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Baryon mass in medium with holographic QCD
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ABSTRACT: We study the baryon vertex (BV) in the presence of medium using DBI action
and the force balance condition between BV and the probe branes. We note that a stable
BV configuration exists only in some of the confining backgrounds. For the system of finite
density, the issue is whether there is a canonical definition for the baryon mass in the
medium. In this work, we define it as the energy of the deformed BV satisfying the force
balance condition (FBC) with the probe brane. With FBC, lengths of the strings attached
to the BV tend to be zero while the compact branes are enlongated to mimic the string.
We attribute the deformation energy of the probe brane to the baryon-baryon interaction.
We show that for a system with heavy quarks the baryon mass drops monotonically as a
function of density while it has minimum in case of light quark system.

KEYwORDS: [Brane Dynamics in Gauge Theories, Black Holes in String T'heory]
[(Gauge-gravity correspondenced.
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1. Introduction

Recently there has been much interest in studying QCD in terms of AdS/CFT correspon-
dence [IJ. One particularly interesting question is the study of nucleon in the dense matter
system. Baryons in AdS/CFT was first introduced by Witten in [, where baryon is iden-
tified with a compact D-brane wrapping the directions transverse to the N, color D-branes
with N, strings attached to it. The baryon charge is carried by the end point of the strings
connecting color and flavor branes. After the chiral model of Sakai-Sugimoto [f, f]] was
developed, baryon was discussed as the instanton on the probe branes [J—f] and effective
field theory of baryon was developed in [fJ] in the context of phenomenological AdS/QCD
model [[[(].

The baryon density problem was first discussed in [[[1], [J] where chemical potential is
identified as the asymptotic value of the electric potential on the flavor brane. The D3/D7
system of finite temperature and finite baryon density was analyzed in [[[J] where both
Minkowski embedding as well as the black hole embedding were considered. However, it
has been argued [[[4] that in the presence of the quark density the D7 brane has to touch
the black hole horizon because the strings connecting D7 and the horizon can be replaced
by the spiky deformation of the D7 brane. So it is an interesting to ask what happens if
there are baryons not just quarks.
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Figure 1: Black hole embedding in quark phase v.s Minkowski Embeddings in baryon phase

In the presence of baryon vertex (outside the black-hole horizon), the string would
not touch the horizon and there would be no reason for the spiky D-brane to touch the
horizon. See figure 1-a. The issue is then whether there is a baryon vertex [P for the given
background and given probe branes. The probe branes are pulling the baryon vertex to
sustain it from the gravitational pulling of the core, and it is not obvious why a compact D-
brane does/doesn’t exist in such background a priori. See figure 1b. If a BV configuration
does not exist in the black-hole background, it is not clear whether it exist even at the
confining background. This question is even more compelling since in D4-D8DS setup, a
baryon vertex can exist regardless whether D4 background is in the confining or deconfining
phase [[[5].

One of the purpose of this paper is to examine this issue in various gravity backgrounds
with the probe probe branes using the equation of motion and Force Balancing Condition
(FBC). We will find that there exist baryon vertex (BV) only in some of the confining
backgrounds, while no such object in any of the black hole backgrounds.

In case there are baryons, interesting question is the density dependence of the baryon
mass when baryon vertex exists. Here the central issue is whether there is any canoni-
cal definition of mass in the absence of Lorentz symmetry. In field theory, to separate
the baryon mass in the medium from the inter-baryon interaction energy has ambiguity.
However, in the BV picture, one can define the baryon mass in the medium simply as the
energy of deformed BV and we can attribute the deformation of the the probe brane to
the Baryon-Baryon interaction. We show numerically that mass drops as density increases
for baryons with heavy quarks, while mass v.s density profile has a minimum for baryons
with light quarks. The latter behavior is shared by the systems D4/D6 and D4/D8DS.

