict that yy = 0 at low temperature
from the finiteness of Vj at IR to guarantee 5D action to be finite, and we also obtain the
temperature dependence of yy at high temperature apart from the overall normalization
that is fixed by a IR boundary condition. Our result with the HPT exhibits a similar behav-
ior observed in model studies [[4-[[4] and lattice simulations [[]-RJ]. Our results in both
models predict a sharp jump in the vector isospin susceptibility, which is the unavoidable
aspect of the HPT and could be smoothed out by including large N, corrections.

Finally, we discuss a limitation of our approach in the light of the QCD phase transition.
The nature of the QCD transition depends on the number of quark flavors and the quark

“One may turn this statement around and argue that ya(7.) = xv (7.) implies v(z) = 0 near T..



mass: for pure SU(3) gauge theory, it is a first order, for two massless quarks, it is a second
order, for two quarks with finite masses, it is a cross over, for three degenerate massless
quarks, it is a first order, etc. Unlike Polykov loop or the chiral condensate, the vector
isospin susceptibility is not an order parameter, and so in the present study we are not
able to determine the order of the QCD phase transition. The vector isospin susceptibility
could serve, at best, as an indicator of the transition.
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A. Estimation of ¢ of soft wall model.

Now let’s estimate the value of ¢ and T,. The masses of the vector mesons are given by
m2 =4c(n +1). (A.1)
If we use mq = 770 MeV and mo = 1450 MeV to calculate the slope of the Regge trajectory,
then we obtain y/c ~ 614 MeV and so end up with the reasonable value of the transition
temperature T, ~ 195 MeV.?> We note here that in [Bd], the value of \/c was determined to

be ~ 671 MeV. Finally, we relate ¢ with the QCD string tension . The masses of vector
towers are given, in terms of o, by

m? = 2mon. (A.2)
Comparing the slope of the Regge trajectory in (A.1]) and ([A.9), we find out
c= ga, (A.3)

and so the dilaton factor becomes e 27%°. Note that the relation between ¢ and string
tension was also observed in ref. [BJ].

B. Infalling boundary condition in the soft wall model

From the recipe of [2§], rescale coordinate z as u=(z/zr)% Then the metric is
(nT)? 1

ds® = — (f(u)dt2 — (dmi)2> — mdzﬂ (B.1)

5Recently, the value of T. was determined in ref. @], Te. = 210 MeV, and very recently, the relation

between T, and zm, (1/c) is obtained through Hawking-Page analysis in the holographic models used in this
work, where T, ~ 191 MeV [@]



where f(u) = 1-u? and T = 1/7z7. We use the soft wall model [[[(], the action is given

S:/d5$ ge_q&Fz, ¢ = u. (B.2)

After Fourier transformation and rescaling energy and momentum in unit of temper-
ature, w = w/(27T),q = q/(27T), resulting equations of motion for each fields are

Cc

" / 1 I
A A (wT)zAt uf(u) (0 As - owA:) = 0 (B3)
. " —C f'(u) / 1 i 2 _
Ao A (G )t g () Aem0
. " —C f/(u) / 1 w2 _
A, AL+ <(7TT)2 + ) )AZ + uf(u)2(qut w A,)=0 (B.5)
Ay wA; +qf(u)A, =0 (B.6)

From the eq. (B-J), we can express A, in terms of A,

_uf(u) n ¢ r 9
4. =2 (- - ) (7

and by substituting it to eq. (B.f), equation is decoupled.

1 — 3u? 1
A/// _ A// -
" < uf CT) T ar

where e¢r = ¢/(7T)%. The natural boundary condition of black hole is infalling. Impos-

<m2 — flep(1 = 3u?) + q2)>A’ =0 (B.8)

ing infalling boundary condition at black hole horizon is A} = (1 — u)~*"/2 F(u). Then

eq. (B.9) is

" _c 1-3u? w ,
" +< TR " uf(u) “1—u>

+< NG (2}2;2) i ""((22;(33) NG i(21f<+u§6)>

o4 —u(l+u)p? ¢ _
e g ) T = (B9)

In the long-wavelenghth, low frequency limit, F(u) can be expanded as series in w, g2,

F(u) = Fy + wFy(u) +9°Gy + - - - (B.10)
After some algebra, we get the first few terms

