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Abstract

In this paper, we apply some special functions to introduce a new class of control
functions that help us define the concept of multi-stability. Further, we investigate the
multi-stability of homomorphisms in C*-algebras and Lie C*-algebras, multi-stability
of derivations in C*-algebras, and Lie C*-algebras for the following random operator
equation via fixed point methods:

uf(o, %) +uf (o, %) — B, 1),

In particular, for ;= 1, the above equation turns out to be Jensen’s random operator
equation.
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1 Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam, posed
in 1940, concerning the stability of group homomorphisms. In the next year, Hyers gave a
partial affirmative answer to the question of Ulam in the context of Banach spaces in the
case of additive mappings; that was the first significant breakthrough and a step toward
more solutions in this area. Since then, many papers have been published in connection
with various generalizations of Ulam’s problem and Hyers’s theorem. In 1978, Rassias suc-
ceeded in extending Hyers’s theorem for mappings between Banach spaces by considering
an unbounded Cauchy difference subject to a continuity condition upon the mapping. He
was the first to prove the stability of linear mapping. This result of Rassias attracted sev-
eral mathematicians worldwide who began to be stimulated to investigate the stability
problems of functional equations. In the present paper, we apply some special functions
to introduce a new class of control functions which help us define the concept of multi-
stability.
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Let U; and U, be Banach algebras and (9, IT) be a probability measure space. Assume
(01,B15,) and (Uq,Bys,) are Borel measurable spaces. Clearly, a map f: 9 x U; — Oy is
well defined if {0 : f(9,S) € C} € I for all S in U; and C € Bys,. We are going to investigate
a vector valued generalized metric spaces. Let A = (A1,...,A,) and y = (y1,..., Ym), m € N.

Then we define

A<y << M=y, i=1,....m
and

A—>0 <— M—0 i=1,...,m.

Definition 1.1 ([1]) Suppose G is a nonempty set, and d : G — [0, +00]” (with m € N)
is a given mapping. We say that d is a generalized metric on G if the following conditions

satisfy:
(1) for every (W, ®) € G x G, we have

A, ®)=(0,...,0) = V=0
—_——

m

(2) for every (¥,®) e G x G,
A(d, W) =d(V,d) = U=d;
(3) for every ¥, ®,Y € G,
d(¥,Y)+d(Y, D) > d(®, V).

Theorem 1.2 ([1]) Let (G,d) be a complete generalized metric space, and let T : G — G be

strictly contractive, i.e.,
dTV,T®) <(Ly,...,Ln)d(V,P), YV, deg

for some Lipschitz constants L; < 1, fori=1,..., m e N. Then
(1) the mapping T has a unique fixed point W* = ' W*;
(2) the fixed point V* is globally attractive, i.e.,
lim "W = W,

n—00

for any starting point ¥ € G;
(3) the following three inequalities hold:

d(r"w,w*) < (L},...,L},) d(¥, ),

d(r”\y,\y*)5< LI )d(F”\D,F”“\L’),
1-Li""" " 1-1,

i 1 1
d(\p,\lj ) S (Th,...,m>d(w,FW),

for all nonnegative integers n and all V € G and m € N.
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Now, we generalize Theorem 1.2.

Theorem 1.3 ([1]) Supposed :G* — [0, +oc0]™, m € N, and (G, d) is a complete generalized
metric space. Suppose I' : G — G is a strictly contractive mapping with Lipschitz constant
Z < 1. Then for any given element V € G, either

d(I"W, T"1W) = (+00,..., +00),
N— ——

m

for any n € NU {0} or there exists an ng € N such that
(1) d(T"W, I < (+00,...,+00), Vi > np;
—_—

(2) The fixed point ®* of T is a convergent point of sequence {I'"V};
(3) @* is the unique fixed point of T in the set Q = {® € Gld(I'"W, ®) < (+00,...,+00)};
—_— ——

m

(4) d(®, %) < L=d(®,T'®) forall ® € Q.

