Journal of High Energy Physics

You may also like

H . . . . - Charge exchange radiation diagnostic wi
Production of neutral fermion in linear magnetic %;Qs 4et|tar_gé‘t_forh mﬁisuiemé’mo_fg.;sm;“
. .. . ow velocity in the linear magnetic trap
field through Pauli interaction AV Sandomirsky and A A Lizunov

- Effective potential for uniform magnetic

fields through Pauli interaction
Hyun Kyu Lee and Yongsung Yoon

To cite this article: Hyun Kyu Lee and Yongsung Yoon JHEP03(2006)078

- Thermodynamics of a rotating and non-
linear magnetic-charged black hole in the
quintessence field
Ragil Ndongmo, Saleh Mahamat, Thomas

View the article online for updates and enhancements. Bouetou Bouetou et al.

This content was downloaded from IP address 166.104.65.152 on 13/12/2022 at 06:37


https://doi.org/10.1088/1126-6708/2006/03/078
/article/10.1088/1742-6596/2036/1/012032
/article/10.1088/1742-6596/2036/1/012032
/article/10.1088/1742-6596/2036/1/012032
/article/10.1088/1126-6708/2007/03/086
/article/10.1088/1126-6708/2007/03/086
/article/10.1088/1402-4896/ac0563
/article/10.1088/1402-4896/ac0563
/article/10.1088/1402-4896/ac0563

PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: January 11, 2006
REVISED: February 22, 2006
ACCEPTED: March 10, 2006
PUBLISHED: March 23, 2006

Production of neutral fermion in linear magnetic field
through Pauli interaction
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ABSTRACT: We calculate the production rate of neutral fermions in linear magnetic fields
through the Pauli interaction. It is found that the production rate is an exponentially
decreasing function with respect to the inverse of the magnetic field gradient, which shows
the non-perturbative characteristics analogous to the Schwinger process. It turns out that
the production rate density depends on both the gradient and the strength of magnetic
fields in 341 dimension. It is quite different from the result in 241 dimension, where the
production rate depends only on the gradient of the magnetic fields, not on the strength
of the magnetic fields. It is also found that the production of neutral fermions through the
Pauli interaction is a magnetic effect whereas the production of charged particles through
minimal coupling is an electric effect.
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1. Introduction

It is well known that the interaction of charged spin-1/2 fermions with the electromagnetic
field is described by the minimal coupling in the form of Dirac equation. Pauli [[l] suggested
a non-minimal coupling of spin 1/2-particle with electromagnetic fields, which can be inter-
preted as an effective interaction of fermion to describe the anomalous magnetic moment
of fermions [B]. Pauli interaction is particularly interesting for describing the interaction of
neutral particle with electromagnetic field provided it has a non-vanishing magnetic dipole
moment [B]. One of the immediate possibilities [[]] is the electromagnetic interaction(Pauli
interaction) of neutrinos, which are recently confirmed to have a non-zero mass with mix-
ing [H]. The presence of the magnetic dipole moment implies that neutrino can directly
couple to the electromagnetic field, which leads to a variety of new processes [B, .

One of the interesting phenomena with the strong electromagnetic field configuration
is the pair creation of particles. The well known example is the Schwinger process with the
minimal coupling, in which charged particles are created in pairs [§ under a strong electric
field. However it has been demonstrated that no particle creation is possible under the
pure magnetic field configuration even with the spatial inhomogeneity [[]. For a neutral
particle with the Pauli interaction, the inhomogeneity of the magnetic field coupled directly
to the magnetic dipole moment plays an interesting role analogous to the electric field for a
charged particle. The non-zero gradient of the magnetic field can exert a force on a magnetic
dipole moment such that the neutral fermion can get an energy out of the magnetic field.
Hence it will affects the vacuum structure greatly for the strong enough magnetic field
as for the case of charged particles in the strong electric field. It is then interesting to
see whether the vacuum production of neutral fermion with a non-zero magnetic moment
in an inhomogeneous magnetic field is possible on the analogy of the Schwinger process.
Interestingly it has been demonstrated in 2+1 dimension that the magnetic dipole coupled
to the field gradient induces pair creations in a vacuum [[1]]. In this work, we will present
a realistic calculation in 341 dimension for the pair production rate of neutral fermions
with non-vanishing magnetic dipole moment.



