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1. Introduction

In the fall of 1940, Ulam [1] raised the first stability problem. He proposed a question
whether there exists an exact homomorphism near an approximate homomorphism. An
answer to the problem was given by Hyers [2] in the setting of Banach spaces. Since then
the stability problems have been extensively investigated for a variety of functional equa-
tions and spaces. In most cases, a functional equation is algebraic in nature whereas the
stability is rather metrical. Hence, a normed linear space is a suitable choice to work with
the stability of functional equations. We refer to [3-7] for results, references and examples.

Hyers was the first mathematician to present the concequence concerning the stability
of functional equations. He answered the question of Ulam for the case of approximate
additive mappings under the assumption that G; and G, are Banach spaces (see [2]).

The method provided by Hyers [2] which produces the additive function will be called a
direct method. This method is the most important and powerful tool to concerning the sta-
bility of different functional equations. That is, the exact solution of the functional equation
is explicitly constructed as a limit of a sequence, starting from the given approximate solu-
tion [6, 8]. The other significant method is fixed point theorem, that is, the exact solution
of the functional equation is explicitly created as a fixed point of some certain map [9-12].
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Let B be a complex Banach algebra. A mapping f : B x B — B is biadditive if f is
additive in each variable. Furthermore, f is called a C-bilinear mapping if f is C-linear
in each variable. Recently, the Hyers-Ulam stability and the hyperstability of biadditive
functional equations were proved in [13]. Moreover, many mathematicians have studied
the Hyers—Ulam stability of some derivations in algebras and rings (see [14]).

Lemma 1.1 ([15]): Let A and B be complex Banach algebras and f : A x A — B be a bi-
additive mapping such that f(Ax, uy) = Auf(x,y) forall A, € T! and all x,y € A, then f
is C-bilinear.

Remark 1.1: In Lemma 1.1, T! is too big. We can take a smaller set such as a part of the
unit circle T! or we can take a connected path to obtain the same result as in Lemma 1.1
(see [16]).

Definition 1.2 ([17, 18]): Let B be a ring. A biadditive mapping ¢ : B x B — B is called
a symmetric biderivation on B if g satisfies

8y, 2) = g(x,2)y + x¢(y, 2)
g(x,2) = g(z,x)

forallx,y,z € B.

Definition 1.3 ([19]): Let B be a complex Banach algebra. A C-bilinear mapping g :
B x B — Bis called a biderivation on B if g satisfies

gxy,z) = g(x,2)y + xg(y, 2)
g(x, zw) = g(x, 2)w + zg(x, w)

forallx,y,z,w € B.

See [11, 20-22] for more information on biderivations in several spaces.
In this paper, we introduce f-biderivations in a Banach algebra.

Definition 1.4: Let B be a complex Banach algebra and f : B x B — B be a C-bilinear
mapping. A C-bilinear mapping g: B x B — B is called an f-biderivation on B if g
satisfies

g, 2%) = g%, f (1, 2) + f (%, 2)8 (3, 2)
g(x?, zw) = g(x, 2)f (x, w) + f(x, 2)g(x, w)

forallx,y,z,w € B.

Example 1.5: Let f : R x R — R be defined by f(x,y) = %xy and g: R xR — R be
defined by g(x, y) = xy for all x, y € R. Then g is an f-biderivation.

In this paper, we consider the following system of functional equations

{Zf(x +y.z+w) —gxz) —gle,w) =g0,2) + g, w) N

gx+y.z+w) —2f(x — ¥,z —w) = 4 (x, w) + 4f (5, 2)

forallx,y,z,w € B.
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The aim of the present paper is to solve the system of biadditive functional equations (1)
and prove the Hyers-Ulam stability of f-biderivations in complex Banach algebras by using
the fixed point method.

Throughout this paper, assume that I3 is a complex Banach algebra.

2, Stability of the system of biadditive functional equations (1)

We solve and investigate the system of biadditive functional equations (1) in complex
Banach algebras.

Lemma2.1: Letf,g: B x B — B bemappings satisfying (1) for all x, y,z,w € B. Then the
mappings f,g : B x B — B are biadditive.