For more applications of Theorem 1.3 in stability analysis see references [2—4]. We now
consider the infinite contour Z having one of the following forms:
» Z =Z_ is a left loop starting at —oo and ending at —oo, enclosing all the poles of
r(Y).

> Z =2Z, is a left loop starting at +oo and ending at +00, enclosing all the poles of
I'(dj-Y), forj=1,...,s, situated in a horizontal strip starting at the point +oo + iP;
and terminating at the point +o0 + iP, with —oo <P} <P, < +00,and d; € C.

» Z = Z;;0 is a contour starting at the point /i — ico and terminating at the point 7 + ico,
where i e R.

We now introduce some special functions as follows. For more details please see [5-9].
The standard Lie algebraic techniques are important methods for studying special func-
tions. There are some operators defined on Lie algebras for the purpose of deriving prop-
erties of some special functions [10-12].

» Exponential function:
We first define the complex exponential function as

o]

oHo[X] := exp(X) = Z XeC.
k=0

» Mittag—Leffler function (generalized exponential function):
The function
Hie; X] = E,, (X) = ——, €CNR(e)>0,XeC
o [e1;X] 1= Ee, (X) Zg‘mmk) 1 (e1)
is said to be the Mittag—Leffler function of one-parameter.

» Hypergeometric function (the Gauss Hypergeometric series):
The series given as

_ = (dl)w(dZ)wX > F dl + W dz + W) X"
=2 (e)w W F(dl)r dz) 2 Ler +w) wl

w=0

ol [dy, doser; X
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is called the Hypergeometric function, where d;,ds,e; € C, 0(d;), K(d,), R(e1) > 0. Fur-
thermore, the Hypergeometric function can be represented in terms of the Mellin—Barnes
integral of the form

oH [dy, da; e1; X] (-x)"ay,

_ &L/ T(Y)[(dy - Y)T(dy - Y)
T T(d)T(dy) 27i I'(e;-Y)

where e; #0,-1,-2,-3,....
» Wright function (Bessel-Maitland function):
The series representation

o0

1Hy[dise3X] = Wy o (X) = )

n=0

X}’l
n'I'(din +ep)

is called Wright function, where d; > -1, e;,X € C.

» Fox—Wright function (the generalized Wright function):

Consider positive vectors D = (D, ..., Dy), E = (Ey, ..., E,), complexvectors d = (d, ..., d;),
and e = (ej, ..., e,). The Fox—Wright function or the generalized Wright function is defined
by the series

> T'(Dn +d) X"

(d1,D1),ds,Ds) ] _ (D)) _
SHV[X|(61,E1) ,,,,, (er,Er) ] - SH’"[X|(e,E)] - e F(Eﬂ + e) E’ (11)
where
S
I(Dn+d)=][T(Dn+ad), (1.2)

j=1

and I'(E# + e) follows similarly.
The series (1.1) has a nonzero radius of convergence if

N = Xr:Ei—XS:Djz—l. (1.3)
j=1

j=1

Moreover, if N > —1 then the series converges for all finite values of X (hence it is an entire
function), and if & = —1, its radius of convergence equals

S r
M=o T]E (1.4)
k=1 j=1
The Convergence on the boundary |X| = .M, however, depends on the value of

w::Zej-de+s';‘1, (1.5)
k=1

j=1

by noting that series (1.1) converges absolutely for | X| = M if R(W) > 0.

The function ;H, is an extension of the generalized hypergeometric function (which we
will present later). In addition, 1 H; and (Hj are the Wright (the Bessel-Maitland) function
and Mittag—Leffler function with D; = d; = 1, respectively.
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» Fox’s H—function (generalized Fox—Wright function):
We now present Fox’s H—function as

virwl v | @DiLs . 1 Y
X ey, ] = 7 /z o(Y)x"'dy, (1.6)
where i2 = -1, X € C\{0}, X¥ = exp(Y[log|X| + iarg(X)]), log|X| denotes the natural loga-
rithm of |X|, and arg(X) is not necessarily the principal value. For convenience,

