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A holographic dual of hydrodynamics
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ABSTRACT: We consider a gravity dual description of time dependent, strongly interacting
large-N. N = 4 SYM. We regard the gauge theory system as a fluid with shear viscosity.
Our fluid is expanding in one direction following the Bjorken’s picture that is relevant
to RHIC experiments. We obtain the dual geometry at the late time that is consistent
with dissipative hydrodynamics. We show that the integration constants that cannot be
determined by hydrodynamics are given by looking at the horizon of the dual geometry.
Relationship between time dependence of the energy density and bulk singularity is also
discussed.
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1. Introduction

One of the attractive aspects of AdS/CFT [[[] is applicability to the real systems after
certain amount of deformations. In fact it has been suggested that the fireball in Relativistic
Heavy Ion Collision (RHIC) can be explained from dual gravity point of view [P [, since
the quark-gluon systems created there are in the strong coupling region [p]. Although the
YM theory described by the standard AdS/CFT is large-N. N = 4 SYM theory, there are
many attempts to construct models closer to QCD [f]]. SUSY is not very relevant in the
finite temperature context because it is broken completely.

Since the RHIC fireball is expanding, we need to understand AdS/CFT in the time
dependent situations. Recently, Janik and Peschanski [f], P] discussed this problem in non-
viscous cases. They use the conservation law and conformal invariance together with the
holographic renormalization [[(, [[1] to express the bulk geometry with given boundary
data. As a result, the bulk geometry reproduces the basic features of Bjorken theory [[2].
It is also pointed out that inclusion of shear viscosity, although the value is small, is very
important in the analyses of real RHIC physics since it plays an essential role in the elliptic
flow (see for example, [[J, [4]). In fact, the shear viscosity at the strong coupling limit was
calculated for the N' = 4 SYM systems in ref. [[5] using AdS/CFT. So it is natural to ask
how the bulk geometry changes if we include the viscous effects in the boundary theory.



In this paper, we establish the dual geometry in the presence of shear viscosity by
using the hydro-dynamics as the boundary data. Although our gauge theory is not QCD,
we hope there is universal features in the character of strongly interacting gauge theory
systems. In fact hydrodynamics, which is our input does not ask much about the details of
the microscopic particles and the interactions once the equation of state is given. Therefore
we have a chance to extract useful information on the macroscopic properties of the real
quark-gluon fluid based on this universality.

If what we get is consistency with fluid dynamics, there would not be much point to
consider AdS/CFT dual of it. In fact, the holographic dual of the hydrodynamics contains
much more information than the hydrodynamics since AdS/CFT already contains essential
information of microscopic gauge theory dynamics. For example, we will show that the
holographic dual of the hydrodynamics gives integration constants in the hydrodynamic
equations that cannot be determined by hydrodynamics alone. The dual geometry also
gives a simple derivation of Stefan-Boltzmann’s law in strongly coupled regime with precise
Stefan-Boltzmann constant.

The organization of the paper is the following. In section B, we analyze time dependence
of the system in the framework of the relativistic hydrodynamics. We also review the basics
of the dissipative relativistic hydrodynamics in order to clarify our setup. Section §| gives
the analysis in the gravity dual. We review the basic framework of the gravity dual and
present some results for non-viscous cases obtained in ref. [§]. The main results of the
present work will be given in section B. where the late time dual geometry is proposed and
consistency with the hydrodynamic analyses is checked. We will show that the holographic
dual of the hydrodynamics contains more information than the hydrodynamics. We also
make comments on the regularity of the bulk geometry in section . We conclude in the
final section.

2. Relativistic hydrodynamics with shear viscosity

We begin with a short review of the relativistic hydrodynamics with dissipation. For the
relevance to the RHIC fireball, we assume that it is described by the finite temperature
theory of a variant of N' = 4 SYM. We also follow the Bjorken’s picture [[J]. In the
Bjorken’s model, the system undergoes one-dimensional expansion (Bjorken expansion)
along the collision axis of the heavy ions, and the fluid of the quarks and gluons has boost
symmetry in the so-called central rapidity region [[2]. We shall consider only the late-
time regime of the Bjorken expansion where the time evolution is slow enough to employ
approximations. !

The energy-momentum tensor in the framework of relativistic hydrodynamics is known

to be?