Fy=B (B.11)

e
P = ZB; (2(eCT — e°T¥)  (—12 + Bep)err (14w (Ez'(—cT) - Ez‘(—cTu)>>

—2eTCH) (=3 + ep){ Bi(—2cr) — Bi(—cr(1 + U))}> (B.12)

— 10 —



Gy = Beor (Ez‘(—cT) — Bi(—cpu) + ¢ <Ez‘(—cT(1 +u)) — Ez’(—2cT))> (B.13)

where Ei(x) is "ExplntegralEi(x)’, defined as the principal value of Ei(z) = — [ e~/ t .
The integration constants of Fi, Gy is chosen by the regularity condition at u=1. And B
is determinded from the boundary value of Ay, A, at u=0.

lin%) As(u) = AY, lim0 A, (u) = AY
a2 AP + qwA?

B=- . (B.14)
(1 — 15—2CT) —q2

From these result, Aj(u) is

92 AY + quwAY

5

Al(u) = (1 —u)"™W/2
o) = (L)

<1 + 92 Xg2 + %Ym> (B.15)
where Xg2, Yiv are

Xqo = €Tt (Ez‘(—cT) — Bi(—cru) — &7 (Ez‘(—ch) — Bi(—ep(1+ u))>>

Yo = €TV (26_CT“ — 2e7°T 4 (—12 + bey) (Ez’(—cT) - Ez‘(—cTu)>

—2eT (=34 cr) <Ei(—2cT) — Ei(—cp(1+ u)))> (B.16)

This A; is related to the retarded Green function, because we choose infalling boundary
condition at horizon,
GF = A@W) f—g (W) fy (W) uo. (B.17)
Aj(u—0)is
92 AY + qwAY

Ale) =
1(€) iw(l — Zer) —q

. <1 + 92 Xqz + z’%Ym> (B.18)
where Xg2(¢), Yo (e) are
Xqz(€) = Bi(—cr) — Bi(—e) — T (Ei(—2cT) - Ez‘(—cT)>

Yio(€) = 2 — 27T + (—12 + bey) <Ez’(—cT) - Ez’(—e)>

—26°T (=3 + e7) (Ez‘(—ch) - Ez’(—cT)) (B.19)
The retarded Green function is
22712
GE = Al (B.20)
95

where A} has only A? part.

ReGE (k) 2n*1” ¢ D22 + D*¢* X2 (e) “ p2py, (€) (B.21)
e = — _ - .
00 g2 P2w?+ D2t 1 7 a2 12 ®

— 11 —



this D = 1/2xT. Note that this Greens function has diffusion pole at P?w? + D?¢* = 0.
Then diffusion constant D is given as

D 1/2xT
D:—:% (B.22)
P 1_E7T2T2

Is this diffusion constant positive definite? From [24], there is a phase transition so called
Hawking-Page transition and the critical temperature is at cz}% = 0.419035. So below that
temperature, thermal adS is dominant. If we consider black hole phase, we should be aware
of T' > T¢. In this case, this diffusion constant is positive definite

5 5 mTA TA

C .
L= 13 ¢ 7y ~ 1 —0.1746 25 >0, if T>To (B.23)

where T = 1/7%27 and nothing is problematic.
The vector susceptibility is obatained by eq. (B.9)
2m2 T2
xv = 2Ny p (B.24)
5

this is same result of hard wall.

C. Other boundary condition

C.1 Hard wall model

We take 5D AdS black hole with the IR cutoff as the dual gravity background to the finite
temperature QCD [§, P74, BY. From the quadratic part of the 5D action eq. (2.1]), we obtain
the equation of motion for the time component vector meson

o1 7

Note that in the above equation, the gy — 0 limit is already taken, otherwise the equation
will couple to other components. We solve eq. ([C.1)) in a limit where ¢ — 0. The solution is

Vo =14 ag2?. (C.2)

Then the vector isospin susceptibility is given by

1 0.V, 2a
xv(T) = —2N; [—2 0] = 2N; =2, (C.3)
95 % l.,—o 95

The constant dimensionful ay is fixed by the boundary conditions (BC). While we have to
choose Vy = 1 at UV boundary, we have choices at IR, and the result is sensitive to the IR
BC. To see the IR boundary condition dependence, we consider various BCs we can think
of: Neumann, Dirichlet, and infalling BCs.