2. Production rate of neutral fermions through Pauli interaction

The simplest Lagrangian for the neutral fermion, which couples to the external electro-
magnetic field, was suggested by Pauli long time ago [l. The Dirac equation with Pauli
term is given by

L=1 <¢ + gaWFW - m) b, (2.1)

where o#” = %[’y“, Y1, 9w = (+,—, —, —). p in the Pauli term measures the magnitude of
the magnetic dipole moment of fermion. Pauli term can be considered as an effective inter-
action which describes anomalous magnetic moment of fermion or as an effective magnetic
moment induced by the bulk fermions in a theory with large extra dimensions [[L1]. The

corresponding Pauli Hamiltonian operator is
H =d-(§—ippE) + f(m — ué - B), (2.2)

where 0! = %eijkaj k. If the magnetic field is stronger than the critical field, B. = m/u, a
negative energy state of m — |uB| appears. Thus, we will consider magnetic fields weaker
than the critical magnetic field, B < B..

In general, the effective potential, Vog(A), for a background electromagnetic vector
potential, A,, can be obtained by integrating out the fermion:

i / AV (Alx]) = / d4x(az|trln{<]6+ %U“VFW —m) ﬁ} 1z), (2.3)

where Fy,, = 9,A, — 0,A,, and tr denotes the trace over Dirac algebra. The decay
probability of the background magnetic field into the neutral fermions is related to the
imaginary part of the effective potential Veg(A),

P—-1_ ‘eifd4x%H(A[$])‘2 —1_ e—QImfd3xdt\/‘3g(A[J:]). (24)
That is, the twice of the imaginary part of the effective potential Veg(A[z]) is the fermion

production rate per unit volume: w(z) = 2I'm(Veg(A[x])) for small probabilities.
Using the charge conjugation matrix C:

CyuC~t ==L, CoC™=—o", (2.5)
and the identity |[[L9]
In a _ / @ <eis(b+ie) _ eis(a+ie)> \ (26)
b 0 S
we can write the effective potential Vig(A[z]) as follows
i [ ds —ism is(p+L ot is
Vi (Af]) = 5/0 B o (e 05 B P ) — (1)) ) 2.7)

The interaction part of the first term takes the following form ;

u 2 s i i
<]zﬁ + EUWF“") — p2 + Z(O‘“”FHV)2 + 5{70{,7“7”}{190" FW} + E[VQWHVV] [pa, FW]'
(2.8)



Because the last three terms in eq. (2.§) are explicitly dependent on Dirac matrices and
space-time in general, one can not expect the decoupling of Dirac algebra as in the minimal
coupling *. It is the major complication in computing the effective action for Pauli coupling.
Interestingly in 241 dimension one can see the decoupling is possible due to the special
properties of Dirac matrices as shown below. The only relevant indices are u,v = 0,1,2
and Fo for the field strength. Hence the non-vanishing part in the third term in eq. (R.§)
is found to be

{7 Hpas Fu = 200°, 7' v* Hpo, Fi2}. (2.9)
Since, in 2+1 dimension, y! 4% = —i7°, which can be verified with a particular represen-
tation, 70 = 03, 4! = io!, ¥2 = i0?, we get

VY Hpa, Fuw } = —4i{po, Fia}, (2.10)

which is free from Dirac algebra. Whereas the non-vanishing parts in the fourth term are

given by
A [Pas Fyw) = =292 [p1, Fio] + 29! [p2, Fia). (2.11)

For a linear field strength, the commutators in the right hand side of eq. (.11]) become
constants so that the fourth term commutes with the other terms in eq. (R.§) and we get
a similar result as in the minimal coupling [[L{].

As in 2+1 dimension, we consider a static linear magnetic field configuration with a
constant gradient along an orthogonal direction to the magnetic field in 3+1 dimension. We

take Z-direction as the magnetic field direction with a constant gradient along Z-direction,
B = B(z)3, such that

~ ~ B
Fiy = B(z) = B+ B’z = B'z, (x:x*—i—x, Ty = ﬁ) , (2.12)

where the field gradient B’ is a non-zero constant.
For this background magnetic field, with the help of Dirac and Heisenberg algebra, the

interaction term in eq. (R-§) can be reduced as follows
B 2 2 2 I~ | i3 0 2 1.2
(16+ 59 FW> =-—p] —p;3+ <MB T+ iy3po + iy P3> — uB'y", (2.13)

where 73 = 107192 and 40 = v14%93. Since [13,9%] = 0 and [10,7%] = 0, 7%po + ps

commutes with the other terms in eq. (P.13) and the last term can be factorized. Hence,
we can make use of the following identity [I3]

— —~ 2
pi+ph - (NB’%H"Y?’PO +Wop3) B
~ A L (S0ps4n3 ;
o7 Pt iy (2 42 (g )er (PR i (g 1)

to disentangle the Dirac algebra from the z-dependence.

