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Abstract: In this article, we obtain an extension of the classical Hermite-Hadamard inequality for convex
functions (concave functions) extending it to the power functions[ f(x)]". Some related inequalities are also
introduced. By applying those results in analysis, we obtain new upper and lower bounds for the error
function.
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1 Introduction

Let f be a real-valued function on I := [a, b] ¢ R fora < b. The function f is said to be a convex function on
I if the inequality

fx+ QA= y) <)+ 1 -Df(Y)

holds for all x, y € I and A € [0, 1]. Many inequalities have been established for convex functions, but the
most famous is the Hermite-Hadamard inequality [1], due to its rich geometrical significance and applica-
tions, which is stated as follows:

Theorem 1.1. [1] (Hermite-Hadamard Inequality) Let f be a real-valued and convex function on [a, b]. Then

b
f(a : b) < oo < B21@, (1.1)
b-a

2 2
Both the inequalities hold in reversed direction if f is concave.
It is well known that the Hermite-Hadamard inequality plays an important role in the analysis and

theory of convex functions. In recent years, there have been many generalizations of the Hermite-
Hadamard inequality [2-9].
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The well-known Jensen’s inequality for a convex function is given as follows.

Theorem 1.2. [10] (Jensen’s inequality) Let u be a positive measure on a o-algebra ¥ in a set Q such that
u(Q) = 1. If fis a real function in L), a < f(x) < b for all x € Q and ¢ is convex on (a, b), then

® Ifdu < Iqo(f)du-
Q Q

2 Refinement of Hermite-Hadamard inequality

In this section, assume that f is a real-valued, nonnegative, and convex function on [a, b] with a < b
and n is a positive integer and f" := fO)" == f(x) x f(x) x ---x f(x).

n
Lemma 2.1. Let f : [a, b] —» R be a nonnegative convex function. Then f" is convex and

b
a+b\[" 1 N f)" + f(a)"
S P o

2

Proof. Let g(x) := x". Since g and f are two convex functions,
[f(ta + (1 - 0Ob]" < [tf(a) + (1 - OFD]" < tf(@" + (1 - OF ()"

Hence, f" is a convex function. The inequality (2.1) follows from Theorem 1.1. O
The following example shows that the nonnegativity in Lemma 2.1 is necessary.

Example 2.2. Set f:[-1,1] - R: f(x) = |x| - 1. Then f(x) is convex, but [f(x)]? is not convex
(see Figure 1).

We now obtain an extension of Lemma 2.1.

Theorem 2.3. Let f be a real-valued, nonnegative, and convex function on [a, b] and n be a positive integer.
Then

| [rooax|
(b - ay

b
) By - fla 22)
<5 alf(") Y s D) - @

where we assume that if f(a) = f(b), then % =(n + Df(a)".

)

24

p—

Figure 1: y = (|x| - 1)3.
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Proof. Since ¢(t) = t" is a convex function on (0, co0), by the use of Theorem 1.2 with ¢(¢t) = t", we have

n

1 1
If(ta +(-Obydt| < If(ta + (1 - Hb)dt.
0 0

By substituting x = ta + (1 - t)b, it is easy to observe that

ﬁ_b[f(x)dx " < if(x)"dx.

b-a

a

On the other hand,

b 1
1 ndy — _ n
o jf(x) dx = ! F(ta + (1 — Db)'dt

<

[tf (@) + (1 - £)f (b)]"dt

O e, = O C—

ek - tykf (@) (b)rkdt
>(3)
>

(
k=0 k
(
.

1

)f(a)"f(b)”"‘ [ - o

0

-3

k=0

)f(a)"f(b)“‘kB(k +1L,n-k+1),
k
where B is the beta function
1
B(m, n) = _[ 11 — £)n1dt =
0

(m-1Dl(n-1)!
(m+n-1)

for all m, n € N. Since

1

(Z)Itk(l — tynkdt = (:)B(k+ Ln-k+1 = 1

n+1
0

foralln e Ng and k < n,

n 1 k b ek _ f(b)"” —f(a)”“
Zon w1 T = T ®) - f@)

b
1 n
mfﬂ")d“

for f(a) # f(b), since A™! — B"1 = (A - B)(A" + A"'B +...+AB"™! + B"). For f(a) = f(b), the right-hand
side of the aforementioned inequality is f(a)". This completes the proof. O

Lemma 2.4. Let a and b be positive real numbers with a + b. Then
bn+1 _ an+1 bn +at
<
(n+D[b - a] 2

Proof. Without the loss of generality, suppose thata < b. By applying Theorem 1.1 with f(x) = x™, we obtain

(a + b)" bn+1 _ an+1 b+ an
< < .
2 (n+ Db - a] 2

This completes the proof. O
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Theorem 2.3 and Lemma 2.4 together yield the following theorem.