[T, T(e - EN T, T - dj + DyY)

oY) :=
) ]_Lwll"(l e]+EY)]_[]W+1 I'(d; - DY)

where an empty product is interpreted as 1, and the integers v, w, s, r satisfy the inequalities
0<w<sand 1 <v <r. Assume the coefficients

Di>0 (j=1,...,s) and E>0 (j=1,...,r),
and the complex parameters
d (j=1,...,s) and ¢ (j=1,...,r)

are constrained such that no poles of integrand in (1.6) coincide, and Z is a suitable contour
of the Mellin—Barnes type (in the complex Y-plane), which separates the poles of one
product from the others. Further, if we assume

z::XW:D, ZD +ZE Xr:Ej>0,
j=1

Jj=w+1 j=Q+1

then the integral in (1.6) converges absolutely and defines the H-function, which is analytic

in the sector:
1
|arg(X)| < 5(71

and with the point X = 0 being tacitly excluded. Actually, the H-function makes sense and
also defines an analytic function of X when either

S r
€= Dj—Y E<0 and 0<|[X|<o0,
j=1 j=1

or
i D r .
€=0 and 0<IX|<R:=[]D;"T]E’
j=1 j=1
» Meijer G-function:

The Meijer G-function is a special case of the H-function, that is,

YGYX D] = v X)) (1.7)
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= i o'Wx7Ydy,
2mi Z
where
T+, TA-d;-Y)
O'(Y):= [ e+ Vi (1.8)

[l D@+, T1-d-Y)

i=w+l j=v+1

XY = exp(-Y[log|X| +iarg(X)]), X #0 and i = -1, and also log | X| represents the natural
logarithm of |X|, and arg(X) is not necessarily the principle value as mentioned before.
Notice that an empty product in (1.8) is defined to be one, and the poles

eo=—(ej+p), j=1,...,v,p Ny, (1.9)
of the gamma functions I'(¢; + Y) and the poles

dig=1-di+g, j=1,...,we €Ny, (1.10)
of the gamma functions I'(1 — d; — Y) do not coincide, that is,

e+pAdi-p' -1, i=1,...,wj=1..,v,p,0 €Ny (1.11)

Further, Z is one of the contours defined above, which separates all poles ¢;,, in (1.9) on
the left from all poles d;, in (1.10) on the right of Z.
» G-function (generalized Hypergeometric function):
The generalized hypergeometric function is defined by the following generalized hyper-

geometric series

o0 S

[Ti, (@ X*

Hyldy,... dger,...,esX]= ) —————,
! 1 ; T &

(1.12)
where X € C,s,r € Ny, and dj,e; € C, fori=1,...,sandj=1,...,r. For z € C, we denote

(2)o=1,270,
@k=2z(z+1)...(z+k-1), keN.

Ifd;#-p,j=1,...,r and p € Ny, then the generalized hypergeometric series (1.12) can
be represented in terms of the Mellin—Barnes integral of the form

S]H[r‘[dl’u';ds;elru-yer;X]

=x)Ydy, X+#o,

T TE) 1 / TN, Téi-Y)
l_[?:l F(dl) 27i Z 1_[;:1 F(e] — Y)

wheree; #0,-1,-2,...j=1,...r,¢; #0,-1,-2,...j = 1,...s, and with the special contour Z.
Such a formula converts representation (1.12) as the Meijer G-function given by:

H;=1 I'(¢) 1~E

sHyldy, ... dger,...,e;X] = Ws r+l
i=1 i

[-X[e3% %

,1-e1,...,1-er
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» Generalized Hyperbolic function:
The generalizations of the Hyperbolic Functions are defined by

H[X] = “UEIZ,R(X) = Z mXAk+R, (1.13)
k=0 ’

forR=0,...,A -1, where k € C. Also, we have

JE o0 = 1, (1.14)
THX) = kJ(X), (1.15)
where
©0)=0, ifk#R0<k<mn-1, (1.16)
J®©0)=1, ifk=R. (1.17)

We would like to point out that the special case J}LO(X ) is the Mittag—Leffler function.