Proof: Settingx = y = z = w = 01in (1), we have
f(0,0) =g(0,0) = 0.
Putting y = z = w = 0 in (1), we have
2f(x,0) = 2¢(x,0)
mezqmm
for all x € B. Hence

f(x,0) =g(x,0)=0

for all x € B. Takingx = y = w = 0in (1), we obtain

2f(0,2) = 2¢(0,2)
8(0,2) = 6f(0,2)
and so

f(O,Z) Zg(O,Z) =0

forallz € B.
Letting y = w = 0 in (1), we have

g(x,2) = 2f(x,2) (2)
forallx,z € B. So
gx+yz+w) =2f(x+y,z+w) =g(x,2) +glx, w) +g(y,2) + g(y, w)

for all x, y,z, w € B. Therefore the mapping g : B x B — B is biadditive and thus by (2)
the mapping f : B x B — B3 is biadditive. n

Using the fixed point method, we prove the Hyers-Ulam stability of the system of
biadditive functional equations (1) in complex Banach algebras.
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Theorem 2.2: Suppose that A : B* — [0, 00) is a function such that there exists an L <1
with
A (—,—,—,—) < ]:A(x,y,z, w) (3)
2222/ 4
forallx,y,z,w € B. Let f,g : B x B — B be mappings satisfying

{||2f(x +y.z4+w) —gx2) —gle,w) —g(1,2) — g, W)l < A(x,y,2,w) @)

lgx+y.z+w) —2f(x —y,z = w) —4f (x, w) —4f (1, 2)|| < A(x,p,2,w)

forall x,y,z,w € B. Then there exist unique biadditive mappings F,G : B x B — B such
that

2
IF(x,2) — f(x, 2)I| < SQT—ELZ)A(x,x,z,z) 5)
IG(x,2) — g(x, 2l < 55 A (6 x,2,2)
forallx,z € B.
Proof: Lettingx = y = z = w = 0in (4), we obtain
12£(0,0) — 4¢(0,0)|| < A(0,0,0,0) = 0
18(0,0) —10£(0,0)]| < A(0,0,0,0) =0
and hence f(0,0) = ¢(0,0) = 0.
Letting y = x and w = z in (4), we get
12f (2x,22) — 4g(x,2)|| < A(x,%,2,2)
g (2x,22) — 8f (x, 2) || < A(x, %, 2,2)
forallx,z € B. So
IfGez) —16f (£,2) 1 < A (3,5,2,2) 4205, 5,5, %) < B A(y,x,2,2) ©)
2
lgte2) =16 () 1= A (5:5.5.5) +4A (5 5.55) = - a&xz2)

forallx,z € B.
We define

H=1{h:BxB— B:h(0,0) =0}
and introduce the generalized metric on H as follows: d : H x H — [0, 0o] by
d,h) =inf{k € Ry : ||8(x,2) — h(x,2)|| < kA(x,x,2,2),Vx,z € B}

and we consider inf # = +oc. Then d is a complete generalized metric on H (see [23]).
Now, we define the mapping J : (H,d) — (H, d) such that

T8(x,2) == 168 (;—C Z)

forallx,z € B.
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Assume that 8, h € H such that d(8, h) = k. Then

178602) = Thix, 2l = |165 (5. 2) — 16k (5.5) |

X z z
< 16kA (3_c - = —) < L’kA(x,x,2,2)
4’4’44

for all x, z € B. It follows that d(7 8 (x, z), J h(x, z)) < L?k. Thus
d(T8(x, z), Th(x,z)) < L*d(8,h)

forallx,z € Bandall §,h € H.

From (6), we have d(f, Jf) < L+ ond dlg,Jg) < Lrl”

Using the fixed point alternatwe (see [24]), we deduce the existence of unique fixed
points of 7, that is, the existence of mappings F, G : B x B — B, respectively, such that

X Z X Z
F(x,z) = 16F (—, —) . G(x,2) = 16G ( )
4 4

with the following property: there exist k1, k» € (0, 00) satisfying
|Lf(x> Z) - F(X, Z) ” S klA(x) X, Z, Z)) ”g(x) Z) - G(x) Z) ” S kZA(x) X, Z, Z)

forall x,z € B.

Since limy,—, oo d(J"f, F) = 0 and lim,,—, oo d(J"g, G) = 0,
. 2n i i _ . 2n 1
nan;o4 f<4”’4”) = F(x2), nhﬁn‘olo4 g<4” 4") Gx.2)
forall x,z € B.

Next, d(f,F) < {-d(f, Jf) and d(g, G) < 127 d(g, Jg) which imply

2

L
”f(x’ Z) - F(xa Z)“ 5

81— L)A(x,x, Z2,2),
+ 2
lg(x,2) — G(x,2)|| < 21— L)A(x>x, z,2)

forallx,z € B.
Using (3) and (4), we conclude that

I2F(x +y,z + w) — G(x,2) — G(x, w) — G(y,2) — G(y, w)||
() s (2 s ()
() (]
(x y z

w . 2n
z _) < lim L*"A(x,y,2,w) =0
4n 4n 4n 4n n—00

= lim 4*"
n—oo

< lim 4*"A
n—oo
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and

IG(x+ y,z4+w) —2F(x — y,z — w) — 4F(x, w) — 4F(y, 2)||

o) - (T ) () v ()|

< lim 4A (i Yz 3) < lim I*"A(x,y,z,w) = 0

n— 00 4n’ gn’ 4n’ gn n— 00

= lim 4*"
n—oo

for all x, y,z,w € B, since L < 1. Hence

2F(x+ y,z+w) — G(x,2) — G(x,w) = G(y,2) + G(y, w)
Gx+y,z+w) —2F(x — y,z — w) = 4F(x, w) + 4F(y,2)

for all x,y,z,w € B. So by Lemma 2.1, the mappings F, G : B — B are biadditive. |