The rest of the paper goes as follows. In section 2, we study numerically to show that
in the black hole background, there is no compact D-brane as a solution of a DBI action.
In section 3, we show that there are solutions for the baryon vertices in some confining
backgrounds and study the density dependence of the baryon mass. Here we give a full
details for the D4/D6 system and leave other cases to the appendix. We conclude in section
4.

2. Absence of baryon vertex in the deconfining background

In this section, we consider D6 probe branes embedded in the non-extremal black D4
background and show that the solution of a DBI action for the baryon vertex satisfying the



force balance condition does not exist. We discuss D3/D7 system briefly in the appendix
(Surprisingly, the result is not completely parallel). We start from the gravity background
describing the deconfined phase in Euclidean signature with imaginary potential is given

by

3/2 3/2 2
ds? = <9> (f(U)dt* + dz® + daf) + <§> < aw U2in>

R U fU)
o= g (ON" gy 2N FU)=1- (@)3 RY=rg N5 (21)
€" = gs R ; 4 — Q4 €4, — U ’ = TGgsiVctlg- .

Here we compactify the time ¢ ~ ¢ + §; to consider thermal system and we also compactify
x4 for the dimensionality by x4 ~ x4 4+ (84 and give antiperiodic boundary condition for the
fermions to break the SUSY completely. There is a horizon at U = Uy, and the Hawking
temperature is given by

1 Uo Us
T:EZW—R?’ fU) = U3 (2.2)
Introducing a dimensionless coordinate £ by dgi; = %, the background geometry be-
comes
7\ 3/2 R\32 /172
ds* = <E> (F(U)dt* + dz® + dzf) + <ﬁ> (?) (d&? + €2d03) (2.3)

where U and £ are related by

U\ o1 1 1—¢3\?
(@) -z(e+gm) = r-(5&)

A baryon in the three-dimensional theory corresponds to the D4 brane wrapped on

2
w_
— - (2.4)
wi

an S* on which N, fundamental strings terminate. In this configuration, the background
four-form field strength can couple to the world volume gauge field Ay via Chern-Simons
term.

The metric (P.3) can be written as

2 U\*? 2 =2 2 3/2 dg? 2 a2 2
ds* = <§> (fdt* 4+ dz* + dz3) + R \/ﬁ<? + df* + sin 9d93>, (2.5)
We take (t,6,) as world volume coordinates of a compact D4 brane, and turn on the Y (1)
gauge field on it to have Fy # 0. As the ansatz for the embedding of compact D4, we
assume the SO(4) symmetry so that position of D4 brane and gauge field depend only on
6 ie. & = £(0), Ay = Ay(0), where # measure the polar angle of S* from the north pole.
The induced metric on D4 brane is

2 AN 2 3/2 £? 2 20902
dspy = <E> fU)dt? + R¥*VU [(1 + ?> df* + sin Hng} , (2.6)



where ¢’ = 0¢/96. The DBI action for single D4 brane with N, fundamental string can be
written as

Spy = —M4/e_¢\/det(g+27ra’F) +u4/e_¢A(1) NGy

w?

= T4/dtd08iﬂ39 - ﬁ(£2+£/2)_ﬁ’2+3jt
Wi

= /dt£D4, (2.7)

where
T4 = aQsg; 'R 2[5/03 = 28;?\’[(?[3)
F= %Fw, A= % 2mal Ay (2.8)
The dimensionless displacement can be defined as follows;
0Lps sin® O F
OF \[(w? )2 + ¢7) — F2
= —D(0). (2.9)
Then the equation of motion for gauge field is
dpD(#) = —3sin®4. (2.10)
Integrating, we get
D(0) =2(2v — 1)+3<cos€— %cos3 9>, (2.11)

where the integration constant v determines the number of fundamental sting ( v N, strings
are attached at south pole and (1 — )N, strings at north pole, we set v = 0)
By performing Legendre transformation, we can get ‘Hamiltonian’

Hps = F—— - L
D4 I D4

)\/ D ()2 + sin® 6. (2.12)

The numerical solution of the equation of motion for above Hamiltonian is drawn at figure
There is no closed D4 brane solution which can be a baryon vertex, except a D4 brane
wrapping blackhole horizon itself. We also get same results of absence of D5 baryon vertex
in D3 deconfing background.

