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Abstract: In this article, we solve the system of additive functional equations:

Ax+y)-gx) =gy,
gx+y)-2f(y —x) =4f(x)

and prove the Hyers-Ulam stability of the system of additive functional equations in complex Banach

spaces. Furthermore, we prove the Hyers-Ulam stability of f-hom-ders in Banach algebras.
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1 Introduction

Let 8 be a complex Banach algebra and f: 8 — 8 be a C-linear mapping. Mirzavaziri and Moslehian [1]
introduced the concept of f-derivation g : 8 — B as follows:

gxy) = f0Og(y) + gLOf (y) (1.1)

forall x,y € 8.
Park et al. [2] introduced the concept of hom-derivation on 8, i.e., g : 8 — B is a homomorphism and f
satisfies (1.1) for all x, y € 8. Dehghanian et al. [3] introduced the concept of hom-der g : 8 — B as follows:

g()g(y) = xg(y) + gy
for all x, y € B. Kheawborisuk et al. [4] defined and studied hom-ders in fuzzy Banach algebras.
Definition 1.1. Let 8 be a complex Banach algebra and f: 8 — B be a homomorphism. A C-linear map-
ping g : 8 — B is called an f-hom-der if it satisfies

g)g(y) = fFg(y) + gLOf (y)
forall x,y € 8.
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Example 1.2. Let M,, be the collection of alln x n complex matrices and g : M,, —» M,, defined by g(X) = 2X
and f: M, —» M, defined by f(X) = X. Then f is a homomorphism, and g is an f-hom-der.

We say that an equation is stable if any function satisfying the equation approximately is near to an
exact solution of the equation.

The stability analysis of functional equations emanated from a question of Ulam [5], which was raised
in 1940 about the stability of group homomorphisms and then was extended by Hyers [6]. Recently, results
on the so-called Hyers-Ulam stability have comfortable the stability conditions. Many mathematicians
developed the Hyers results in various directions [7-14].

The method provided by Hyers [6], which produces the additive function, will be called a direct
method. This method is the most significant and strong tool to concerning the stability of different func-
tional equations. That is, the exact solution of the functional equation is explicitly constructed as a limit of a
sequence, starting from the given approximate solution [10,15]. The other significant method is fixed-point
theorem, that is, the exact solutions of functional equations and differential equations are explicitly created
as fixed points of some certain mappings [16—-35].

We remember a fixed-point alternative theorem.

Theorem 1.3. [36] If (8, d) is a complete generalized metric space and ] : B — B is a strictly contractive
mapping, that is,

d(Ju, Jv) < Ld(u, v)
for allu, v € B and a Lipschitz constant L < 1. Then for each given element u € B, either
dJ™u, J™u) = +o0, Vn =0,
or
dJ™u, J™u) < +oo0, Vn > ny,

for some positive integer ny. Furthermore, if the second alternative holds, then:
(i) the sequence (J™u) is convergent to a fixed point v* of J;
(i) v* is the unique fixed point of ] in the set V := {v € B, d(J™u, v) < +co};

(i) d(v,v*) < 77d(v, Jv) for allu,v € V.

In this article, we consider the following system of additive functional equations

{Zf(x +y) - 8(0) = g(y), 1.2)

gx+y) - 2f(y - x) = 4f(x)

for all x, y € B. The aim of the present article is to solve the system of additive functional equations and
prove the Hyers-Ulam stability of f-hom-ders in complex Banach algebras by using the fixed point method.
Throughout this article, assume that 8 is a complex Banach algebra.

2 Stability of system of additive functional equations
We solve and investigate the system of additive functional equations (1.2) in complex Banach algebras.

