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Abstract

In this paper, we investigate homomorphisms in proper JCQ*-triples and derivations on proper JCQ*-triples associated with the
following functional equation

1
Ef(kx +ky+kn) =)+ f)+ f@)

for a fixed positive integer k. We moreover prove the generalized Hyers—Ulam stability of homomorphisms in proper JCQ*-triples
and of derivations on proper JCQ*-triples. This is applied to investigate isomorphisms between proper JCQ™*-triples.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

As it is extensively discussed in [47], the full description of a physical system S implies the knowledge of three
basic ingredients: the set of the observables, the set of the states and the dynamics that describes the time evolution of
the system by means of the time dependence of the expectation value of a given observable on a given state. Originally
the set of the observables was considered to be a C*-algebra [27]. In many applications, however, this was shown not
to be the most convenient choice and the C*-algebra was replaced by a von Neumann algebra, because the role of
the representation turns out to be crucial mainly when long range interactions are involved (see [10] and references
therein). Here we use a different algebraic structure, similar to the one considered in [22], which is suggested by the
considerations above: because of the relevance of the unbounded operators in the description of S, we will assume that
the observables of the system belong to a quasi *x-algebra (A, Ag) (see [51] and references therein), while, in order to
have a richer mathematical structure, we will use a slightly different algebraic structure: (A, Ag) will be assumed to
be a proper CQ*-algebra, which has nicer topological properties. In particular, for instance, Ag is a C*-algebra.
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Let A be a linear space and Ay is a *-algebra contained in A as a subspace. We say that A is a quasi *x-algebra over
Ay if

(i) the right and left multiplications of an element of A and an element of A( are defined and linear;
(i) x1(x2a) = (x1x2)a, (ax1)xr» = a(xix2) and xq(ax2) = (x1a)xp for all x1,xp € Agand alla € A;
(iii) an involution %, which extends the involution of Ay, is defined in A with the property (ab)* = b*a™ whenever
the multiplication is defined.

A quasi x-algebra (A, Ag) is said to be a locally convex quasi *-algebra if in A a locally convex topology t is
defined such that

(i) the involution is continuous and the multiplications are separately continuous;
(i) Apisdensein A[t].

Throughout this paper, we suppose that a locally convex quasi *-algebra (A[t], Ag) is complete. For an overview
on partial x-algebra and related topics we refer to [2].

In a series of papers [6,14,16,17], many authors have considered a special class of quasi *x-algebras, called proper
CQ*-algebras, which arise as completions of C*-algebras. They can be introduced in the following way:

Let A be a right Banach module over the C*-algebra Ag with involution % and C*-norm || - ||o such that Ay C A.
We say that (A, Ag) is a proper CQ*-algebra if

(i) A isdensein A with respect to its norm || - ||;
(ii) (ab)* = b*a* whenever the multiplication is defined;

(i) llyllo =supyeq, jai<i llayll forall y € Ao.

Several mathematician have contributed works on these subjects (see [1,3-9,11-15,18,19,23,24,31-33,49,
50,52,53]).

Ulam [54] gave a talk before the Mathematics Club of the University of Wisconsin in which he discussed a number
of unsolved problems. Among these was the following question concerning the stability of homomorphisms.

We are given a group G and a metric group G’ with metric p(-,-). Given € > 0, does there exist a § > 0 such
that if f: G — G’ satisfies p(f(xy), f(x)f(¥)) <8 forall x,y € G, then a homomorphism h : G — G’ exists with
p(f(x),h(x)) <€ forall x € G?

By now an affirmative answer has been given in several cases, and some interesting variations of the problem have
also been investigated.

Hyers [28] considered the case of approximately additive mappings f : E — E’, where E and E’ are Banach
spaces and f satisfies Hyers inequality

[fa+y—f@)—fo]<e
for all x, y € E. It was shown that the limit
f(2"x)
2n
exists for all x € E and that L : E — E’ is the unique additive mapping satisfying
| f) =L <e

Th.M. Rassias [40] provided a generalization of Hyers’ Theorem which allows the Cauchy difference to be un-
bounded.