™ = (p+ P)utu” + Pg"" + m#", (2.1)

'Realistic model should contain three-dimensional expansion as tried in ref. [@ There, it was suggested
to use a dual of three-dimensional cosmic expansion.
2The convention of the signature of the metric is (—, 4+, +, +) in this paper.



where p, P are the energy density and the pressure of the fluid, and u* = (v,~?) is the
four-velocity field in terms of the local fluid velocity ¥. 7#” is the dissipative term. In a
frame where the energy three-flux vanishes, 7#¥ is given in terms of the bulk viscosity &

and the shear viscosity n by
2
T = (AP Y+ AV jut — 3 A Vaul) — € AP Yy, (2.2)

under the assumption that 7#¥ is of first order in gradients. We have defined the three-
frame projector as A* = g"” + utu”.
In this paper, we consider pure N' = 4 SYM theory whose energy-momentum tensor

is traceless. Now, the trace of the energy-momentum tensor is given by
TH = —p+3P — 3V ul. (2.3)
Demanding T}/ = 0 for all the possible frames where (R.2) is valid, we obtain
£€=0, and p=3P. (2.4)

Notice that the bulk viscosity in the realistic RHIC setup might also be negligible. (See
for example, ref. [[4].)

We assume that our fluid system is boost invariant following Bjorken [[J] since it is
actually supported by experiments. We want to take a “co-moving frame” where each point
of the fluid labels the coordinate, a concept called Lagrangian frame in fluid dynamics. In
this frame all the fluid points are at rest by definition, hence all the fluid points share the
same proper time. We can use the rapidity of each fluid-point as a spatial coordinate and
the common proper time of each fluid-point as a time coordinate. Therefore a local rest
frame (LRF) of the fluid can be given by proper time(7)-rapidity(y), whose relationship
with the cartesian coordinate is (2, z!, 2%, 23) = (7 cosh y, 7 sinh y, 22, 2%). We have chosen
the collision axis to be in the z! direction.

The Minkowski metric in this coordinate has the form of

ds® = —dr* + T2dy* + da? (2.5)

where dz? = (dz?)? + (dz3)?. We assume that the collision happened at 7 = 0 and we
consider only 7 > 0 region. Note that |y| ~ oo corresponds to the fronts of the expanding
fluid. Therefore, the whole region on the y-coordinate axis is occupied by the fluid. We

2 2 directions homogeneously. Since the

also assume that the fluid is extended in the z
real fireball produced by RHIC experiment is localized, the set up we use is an idealized
one. Nevertheless, the present setup is proper since we are interested in the central rapidity
region.

The four-velocity of the fluid at any point in the LRF is u* = (1,0,0,0), and this

makes the energy-momentum tensor to be diagonal:

p 0 0 0
1 4
TH — 0 2 (P B 32) 0 0 (2.6)
0 0 P+31 0
0 0 0 P+321



We have three independent quantities, p, P and n in (R.6). However, the energy-momentum
conservation, V,T" = 0, together with the equation of state p = 3P, reduces the number
of the independent quantities to be one. One finds that the energy-momentum tensor is
written by using only p in the following way:

p 0 0 0
0% (—p—7p) O 0
e A L. , (2.7)
p+ 5Tp 0
0 0 0 p+37p

where p = g—f. By identifying (P.6) with (P-7), we obtain the following differential equation
that connects 1 and p:3

dp _ _4p
dr 37
Note that both of p and 1 depend on the proper time 7 in general. Let’s assume that the

(2.8)

shear viscosity evolves by

"o
=L 2.9
n= 5 (2.9)
where 7 is a positive constant. The solution of (P.§) is then given by
_ o o 1
p(r) = 7_4/3—|— 1= 357177 (for 5 #1/3), (2.10)
4np 1
p(r)y = Lo A ), (2.11)

74/3 3 74/3

where pg is a positive constant. For 5 < 1/3 case, the viscous corrections in the hydrody-
namic quantities become dominant in the late time, which invalidates the hydrodynamic
description. If 3 > %, the shear viscosity term is sub-leading in the late time behavior as
we expect. Therefore we will consider only (6 > % case from now on.

