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The microstructural properties and the shape of an InAs/GaAs array grown by molecular beam
epitaxy were studied using transmission electron microscopy �TEM� measurements, and the
interband transitions were investigated by using temperature-dependent photoluminescence �PL�
measurements. The shape of the InAs quantum dots �QDs� on the basis of the cross-sectional
bright-field TEM image was modeled to be a convex-plane lens. The electronic subband energies
and the wave functions were numerically calculated by using a three-dimensional finite-difference
method, taking into account strain effects. The excitonic peaks corresponding to interband
transitions from the ground electronic subband to the ground heavy-hole band �E1-HH1� in the
multiple-stacked QDs, as determined from the PL spectra, were in reasonable agreement with the
�E1-HH1� interband transition energies obtained from the results of the numerical calculations.
© 2006 American Institute of Physics. �DOI: 10.1063/1.2353783�

I. INTRODUCTION

Self-assembled multiple-stacked InAs/GaAs quantum
dots �QDs� have become interesting due to their potential
applications in electronic and optoelectronic devices, such as
single electron transistors,1 infrared photodetectors,2 and
lasers.3 Vertically stacked InAs/GaAs QD arrays have be-
come particularly attractive because the enhanced QD den-
sity of the active region in the laser results in a decrease of
the lasing threshold current.4,5 Therefore, the size fluctuation
substantially decreases due to the enhanced QD density,6,7

and the optical properties of the QDs may become
stabilized.8 Even though studies concerning the electronic
structure of the QDs are necessary for fabricating high-
efficiency optoelectronic and electronic devices,9 very few
works have been done on the three-dimensional electronic
structures of multiple-stacked InAs/GaAs QDs due to the
inherent problems encountered with the complicated compu-
tation procedure.10

This paper reports the three-dimensional electronic prop-
erties of vertically stacked InAs/GaAs self-assembled QDs.
The multiple-stacked InAs/GaAs QDs were grown by using
molecular beam epitaxy �MBE�. Transmission electron mi-
croscopy �TEM� and temperature-dependent photolumines-
cence �PL� measurements were performed to investigate the
microstructural and the optical properties. The electronic
subband energies and the corresponding energy wave func-
tions in the InAs/GaAs QDs were calculated by using a

three-dimensional finite-difference method �FDM� and an
Arnoldi method.11 The calculated interband transition ener-
gies were compared with the results of the PL spectra.

II. EXPERIMENTAL DETAILS

The samples used in this work were grown on semi-
insulating �100�-oriented GaAs substrates by using MBE.
Five periods of InAs self-assembled QD arrays were grown
at 430 °C via the Stranski-Krastanow growth mode.12 The
multiple-stacked InAs/GaAs QD structure consisted of the
following structures: a 250 Å GaAs capping layer, a 100 Å
undoped Al0.3Ga0.7As layer, a 300 Å Si-doped �3
�1018 cm−3 modulation layer, an 80 Å undoped
Al0.3Ga0.7As spacer layer, a 150 Å undoped GaAs layer, five
periods of undoped 1.6 monolayer InAs QDs/50 Å undoped
GaAs capping layer acting as a barrier, a 1 �m undoped
GaAs buffer layer, a superlattice layer of 20 periods of
Al0.3Ga0.7As/GaAs, and a 1000 Å undoped GaAs buffer
layer.

TEM observations were performed in a JEM 3010 trans-
mission electron microscope operating at 300 kV. The
samples for cross-sectional TEM measurements were pre-
pared by cutting and polishing with diamond paper to a
thickness of approximately 30 �m and then argon ion mill-
ing at liquid-nitrogen temperature to obtain electron transpar-
ency. PL measurements were carried out using a 75 cm
monochromator equipped with a Ge detector. The excitation
source was the 5145 Å line of an Ar+-ion laser, and the
sample temperature was controlled between 13 and 200 K by
using a He displex system.
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III. THEORETICAL CONSIDERATION

The conduction band and the heavy-hole band structures
are calculated by using the effective mass approximation,
and the three-dimensional Schrödinger equation is given by