'The interaction part in the case of the minimal coupling is (p + e4)® = p* + €A% + £g"{pu, Av} +
s, v llpn, Av]. Because [p,., A,] =constant for a constant field configuration, the fourth term with Dirac
matrices commutes with the other terms [@]



The second term in eq. (R.7) is easily calculated to be

; 1 > ; 2 2 2 2 7/
0) = ¢ isp? |\ — T is(pf-—pi—P3—P gt — 21
vV = tr(z|e |x) 47T2/ e D eyl (2.15)

Inserting a complete set of momentum eigenstates and using eq. (B.14), the first term of
eq. (B-7) can be written by

o = tr<x|e_is{p%+p%_(“B/i"‘i:/gpoﬂ;ﬁps)Q+MB/72}|$>
1 ™3 e g2
= W (E) tr/dp1dp/1dp0dp3ez(p1 p1)1<p1|e is(pi—p T )|p/1> o

10y, 1~3 _ ; 2
e b’ (1'P3+7%P0) (P —P1) j—ispB'y (2.16)

)

where T is a c-number, but x in the matrix element is still an operator. Unlike the case
in 241 dimension [[L], the po integration does not give a delta function of (p| — p1) due
to the presence of p3 momentum mixed with the Dirac algebra. Thus we have to calculate
the non-diagonal matrix elements in momentum space in eq. (2.16)).

Using the properties of gamma matrices

()0 i) omn(). e
we get

1 (0 ~3 / . ’ b —
trens (1°P3HPP0)(P1=P1) ,—isuB'y? _ 4 cosh(spuB') cos {%(1)8 — p§)1/2} . (2.18)
I

Thus, vY) can be written as follows

4 T 3 . AV
o) = W (E>2 cosh(s,uB')/dpldp'ldpodpge’(pl PIT

/
pP1—p (22 322
cos { LI 45— 212 et (2.19)

The matrix elements in momentum space in eq. (R.19) correspond to the matrix el-
ements of the evolution operator for the simple harmonic oscillator with an imaginary

frequency, w = 2iuB’ and m = % Then we get
(2 22,2
(p1]e P BZ2%) :/dx'dx”(pl\x”>U(x",s;x',0)<x'\p'1>, (2.20)

where Uz, s;2’,0) is given by

—is(p?+ Lw2a? w 1/2 ,  (@?+a’?) cosws—2aa’
Uz, s;2',0) = (z, s|e”*PiT2«"27)|3/ o) = <7> e Asinws . (2.21)
4misin ws
Performing the ' and x” integration explicitly, we get
.9 9mm o o 2 1 - iete))?
<p1‘€ zs(pl pn*Bcx )‘p/1> — _ — ¢ 8a(1—cosws)68a(1+cosws)7 (222)
T 2asinws
where o = —==—.
sImws




Inserting eq. (R.29) into eq. (R.19), the integration over p; and p) gives
() _2 (”)% th(suB)K (2.23)
v\ = ——(—)" coth(s .
(2m)* \is a ’

where, defining v, a and p_ as follows

_ coth(suB’) 1, o, /
WZW, Q:MB/(pO—p3)2, p— =p1— P, (224)
K is given by
1 - T a —ia — iy
K = B dp_dpodpze"™P= (e'P~ 4 e~ "P=)e P~
—0o0
1 1/2 '(a+5)2 ~(a—5)2
=3 1 /dpodp3 e 4y
2 \ iy
1 1 2
= dn(uB')? (ﬂ> > 9(uB)2im(—)3 / de(1 — £)ei T (2.25)
(3 % 0

Thus, v is reduced to the following

1 |4 3
oA = ~ 5 [§ {(spuB') coth(suB")}?> +

e 72 .0
+ Q(MB)QE {(suB") coth(suB')}2 /0 de(1 — €)e'm® } (2.26)

Compared to the results with 241 dimensional Pauli term, the exponent of the first term,
3/2, is different from 1 and there appears a new term, the second term, which depends on
not only the gradient but also the strength of the magnetic field.