The proper time dependence of the temperature T can be read off by assuming the

Stefan-Boltzmann’s law p oc T*:

1 o 1 1
T ="1T; — — . 2.12
0(7-1/3+p01—3,37'5+ ) (2.12)

In the static finite temperature system of strongly coupled N' = 4 SYM theory, it is known

that 7 oc T3 [[§]. Let us assume that the same is true in the slowly varying non-static
cases. Then we set § = 1:

n=-". (2.13)

3Equation (@) turns out to be the same as the one appearing in so-called first order (or standard)
dissipative relativistic hydrodynamics. (See for example, ref. [E] and the cited therein.) It is known that
the first order formalism has a problem of acausal signal propagation. However, it gives good enough results
for our purposes. The details of the causal dissipative relativistic hydrodynamics and consistency of our
analysis are shown in appendix .



We know p ~ T* and 1 ~ T3 cannot be consistent without an additional term in (R.1J),
but the correction term is negligible in our case. One can check the consistency of our
approach in appendix [J. The temperature behavior is then given by

1 o 1
T =T L T 2.14
O<Tl/3 2007 ) (219
We can evaluate the entropy change in the presence of shear viscosity by using hydro-
dynamics. The conservation of energy-momentum tensor can be rewritten as

d(7p) 4n
—— 4+ P=— 2.15
dr + 37 ( )
Using the nature of the one-dimensional expansion, the above can be rephrased as
d(ts) 4n
T—=— 2.16
dr 37’ (2.16)

where s denotes the entropy density and 7s = S' is the entropy per unit rapidity and unit
transverse area.® Notice that in the absence of viscosity, S is constant. Now, the entropy
per unit rapidity and unit transverse area has time dependence,

4n
— | dr—=L
S(T) / 7—37'T
= S — 220772/3 4 O(r4/3), (2.17)
Th

due to creation of entropy by dissipation. However, the creation rate of the entropy slows
down with time. S., that is the entropy per unit rapidity and unit transverse area at
T = o0, is an integration constant which we cannot determine in the framework of hy-
drodynamics. We will show that its precise value is given by using the gravity dual in
section f.

3. Holographic Dual of Hydrodynamics

In this section, we will find a five-dimensional metric which is dual to the hydrodynamic
description of the YM fluid in the previous section. The basic strategy is to use the
Eistein’s equation together with the boundary condition given by the energy-momentum
tensor at the boundary [[[d, [[1, §]. We consider general asymptotically AdS metrics in the
Fefferman-Graham coordinate:

o Guvdztda? + dz?
= ’["O

2
ds 5 ,

: (3.1)

where z# = (7,y,22,23) in our case. 7 = (4mgsNpa'?)/4

is the length scale given by the
string coupling g, and the number of the colors N.. The four-dimensional metric g, is

expanded with respect to z in the following form [[[0, [I]:

gun(1,2) = g (1) + 2200 (1) + 21 gl (1) + 209D (m) + - (3.2)

4A precise definition of S is the entropy within a unit 3d region on the (y, z2, x3) coordinate. The volume
of this region is 7 and it is expanding with time in the 2! direction.



(0)

guv is the physical four-dimensional metric for the gauge theory on the boundary, that is

given by (R.5) in the present case. The gff,l,) ’s depend only on 7 because of the translational

2

symmetry in the 22, 23 directions and the boost symmetry in the y direction in our setup.

g,(;y) is found to be zero. We can identify the first non-trivial data in (B.2), g,(jly), with the

energy-momentum tensor at the boundary [[0]:

471Gy
g;(;ly) = 7”8 <Tuu>7 (33)

where G5 is the 5d Newton’s constant given by G5 = 873a’g2/ 7“8 in our notation. For the
time being, we set 4G5 = 1 and 19 = 1. The higher-order terms in (B.2) are determined
by solving the Einstein’s equation with negative cosmological constant A = —6 [[L0, {:

1
RMN—iGMNR—GGMNZO, (3.4)

where the metric and the curvature tensor are for the five-dimensional ones of (B.1). gfLQ,,n)

is described by g;(?,,nfm,gffyn*‘l), R gfg) through solving the Einstein’s equation. In other
words, we can obtain the higher-order terms in (B.9) recursively by starting with the initial

data gfg) (~Minkowski) and gfﬁ) (~Tw).