Lo = Jim,

Theorem 1.1 (Th.M. Rassias). Let f : E — E’ be a mapping from a normed vector space E into a Banach space E'
subject to the inequality

[fx+y) = f) = FO | <e(llxlI” +1IylIP) (1.1)
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forall x,y € E, where € and p are constants with € > 0 and p < 1. Then the limit

f@2"x)
on

L(x) = lim
n—od
exists forall x € E and L : E — E’ is the unique additive mapping which satisfies

2e
2-—2p
forall x € E. Also, if for each x € E the function f(tx) is continuous int € R, then L is linear.

[lx11”

|fe) =L <

Th.M. Rassias [41] during the 27th International Symposium on Functional Equations asked the question whether
such a theorem can also be proved for p > 1. Gajda [25] gave an affirmative solution to this question for p > 1. The
inequality (1.1) provided a lot of influence in the development of a generalization of the Hyers—Ulam stability concept.
This new concept is known as generalized Hyers—Ulam stability of functional equations (see [20,21,29]). Beginning
around the year 1980, the topic of approximate homomorphisms and their stability theory in the field of functional
equations and inequalities was taken up by several mathematicians (see [26,30,34—-39,42-46,48]).

Definition 1.2. A proper CQ*-algebra (A, Ap), endowed with the Jordan triple product
{z,x,w}= %(zx*w + wx*z)
for all x € A and all z, w € Ay, is called a proper JCQ*-triple, and denoted by (A, Ay, {-, -,-}).
Definition 1.3. Let (A, Ao{-, - ,-}) and (B, Bo{-, - ,-}) be proper JCQ*-triples.
(i) A C-linear mapping H : A — B is called a proper JCQ*-triple homomorphism if H(z) € By and

H({z,x,w}) ={H (), H(x), H(w)}
forall z, w € Ag and all x € A.If, in addition, the mapping H : A — B and the mapping H |4, : Ao — B are bijective,
then the mapping H : A — B is called a proper JCQ*-triple isomorphism.
(i1) A C-linear mapping 8 : Ag — A is called a proper JCQ*-triple derivation if
8 ({wo, wi, wa}) = {8(wo), wi, wa} + {wo, s(wi), wa} + {wo, wi, §(w2)}

for all wo, wi, wy € Ag.

Throughout this paper, assume that k is a fixed positive integer.
This paper is organized as follows: In Sections 2 and 3, we investigate homomorphisms and derivations in proper
JCQ*-triples associated with the functional equation

1
%f(kX+ky+kZ)=f(x)+f(y)+f(z)-

In Sections 4 and 6, we prove the generalized Hyers—Ulam stability of homomorphisms and of derivations in proper
JCQ*-triples. In Section 5, we investigate isomorphisms between proper JCQ*-triples.

2. Homomorphisms in proper JCQ*-triples

Throughout this section, assume that (A, Ao, {-, -,-}) is a proper JCQ*-triple with C*-norm || - || 4, and norm || - || 4,
and that (B, By, {, - ,-}) is a proper JCQ*-triple with C*-norm || - || 3, and norm || - || 5.

Proposition 2.1. Let X and Y be normed spaces with norms || - ||x and || - ||y, respectively. Let f : X — Y be a
mapping such that
2.1

1
lf@+fom+ @], < ‘ o f (kx +ky+k2)

Y
forall x,y,z € X. Then f is Cauchy additive.
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Proof. Lettingx =y=2z=01in(2.1), we get

1
31Oy < Hzf(O) H :
Y

So f(0) =0.
Letting z=0and y = —x in (2.1), we get
1
lre)+ f=n], < ‘;f(O) ‘ =0
Y

forall x € X. Hence f(—x) =—f(x) forall x € X.
Letting z=—x — y in (2.1), we get

1
lre+rom—ra+n|, =ro+ 0+ f—x-»|, < H%f(O)H =0
Y
for all x, y € X. Thus
fa+y) =@+ f0)

for all x,y € X, asdesired. O
We investigate homomorphisms in proper JCQ*-triples.