Lemma 2.1. Let f, g : B8 — B be mappings satisfying (1.2) for all x, y € 8. Then the mappings f,g: 8 —» B
are additive.
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Proof. By substituting x = y = 0 in (1.2), we obtain
f(0) = g(0) = 0.
By substituting y = 0 in (1.2), we have

2f(x) = g(x0),

2.
(=) = —F () @1

for all x € B. So
gx+y)=2f(x+y)=gx) +g(y)

for all x, y € B. Hence, the mapping g : 8 — B is additive, and thus by (2.1), the mapping f: 8 — B is
additive. O

By using the fixed-point technique, we prove the Hyers-Ulam stability of the system of additive func-
tional equations (1.2) in complex Banach algebras.

Theorem 2.2. Suppose that A : 82 — [0, 0o) is a function such that there exists an L < 1 with
A(f, X) < 2o y) (2.2)

forallx,y € B. Let f,g: B — B be mappings satisfying

I12f(x + y) — 80x) — gl < Alx, y), 2.3)
lgCx +y) = 2f(y = x) = 4f (Ol < Alx, y) '
for all x,y € B. Then there exist unique additive mappings F, G : B8 — B such that
I2+L
IFGO = fOOll < a1~ L)A(X, X), (2.4)
I?+1L1
1GC) ~ gl < 20 L)A(x, X) (2.5)
forall x € B.
Proof. By substituting x = y = 0 in (2.3), we obtain
2f(0) - 2g(0)Il < A0, O) = 0,
lg(0) — 6f(0)ll < A0, 0) =0
and so f(0) = g(0) = 0.
By substituting y = x in (2.3), we obtain
2f (2x) - 28Il < A(x, x),
lg(2x) = 4f Ol < Alx, x)
and so
X X x X X >+ L
H g(X) - 48'(2) < ZA(Z, Z) + A(E, E) < TA(X, X), (2 6)
X X x 1.(x x I?+L '
s -a(7)] <5 7) + 55 5) = ot

for all x € B.
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LetT'={y: 8 — B : y(0) = 0}. We define a generalized metric on I as follows: d : ' x —[0, co] by
d6,y) =inffu e R, : 16(x) - yCOI < pA(x, x), Vx € B},

and we consider inf@ = +00. Then d is a complete generalized metric on I' (see [37]).
Now, we define the mapping 7 : (T, d) — (T, d) such that

Jb(x) = 45(%)

for all x € 8.
Actually, let 8, y € (T, d) be given such that d(§, y) = u. Then

1600) =yl < pACx, x)

for all x € B. Hence,
X X X X
5(x) — N = || 46l = | - 4yl = | || < aupl =, = | < L2uA(x, x
1T800) - Tyl H (%) y(4)H uo(5. %) < pusc, )

for all x € B. It follows that d(78(x), Jy(x)) < L?u. So
d(Js(x), Jy() < L?d(8, y)

forallx e Bandall §,y € T.
It follows from (2.6) that d(f, Jf) < “* and d(g, Jg) < ™.

By using the fixed-point alternative we deduce the existence of a unique fixed point of J and a unique
fixed point of 7, that is, the existence of mappings F, G : 8 — B, respectively, such that

F(x) = 4F(%), G(x) = 4G(%)

with the following property: there exist y, n € (0, co) satisfying
If C0) = FOOI < uAx, x),  I1g(x) = GOOIl < nAx, x)

for all x € B.
Since lim,,_,,d(J "f, F) = 0 and lim,,_,,,d(J"g, G) = 0,

. X . X
fim () < £ tim () - 6o

for all x € B.
Next, d(f, F) < {1-d(f, Jf) and d(g, G) < *-d(g, Jg), which imply
I?+L I?+L
IFCO = FOOI < e L)A(x, x), gt = GOl < 20 L)A(x, X)
for all x € B.