Since there is no candidate for the baryon vertex, there is no point to discuss the baryon
on the D6 brane theory. All the baryon charges exists as quarks (strings attached on it) and
there are no Minkowski embedding in this background. This gravity result is consistent
with that of gauge theory result in deconfined phase: there is no baryon in deconfined
phase. The thermodynamical properties of D6 brane in the blackhole background was
discussed recently in [[[6], so we do not discuss them here.
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Figure 2: (a) Solution of baryon D4 brane in deconfined phase. (b) Solution near the origin

3. The baryon mass in medium in confining background

The non-supersymmetric geometry for confining background of D4 in Euclidean signature

is given by
U\*? R\*? ( dU?
2 _ [ =2 w3,V 2 v 2 Q2
ds <R> (U“le‘ dx +f(U)d:L'4) + <U> <f(U) +U=d 4>
U\ 27N, U; 3

This background is related to the previous one by the double Wick rotation

Ty — 1, t —— 14, Uy +— Ukxk (3.2)

. . . . .. UL
The Kaluza-Klein mass is defined as the inverse radius of the x4 direction: Mgk = %%

While Uk, gs, R are bulk parameters, My and g%,M is the parameter of the gauge theory.
They can be related by

A 2 A2
s =—"—— Ugx = =AMgxl?>, R}=-—"— X=g¢>N.. 3.3
g 27TlchMKK 9 KK 9 KKlg) 2MKK ’ .gYM ( )
Introducing a same dimensionless coordinate £ as previous section, the bulk geometry
becomes
3/2 3/2 2
ds* = <%> (dt* + dz® + f(U)dz3) + <g> (%) (d¢* + £2dQ3) (3.4)

3/2
and U, ¢ are related by (WUK) — % (53/2 4 53%) '

3.1 Baryon vertex — D4 brane

In confining phase, we consider same configuration of baryon D4 brane wrapping on S*.
The background metric (B.4)) can be written as

2 U 572 2 2 =2 3/2\/_ d€2 2 i 02 2
ds® = (&) (dt* + fdai +di?) + RPVU 7z +df +sin0d0; ) (3:5)



We are using same world volume coordinate of D4 brane as previous section. The induced
metric on the compact D4 brane is

ds?, = (E) dt? + R2VU [(1 + §> d6? + sin? Hng} : (3.6)
and ¢ = 0¢/96. The DBI action for single D4 brane with N, fundamental string can be
written as [[[7]

Spy = —M/e_‘b\/det(g + 21’ F) 4+ u4/e_¢A(1) NGy

= T4/dtd6?sin3 0 [—\/wi/g@z +&7?)— F2 4 3[11&]

- / AL, (3.7)

_1R3 UKK o NCUKK
ST 22/3 T 928/3(2712)

with  t4 = usQsg

o 27TO/Ft924/6,
Ukk
B 22/3
At = @ . 27TC¥/At. (38)

The Legendre transformed ‘Hamiltonian’ is

Hpy = F 7 —Lps

9
o / dor w3 (€2 + €2),[D(8)? + sind 6, (3.9)

where displacement D() is same as (R.11]). Solutions of equation of motion for above
Hamiltonian can be obtained numerically. We set v = 0 because we assume that all funda-
mental strings are attached at north pole(6 = 7). Then we should impose smooth boundary
condition (£(0) = 0 and £(0) = &) at & = 0. Numerical solutions are parameterized by
initial value of . The solutions corresponding to different &y’s are drawn in figure fJ. In
this figure, N, fundamental strings are attached at the cusp. This configuration will be
stable only if there is tension balance between two object.