Theorem 2.5. Let f be a real-valued, nonnegative, and convex function on [a, b] and n be a positive
integer. Then

n

b b
a+bY" 1 1 n fbyr! — f(a)™+ )" + f(a)
f( 2 ) = ﬁjﬂx)dx Sb—ajf(")d“(n+1)[f(b)—f(a)]S > - @3

Proof. By using Lemma 2.4, we obtain

fyt - f™t _ fb)" + f@"

< (2.4)
(n+ Dfb) - f(a)] 2
and by using Theorem 1.1, we have
b n
n
f(“ +b ) < |1 If(x)dx . 25)
2 b-a
a
The desired result follows from (2.4), (2.5), and Theorem 2.3. O

Corollary 2.6. Let n be a positive integer and "\/f be a real-valued, nonnegative, and convex function on|a, b].
Then

b n b
bn b _ n
f(a+b)£ biaj‘mdx —biaJ‘f(X)dXSf( )\/f( f(a) f(a) <f(b)+f(a)’ (26)

< =
2 (n+ DIYfb) - yf(a)] 2
where we assume that if f(b) = f(a), then

fb)/f(b) - f(a)y/f(a)
= (n+ Df ().
JF ) - Jf@ nr

Proof. If f(x) is replaced by %/f(x), (2.6) follows from (2.3). O

Remark 2.7. With the notations in Corollary 2.6, if n = 1, then

b
a+b 1 fb) + f(a)
f( )s 1 [rooax < KOS9,

2
which is analogous to inequality (1.1).

Now, we provide an example, which is the importance and superiority of our result compared to the
existing results.

Example 2.8. Let n = 3 and f: [0, 2] — R be defined by f(x) = e, Then by Corollary 2.6,

2

2 3
16 _ 12
e3s[%J-\3/e3"de) S%Ie3"2dx< e’ -1 _e'+1
0

T4t -1 2
0
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We have the following:

e3 = 20.1 is a lower bound of the Hermite-Hadamard inequality,
2 3

% J‘i/ e*’dx | =556.7 is a lower bound of the inequality in Corollary 2.6,
0

16
h = 41447.8 is an upper bound of the inequality in Corollary 2.6,
e p—
e? +1 . . . .
=~ 81377.9 is an upper bound of Hermite-Hadamard inequality
So

2
20.1 £ 556.7 < % e>’dx < 41447.8 < 81377.9.
0

Corollary 2.9. Let f > 0 and \/f be a convex function on [a, b]. Then

a+b
%

b 2 b
1 1 f(a@) + f(b) + f(a)f (b)
)< [mfvf(’()d" <o [foonxs 3

L fD) +f@
2

Example 2.10. Let f(x) = e, Note that f(x) is not convex on |0, 1). But /f (x) is convex on [1, b] for allb > 1.
Thus,

2
1+b
e 2 <

b N b 1 2 _1+b?
1 J‘e%d_x < 1 Je"‘zdxse +e? +e 2
b-1 b-1
1 1

2
elye?
<
3

a 2

for all b > 1.

Proposition 2.11. Let a < b. Then

b
v _ ,d? _ »? 2
(b_a)EHEbSIexzdxs e ed L b - a)e” +eT)
b+a 2
a

Proof. Let a < b. Define f(x) = e’ on [a, b]. Since R X’ = eXWZ is convex on [a, b] for all n €N,
and by Corollary 2.6, we have

o3 < 1 Iexzdx < e(1+'11)b2 - e(1+'11)“2
b-a

el + e
ES <
(n + 1)(en?" - end’) 2
for all n € N. By taking the limit as n — oo, we have that
b
et g L Iexzdx < lim elten)! _(ri)a” o 4 o
2 —_— s >
b-a n—co (n + 1)(en?” — end’) 2
a
Since
lim e(1+%)b2 _ e(1+%)a2 - lim X(e(1+x)b2 _ e(1+x)a2) ~ ebZ _ ea2
noeo (n + 1)(er” - en)

x—0 (X + 1)(6’sz B exaz) - p2-a?’