Corollary 2.3: Let 0, p be nonnegative real numbers with p>2 and f,g: B x B — B be
mappings satisfying

12f(x +y,z+w) —g(x2) — gx, w) —g(y,2) — gy, W)l
< O(lxIIP + lIylI? + NzllP + [[wllP)

lgx +y,z+w) = 2f(x — y,z — w) — 4f (x, w) — 4f (1, 2) |
< Ol + lIylIP + lIzlIP + [[w]i?)

forall x,y,z,w € B. Then there exist unique biadditive mappings F, G : B x B — B such
that

(27 +8)6

IF,2) = 52l = 027 22l + el .,
16,2 — g2l = 289 e 4 1z
HTEREN= e~

forallx,z € B.

Proof: The proof follows from Theorem 2.2 by taking L = 227P and A(x, V.2, W) =
O(llxIP + lIyllf + IzlIf + [[w]|?) for all x, y,z,w € B. [

Corollary 2.4: Let p, g, 1, s be nonnegative real numbers with p+q+r+s>4 and f,g:
B x B — B be mappings satisfying

12f(x +y, 2+ w) —g(x2) — gx, w) —g(y,2) — gy, W)l
<INyl wli®

lgix+y,z+w) —2f(x —y,z —w) —4f (x, w) — 4f (1, 2) ||
< lxlPlyl9izl"lwli®
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for all x,y,z,w € B. Then there exist unique biadditive mappings F,G : B x B — B such
that

2(2F + 16)
F(x,2) — f(x,2)|| < —— " 227y ptatrts
1F G 2) — f(x2)|| < 2p(ﬂ_mllxn .
1G(x,2) — g(x,2)|| = 716 lc|pratrs Y
P TEEIN = — 16"

forallx,z € B.

Proof: The proof follows from Theorem 2.2 by taking L = 24~ ®+4+9 and A (x, 5,2z, w) =
IxlIPIyN9Nzl" [ wll* for all x, y, z, w € B. u

3. Stability of f-biderivations in Banach algebras

In this section, by using the fixed point technique, we prove the Hyers—Ulam stability of
f-biderivations in complex Banach algebras.

Lemma 3.1: Letf,g: B x B — B be mappings satisfying

{Zf(k(x +)uz+w) —Augx,z) — Augxw) = Aug(y,z) + Aug(y, w) 9)

(x4 y), u(z +w) — 2f (A(x — ), u(z — w)) = 4Auf (x, w) + 4Auf (v, 2)

forallx,y,z,w € Bandall A, ju € T*. Then the mappingsf,g : B x B — B are C-bilinear.

Proof: Ifweputk = p = 1in (9), then f and g are biadditive and

g(x,2) = 2f(x,2) (10)

for all x,z € B by Lemma 2.1.
Now, taking y = x and w = z in (9), we have

8f (Ax, uz) = 4rug(x,z) (11)
4g(Ax, uy) = 8Auf(x, z)
forall x,z € Bandall A, u € T'. From (10) and (11), we obtain

fOx, nz) = Auf(x,2), glhx, uz) = Aug(x, z)

forallx,z € Bandall A, u € T'. Thus by Lemma 1.1 the mappings f and g are C-bilinear.
n
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Theorem 3.2: Suppose that A : B* — [0, 00) is a function such that there exists an L <1
with

IN=
| N

x w
A(= ) < —A(x,y,z, w) (12)

272’2277 16
forallx,y,z,w e B. Letf,g : Bx B — B be mappings satisfying

12f A (x + p), u(z + w)) — Aug(x, 2) — Aug(x, w) — Aug(y,z) — Aug(y, w) |l

< A(x,y,z,w)
(A (x + »), u(z +w)) — 2f (A(x — y), u(z — w)) — dduf (x, w) — 4ruf (v, 2) ||
<A ),z,w)
(13)
and
83,2 — (%, 2)f (1,2) — (%, 2)8(,2) < A(x,,2,2) (14)
g(xz,zw) —g(2)f (x,w) — f(x,2)g(x, w) < A(x,x,2,w)

forall x,y,z,w € B and all ., € T'. Then there exist unique C-bilinear mappings F, G :
B x B — B such that G is an F-biderivation and satisfying (5).