If we call the position of the cusp of D4 brane by U,, the force from the D4 brane
tension can be obtained by varying the Hamiltonian of D4 brane with respect to U, while
keeping other variables;

OH
Fps = —
D4 au.|
fiz other values
1+ 5—3 g/
= NJAF < < ) < ) (3.10)
RN VAV

where Tp = ﬁi/t‘;{ is tension of fundamental string. The tension of D4 brane is always

smaller or equal to the fundamental string. Therefore, if there were no probe branes, the



Figure 3: Shape of D4 brane for different &.

cusp should be pulled up to infinity and the final configuration of D4 would be ‘tube-like’
shape as in [I§]. So far we considered single compact D4 brane with N, fundamental
strings. Now we need to study the deformation of the D6 which is pulling the compact D4
brane by fundamental strings.

3.2 Fundamental strings connecting baryon vertex and the probe brane

If we take D4-D6 system with confining background and consider the baryon vertex as
compact D4, both D4 and D6 deform due to the interaction between them through fun-
damental string (F1) and the D4 background. When strings and D-branes are in contact,
the length of the F1 tends to be zero while the D-branes are deformed to replace them for
minimum energy configuration. One may say that “ F1 is the most expensive object of
all branes”. Therefore the strings connecting the D4 and D6 have zero length and the D4
and D6 are contacting at a point. In fact there is no way to connect D-branes of different
dimensionality by a tube-like deformation even before we consider a solution of a DBI
system. The point contact is the only possible configuration.

3.3 Probe D6 brane

Now, we put probe D6 brane where the other end points of fundamental strings are at-
tached. The string endpoints can be understood as point charges on D6 brane. The gauge
potential which couples to this point source is A;. The the bulk metric (8.4) can be written
as

ds® = <E> (dt* + di® + f(U)dz3) + <5> <Z> (dp® + p?d% + dy? + y°dg?) ,
(3.11)
where D6 brane world volume coordinates are (¢,Z, p,6,). The embedding ansatz is that
only y depends on p and ¢ = 0. The induced metric on D6 brane is

3/2 3/2 2
dsh = <%> (df? +di?) + (g) <%> [(1+9%)dp? + p*d] (3.12)



where y = dy/9p.
The DBI action for Ny D6 brane is

SDG :/dt£D6 = —Nf,uﬁ/e_d’\/det(g—l—QwO/F)

_ _Tﬁ/dtdp;ﬂ 4/3 W1+ §2) — 2, (3.13)
where
1 -~ _ 2.22837d/F
76 = ~NpugVaQags Uy, F=""——""12 (3.14)
4 Ukk
We define dimensionless quantity @ from the equation of motion for F;
a8 2 4/3 ~
D6 _ prwy B = 0. (3.15)

The hamiltonian is connected to the number of point sources (number of fundamental

strings) @ by
~ Uk @

="\ 3.16
Q 2. 22/37Ta’7'6 ( )

The ‘Hamiltonian’ can be obtained by Legendre transformation;

HDGZF — — Spe

= T6/dp w4/3 4wi/3> 14492

Tﬁ/de(p)m P (3.17)

The equation of motion after eliminating the gauge field is written explicitly by

i E?logVy,_(‘)logV

547 a Dy =0, (3.18)
and the Gauss-law constraint gives
-~ 4/3 )
. V1
QQ + p4wi/3

We can solve the eqaution () if boundary condition is given: In Q = 0 case, the solutions
of probe D6 brane embedding are drawn in figure fl(a). Here we impose ¢(0) = 0 for the
smoothness. The value of y at the infinity corresponds to m,. In Q # 0 case, there are
fundamental strings which connect baryon D4 brane with probe D6 brane. In this case,
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Figure 4: D6 brane embedding with different yq in the case of @ = 0. Blue circle denote singularity
or horizon. (a) In confinement phase. (b) In deconfined phase

force balance condition request that ¢(0) be non-zero. The force at the cusp of probe D6
brane can be obtained as;

~ OHpe
Fre =
D6 U,
o
Q [(1+¢&3 Ve
— . 2
27ro/<1—§;3 V1+ 92 (3:20)