−
�2

2m*� �2

�x2 +
�2

�y2 +
�2

�z2���x,y,z� + �V�x,y,z� − E���x,y,z�

= 0, �1�

where m* is the effective mass of the electron or the heavy
hole.10 The model of the QD shape, on the basis of the TEM
image, is a convex-plane lens, and the shape of the QDs can
be expressed as

�i=0
4 ��x,y,z�:

x2

�dx/2�2 +
y2

�dy/2�2 +
�z − i · l�2

�dz/2�2 � 1,

0 � z − i · l � dz� , �2�

where dx, dy, and dz describe the axes of the ellipsoid, l is the
vertical separation between the QDs, and i is an iteration
integer number for the calculation of the five vertically
stacked QDs. The potential energy for the electron in the QD
is given by

V�x,y,z� = �Eg,InAs
* r �x,y,z� � QDs

Eg,GaAs
* r �x,y,z� � QDs ,

� �3�

where Eg,InAs and Eg,GaAs are the energy gaps of InAs and
GaAs, respectively, r is the conduction-band offset ratio �rc�,
and �1−rc� is the valence-band offset ratio. For convenience
of computation, the potential energy is defined as in Eq. �3�.

Since the InAs QD is relatively flat, a simplified strain is
employed by adding the following terms to the potential en-
ergy in Eq. �3�: ac��xx+�yy +�zz� for the conduction band and
av��xx+�yy +�zz�+ �b /2���xx+�yy −2�zz� for the valence band,
where �xx=�yy = �aeq−aL� /aL and �zz=−�2c12/c11��xx. a and
b are the deformation potentials, c11 and c12 are the elastic
moduli, aL is the lattice constant of each material, and aeq is
the equilibrium lattice constant of the QD structure, which is
the same as the lattice constant of the GaAs bulk.13

The Schrödinger equation is numerically solved by using
three-dimensional FDM. The meshes consist of cubes of the
same size for convenience of computations. Therefore, the
simplified differential equation becomes

��x + �,y,z� + ��x,y + �,z� + ��x,y,z + �� + ��x − �,y,z�

+ ��x,y − �,z� + ��x,y,z − �� − 6��x,y,z�

+
2m*�2

�2 �V�x,y,z� − E���x,y,z� = 0. �4�

We take the material parameters at each mesh containing
the boundary surface to be the average values of the neigh-
boring meshes. Then, the matrix becomes Hermitian with
this implementation of the boundary conditions.

The wave function in the region far from the QDs should
be zero. This boundary condition is implemented by assum-
ing that the wave function becomes zero on the surface of a
rectangular box of dimensions Lx=Ly and Lz. In order to

reduce the memory size, we used sparse matrix algorithms
and data structures with a compressed column storage for-
mat, such the Harwell-Boeing format,14 and to obtain accu-
rate eigenvalues and eigenfunctions within a reasonable
time, we employed an implicitly restarted Arnoldi method,
which is a kind of invariant subspace iteration.11

IV. RESULTS AND DISCUSSION

The result of the cross-sectional bright-field TEM for the
five-period multiple-stacked InAs/GaAs QDs is shown in
Fig. 1. Five periods of multilayers of InAs QDs arrays are
embedded in each intrinsic GaAs barrier. These results are in
reasonable agreement with those obtained by using atomic-
force microscopy and plane-view bright-field TEM measure-
ments. The QDs are relatively flat with typical diameters in
the range of 20–25 nm and heights of about 12 nm. Since a
QD might be isotropic in the plane perpendicular to the
growth direction, it can be modeled by a half-ellipsoid.

Temperature-dependent PL spectra in the range of
13–200 K are shown in Fig. 2. Broad peaks are observed at
all temperatures. While the dominant peak corresponds to the

FIG. 1. Cross-sectional bright-field transmission electron microscopy image
of five stacked InAs quantum dots embedded in GaAs barriers.

FIG. 2. Photoluminescence spectra measured at several temperatures for the
InAs/GaAs QD arrays.
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ground electronic subband to the ground heavy-hole band
�E1-HH1� excitonic transition in the InAs/GaAs QDs, the
shoulder at 200 K might be attributed to the first excited
electronic subband to the first excited heavy-hole band �E2

-HH2� transition in the QDs. The broadness of the peaks
might originate from the transitions between higher energy
states of the QDs. The �E1-HH1� peak position as a function
of the temperature is plotted in Fig. 3. The peak position
shifts to lower energy with increasing temperature because
the energy gap of the InAs QDs increases with decreasing
temperature, and the peak intensity decreases.