3.1 Static cases

In order to demonstrate the use of the above procedure, we first workout the static case
using cartesian coordinate z# = (t,z', 22 2?) instead of the Bjorken’s coordinate. The
energy-momentum tensor in this case is given by

T, = diag (p, p/3,p/3,p/3) - (3.5)
The result of the above procedure gives the solution of the Einstein’s equation in Fefferman-
Graham co-ordinate:

1 {_(1 — £24)?

ds®> = =
y 1+ 824

2

d
> a2+ <1 n §z4> (dz? + da? + dxg)} + Ziz (3.6)

which is equivalent to the AdS-Schwarzschild Black hole.> The Hawking temperature is
given by

Ty = V2/ (), (3.7)

where zo(7) = [3/p]'/* is the position of the horizon. By restoring 47G5 and ry =
(47rgcho/2)1/ 4 and by identifying Ty with gauge theory temperature T, we obtain the
Stefan-Boltzmann’s law®

3
T - S P Y
— - = Zq?N?T*4. 3.8
P ArGs 4 H 87T c (3.8)

This result agrees with ref. [I7].

5Notice that the metric is mapped to the standard form of the AdS-Schwarzschild metric through the

coordinate transformation z = z/4/1 + 2% /2.

6 Actually Stefan Boltzmann’s law is about intensity I = ¢p/4 in terms of temperature. But we use the
terminology abusively to name (@)



3.2 Non-viscous time dependent cases

Coming back to Bjorken’s setup, Janik and Peschanski obtained the late time bulk metric [g]
by the above procedure. Here we briefly review their work in our language. By using (£.7)
and (R.10), the energy-momentum tensor for non-viscous case is explicitly written as

L0 0 0

+4/3

0 ™85 0 0
Tw=1 364/ ’ o (3.9)
0 0 0 &5
Then the metric is given by
gﬂ-z«—1+-f%%z4+cxz%,
=14 Ot 0,
Gozr = 1+ 3ff/3 2+ 0(20), (3.10)

where gy, = g2 = g33. Notice that our Minkowski metric is given by (R.F). Let’s focus
on the late time behaviour of the metric, since T}, is given only for the late time.” If we
take 7 — oo limit naively, what we obtain is just the Minkowski metric (P.5). To extract a
non-trivial result, the authors of ref. [§] take the limit such that ¢ 2* does not go to zero
nor infinity as 7 — oo:

T — o0 with 7.1—2/3 = v fixed. (3.11)

Then by solving the Einstein’s equation recursively up to certain order of z, we find g,,,
Gyy/ 72 and g,, have the following structure:

FO @)+ B @) (3.12)

By neglecting the 0(7_4/ 3) quantities, they obtained an analytic expression of the late
time metric:

1 1 — 202" )2 4 dz2
ds? = = {_%Chj + <1 + %%) (7'2dy2 + dxi) + ZLQ (3.13)

We can explicitly check that the above metric satisfies
1
GMHRMN—§GMNR—GGMNyvouﬁM%. (3.14)

Notice that (B.1J) is a black hole in AdS space with time-dependent horizon. The time
dependence of the entropy and the Hawking temperature from the metric (B.13) reproduces
the Bjorken’s results [[[J] S ~ constant as well as T' ~ 7~1/3_ Interestingly, they observed
that the regularity of the geometry at the horizon uniquely selects the power of time

"The slow time evolution is necessary to justify the hydrodynamic treatment of the fluid.



evolution of the energy density p ~ 7—%2, which is a consequence of hydrodynamics. (See
section [ for the details.)

If we replace p = %ﬁ with p = £ ﬁg/g, we find that the left-hand-side of (B.14)) is at
the order of 1/(7%/3log 7). In this sense, this replacement makes another late time solution

of (B-4). We will use this solution in section .

3.3 Viscous cases

Let us come back to our main interest to obtain the bulk geometry in the presence of shear
viscosity. The energy-momentum tensor for 8 = 1 is written by using (B-7)) and (R.10) as

Po 2mo

Py 0 0 0
0 2 <_& _ 2_772) 0 0
Ty = T\Em T } (3.15)
0 0 s 0
0 0 0 2

We find that the metric components, g¢,r, gyy/TQ, gz have the following structure by
solving the Einstein’s equation recursively:

fU @) +moh D ()77 + FO ) /747 4 (3.16)

Note that the viscosity dependent terms exist at the order of T7=2/3 and these are more
important than the higher-order terms neglected in (5.13). We are considering the late
time region 7 > 1. But to see the effects of viscosity, we need to keep the terms at least
to the order of 7=2/3. In this paper we consider the viscosity effects to the minimal order.