The whole configuration (compact D4+F1+D6) can be stationary if there is a force balance
condition. For @ fundamental strings, the number of baryon D4 is @)/N.. The condition
which makes the system to be stationary (p =0, y. = &) is:

Fpe = _TQTCFM’ (3.21)
which is simplified to be
&
e = == 3.22
Ye ( )

With this, the value of g. which satisfy force balance condition is uniquely determined for

given value of £, and m,. The difference between the behaviors of probe D6 branes with
and without the force balance condition is drawn in figure fj; In (a) we draw for the case
Without FBC: ) fundamental strings stretched between baryon D4 and probe D6 brane.
(b) is for the case with FBC: baryon D4 brane is pulled up while probe D6 brane is pulled
down such that the total system is stationary.

Since we established the existence of the baryon vertex, we now want to study how
the the mass of baryon depends on the medium density. The difficulty comes from the
broken symmetry: The very definition of the mass is the casimir Poincare invariance which
is broken in the presence of the medium and it is not obvious what is the most natural
definition of the baryon mass inside a medium.

As we discussed before, the length of the string of the baryon vertex is zero and
therefore D4 and D6 are contacting each other at a point. There are two sources of



Figure 5: Probe D6 brane embedding for m, = 1.5 (a)without force balance condition. Blue circle
denote singularity where baryon D6 brane wrapped around. Thick vertical line denotes fundamental
strings which are understood as a source. (b)with force balance condition.
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Figure 6: (a) Baryon Mass in medium for D4/D6 system with current quark masses m, =
1.5(dashed line), my = 1(gray line), my = O(real line). (b) The position (mass) of D4 brane
as a function of the electric displacement d for [ = 0.5, { = 1 and [ = 1.5 from top to below(l = 1
result is obtained in [13]).

contribution of the baryon mass change: One is the deformation of the compact D4 brane
from the spherical shape and the other is the deformation of the probe D6 brane from the
zero charge configuration. We believe that the latter is responsible for the baryon-baryon
interaction while the former is related to the quark-quark interaction to form a baryon in
the medium. Therefore we define the mass in the medium as the energy of the deformed
compact D-brane. Then, the mass of a baryon is proportional to the value of £. The
density dependence of a mass of baryon D4 brane for several value of m, is drawn in
figure l. For large current quark mass, the baryon mass decreases as a function of the
density. On the other hand, for the small quark mass it has a minimum. Similar behavior
was observed in D4/D8/D8 system [[[5], where we have a zero current quark mass. See
figure fi.
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3.4 Binding energy of baryons and their interaction energy

Consider the configuration where baryon vertex and probe brane is not connected. The
position of baryon vertex is lowest possible value Uxk and the shape is spherical. See
figure [| (a). The energy of this configuration F ) is given by

FO — 'H(D();—l—NBH + QHr1

HONQ = 0) + O,

= T6

HD4 +Q/ (14¢ )2/3d§] (3.23)

where H{ 23 is the probe D6 brane energy without charge, H! 31 is the compact and spherical

D4 brane energy without attached string and £2 is a position of D6 brane at p = 0 and Np
is a baryon number Q/N.. The energy of configuration (b) in figure f] with FBC imposed
is given by

F =16 [ﬂDG(QN) + %7:([)4] . (3.24)

We define the baryon mass in a medium as the energy of the deformed D4 with FBC
imposed:
Mp = Hpa. (3.25)

The binding energy of a baryon can be defined as the energy difference between the baryon
vertices before and after the deformation:

= H(Q) + NeHpy — Mp. (3.26)

The baryon-baryon interaction energy can be defined as the deformation energy of the
probe brane, that is, the difference between the energy of ‘D6 without charge’ and that of
‘D6 with charge and FBC’. Since this energy present for any pair of the charges we expect
that it is proportional to the Q? at least for small Q. Indeed the numerical result shows the
quadratic dependence on the ). When this quantity is positive (negative), baryon-baryon
interaction is dominated by the repulsion(attraction).
The difference of F and F© gives total binding energy plus interaction energy of the
multi-baryon system:
F - f(o) = _NBEB + Elnteraction- (327)