The band and the strain parameters of the InAs and the
GaAs in the energy level calculation are summarized in
Table I.13,15. The temperature-dependent energy gaps �Eg� of
the InAs and the GaAs were obtained by linear interpolation
of the values at 0 and 300 K. The rc was taken to be 0.6. The
QD shape parameters used in this calculation were dx

=245 Å, dy =240 Å, dz=24 Å, and l=50 Å. The axes dx and
the dy of the QDs were assumed to be the same. However, a
small difference between the dx and the dy was introduced to
minimize numerically the instability due to the symmetry of
the QD shape and to make the visualization of the wave

function clearer. The dimensions of the rectangular box were
taken to be Lx=Ly =306 Å and Lz=276 Å. The mesh size of
the unit cell was 3�3�3 Å3, and a 957,168�957,168
sparse matrix was generated. The FDM meshes of the QDs,
together with the rectangular box, are shown in Fig. 4�a�.

The ground conduction-band energy was 0.853 eV and
the heavy-hole energy was −0.278 eV. When one QD at the
center is considered, the ground conduction-band energy is
0.893 eV, indicative of a coupling behavior between the
QDs. The wave function for the ground conduction state is
shown by a contour plot in Fig. 4�b�. Such coupling effects
of the wave functions for the QDs have already been ob-
served in one-dimensional heterostructures.16 Since the
ground state probability for the top InAs QD is significantly
smaller than those for the other InAs QDs due to the asym-
metric shape of the stacked QDs with a half-ellipsoid, result-
ing in a decrease in the ground state probability for the top
InAs QD in comparison with the corresponding probability
for the lower QDs, that of the top InAs QD does not appear
in Fig. 4�b�.

The E1-HH1 transition energies at several temperatures
were calculated and compared with the PL peak positions
corresponding to E1-HH1 transitions in Fig. 3. The energy
difference between the experimental and the theoretical re-
sults is about 0.05 eV, which can be attributed to the exciton
binding energy. The temperature dependence trends of the
calculated transition energy and the PL peak positions are
similar. A more exact calculation can be achieved by taking
into account three-dimensional strain effects and the interdif-
fusion behavior between the QD boundaries, which are not
considered in this work.

V. SUMMARY AND CONCLUSIONS

Vertically stacked five-period InAs/GaAs QD arrays
were grown by using MBE. The microstructural properties
and the shape of the InAs/GaAs QD arrays were investi-
gated by using cross-sectional bright-field TEM measure-
ments, and the excitonic transitions were observed by using
temperature-dependent PL measurements. The shape of the
InAs QDs was that of a convex-plane lens, and the shape
parameters were estimated from the TEM image. The elec-
tronic subband energy and the corresponding energy wave
functions were numerically calculated by using a FDM. The
calculated �E1-HH1� transition energy was in reasonable
agreement with the �E-HH� transition energy obtained in the

FIG. 3. Excitonic peaks corresponding to the �E1-HH1� transitions deter-
mined by using the temperature-dependent PL spectra �solid rectangles� and
calculated by using the finite-difference method �solid line�.

TABLE I. Physical parameters used for the calculation of the electronic
structures of the multiple-stacked InAs/GaAs QDs.

Physical parameters

Materials

InAs GaAs

Effective mass
�m*�

Electrons 0.023 0.067
Heavy holes 0.4 0.5

Band gap Eg

�eV�
0 K 0.417 14 1.514 883

300 K 0.413 4 1.509 5

Deformation potential �a� 1.00 1.16
Deformation potential �b� −1.8 −1.7

Elastic modulus �c11� 8.329 11.879
Elastic modulus �c12� 4.526 5.376

Lattice constant 6.058 4 5.653 3

FIG. 4. �a� Finite-difference method meshes in the InAs QD region and �b�
an isosurface of the ground conduction state wave function corresponding to
	�	2=0.0027. O indicates the reference point and x, y, and z represent three-
dimensional Cartesian coordinates.
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PL measurement. These results can help improve under-
standing of the three-dimensional electronic properties of
multiple-stacked InAs/GaAs QDs.
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