b 2 2 2 2
. 1 el" —et b 4 e
e’ < eX’dx < <
b-a
a

(2.7)
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-1 a2e’+1
See+

Let b>=a? +y. Then y > 0, and the last inequality in (2.7) becomes e®~— e Let g(y) =
ye +y -2 +2. Then g'(y)=e’(y -1 +1, g"(y) =ye¥ =0, and g'(0) = (O)—O and so g'(y) =0
and g(y) = 0 for all y > 0. Since e® > 0, the last inequality in (2.7) holds true. Thus,

as r > et — e (b - a)e + e?)
b - a)e's” < I < .
a

eXdx < <
b+a 2

This completes the proof. O

Corollary 2.12. Let a # b be two positive real numbers. Then

’

a+b kn bkn+l _ akn+1 bkn+k _ akn+k bkn + akn
< < <
( 2 ) T Wh-a)kn+1) " b-an+1) 2

forall k,n € N.
Proof. It follows from Corollary 2.6 by choosing f(x) = x" and appropriate elementary calculations. [

Remark 2.13. Under the notation of Corollary 2.12, if k = 1, then

a+b n bn+1 _ an+1 )/
< <
( 2 ) b-an+1) 2

il

which is a generalization of the following Haber inequality [11]

(a+b) < Za’b’”
2 n+1!

3 Extension of Hermite-Hadamard inequality for the concave
functions

In this section, we extend the Hermite-Hadamard inequality for the class of concave functions.

Theorem 3.1. Let f be a real-valued, nonnegative, and concave function on [a, b], and let n be a positive
integer. Then

[f(D)]+! - [f(a)]"+1 I wref@+h
(n + D[fb) - f(a)] I[f(x) dx <2 1[f( )] , (3.1)

where we assume that if f(a) = f(b), then % =+ D[f@]".

Theorem 3.2. Let '{/f be a real-valued, nonnegative, and concave function on [a, b], and let n be a positive
integer. Then

ffb) - fla)yf(a)
(n+ DIYf(b) - yf(a)] e

where we assume that if f(b) = f(a), then

fb)Wf(b) - fla)yf(a)
Jf(b) - yf(a)

jf( x)dx < 27 1f( ) 3.2)

= (n + Df(@).
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Proof. If f(x) is replaced by %/f(x), (3.2) follows from (3.1). O

Proposition 3.3. Let 0 < a < b. Then
b 2
2 _ _(M)
sIexdxs(b—a)Zmle 2 ),

a

e _ el
a+b

where m is the smallest integer greater than or equal to 2b?.
*Xz .
Proof. Let 0 < a < b. Define f(x) = e on [a, b]. Since X eX = e is concave on [0, \E] forallneN,

N e = e’ni2 is concave on [a, b] € [O, \/g ] for all n > 2b%. By Theorem 3.2, we have

-bH(1+1) _ j-a?(1+] b b\
e (14h) _ ea(1+h) .1 je‘xdeSZ"‘le_(%), (33)

(n+ 1)[@"?12 - e‘“nz] b-a

a

for all n > 2b2. Hence,
b .
J‘e*"ZdX < 2m*1e7(%) ,

a

b-a

where m is the smallest integer greater than or equal to 2b2.
By taking the limit as n — oo in (3.3), we deduce that

—b2(1+%) _ —a2(1+%)

lim £ Ze —= < ! Ie‘xzdx.

T (n+ 1)[e‘b7 - e‘“?] b-a 7
Since

eV (1+7) — ga(1+h) x(e VA0 _ o=@y gmd’ _ o’
lim . — = lim > =5
n—oo (n+ 1)[e‘b7 _ e_%] x=0 (1 + x)[e”‘b _eXa ] b?-a
b
2 2
e —eb 1
< je*"zdx.
b2 - a? b-a
a
Therefore,
b
_a2 _ _b2 a+b 2
% < je"‘zdx < (b - apme (D7)
a+
a

This completes the proof. O

Remark 3.4. Note that m < 2b? + 1. Thus,
b L
a+
< J‘e*"zdx < - a)4b2e*(7) ,

a

e @ — P

forallb >a > 0.
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The error function erf(x) and the complementary error function erfc(x) are defined as follows:

,[2
2e d
J

2 at.
n

t, erfc(x)= I N

erf(x) = j
0

Proposition 3.5. Let x > 0 and m be the smallest integer greater than or equal to 2x?. Then

2 2
2(1-e " a
M) 20 erfx) < %xe*%xz < %ef%"z, for all x > 0.

Jrx -
2 2
x4 1,2 Jax-2(1-e™X)
21 et s erfc(x) < -
Proof.

(1) Applying Proposition 3.3 and Remark 3.4 with a = 0, b = x, after some calculations the desired asser-
tion follows.
(2) Since erfc(x) = 1 — erf(x), the result follows from (1).

The proof is completed. O

4 Hermite-Hadamard inequality for the power of a convex function

Let f be a convex function on [a, b]. We define
fo = min{min{f(x) : a < x < b}, 0},

and the convex positive part of a real-valued function f is defined by the formula:
fex) =f(x) - fo.