Theorem 2.2. Let r # 1 and 6 be nonnegative real numbers, and f : A — B a mapping satisfying f(w) € By for all
w € Ag such that

1
luf )+ f)+ f@] 5 < ”zf(k/uc + ky + kz)

, 2.2)
B

| £ ({wo. x, wi}) = {f(wo), £), Fw}] 5 <OUlwolly + Ix 1 + lwilF) (2.3)

forall pe T :== {1 € C: |A| =1}, all wy, w1 € Ag and all x,y,z € A. Then the mapping f : A — B is a proper
JCQ*-triple homomorphism.

Proof. Let ;=1 in (2.2). By Proposition 2.1, the mapping f : A — B is Cauchy additive.
Letting z =0 and y = —ux in (2.2), we get

uf(x) = flux) =pnf(x)+ f(—=pux)=0

for all x € A. So f(ux) = uf(x) for all x € A. By the same reasoning as in the proof of Theorem 2.1 of [35], the
mapping f : A — B is C-linear.
(i) Assume that r < 1. By (2.3),

I (fwo. x, wi}) = { £ (wo). £ (). Fw},
= lim (8" . v wn)) — {£(2wo). £(20). 7@ w)]

n—oo 8N
nr

: 3 3 3
< lim 8—,19(||w0|IAr + llx 1y + llwilI}) =0
for all wg, w; € Ag and all x € A. So

f(fwo, x, wi}) = { f (wo), f(x), f(w)}

for all wg, w; € Ag and all x € A.
(i1) Assume that r > 1. By a similar method to the proof of the case (i), one can prove that the mapping f : A — B
satisfies

f({w()sxv wl}) = {f(wo)’ f(-x)s f(wl)}

for all wg, w; € Ag and all x € A.
Since f(w) € By for all w € Ag, the mapping f : A — B is a proper JCQ™*-triple homomorphism, as desired. O
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Theorem 2.3. Let r # 1 and 6 be nonnegative real numbers, and f : A — B a mapping satisfying (2.2) and f(w) € By
for all w € Ag such that

|7 ({wo. x, wi}) = {f (o). £ ), fw)}| 5 <O lwolly - lxll’y - lwill’y (2.4)
for all wy, wy € Ag and all x € A. Then the mapping f : A — B is a proper JCQ*-triple homomorphism.

Proof. By the same reasoning as in the proof of Theorem 2.2, the mapping f : A — B is C-linear.
(i) Assume that r < 1. By (2.4),

| £ (two. x, wi}) = { f (wo). f @), FwD} ,

= Tim_ | £ (8" w0, x. wn)) — { £ (2"wo), £(2%%), £ )}

nr
< Jim 20 wolly - - lwn Iy =0
for all wo, w € Ag and all x € A. So
f(two, x, wi}) = { f(wo), f(x), f(w)}

for all wg, w; € Ag and all x € A.
(ii) Assume that r > 1. By a similar method to the proof of the case (i), one can prove that the mapping f: A — B
satisfies

S ({wo, x, wi}) = { f(wo), f(x), f(wi)}

for all wg, w; € Ag and all x € A.
Therefore, the mapping f : A — B is a proper JCQ*-triple homomorphism. O

3. Derivations on proper JCQ*-triples

Throughout this section, assume that (A, Ao, {-, - ,-}) is a proper JCQ*-triple with C*-norm || - || 4, and norm || - || 4.
We investigate derivations on proper JCQ*-triples.

Theorem 3.1. Let r £ 1 and 6 be nonnegative real numbers, and f : Ao — A a mapping such that

1
||Mf(x)+f()’)+f(z)||A<“Ef(kux+ky+kz) : 3.1)
A
£ ({wo. w1, wa}) — { f (wo), wi, wa} — {wo. f(w1), wa} — {wo, w1, fw)}|,
<O(lwoll¥ + llwi I + w2 l3) (3.2)

forall € T' and all wo, wy, w2, x, y, z € Ag. Then the mapping f : Ao — A is a proper JCQ*-triple derivation.