Numerical result of binding energy as well as the interaction energy is drawn in figure
One may ask what happen for D3 brane backgrounds with various probe branes.
Naively we expect similar behavior in this case. Indeed for D3 brane background with
D5 probe brane, completely parallel results are obtained. However, for D3/D7 system with
one direction compactified, the results are not as expected. For the deconfining black hole
background we do not have any baryon vertex configuration as expected. For the confining
D3 background, there are two classes of embedding of D7 brane depending on whether D7
wraps the compact direction or not. In case D7 is wrapping the compact direction, the D7
does not get effectively repulsive force from the confining D3 background. In fact as far

— 11 -
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Figure 7: (a) Binding energy for m, = O(real line),m, = 1(gray line), m, = 1.5(dashed line).
(b) Interaction energy for m, = O(real line),m, = 1.5(dashed line)(m, = 1 line is almost same as
dashed line)

2

1.5

To———=2Q 30 —~——46—50
(a) (b)

Figure 8: D7 brane embedding with different gy in the case of @ = 0. Blue circle denote minimal
sphere in thermal AdSs: (a) When D7 wraps compactified spatial direction. (b) When D7 does not
wraps compactified spatial direction.

as D7 embedding is concerned, there is no difference in equation of motion between the
black hole background and confining background, hence for small enough current quark
mass, the D7 embedding should fall into the singularity, an impossible result. Therefore
we do not expect that such D7 embedding is allowed. See figure §. If D7 is not wrapping
the compact direction, numerical study shows that no stable D7 configuration with finite
current quark mass is allowed. See figure § We leave the description of some details to
the appendix.

4. Discussion

We considered the issue of presence of Minkowski brane in the context of baryon mass
in the medium. Although no analytic proof was made, our numerical investigation shows
strong evidence of the absence of the baryon vertex operator in the black hole background.
In the dual picture, this corresponds to the absence of the baryonic states in the N=2 Yang
Mills system with finite quark mass system. On the other hand, we found the existence of

— 12 —



such states in the confining background like D3/D7 and D4/D6 double wick-rotation. Such
picture is consistent with the naive expectations from the yang-Mills side that baryons exist
only in the confining phase.

It is interesting to classify all the solution of the DBI action with source. The spiky
solutions ( in deconfining background) represent quarks, while the cusp solutions (in confin-
ing) represent the baryons. Now, DBI action allows solutions which is regular everywhere.
How should we interpret this solution in string theory setting? In fact, the very motivation
of the Born-Infeld action is to regularize electromagnetic singularity at the point charge.
The answer to this question is following: in the presence of dense medium, there are two
scales in the system; one is the string scale controlling the scale of the spike and the other
is the inter-particle distance. There are many order of magnitude difference between these
scale. Therefore, the structure of one scale should be neglected when we treat that of the
other scale. That is, when we focus on the physics of density, the spiky structure should
be neglected. If we neglect the latter, then we get the smooth brane without singularity or
cusp. This is the interpretation of the regular solution identified as the Minkowski embed-
ding in [[[3]. However, we should not forget that there are invisible strings attached to the
probe branes to give charge sources and their energy should be added to the total energy
even though the shape of the regulated brane is smooth. In fact, if we add the string mass
to Minkowski brane solution, the sum is bigger than that of the the black hole embedding,
which means that none of the Minkowski embeddings in the quark phase are physically
realized.

Notice that for the baryon phase also, the D5 mass should be always included as far
as the baryonic states exist. In QCD, most of the mass of the baryons are coming from
the gluons instead of current quark mass. This has an analogue in hQCD: for the baryon
vertex in gravity dual, the string length is always minimized and effectively strings are
replaced by the deformed probe brane. This suggests that in hQCD, the quarks are melt
away in confining phase and all the mass of the baryon is coming from the coherent gluons
which is dual to the compact D-branes in the bulk.