We first consider the Neumann boundary condition at the IR, 9.Vy|rg = 0. Then
as = 0 hence xy = 0. This is not consistent with the above mentioned results of lattice
QCD as well as other calculations.
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Figure 2: xy in the soft wall model. (a) without Hawking-Page transition, (b) with Hawking-
Page transition; ng = 4Nyn?/g2. The circles are for the (quenched) lattice QCD results as shown
in ref. [[[4, [1g], and the triangles are for full lattice QCD in [[IJ].

For the Dirichlet condition at the horizon, we impose Vy(zr) = h with constant h
and obtain

272 9
xv(T) =2Ny—(1—-h)T=, (C.4)
95
which is proportional to T2. 1/ /T2 is a constant which is consistent with high temperature
behavior of lattice result [[J, [[]. Low temperature behavior can not be extracted from
the AdS black hole due to the Hawking-Page transition. That is, thermal AdS replaces
the AdS black hole at low temperature. Notice that for the zero frequency and zero mo-
mentum, there is no difference between black hole and thermal AdS in the present case.’
In this case, we need to choose the IR boundary condition such that A =1 and xy = 0 to
have a qualitative agreement with the lattice results [[[3, [[(7] at low temperature.
In view of the confinement-deconfinement phase transition, these considerations show
that xv (7)/T? jumps from zero, corresponding to the thermal AdS phase, to a constant
(1 — h), AdS black hole phase, as we increases the temperature.

C.2 Soft wall model

The equation of motion for Vj in the static-low momentum limit reads
1 .2
0. —e" 0.y | =0, (C.5)
z

whose solution is given by

Vo = ae +b. (C.6)

5This is because the equation of motion given in eq. () shows that all the f dependent terms goes
away in this limit.
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For the Neumann BC, we again get a trivial result. However, for the Dirichlet boundary
conditions, V5(0) =1, Vy(zr) = h, we obtain a nontrivial result:

2c h-—1
xv(T)=2Ny—
gs e

T (C.7)

where 2N is from our normalization convention. For the Dirichlet boundary condition,
we choose h = 0 by hand. For the infalling boundary condition, however, h = hg must be
a very special value. Since this value is independent of temperature and contribute as an
overall normalization, we do not proceed to determine it here.

We note here that xy (T,) ~ 1.272, where

Tc = \/E/ﬂ-7 (CS)

can be considered as a crossover temperature (assuming that the expression is valid in all
temperature regime).

In figure [, we show the vector isospin susceptibility with and without Hawking-Page
transition and compare our results with those from the quenched lattice QCD [[[§ together
with a full one [L9]. We refer to [R5 for more recent quenched lattice data given above T...

In figure fJ-(a), we plot the vector isospin susceptibility as a function of 7'/ T, without
Hawking-Page transition. It shows the rapid change of the susceptibility near 7, and
at high temperature y,/(N;T?) is saturated to the ideal-gas value which may indicate
that the transition is rapid but a smooth crossover rather than a phase transition. It is
worthwhile to notice that this is rather consistent with a contemporary view of QCD phase
diagram based on lattice QCD studies at finite temperature and at zero baryon density.
For example, in [R§] it is shown that there is a crossover rather than a genuine phase
transition from the low-temperature hadron phase to the high-temperature quark-gluon
plasma phase. However, we find that our result for the case without HP'T, the slope at the
transition is rather slow.

Now, we consider the Hawking-Page transition [BI]], the background metric changes
from the AdS black hole to the thermal AdS geometry as we decrease the temperature,
inducing a jump in the susceptibility. In fact with thermal AdS, the equation of motion
for Vp is the same with eq. (C.§). All the analysis is the same except that there is no fine
cut IR boundary. Fields can penetrate all the way to the deep IR region z ~ oco. For the
finiteness @ = 0 should be imposed. Therefore V| is a constant, leading to the zero vector
isospin susceptibility at low temperature: yy = 0. So in the low temperature regime, xy
is zero all the way to the phase transition temperature where it jumps to the value given in
eq. (CA), which implies a first order phase transition between low- and high-temperature
phases. The sharp transition with HPT might be the large N, artifact.
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