Proof. By the same reasoning as in the proof of Theorem 2.2, the mapping f : A9 — A is C-linear.
(i) Assume that r < 1. By (3.2),

| £ ({wo. wi, wa}) — { f (wo), wi, wa} — {wo. f(w1), wa} — {wo, w1, fw)}|,
= lim L||f(8"{w0,wl,wz})— {£(2"wo). 2" wy, 2w} — {2"wo, f(2"w1), 2" ws}

—{2"wo, 2"wy, f(2"w2)} ”A

8 3 3 3
< Jimo 8—n€(llwo||Ar +lwilly + lw2lly) =0

for all wg, wi, wy € Ag. So

S ({wo, wi, wa}) = {f (wo), wi, wa} + {wo. f(w1), wa} + {wo, wi, f(w2)}

for all wg, wi, wy € Ayp.
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(ii) Assume that r > 1. By a similar method to the proof of the case (i), one can prove that the mapping f: A — A
satisfies

F(fwo, wi, wa}) = { f(wo), wi, wa} + {wo, f(w1), w2} + {wo, wi, f(w2)}

for all wg, wy, wy € Agp.
Therefore, the mapping f : Ag — A is a proper JCQ*-triple derivation. O

Theorem 3.2. Let r # 1 and 6 be nonnegative real numbers, and f : Ao — A a mapping satisfying (3.1) such that

| £ ({wo, wi, wa}) — { f(wo), wi, wa} — {wo, f(wr), w2} — {wo, wi, fFw)},

<O - Nwolly - lwilly - w2l (3.3)

for all wy, wy, wy € Ag. Then the mapping f : Ay — A is a proper JCQ*-triple derivation.
Proof. The proof is similar to the proofs of Theorems 2.3 and 3.1. O
4. Stability of homomorphisms in proper JCQ*-triples

We prove the generalized Hyers—Ulam stability of homomorphisms in proper JCQ*-triples.

Theorem 4.1. Let r > 1 and 0 be nonnegative real numbers, and let f : A — B be a mapping such that f(w) € By
forall w e Ag and

1
H o F (kx4 pky + pka) = uf () = iuf ) = 1/ @ <O(xlly + 131 + lizla), (4.1)
B
1
H;f(kwo + kwy +kwa) — f(wo) — f(wi) — fwa)|  <O(llwoll’y, + lwily, + lw2ll’y,). 42)
B
| (two. x, wi}) = { f(wo), £), Fw}] p <Olwolly + Ix 1 + llwilF) 4.3)

forall we T, all wy, wi, wy € Ag and all x, v, z € A. Then there exists a unique proper JCQ*-triple homomorphism
H : A — B such that

|70 = HWy € ol 44
fx) )| 5 < Go 3k llx s 4.4)
forall x € A.
Proof. Letus assume y =1 and x =y =z in (4.1). Then we get
1
H zf(3kX) =3f)| <30lxly 4.5)
B
forall x € A. So
X 3k6 -
‘ f(x) —3kf<§) . < WMX”A
for all x € A. Hence
m—1
Y R m X j Xy j+l X
H G0 f<(3k)l> o f<(3k)’"> B s ]Z_; G f<(3k)j> G0 f<(3k)j+1> B
3k0 " Gk
< Gir > Gy (4.6)

Jj=l
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for all nonnegative integers m and [ with m > [ and all x € A. From this it follows that the sequence {(3k)" f (ﬁ)} is
a Cauchy sequence for all x € A. Since B is complete, the sequence {(3k)" f (@)} converges. Thus one can define
the mapping H : A — B by

. " x
H(x) = Tim (3k) f< (W)

for all x € A. Moreover, letting / = 0 and passing the limit m — oo in (4.6), we get (4.4).
It follows from (4.1) that

1
zH(ukx + uky + pkz) — wH(x) — uH(y) — nH(2)