Note added. After finishing this work, we received a relate work [[[J] where the the
baryon vertex in the absence of the probe branes was discussed.

A. D3 brane — Confining background

We start usual Euclidean D3 black hole geometry.

ds® = v (dt? + dz* + f(U)dr?) + R? _du” + dQ2 (A1)
T R? f(U)U? > ) ‘

where R* = 2% = 4mg,N.I* and f(U) =1 — (Uxk/U)*. Here, A = g3 Ne is the 't Hooft
coupling of the YM theory. 7 direction is compactified with period

1 Ukx Mgk

B wR?2 21’

(A.2)

- 13 —



where Mkg is Kaluza-Klein mass. Introducing a dimensionless coordinate £ defined by
de? /€2 = dU?/(U?£(U)), the bulk geometry becomes

U2 R?
ds® = 7 (dt* + fdr® +dz*) + @ (d€* + £2d03) (A.3)

where U and ¢ are related by U%/UZy = (€2 +1/¢%) and f = (1 — £H)2/(1 + &2
From now on, we will use the metric (A-J) as a background metric with baryon vertex
and probe brane.

A.1 Baryon vertex — D5 brane

The brane configuration which corresponds to the baryon vertex can be understood as D5
brane wrapping compact S° direction. The background metric (A-3) can be written as

U? R?

ds* = =5 (dt* + fdr* + dz°) + @ d¢® + R? (d6* + sin® 0dQ3) , (A.4)
We assume that only & depends on 6 and Fiy # 0. The induced metric on D5 brane is
U2 5/2
ds2)s = ﬁdﬂ + R? (1 + §> dh* + R? sin? 0dQ3. (A.5)

The DBI action for single D5 brane with N, fundamental string can be written as similar

to [

Sps = —M5/\/det(g+27ra’F)+,u5/A(1) /\G(5)

=75 / dtdf sin* 6 [—\/w+(£2 +E72) — F2 4 421} , (A.6)
where
4 / . /
= psSu R UKK’ P 2V2ma F;%)’ A - V2 - 21 A, (A7)
V2 Ukk Ukk
and ¢ = 9¢/00.

The displacement can be defined as follows;
OLps sint0F
oF \/W+(f2 +£?) — 2

= —D(0). (A.8)

From the equation of motion for gauge field, we can obtain

§(1/7T —0)+ g sinf cos @ + sin® @ cos 0|, (A.9)

D(9) = [2

where v determines the number of fundamental sting( v N, strings are at south pole and
(1 — v)N, strings are at north pole, we set v = 0)

— 14 —



By performing Legendre transformation, we can get ‘Hamiltonian’

Hps = F — — Lps

T5/d9\/bd+ (€2 +¢7)4/D(9)2 +sin® 0 (A.10)

Solutions of equation of motion for above Hamiltonian are characterized by initial value of

& at 6 = 0(we set £'( = 0) = 0 as a initial condition. The solutions for different &; are
qualitatively same as figure [J.
The force at the cusp of D5 brane tension is

OH

oU.
fix other values

B 1+¢* g,
= N.Tr <1 _&_4> VT (A.11)

where T is tension of fundamental string. The force is always smaller than the tension

Fps =

of fundamental string same as baryon D4 brane case. Therefore, we have to find stable
configuration with probe D-branes which make hole system to be stable.

A.2 Probe D5 brane

We put Ny number of D5 branes as probe flavor brane. The background metric (A-3) can
be written as
U2

ds® = = (

dt* + fdr* + dzj + da3) + dy® + dp? + p2dQ3 + dz* + 2%d¢?), (A.12)

o
where D5 brane world volume coordinates are (t,x9, s, p,7,). We also assume that the
only coordinate y depends on p and focus on z = ¢ = 0 solution. The induced metric on
D5 brane is B2
@ (1 +9%)dp* + p*d3] (A.13)
with non-zero electric field on it (F,; # 0) and § = 0y/0p.