Now let
&1 0 0
. 0
dlag[§17-~-;§n]n><n = ;‘2
: 0
0 ... 0 ¢

nxn

Note that ¢ := diag[¢y,..., ¢,] < & :=diag[&y,...,&,]if ;<& foralll <i<n.
Consider the following matrix valued control function given by

WIX] = diag[oHo[X]»oHl[el;X],1H1[d1;61;X1,2H1[d1,d2;€1;X],

(d1,D1),...,(ds,Ds) (d1,1),...,(ds,1
i ldy ..o dgen, .. e X], JH [ X |2 05D v x| e,

(e1,E1)5ee0 (e1,1),
(d},Dj)1,s
SVHS/[X’(e,{,E/)l,r ]’ H[X]]9x9‘
Let a mapping ® from vector space U to normed linear space V have Hyers—Ulam—
Rassias stability. If we replace the control function of Hyers—Ulam—Rassias stability with
2[X], we say © has multi-stability property.

Clearly, if we have

diag[@1(x,9), ..., 99(x, )], o := O (%[l + l1y11%)

then the following are satisfied:

» foranyr<1,and6 >0, there exist constants L; < 1 s.t.

x .
¢i(x,0) < 2Li<ﬂi<570>, i=1,...,9;

Page 7 of 24
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» foranyr>1,and 6 >0, there exist constants L; < 1 s.t.
1 .
¢i(x0) < SLigi(2%,0), i=1,....9.

2 Multi-stability of homomorphisms in C*-algebras
Throughout this entire section, let A be a C*-algebra with norm || - |4 and that B be a
C*-algebra with norm || - ||.

For a given mapping f : 9 x A — B, we define

D,f(,2,9) = uf(fi ’%) . uf(a ’%) _F @),

forueT!:={veC:|v|=1}andx,y € A and J € 3.

Notice that a C-linear mapping H : d x A — B is a homomorphism in C*-algebras if H
satisfies H(0,xy) = H(0,x)H(d,y) and H(0,x*) = H(0,x)* for x,y € A and 0 € 9.

We investigate the generalized Hyers—Ulam stability of homomorphisms in C*-algebras
for the functional equation D, f(,%,y) = 0.

Theorem 2.1 Assumef :9 x A — B is a mapping for which there exist functions ¢; : A2 —
[0,00), fori=1,...,neN,s.t.

diag[[| D,/ (3, %, )

< diag[qyl(x,y), e <p,,(x,y)]nxn,

D/"f(é’x’y)”B]nxn (21)

B

dlag[“f(axy) _f(arx)f(ay) B If(a x)’) _f(a x)f(ay) ||B]n><n (2'2)
< diag[@1(%,9),.. ., @a(®,9)],
and
diag[ |[f (8,5%) ~f@,2)" ... [£(0,47) = £ @ 2)"[ ] .., (2.3)

< diag[¢1 (%, %), ..., 9u(x, %)

nxn’

for uw € Tt and x,y € A and D € 3. If there exist constants L; < 1 s.t. ;(x,0) < 2L;p; 3,0) for
x€Aandi=1,...,n, then there exists a unique C*-algebra homomorphism H:9 x A — B

s.t.

diag[ |[f(5, x) — H(0,x)

e [f©@,20) ~H@,0)| 4], (2.4)

L,
1-L

L,
»1(x,0),.. @, 0)} ,
1

=< diag|: .,
1-L, nxn

forxeAandd e o.
Proof Assume the set

X:={g:0 xA— B},
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and define the generalized metric d on X:

d(g,h) = inf{(Cl, nC) eR,:
diag[||g(5,x) — h(0,x)

w0 €0.2) = (@) ]

< [Cy,...,C,lE diag[@l(x, 0),...,0,(x, 0)]nxn,‘v’x €A, d¢c 8}.

nx1

Then (X, d) is complete.
Let the linear mapping J: X — X s.t.