B

wkx + pky + pkz x
f( (3hy" ) “f<<3k>"> “f<(3k>"> “f<<3k>n>

——(IIx I’y + Iyl + llzll) =0

= lim (36"

( k)"0
(3k)nr

for all u € T! and all x, v,z € A.So

1
%H(ka + puky + pnkz) = wH(x) + pwH(y) + nH(z)

for all x € T' and all x,y,z € A. By the same reasoning as in the proof of Theorem 2.1 of [35], the mapping

H:A — B is C-linear.
Now, let T : A — B be another additive mapping satisfying (4.4). Then we have
X
3k)" -
<60 (H <(3k)”> f((3k)")
6k(3k)"0

which tends to zero as n — oo for all x € A. So we can conclude that H(x) = T (x) for all x € A. This proves the
uniqueness of H.

n X _ X
[ H ) =T, =Gk H(@k)n) T<(3k)") P
(@) - (aw)l,)
B (Bk)" (€1ILyA I
S GGy =3k Ml
It follows from (4.2) that H (w) = limn_>oo(3k)”f((3%)n) € By for all w € Ag. So it follows from (4.3) that

| H ({wo. x, wi}) — {H(wo), H(x), Hw1)}|

{wo, x, wi} wo X w1
f( B )_{f(@k)")’f(@k)")’f(@k)”)} 5

6 (lwolly + lx Iy + lwilly) =

= lim (3k)*"
n—oo

Bk
< lim
S o0 (3]{)3’"’
for all wg, w; € Ag and all x € A. So

H ({wo, x, wi}) = {H(wo), H(x), H(w)}

for all wg, w; € Ag and all x € A.
Thus the mapping H : A — B is a unique proper JCQ*-triple homomorphism satisfying (4.4), as desired. O

Theorem 4.2. Let r < 1 and 6 be nonnegative real numbers, and let f : A — B be a mapping satisfying (4.1),
(4.2) and (4.3) such that f(w) € By for all w € Ag. Then there exists a unique proper JCQ*-triple homomorphism

H : A — B such that
” (x) — H( )” <L
fx Ve S 3 " Gryr

forall x € A.

[l (4.7)
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Proof. It follows from (4.5) that

1
Hf(x) — 3_kf(3kx) . <O|xy
forall x € A. So
m—1
L Iy _ m 1 iy 1 o
H G/ (30) = g £ (GR") ng a7 ! (0') = G /(G|
m—1 ;
(3k)’" P
S 2; (3k)7 Ollxls (4.8)
J=

for all nonnegative integers m and / with m > [ and all x € A. From this it follows that the sequence {ﬁ F(Bk)"x)}

is a Cauchy sequence for all x € A. Since B is complete, the sequence {@ f((3k)"x)} converges. So one can define
the mapping H : A — B by

H(x):= nlim

i, G (™)

for all x € A. Moreover, letting / = 0 and passing the limit m — oo in (4.8), we get (4.7).
The rest of the proof is similar to the proof of Theorem 4.1. O

5. Isomorphisms between proper JCQ*-triples
We investigate isomorphisms between proper JCQ*-triples.

Theorem 5.1. Let r > 1 and 6 be nonnegative real numbers, and let f : A — B be a bijective mapping satisfying
(4.1) and (4.2) such that

I (fwo, x, wi}) = {f (wo), f(x), f(w1)} (5.1)
for all wo, w1 € Ag and all x € A. Iflimn%oo(3k)"f(@) =¢' and f|a,: Ao — By is bijective, then the mapping

f A — B is aproper JCQ*-triple isomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there is a unique C-linear mapping H : A — B
satisfying (4.4). The mapping H : A — B is given by

. n x
H(x) = nll>nolo(3k) f<(3k)">

for all x € A.
Since f({wo, x, w1}) = {f(wo), f(x), f(wy)} for all wg, w; € Ag and all x € A,