The function f can be expressed in terms of f. and fy as f(x) = fo(x) + fo.

Example 4.1. Set f: [%, 4] — R: f(x) =x-In(x-1)-3. Then fy =-1 and f;(x)=x-In(x-1) -2
(see Figure 2).

Lemma 4.2. Let f be a real-valued and convex function on [a, b]. Then f, = f.(x) is a nonnegative convex
function on [a, b] and fy is nonpositive.

Proof. It is easy. O

Denote E, := {2k : 2k <n,k=0,1,2, ..} and 0, =2k +1: 2k +1<n,k=0,1,2, ...}.

Figure 2: f, f,, and f,.
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Theorem 4.3. Let f be a real-valued and convex function on [a, b], and let n be a positive integer. Then

k;)ﬂ(;)m)kﬂ(b)"'k 820 sz( )(fo)"[fc(a +b )]

2 (o o i 2 (| (5
o jf(x)"dx

X (o s + (D (5]

n-k n-k n-k
Z(Z)(fo)kfc(b) + (@) Z (fo)"[fc } ,

keE, 2 keO

IN

2

IA

IA

IA

where % = (n + Df(a)" for f.(b) = f.(a).

Proof. Let f be a convex function. By the use of Lemma 4.2, the function f; is a nonnegative function and f;
is nonpositive. Since

OO = L£G0) + fol = Z(Z)fé%(x)ﬂfk,

k=0

by Theorem 2.3, we have

b b
1 n — 1 n
L [roorax = [ 100 + folrax

_aLE( Jé jfcmn ac Y (1 Ifc(X)” tdx

keOp

§ LONfr k[ - )]k
<k§5( ok 0 @ WiLE:

Also, by Theorem 2.3, we have

b b
1 —— .
b-a J-f(X) dX——b — J.[fc(x) + fo]rdx
=7 feGO*dx + fe0orkdx
kéz(; ( )f '[ keE, ( )f I ‘
n\ .« fc(b)n—kﬂ —fc(a)"*k” [ (a i b)] -k
) kén(k Ot I+ DUub) - ful@) ké (k)f Je ’
which completes the proof. O

Theorem 4.4. With the notations in Theorem 4.3, if n = 1, then

b
a+b 1 fb) + f(a)
f( 2 )Sb—a.[f(x)dxS 2 ’

which is analogous to inequality (1.1).
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Corollary 4.5. Let f: [a, b] — R be a convex function. Then

f(a + b)Z . zfo[f(a) + f(b) _f(a + b)]

2 2 2

2
g f(a;rb) +2f0[f(a);f(b) _f(a;rb)] L2

b
< 52 o

f(a@)? + f(a)f (b) + f(b)? Y f(a+b)_ f(a) + f(b)
3 0 2 2

2 2
0 1@ +2f0[f(a;b)_f(a);f(b)]_

Proof. We apply Theorem 4.3 with n = 2 to obtain

2 2 _ 2 2
fo(fc(b)+fc(a))+fc(a+b) e el (@ fc(‘”b) Py

2 ROBAO, 2
b
1 n
3000 - fuay 0TI

2 2
RAUEI 2fofc(a : b).

Thus, by replacing f.(a) by f(a) - fo, f:(b) by f(b) - fo and £,(“:2) by £(“32) - fo, we obtain

2 2
2
f(a ; b) . Zfo[f(a) ;f(b) _f(a + b)]

2
2
Y L PR CETC R (0 I
b
t Jroe
2 2
_ f@+ f(a)3f(b) +f®) | 2fo[ f(a : b) _f@ ;f(b)]
L O+ f@ of (a + b) _ f(@) + f(b)
- 2 °[\ 2 2 '
This completes the proof. O

Remark 4.6. The superiority of the results obtained in this article compared to the existing results for

the Hermite-Hadamard’s inequality (1.1) is as follows:

(1) In Theorem 2.5, we have generalized the Hermite-Hadamard bound for functions whose powers of n are
convex.

(2) In Corollary 2.6, we have improved the Hermite-Hadamard bound for functions, where f% is convex,
especially, if n = 2, then Corollary 2.9 is obtained.

(3) In Theorem 4.3, we have obtained the Hermite-Hadamard inequality for the power n of a convex
function, especially, if n = 2, then Corollary 4.5 is obtained.

(4) Examples 2.8 and 2.10 and Corollary 2.12 show the superiority of the work compared to the existing
results.
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5 Conclusion

We obtained an extension of the classical Hermite-Hadamard inequality for convex functions (concave
functions) extending it to the power functions [f(x)]". Some related inequalities were also introduced.
By applying those results in the analysis, we obtained new upper and lower bounds for the error function.
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