By using (2.2) and (2.3), we conclude that

o X+y X y . X y
er(e ) = 66 = G0N = im o | (7)o ) - o( ) | < im (5 )
< lim I*"A(x,y) = 0
n—oo

and

IG(x + y) — 2F(y — x) — 4F(x)| = lim 4"

() -2(5)- ()|

< lim 4"A(i, 4 ) < lim L"A(x,y) = 0
g n—oo

n—co 4



DE GRUYTER System of additive functional equations = 5

for all x, y € B, since L < 1. Hence,

2F(x +y) = G(x) = G(y),
G(x +y) - 2F(y — x) = 4F(x)

for all x, y € 8. Therefore, by Lemma 2.1, the mappings F, G : 8 — B are additive. (|

Corollary 2.3. Let f, g : B — B be mappings satisfying

12f(x +y) = g() = g < lIxyll,
lgtx +y) = 2f(y = x) = 4f Ol < lxyll

for all x,y € B. Then there exist unique additive mappings F, G : B8 — B such that
3
IF(x) = fOOl < gIIXIIZ,
3
IG(x) — g(Oll < ZIIXII2

forall x € B.
Proof. The proof follows from Theorem 2.2 by taking L = % and A(x, y) = |xy| for all x,y € B. O

Corollary 2.4. Let p and 6 be nonnegative real numbers with p > 1and f, g : 8 — B be mappings satisfying

12f(x +y) — g(x) — gl < 6(IXIP + llylP),
lgCx +y) = 2f(y = x) = 4f COll < 6lIx|IP + llyllP)
for all x,y € B. Then there exist unique additive mappings F, G : B8 — B such that

2P +2
IF(x) = fOOll < mellxup,

wgnxnp

1GG) — 8Ol < o)

forall x € B.

Proof. The proof follows from Theorem 2.2 by taking L = 2% and A(x, y) = 0(|Ix]|? + |lyl?) forallx,y e 8. 0O

3 Stability of F-hom-ders in Banach algebras

In this section, by using the fixed-point technique, we prove the Hyers-Ulam stability of F-hom-ders in
complex Banach algebras.

Lemma 3.1. [38] Let B be a complex Banach algebra and ¥ : B8 — B be an additive mapping such that
Flax) = aF(x) foralla € T'={{e C : |{| = 1} and all x € B. Then F is C-linear.

Lemma 3.2. Let f, g : B — B be mappings satisfying

{2f(A(x 1) - g) = Ag(y),

3.
g + 7)) = Ay - x) = 4AF () G-1

forall x,y € B and all A € T'. Then the mappings f,g : 8 — B are C-linear.
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Proof. If we substitute A = 1 in (3.1), then f and g are additive by Lemma 2.1.
By substituting y = 0 in (3.1), we have

(3.2)

2f () = Ag(x),
g(Ax) = 24f ()

forall x € B andall A € T, since the mappings f and g are additive. By substituting A = 1in (3.2), we obtain
{Zf(X) = 8(x),

gx) = 2f (),
and so
{mx) = 2 0),
gx) = Ag(x)
for all x ¢ 8 and all A € T!. So by Lemma 3.2, the mappings f and g are C-linear. O

Theorem 3.3. Suppose that A : B2 — [0, co) is a function such that there exists an L < 1 with

A, y) < %A(Zx, %) < %A(Zx, ) (3.3)

forallx,y € B. Let f,g : B — B be mappings satisfying

12f(Ax + y)) — g(Ax) — AgW)Il < Alx, y), (3.4)
gACx + y)) = 2f(A(y - X)) = 4Af COll < Ax, y), '

If Cy) = FOF I < Alx, y), (3.5)

lg(x)g(y) — FOOg(y) — gCOf Wl < Alx, y) (3.6)

forall x,y € B, and all A € T. Then there exist unique mappings F, G : 8 — 8B satisfying (2.4) and (2.5)
and F is a homomorphism and G is an F-hom-der.
Proof. Let A = 1 in (3.4). Since