Now we get the effective potential Veg as follows

Vg = - / 48 —ism? (,(4) _ 4,00y (2.27)
2 0 S

The effective potential for the uniform field configuration can be obtained by putting
uB" =0 to get

_ (MB)2 /00@ -/1 i(uB)2€2%s 1 (IU’B)QS —im?s
Vg = yEoRll ) ; dé(1 —¢)e 2—|— 15 e . (2.28)

The divergent contributions at s = 0 are removed by adding local counter terms of (uB)?,
and (uB)*. This implies the renormalization of the magnetic moment 4 to the measured
value and the coupling of (1B)* to zero presumably. The effective potential, eq. (B-29), for
uniform magnetic fields is found to be real, which implies a stable magnetic background
of w = 0. For magnetic fields weaker than the critical field B. = m/u, using a contour
integration in the fourth quadrant, the integration can be done along the negative imaginary
axis giving the finite real effective action as

Vig = (uB)? /Oo d_j {l + @ _ /1 de(1 — g)e(uBV&QS} e~ m%s (2.29)
0 0

472 s2 |2 12



The leading radiative correction term for a weak B field is

(uB)°
Vg = 1) 2.30
= 240m2m?2 ( )

For an inhomogeneous field configuration, uB’ # 0, the effective potential is given by
B)? [*d
Vg = _(pB) / —i{i\/,uB’s coth(uB's)
0 S

472
! B2 e nuprs)y 0 (uB)?s im?2
0

2 12
1 > ds ’ 1\\3/2 (uB's)* | i
t33 i —{(uB's coth(uB's)) 21— e, (2.31)
where an additional divergent contribution at s = 0 is removed by adding a local counter
term of (uB’)? in the second term.

The leading radiative correction terms of the effective potential for a small gradient

weak B field are calculated as given by
uB)®  (uB)(uB')*  (uB)*(uB')*  (uB')"

Vg = _ _ .
= o 0m2m2 T 288n2mA A8TZm?2 9607 2m4

(2.32)

It is found that the effective potential, eq. (R.31]), has a non-vanishing imaginary part,
which implies that the background of inhomogeneous magnetic field configuration is un-
stable against the creation of neutral fermions with Pauli interaction. From the imag-
inary part of the effective potential eq. (R.3])), we obtain the production rate density,
w(x) = 2Im(Veg (Alz])).

Introducing dimensionless parameters defined as v = suB’, \ = Wm—fj’l’ K= %, the
production rate density w(z) in the unit of the fermion mass is finally given by

2m* [ d A 1
w(z) = mn / —;} {\/vcotth (—tanhv,)w) — —COS AU — A—vsin )\v}
0 v K

C4An)k 2 12k
4 o0 2
m dv 3/2 Ll
— m ) F {(U COth ’U) —1- E} S1n )\’U, (233)

where

1
F(a,b) /0 dé(1 — €) cos(a&? — b)

= —%{sin(a —b) +sin(b)}

+\/% {cos(b) FresnelC (\/?) + sin(b) FresnelS ( %) } . (2.34)

Since the scale of inhomogeneity less than Compton wavelength of the fermion is irrelevant
to the particle production through this process, we take in this work the spatial gradient of
the magnetic field |B’| to be smaller than the ratio of field strength, |B|, to the Compton
wavelength L, that is, A > /k.
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Figure 1: x = 1.0 with varying A: aj.0 = 0.050, b1 = 0.136.
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Figure 2: x = 2.0 with varying A: as.g = 0.013, b2 o = 0.775 .