Now we solve the Einstein’s equation recursively. The power series that appear in
the solution can be re-summed to give a compact form of the metric. For the detail, see
appendix [Al The late time 5d bulk geometry is given by

1{_&—%322

ds* = — d*r
2 4
Uy
4 pt\ T2 4 pzt\ 7
+ 1—|—p— 3 2d%y + 1—|—p— S| &Pz,
ANEE ANEE
dz?
3.17
+ 5 (3.17)
where
_ "o _ Po 210
v = pTE and p = pry R (3.18)

Notice that the energy momentum tensor (B.15) can NOT be written in terms of whole
p(7). Tt is truly amazing that the final metric nevertheless can be written in terms of p(7)
(apart from the powers) in the compact way. This implies that the position of the horizon
can be determined solely by the energy density.®

80ne should keep in mind that we are looking for the late time geometry; the metric () is correct
only to the order of v and the O(y?) contributions are not unambiguously determined. The representation
of ) is chosen since it makes the volume of the horizon finite.



The Hawking temperature in the adiabatic approximation is given by T'(7) = v/2/7 (2
(7)), where z9(7) = [3/p(7)]*/* is the time dependent position of the horizon. Just as the
static case, we obtain

3
p= §w2N3T4(7), (3.19)

by restoring 4wGs and rg. The entropy per unit rapidity and unit transverse area is given by

S_LQ\/iTTS
- 4G5 28(7')
N2 /4 3/4 3/4 3 43
_ <§> (§> 2v/2p} <1—§p0T2/3+O(T )). (3.20)

One remarkable thing is that the value of S at 7 = oo, that cannot be determined by
hydrodynamics alone, is precisely determined to be

]Vc2 1/4 T 3/4 3/4
SOO:<§> (§> 2v/2p%/" (3.21)

in terms of the initial condition pg.
Let us check consistency of (B.20)) and (R.17). The normalized entropy-creation rate is
given by

1ds Mo ~7/3
—2 o=/ 3.22
Sdr  por®/3 +O) (8:22)
from the gravity dual and
1d 4
S o (3.23)

Sdr  3TySerd/3
from (B17) of the hydrodynamics. Comparing (B-22)) and (B-23), we obtain

4dpg 4pt
Soo = 370 =37 . (3.24)
This is nothing but the relationship among the entropy, the energy (per unit rapidity and
unit transverse area) and the temperature obtained by thermodynamics at 7 = co where
the system reaches thermal equilibrium.

Before closing this section, let us give a technical remark to clarify the meaning of
the late time limit (B.11)). The readers might want to skip this paragraph at first reading.
One finds that the higher order terms we have neglected in (B.12) and (B.16) contain the

terms proportional to v87%/3 for example. On the other hand, the leading order terms

in grr contains arbitrary higher power of v. Therefore, neglect of the 0(7_4/ 3) terms is
justified only when v is larger than O(1). In fact, we can justify the limit (8.11) when we
extract the thermodynamic quantities of the system. Such quantities are associated with
the horizon of the black hole and the value of v at the horizon is indeed O(1) constant at
the late time. Now, we understand why the naive 7 — oo limit on the z-coordinate (the



limit with fixing z to be constant) is not good for our purpose. The position of the horizon
grows with time: zy ~ 72/3. If we treat z to be a constant in the 7 — oo limit, the region
we describe becomes infinitely far from the horizon. In other words, neglect of the terms
of (z/7Y/3)™ (n > 0) is not justified around the horizon. This means, a suitable coordinate
is the v-coordinate rather than the z-coordinate to describe near the horizon at 7 — oo.

4. Conditions on energy density and bulk singularity

In ref. [§, singularity analysis was used to select a physical metric. Namely, starting with
energy density (without viscosity)?

0o
. 4.1
P="T (4.1)

it is found that the late time bulk geometry is singular except for a special value of [.
More precisely, (Rynkrz)? at the order of (7)° has singularity at the horizon except for
l = %, the value for the perfect fluid. In fluid dynamics, this value of [ is determined by
the conservation law and the equation of state. However the above means the bulk metric
knows the correct form of the energy density independently [B]. Therefore it is interesting
to see whether requiring the regularity of the metric at the horizon gives further control
over the behavior of the viscous term as well. The late time bulk geometry with generic
value of 3 can be obtained through similar calculations starting with the energy-momentum
tensor (B.7) with p given in (R.10)) or (P11)).

If 3 < 1/3, the viscous correction in p is dominant at the late time and p ~ 1/71+/
from (P.10). This leads to the singular geometry since the proper time dependence of the
dominant term in p, 1/7'*#, is not 1/7%/3.