T 3n Wwo x o
H ({wo. x, wi}) = lim (3k) {f <(3k)n>’ ! ((3k)”>’ / ((3k>n>}

T n wo n X n —U)1
—nhlgo{(%) f((3k)n>’(3k) f((sk)")’(3k) f((3k)”>}
={H(wo), H(x), H(w)}

for all wg, w; € Ag and all x € A.
It follows from (4.2) that H (w) = limn_>oo(3k)"f(%) € By for all w € Ag. So the mapping H: A — Bisa
proper JCQ*-triple homomorphism.
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By the assumption,

_ T n ex T n e T n e
H(x) = H(ex) = Tim (3k) f( (W) = lim (3k) f( (3k)nx) = lim (3k) f( (3k)n>f(x)
= f(x)= f(x)
for all x € A. Hence the bijective mapping f : A — B is a proper JCQ*-triple isomorphism. O

Theorem 5.2. Let r < 1 and 6 be nonnegative real numbers, and let f : A — B be a bijective mapping satisfying
4.1), (4.2) and (5.1). If lim;,_ oo ﬁf(@k)”e) =¢' and f|a,: Ao — Bo is bijective, then the mapping f : A — B
is a proper JCQ*-triple isomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.2, there is a unique C-linear mapping H : A — B
satisfying (4.7). The mapping H : A — B is given by

H(x):= lim

1 n
—o0 (3k)" f((3k) x)

forall x € A.
The rest of the proof is similar to the proof of Theorem 5.1. O

6. Stability of derivations on proper JCQ*-triples
We prove the generalized Hyers—Ulam stability of derivations on proper JCQ*-triples.

Theorem 6.1. Let r > 1 and 6 be nonnegative real numbers, and let f : Ay — A be a mapping such that

1
H i (kx o+ pky + pukz) = uf () = f () = wf (@) < O (Ix Iy, + 1yl + 1zl (6.1)
A

| £ ({wo. wi, wa}) — { f (wo), wi, wa} — {wo, f(w1), wa} — {wo., w1, fFw)}|,
<O(lwolly + lwilly + w2 l1) (6.2)
forall w e T and all wy, wy, wy, x, y, z € Ag. Then there exists a unique proper JCQ*-triple derivation § : Ay — A
such that

3k0
| fw) =8y, < Fllwl (6.3)

Bk)yr -3
for all w € Ay.

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a unique C-linear mapping 8 : Ag — A
satisfying (6.3). The mapping § : Ao — A is defined by

S(w) = lim 3k)" £ —2
T a0 Bk
for all w € Ap.
It follows from (6.2) that

|18 (fwo, wi, wa}) — {8 (wo), wi, wa} — {wo, 8wr), wa} — {wo, wi, s(w2)}] ,
f({wo,w,wz})_{f( wo ) w; Wy }_{ wo f( wi ) w? }
(3k)3n @Blky" )" Bk (k)" @k \ @Bk )" (k)"

B { wo wq wy }
(Bk)r™ (3k)"” f<(3k)">

(3k)3n
< lm ———
N—> 00 (3k)3nr

= lim (3k)*"
n—>0oo

A

0 (llwoll + llwi I3 + llwall¥) =0
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for all wg, wi, wy € Ag. So
8({wo, w1, wo}) = {8(wo), wi, wa} + {wo, s(wy), wa} + {wo, wi, 8(w2)}

for all wg, wi, wy € Ag.
Thus the mapping § : Ag — A is a unique proper JCQ*-triple derivation satisfying (6.3), as desired. O

Theorem 6.2. Let r < 1 and 6 be nonnegative real numbers, and let f : Ao — A be a mapping satisfying (6.1) and
(6.2). Then there exists a unique proper JCQ*-triple derivation § : Ay — A such that

3k6

| f @) =8|, < T

lwlly, (6.4)
for all w € Ag.
Proof. The proof is similar to the proofs of Theorems 4.1,4.2 and 6.1. O