The integration eq. (R.33) is a finite integration, but has singularities along the imag-
inary v axis similarly to the Schwinger’s result, where the residue calculation gives the
analytic WKB type expression. However, the integration eq. (R.33) has essential sigulari-
ties along the imaginary axis, so that it seems not possible to get a usual analytic WKB
type expression using a contour integration. Therefore we use numerical integrations to
investigate the properties of the production rate density given by eq. (2.33). For the nu-
merical calculation, we consider the case of kK > 1 and A > 2 as an example. Numerical
integrations of the production rate density show that the second term of eq. (P-33) is
negligible compared to the first term for A > 2. The production rate shows exponential
monotonic decrease for A > 2y/k and £ > 1. The production rate, w(z), is calculated for
k= 1.0 and 2.0 as a function of A. The results in the unit of % are as shown in figure [l
and Bl The results of numerical calculations are represented by dots in the figures. The
numerical integrations of eq. (R.33) suffer from large oscillatory fluctuation, which is an



unavoidable feature due to the violent oscillations in the integrand as discussed in [[[3]. To
get an analytic expression, we obtain the best fit of the numerical results to the curves in
the form of “T“e_b"@)‘ for figure [ and fl. We can observe that the particle creation rate is
an exponentially decreasing function with respect to the inverse of the field gradient,

W ~ e —constantxm /|uB I’ (2.35)

which shows the characteristics of the non-perturbative process. This can be understood
as a quantum tunnelling through a potential barrier of height ~ 2m of a particle exposed
to an potential energy ~ u|B’|x due to the inhomogeneous magnetic field coupled to the
magnetic dipole moment through Pauli interaction. It is similar to the Schwinger process
of electron-positron pair creation in the strong electric field, where the creation rate is
decreasing exponentially [1J], w ~ e~ constantxm? /|eE]|

One can see that the production rate is suppressed very rapidly when the field strength
becomes weaker than ~ m/u as well as the inhomogeneity scale is bigger than Compton
wavelength scale. For the inhomogeneity in the Compton wavelength scale, the rate per
unit time per unit volume is typically of order % for the critical field strength.

However for the realistic estimation of the production rate, more precise information
on the mass and magnetic moment of a particle and the strength of the magnetic field as
well as the scale of the spatial inhomogeneity of the field in consideration are needed for
the observational possibility. As a possible environment, let us consider the pair creation
of neutrinos with a non-zero magnetic dipole moment in the vicinity of the very strongly
magnetized compact objects with B = 10'°G as a typical strength [[4, [[J]. Taking the
possible magnetic moment to be as large as the experimental upper bound p, = 10~ up
and the mass of the neutrino to be m, ~ 1072 eV constrained by the solar neutrino
observations, the critical field strength is estimated to be B, ~ 107 G. One can see that
the condition for k > 1 or B < B, assumed in this work is satisfied. Since the the scale
of the inhomogeneity is naturally about the size of the compact object, R ~ 10* m, which
is much larger than the Compton wavelength ~ 10~*m, the production rate is expected to
be substantially suppressed from the typical rate such that it may not provide sufficiently

high luminosity for the neutrino detectors.

3. Discussion

We have examined the vacuum production of neutral fermions in inhomogeneous mag-
netic fields through Pauli interaction. The fermions, which are coupled to the background
electromagnetic field through Pauli interaction, are integrated out and there appears an
imaginary part in the effective action. It turns out that the production rate density de-
pends on both the gradient and the strength of magnetic fields in 341 dimension, which is
quite different from the result in 241 dimension [L(], where the production rate depends
only on the gradient of the magnetic fields, not on the strength of the magnetic fields. The
difference can be attributed to the different nature of spinors in 3+1 and in 2+1 dimensions.



The vacuum production of fermion with the Pauli interaction is found to be a magnetic
effect. Explicit calculations with a linear electric field configuration of Z—direction with
a constant gradient along #—direction such that E, = Ey + E’x shows that the effective
potential has no imaginary part when the singularities are regularized properly. It can be
also shown by substituting B — iFE and B’ — iE’ in the effective potential for a pure
magnetic field eq. (R.27) with the s integration along the imaginary axis. Therefore one
can see that the pair creation through Pauli interaction is a purely magnetic effect. It is
an interesting result when compared to the pair creation of charged particles through the
minimal coupling, which is known to be an electric effect [12].

Although the production rate density in this work has been derived for 4B’ = constant,
it can be applicable to various types of magnetic fields provided that the magnetic field is
linear in the scale of Compton wavelength of the particle considered because the particle
production rate density is a local quantity. It may be therefore applicable to a spatially
slowly varying uB’(z) as a good approximation if the gradient variation is very small in
the Compton wavelength scale. For the realistic calculation of the production rate, more
precise information on the mass and magnetic moment of a particle and the strength of the
magnetic field as well as the scale of the spatial inhomogeneity of the field in consideration
are needed for the observational possibility.
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