Proof: Let . = p = 1in (13). By the same reasoning as in the proof of Theorem 2.2, there
exist unique biadditive mappings F, G : B x B — B satisfying (5), which are given by
2ne (7 i —_1; 2n i i)
F(x,z) = hm 4 f( 4n) G(x,z) = nango4 g (4n, T
forallx,z € B.
From (12) and (13), we have

I2E(A(x + y), u(z + w)) — AuG(x, 2) — AuG(x, w) — ApnG(y,z2) — AnG(y, w) ||
2f<)»(x+)’),M(Z+W)> —MLg(i,i) B Mg(x w>

4n 4n 4n° 4n 4n

s (55) - )|

2n
2n x }’ z w - —
< nlingo4 A (4n YTRITE 4n> < nle yon Ay, z,w) =0
forall x,y,z,w € Band all A, 1 € T". Similarly, one can show that
G (x + y), u(z + w)) — F(A(x — y), u(z — w)) — 4AuF(x, w) — 4AF(y, 2) ||

2n

x z w

< lim 42”A< ba —,—) < lim —A(x,y,z,w) =0
n—00 47 4n° 4 qn) = oo 42n

forall x,y,z,w € Bandall A, u € T!. So

= lim 4*"
n— oo

GA(x+ ), u(z +w)) — FA(x — y), u(z — w)) = 4AuF(x, w) + 4ApF(y, 2)

for all x,y,z,we B and all A, u € T!. Therefore, by Lemma 3.1, the mappings F,G:
B x B — B are C-bilinear.
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Next, from (12) and (14) it follows that
IG(xy, 2%) — G(x,2)F(y, 2) — F(x,2)G(3,2)|
2
Xy z X z y z X z y z
g<42n’42n> g(4n’4n)f(4n’4n> f(4n’4n)g<4n’4n>”

z Z
< lim 4%A (i P —) < lim I*"A(x,9,2,2) = 0
n— oo

"> 00 4”’4}1,4”,4” —

= lim 4*
n— oo

and

|G(x?, zw) — G(x, 2)F(x, w) — F(x,2)G(x, w)||

2
e am x_ﬂ_(ﬁi) (ﬁl)_ (ﬁi) <ﬁ1>
= lim, 4 g<42n’42n> N/ oww) T we)tee
X X z w
< lim 4*'A (—,—,—,—) < lim L*A(x,x,z,w) =0
n— 00 QN gn- gn- gn n— 00

forall x,y,z,w € Bandall A, u € T, since L < 1. Thus

G(xy,2*) = G(x,2)F(y, 2) + F(x,2)G(y,2)
G(x*, zw) = G(x, z)F(x, w) + F(x,2)G(x, w)

for all x, y,z, w € B. Hence the mapping G : B x B — B is an F-biderivation. |

Corollary 3.3: Let 0, p be nonnegative real numbers with p>4 and f,g: B x B — B be
mappings satisfying

12f (A(x + ), (2 + W) — Apug(x, 2) — Aug(x, w) — Aug(y,z) — Aug(y, w)ll
< OIxI1? + llyll? + lIzlIP + [lwllP)

(A Cx + y), 1(z + w)) — 2f (M(x — ), u(z — w)) — 4hpuf (x, w) — 4Auf (3, 2|
< OIxII? + lIylI? + lIzII1P + lwll?)

for all x,y,z,w € B and all ., u € TY. Then there exist unique C-bilinear mappings F, G :
B x B — B such that G is an F-biderivation and satisfying (7).

Proof: The proof follows from Theorem 3.2 and Corollary 2.3. |

Corollary 3.4: Let p, g, 1, s be nonnegative real numbers withp+q+r+s>16 andf,g:
B x B — B be mappings satisfying

12f (A(x + »), ez + w)) — Aug(x, z) — Aug(x, w) — Aug(y,z) — Aug(y, wll
< llxlIPlyl=zl" I wll*

lgA(x +»), iz + w)) — 2f (A(x — y), u(z — w)) — dduf (x, w) — 4ruf (v, 2) ||
< llxlIPly 92" wll*

forall x,y,z,w € B. Then there exist unique C-bilinear mappings F,G : B x B — B such
that G is an F-biderivation and satisfying (8).
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Proof: The proof follows from Theorem 3.2 and Corollary 3.4. |

Remark 3.1: We can obtain some results on asymptotically generalized Lie bi-derivations
corresponding to the results given in [25].
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