References

[1] G. Alli, G.L. Sewell, New methods and structures in the theory of the multi-mode Dicke laser model, J. Math. Phys. 36 (1995) 5598-5626.
[2] J.P. Antoine, A. Inoue, C. Trapani, Partial %-Algebras and Their Operator Realizations, Kluwer, Dordrecht, 2002.
[3] F. Bagarello, Applications of topological x-algebras of unbounded operators, J. Math. Phys. 39 (1998) 6091-6105.
[4] F. Bagarello, Fixed point results in topological x-algebras of unbounded operators, Publ. Res. Inst. Math. Sci. 37 (2001) 397-418.
[5] F. Bagarello, Applications of topological x-algebras of unbounded operators to modified quons, Nuovo Cimento B 117 (2002) 593-611.
[6] F. Bagarello, A. Inoue, C. Trapani, Some classes of topological quasi *-algebras, Proc. Amer. Math. Soc. 129 (2001) 2973-2980.
[7] F. Bagarello, A. Inoue, C. Trapani, *-Derivations of quasi-*-algebras, Int. J. Math. Math. Sci. 21 (2004) 1077-1096.
[8] F. Bagarello, A. Inoue, C. Trapani, Exponentiating derivations of quasi-x-algebras: Possible approaches and applications, Int. J. Math. Math.
Sci. 2005 (2005) 2805-2820.
[9] F. Bagarello, W. Karwowski, Partial x-algebras of closed linear operators in Hilbert space, Publ. Res. Inst. Math. Sci. 21 (1985) 205-236;
Publ. Res. Inst. Math. Sci. 22 (1986) 507-511.
[10] F. Bagarello, G. Morchio, Dynamics of mean-field spin models from basic results in abstract differential equations, J. Stat. Phys. 66 (1992)
849-866.
[11] F. Bagarello, G.L. Sewell, New structures in the theory of the laser model II: Microscopic dynamics and a non-equilibrium entropy principle,
J. Math. Phys. 39 (1998) 2730-2747.
[12] F. Bagarello, C. Trapani, Almost mean field Ising model: An algebraic approach, J. Stat. Phys. 65 (1991) 469-482.
[13] F. Bagarello, C. Trapani, A note on the algebraic approach to the “almost” mean field Heisenberg model, Nuovo Cimento B 108 (1993)
779-784.
[14] F. Bagarello, C. Trapani, States and representations of CQ*-algebras, Ann. Inst. H. Poincaré 61 (1994) 103-133.
[15] F. Bagarello, C. Trapani, The Heisenberg dynamics of spin systems: A quasi-*-algebras approach, J. Math. Phys. 37 (1996) 4219—4234.
[16] F. Bagarello, C. Trapani, CQ*-algebras: Structure properties, Publ. Res. Inst. Math. Sci. 32 (1996) 85-116.
[17] F. Bagarello, C. Trapani, Morphisms of certain Banach C*-modules, Publ. Res. Inst. Math. Sci. 36 (2000) 681-705.
[18] F. Bagarello, C. Trapani, Algebraic dynamics in O*-algebras: A perturbative approach, J. Math. Phys. 43 (2002) 3280-3292.
[19] F. Bagarello, C. Trapani, S. Triolo, Quasi *-algebras of measurable operators, Studia Math. 172 (2006) 289-305.
[20] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, New Jersey/London/Singapore/Hong Kong, 2002.
[21] S. Czerwik, Stability of Functional Equations of Ulam—Hyers—Rassias Type, Hadronic Press, Palm Harbor, Florida, 2003.
[22] G.O.S. Ekhaguere, Partial W*-dynamical systems, in: Current Topics in Operator Algebras, Proceedings of the Satellite Conference of ICM-
90, World Scientific, Singapore, 1991, pp. 202-217.
[23] G. Epifanio, C. Trapani, Quasi-+-algebras valued quantized fields, Ann. Inst. H. Poincaré 46 (1987) 175-185.
[24] K. Fredenhagen, J. Hertel, Local algebras of observables and pointlike localized fields, Comm. Math. Phys. 80 (1981) 555-561.
[25] Z. Gajda, On stability of additive mappings, Int. J. Math. Math. Sci. 14 (1991) 431-434.
[26] P. Gavruta, A generalization of the Hyers—Ulam—Rassias stability of approximately additive mappings, J. Math. Anal. Appl. 184 (1994)
431-436.
[27] R. Haag, D. Kastler, An algebraic approach to quantum field theory, J. Math. Phys. 5 (1964) 848-861.
[28] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941) 222-224.
[29] D.H. Hyers, G. Isac, Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkhduser, Basel, 1998.
[30] D.H. Hyers, Th.M. Rassias, Approximate homomorphisms, Aequationes Math. 44 (1992) 125-153.
[31] G. Lassner, Algebras of unbounded operators and quantum dynamics, Phys. A 124 (1984) 471-480.
[32] G. Morchio, F. Strocchi, Mathematical structures for long range dynamics and symmetry breaking, J. Math. Phys. 28 (1987) 622-635.
[33] R. Pallu de la Barriére, Algebres unitaires et espaces d’ Ambrose, Ann. Ecole Norm. Sup. 70 (1953) 381-401.
[34] C. Park, Lie *x-homomorphisms between Lie C*-algebras and Lie *-derivations on Lie C*-algebras, J. Math. Anal. Appl. 293 (2004) 419-434.
[35] C. Park, Homomorphisms between Poisson JC*-algebras, Bull. Braz. Math. Soc. 36 (2005) 79-97.