DBI action of probe D5 brane is

U2
ds?)s = o2 (dt2 + dz3 + dm%)

Sps = —7‘5/dtdpp w+\/w+ 1+9?) /dt£D5 (A.14)
where

1 _ 2V21d'F,
75 = —=NpusQVolpy, F=""—7- A.15
52\/§f,u522KK Ukk ( )

We define dimensionless value Q from equation of motion for F is

. s 2
F -

OSps _ et ~0 (A.16)

OF  \Jur(t4i?) -
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The Legendre transformed ‘Hamiltonian’ from is

Hps =75 / dp\/aJ+ (@2 + p4wi> 1+ (A.17)
with U O
~ KK
— _UKKY A.18
@ 21l 275 ( )

where @ is total number of quarks.
In Q = 0 case, the solutions of probe D5 brane embedding are same as figure f|. In
Q@ # 0 case, we can impose force balance condition

Fps = %FDE, (A.19)
with following constraint
&
" (A.20)

The D-brane configurations with and without FBC and the density dependence of baryon
mass are qualitatively same as figure [f| and figure .

A.3 Probe D7 brane

In this section, we consider D7 brane configuration used in [[[3, P0]. In this case the
background metric ([A-J) can be written as

2 U o 2 2 o, B 2, 2102, ,27,2

ds? = i (dt* + fdr* + dw3 + d3) +? (dy* + dp” + p*dQ3 + y°d¢?) (A.21)

where ¢2 = y? + p?. D7 brane wraps compactified direction 7. We also assume that the
only coordinate y depends on p. The induced metric on D7 brane is

dsty; = v (dt? + fdr® + dz3 + dz3) + ® (1 +9%)dp* + p*d3] (A.22)

D7~ R T T O3 £2 yr)aps T pradis :
with non-zero electric field on it (F),; # 0) and y = dy/0p.
DBI action of D7 brane is

Sp7 = —7-7/dtdpp3w_\/w+ \/w+(1 +42) — F2 (A.23)
where,
1 - 2V/2nd'F,
T = ~NpurQs8: VU2,  F = m. (A.24)
4 Uo
Equation of motion for F is
3 /2 F
_ F ~
OLpr _ __po-wy =q (A.25)

oF \/w+(1+y'2)—ﬁ’
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We can get a Hamiltonian from Legendre transformation,

HD? = T7 / dp\/W+ (Q2 + p6w3w+) 1+ y2. (A26)

In the case of @ = 0, the Hamiltonian ([A.26) is same as the Hamiltonian for black hole
background. However, in confining background, probe brane cannot end on the singularity.
It means that probe brane cannot cover low yo, region in () = 0 case.

A.4 Probe — D7 brane (II)

Here we consider the probe D7 brane does not contain compact direction. The background
metric (A.d) can be written as

ds* = — (dt* + fdr® + da3 + da3) + —5 (dy* + dp* + p*d]) , (A.27)

o
where €2 = y? 4 p?. We also assume that only y depends on p. The induced metric on D7
brane is

U2
dsty; = 2 (dt2 + da3 + dm%) (1+92)dp* + p2dQ2] (A.28)

R2
i
with non-zero electric field on it (F,; # 0) and § = 0y/0p.

DBI action of D7 brane is

Spr = —7‘7/dtdp \/w+ 1+9?) (A.29)
where,
Tr = %memszZUg’, F= 2\/52‘;‘ Fot (A.30)
Equation of motion for F is
OLpr _ plo F =Q (A.31)

oF 52\/w+(1 +9°) - F

We can get a Hamiltonian from Legendre transformation,

HD7—7'7/dp\/w+ Q2+ 7 ‘“’*)\/ + 2 (A.32)

As we discussed before, the solution of equation of motion for above Hamiltonian gives
funny behavior even ) = 0 case. D7 brane does not goes to flat brane as gy increase.
Moreover, values of y., are very small for every yo even for a very large value of yy. It
means that the value of y,, cannot cover whole y axes. And therefore we do not consider
this case seriously.
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