Alx,y) < %A(Zx, 2y) < %A(Zx, 2y)

forall x, y € 8, by Theorem 2.2, there exist unique mappings F, G : 8 — B satisfying (2.4) and (2.5), which
are given by

lim 4"f( ) = F(x), 11m lL"g(4 ) G(x)

n—oo

for all x € B.
By using (3.3), we conclude that

I2FACx +y)) = GAx) = AG(y)]| = lim 47

A52)- o) ()|

< lim 4"A( 4 ) < lim L*"A(x,y) = 0
44 ) T e

M) Ay =) x
o7 -5 )-“f(z)H

Yy
< lim 4"A < lim LZ'A(x, y) =
(4 4 ) y) =

and

IGAX + y)) = 2F(A(y - x)) — 4AF ()l = nlilgo 4"

n—oo n—oo
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for all x, y € B, since L < 1. Hence,

2F(A(x +y)) = G(Ax) = AG(y),
GAK +y)) - 2F(A(y - x)) = 4AF(x)

for all x,y € 8 and all A € T. Therefore, by Lemma 3.2, the mappings F, G : 8 — B are C-linear.

It follows from (3.5) that
X X L
() -1 h(3))|

y

on

IF(xy) = FOOF(y)ll = HILH;’ 4

< lim 4”A(i,
2Tl

n—oo

) < lim L"A(x,y) = 0
n—-oo

forall x,y € 8. So
F(xy) = FOOF(y)

for all x, y € B. Thus, F is a homomorphism.
It follows from (3.6) that

1GC)G(y) - FOOG(y) - GOOF(y)l| = lim 4

(33 (3 (2) (303 |

< lim m(i, l) < lim I"A(x, y) = O
2" 2)‘1

for all x,y € 8. So
G()G(y) = Fx)G(y) + GOO)F(y)

for all x, y € 8. Thus, the C-linear mapping G is an F-hom-der. O

Corollary 3.4. Let p and q be nonnegative real numbers with p + q > 2 and f,g: 8 — B be mappings
satisfying

12f(A(x + y)) — g(Ax) = Ag(W)Il < lIxlIPllyl9,
g + y)) = 2f(A(y — x)) = 4Af Ol < IxIPllyl?

and
If Cey) = FOOF I < IxIPlyle,
lgtxy) = F)g(y) — gIfF I < IxIPlyle

for all x,y € B8 and all A € T'. Then there exist unique mappings F, G : 8 — B such that F is a homo-
morphism and G is an F-hom-der and
20+ 4 4
_ _c T x|t
IPOO = FOOI < 5o P,
220+ + 4)

1GOx) — gl < i 4)

[Ix([P+4
forall x € B.

Proof. The proof follows from Theorem 3.3 by taking A(x, y) = [[x||?|y|? for all x,y € 8. By choosing
L = 2274, we obtain the desired result. O

Corollary 3.5. Let p and 6 be nonnegative real numbers with p > 2 and f, g : B8 — B be mappings satisfying
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12f(Ax + y)) — g(x) — Ag(W)ll < BUxIP + lylIP),
g +y)) = 2f Ay — x)) = 4AfCOll < OC(IxIP + llylIP)

and
If xy) = FOOfF I < OIxXIP + lyllP),
lg(xy) — fF(x)g(y) — gCOf Il < 0(lIxI? + lylIP)

for all x,y € 8 and all A € T'. Then there exist unique mappings F, G : 8 — B such that F is a homo-
morphism and G is an F-hom-der and

202° + 4)

IFCO) = f0l = 2,5
4(2P + 4)
1GC) - gl < MGIIXIV’

forallx € B.

Proof. The proof follows from Theorem 3.3 by taking A(x, y) = 6(||x||? + |ly|IP) for all x, y € 8. By choosing
L = 22P, we obtain the desired result. O

4 Conclusion

In this article, we introduced a new system of additive functional equations in complex Banach spaces and
the concept of f-hom-der in complex Banach algebras and proved the Hyers-Ulam stability of the new
system of additive functional equations in complex Banach spaces and the Hyers-Ulam stability of f-hom-

ders in complex Banach algebras.
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