1414 C. Park, Th.M. Rassias / J. Math. Anal. Appl. 337 (2008) 1404—1414

[36] C. Park, Homomorphisms between Lie JC*-algebras and Cauchy-Rassias stability of Lie JC*-algebra derivations, J. Lie Theory 15 (2005)
393-414.

[37] C. Park, Isomorphisms between unital C*-algebras, J. Math. Anal. Appl. 307 (2005) 753-762.

[38] C. Park, Approximate homomorphisms on JB*-triples, J. Math. Anal. Appl. 306 (2005) 375-38]1.

[39] C. Park, Isomorphisms between C*-ternary algebras, J. Math. Phys. 47 (10) (2006) 103512.

[40] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978) 297-300.

[41] Th.M. Rassias, Problem 16; 2, in: Report of the 27th International Symp. on Functional Equations, Aequationes Math. 39 (1990) 292-293;
309.

[42] Th.M. Rassias, The problem of S.M. Ulam for approximately multiplicative mappings, J. Math. Anal. Appl. 246 (2000) 352-378.

[43] Th.M. Rassias, On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000) 264-284.

[44] Th.M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Appl. Math. 62 (2000) 23-130.

[45] Th.M. Rassias, Functional Equations, Inequalities and Applications, Kluwer Academic, Dordrecht/Boston/London, 2003.

[46] Th.M. Rassias, P. Semrl, On the Hyers—Ulam stability of linear mappings, J. Math. Anal. Appl. 173 (1993) 325-338.

[47] G.L. Sewell, Quantum Mechanics and its Emergent Macrophysics, Princeton Univ. Press, Princeton, NJ, 2002.

[48] F. Skof, Proprieta locali e approssimazione di operatori, Rend. Sem. Mat. Fis. Milano 53 (1983) 113-129.

[49] R.F. Streater, A.S. Wightman, PCT, Spin and Statistics and All That, Benjamin Inc., New York, 1964.

[50] W. Thirring, A. Wehrl, On the mathematical structure of the B.C.S.-model, Comm. Math. Phys. 4 (1967) 303-314.

[51] C. Trapani, Quasi-*-algebras of operators and their applications, Rev. Math. Phys. 7 (1995) 1303-1332.

[52] C. Trapani, Some seminorms on quasi-*-algebras, Studia Math. 158 (2003) 99-115.

[53] C. Trapani, Bounded elements and spectrum in Banach quasi *-algebras, Studia Math. 172 (2006) 249-273.

[54] S.M. Ulam, Problems in Modern Mathematics, Wiley, New York, 1960.