If B > 1/3, the viscous correction is sub-leading and we should consider (R MNKL)2
to the sub-leading order. The late time geometry is in the same form of (B.17) except the
following replacement

v =7 =mo/(pom? 1), (4.2)
and with p given by (R.10). We find that (Ry/nxr)? has the following structure:

8(5wl® + 20w!? + 174w’ + 20w? + 5)
(14 wt)?

(Rynir)? = +O(r= 43, (4.3)

where

wee () () () o

In the absence of viscosity, the above result is reduced to that of ref. [§]. The first term
in the right-hand side of (f£.3), that contains the viscous sub-leading corrections, is finite.
So the consideration of singularity does not give any further restriction to the viscosity

9The value of [ is restricted to be 0 < I < 4 by the positive energy condition for (@) @]

,10,



term. If 5 > 5/3 the corrections due to the viscosity-dependence give smaller effects in the
metric than the non-viscous O(7~43) corrections which are already discarded in the late
time geometry. So up to our approximation, the viscous effect is not visible in this case.
For B = 1/3 case, the viscous corrections are leading order. We find that the met-
ric (B.13), where %‘)ﬁ is replaced with the second term of p in (R.11]), gives the late time
geometry!® as mentioned in section B.3. (Rynir)? at the leading order is given in the
same form as that of (£3) where the p in w = 2(p/3)'/* has to be taken from the second
term of (R.11]). There is no divergence at the leading order, although the value of 8 is not
consistent with the hydrodynamics because of the dominance of the viscous corrections.
Altogether, our geometry is regular and the viscosity effect is meaningful in the re-

gion of
1/3 < B <5/3. (4.5)

Indeed, 8 =1 is within this region. This means that in the late time geometry (or the late
time fireball dynamics), the viscous term gives visible contribution to the dynamics of the

fireball.

5. Conclusions

We considered the gravity dual of large-N. N = 4 SYM fluid undergoing one-dimensional
expansion with account of shear viscosity. We obtained the late time bulk geometry to the
minimal order of the viscous corrections in the analytic form. We found that our viscous
corrections do not break the regularity within our approximation. We also found that
the time evolution of the thermodynamic quantities given by the late time geometry is
consistent with the hydrodynamic analyses.

We saw that the holographic dual of the hydrodynamics contains much more infor-
mation than the hydrodynamics, since AdS/CFT already contains essential information of
microscopic gauge theory dynamics. For example, the holographic dual of the hydrody-
namics gave a simple derivation of Stefan-Boltzmann’s law in the strongly coupled region
with precise Stefan-Boltzmann constant. The integration constant in the hydrodynamic
equation was also given by looking at the horizon of the dual geometry.

We believe that by probing the resulting geometry, one can extract many of information
on strongly interacting systems in principle. It is important to compute various physical
quantities based on the obtained geometry [[9]. We can also consider various extensions of
the present work. Inclusion of the higher-order corrections, generalization to the systems
with chemical potential, consideration of the systems with three-dimensional expansion are
possible directions. One can also consider the effects of the bulk viscosity whose presence
violates the conformal invariance. In the real QCD, conformal invariance must be broken
and including it might be relevant for more realistic account of RHIC fireball. We hope
that the present work will shed light on AdS/CFT for non-static non-equilibrium systems
and holographic description of RHIC physics.

Tn this case, the late time limit should be taken by fixing v = z(log 7)'/*/7/3.
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A. Derivation of metric (B-17)

First, we find the following expressions by solving the Einstein’s equation recursively to
the order of v?8:

Grr(1,0) = =1+ 3a — 4a® + 4a® — 4a* + 4a® — 4a5 + 40" + - -

2nov? 4
— Tlov <1+—a(—2+3a—4a2+5a3—6a4+7a5+)) +O(T—4/3)’

72/3 3
9yy (7, ) 2nov* 2a a a a b o —4/3
LA i I [Tl O [ O
p ta- a1+ (gt gy re ot +O0(),
2novt a a a* a® a* —4/3
goa(T,v) = 1+a+ 72/3§<1+§+§+3+3+7+“' O, A

where a = pov?/3.
The power series in the right-hand sides are re-summed to give the analytic form of
the metric:
4 4 4
(1-29-)%  2gpv (1—29-)(3 + 25-)

g (7—77}) = = K - + 0(7_4/3)7

4 gp ot 1 4 povt 1 4 povt
guu(Tyv) _ 4 POV LY SR log 3 +0(r™),

72 3 3123 P03”4 1— %
4 4 pov? pov?
POV 2nov 11+ 1+ _
gea(r,v) = 14 T3~ T (1 “p a8\ T | | TOCT (A2
3 3

We can check explicitly that ([A.2) is indeed the solution of the Einstein’s equation that is
accurate to the order of 7—2/3. The important feature of (A2 is that all the terms at the

—2/3

order of 7 are proportional to 79. up to O(y?) terms:

(1- P0(1*27)U4)2

orrtror) = =T v 06,
1+ PO( 3'7)

(1=27)v*
Gy (T, 0 po(1 —2y)vt 1+ £ _
7?“/(2 ) _ <1+ poll — 27)v ; ) ) (1 — 2vlog (—1 et | | O,

T
3

1 — 9404 1 4 po=27p" ~
9o (T,0) = <1+7p°( 2 ) (1 +7log (1 — e | | O, (A3)
o 3
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or more simply,

(1-— po(1=2y)v* )2

_ 3 —4/3
gTT(T’ ’U) 14+ P0(1;2'Y)v4 + O(T )’

1-29)vt \ ~27
Gyy (T, 0) _ <1 N po(1 — 27)1)4) (1 + M) O,

7—2 3 1 — p0(1;2'y)1)4
(1=2y)v*\ 7
po(1 = 2y)v? 1+ 20— _
oz (T, 0) = <1+ ( 3 ) ) (1 po(lf2'y)v4 +0(r 4/3)' (A.4)
— oll=2vy

The differences among (A2), (B3) and (K4) are at the order of O(r~%/3) (that is the
same order of O(y?)) and they share the same terms to the order of .

B. Second order formalism of dissipative relativistic hydrodynamics

In this appendix, we briefly introduce the causal dissipative relativistic hydrodynamics that
is also referred to the second order dissipative relativistic hydrodynamics. We shall show
that the first order formalism we have employed gives a good approximation of the second
order formalism at the late time in our setup.

It is known that the first order formalism of the dissipative relativistic hydrodynamics
has a problem; the viscous and the thermal signal propagates instantaneously and causality
is broken. (See for example, [[§].) In the second order formalism [[[§], the relaxation time
of the fluid is introduced to maintain the causality. The energy density evolution equation
in our setting is [[Lg]:

dp  4p @

=— — B.1
dr 3T T (B-1)
where
4n .
o = 3> (the first order formalism), (B.2)
T
dd 4n .
Tn— = —o + 37 (the second order formalism), (B.3)

and 7, is the relaxation time of the system. Note that the 7, — 0 limit gives the first order
formalism.

Let us evaluate the difference between the first order formalism and the second order
formalism for our case. We begin with the assumption that the proper time dependence of

the shear viscosity is given by (P.9). Substituting (2.9) to (B-3)), we find

4 n Tr Tn 2
o=-Ll1ra+Z+a+p)e (—)
i arn T raspees (Z) 4o
+ constant x e~ /™. (B.4)
This means that the second order formalism approaches to the first order formalism when

i
" «1. B.5
T < (B.5)
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Therefore, our analyses based on the first order formalism (P.§) with assumption (P.9)
and the late time approximation are self-consistent. The condition (B.5) also agrees with
our basic assumption that the microscopic time scale 7, is short enough comparing to the
macroscopic time scale so that the hydrodynamic description is valid. Small value of 7
also matches the fact that our fluid consists of strongly interacting particles.

C. Consistency of n = ny/7 with n ~ T3

Let us check self-consistency of our assumption (R.1J). Starting with 1 = 19/, the energy
density is given as

Po
=—(1-2 C.1
p(r) = L0 (1 -2, (1)
where
_ "o

The relationship 7 oc T3 o p3/* makes further corrections to the shear viscosity like
Mo
n=_{1+00)}, (C.3)

and the O(y7~ 1) correction in (C.3) makes further corrections to the energy density recur-
sively. However, all such corrections are at the higher order of v and we can neglect them
if v < 1. Let us define our approximation precisely:

e We consider only the region of v < 1.

4/3

e We consider n7 to the order of 1 and p7**° to the order of 7. In other words, we

consider only to the order of 7.

11

The above makes our framework to be self-consistent Note that the positive energy

condition for ([C-)) is also guaranteed in the above approximation.
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