1
]g(ﬁ’ x) = Eg(ér 2%),

forx e Aand 0 € 0.
According to Theorem 3.1 of [13] and [1],

d(]g!]h) =< (LI’ oo !Ln)d(g’ h):

forg,h e X.
Setting 1 = 1 and y = 0 in (2.1), we have

ooy

B

diag|:H2f<5, ;) - f(9,x)

of (8, ’—2“) —f(@,%)

B}nxn

< diag[¢1(%,0),...,0,(x,0)]

nxn’

forx e Aand 0 € 0. So,

L]

B]nxn

diag[”j(f‘},x) - %f(fi 2x) }j(fix) - %f(fi 2x)

. 1 1
=< diag E(pl(Zx, 0),..., E(py,(Zx, 0)

yeo
B

nxn

< diag[L1¢1(x,0),..., Lugu(x,0)]

nxn’

for x € A and 0 € 3. Hence d(f, Jf) < (Ls,...,L,).

According to Theorem 1.3, there exists a mapping H : 9 x A — Bs.t.

(1) H is a fixed point of ], i.e.,

H(9,2x) = 2H(0,x),

for x € A and 0 € 9. The mapping H is a unique fixed point of / in the set

n

———
Y= {geX:d(f,g)<(oo,...,oo)}.

nxn

Page 9 of 24
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This concludes that H is a unique mapping satisfying (2.6) s.t. there exists (Cy,...,C,) €
(0, 00)" satisfying

diag[”H(ﬁ,x) —f(0,x)

H(B;x) _f(a’ x) “B]nxn

=< diag[Clgol(x, 0),..., Chulx, 0)]

B
nxn
forx€e Aand 0 € 0.

r—
2) d(]kf, H)— (0,...,0) as k — oo. This concludes the equality

. f(0,2%%)
kll)ff)lo T = H(9,x), (2.7)
forxe Aand 0 € 9.
(3)d(f,H) < (ﬁ, e i)d(f,]f), which implies the inequality

L L,
dif,H) < ——,..., .
-1, " 1-1L,

This claims that the inequality (2.4) holds.
According to (2.1) and (2.7),

diag[HH(a’ﬂ) +H( ’ﬂ) — H(@®,%)
2 2 R

(5732) (o2) o]
2 2 Bdnxn

= diag [,(IEEO 2—1k IF(8,2 (e +9)) +£(0, 2 (x - 3)) - £(5,2"%)

ooy

B
. 1 k=1 k-1 k
leIIoloﬂ‘V(a’z (x+) +£(0,2 (x - ) —f(5,2 x) ”B .

< diag| lim i(,0 (2°x,2%y) lim l<,o (2%, 2%y)

= fo o0 2/( 1 ) 1'»-,k_>002k n ) e

= diag[O, ..., 0],;xn,
for x,y € Aand 0 € 9. So,

H(5,22) vH(0,22) = H@,2), (2.8)
2 2

for x,y € Aand 0 € 9. Letting z = 5 and w = = in (2.8), we have

H(©,z) + HO,w) = H(0,z + w),

for z,w € A and 0 € 9. So the mapping H : d x A — B is Cauchy additive, i.e., H(0,z + w) =
H(0,z) + HO,w) forz,we A and 0 € 0.
Letting y = x in (2.1), we have

,LLf(6,X) =f(6r /’Lx)¢
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for u € T! and x € A and 8 € 3. Similarly, we have

WH(0,x) = H(O, ux),
for w € T! and x € A and 0 € 9. Thus, one can prove that the mapping H:3d x A — B is
C-linear.

According to (2.2),

diag[”H(?},xy) - H(0,x)

I Jc

B

= diag [kllngo %k Hf(a 4kxy) -f (@ 2kx)f(5, 2ky)

i gl 0.4) .20,

nxn

=< diag|: lim i(pl (ka, Zky) 11m i(,oy,(2kx, Zky):|

nxn

< diag|: lim Zi(pl (2kx, Zky) hm %(p,, (ka, Zky):|

nxn

= diag[0,...,0],;xn,
for x,y € A and 0 € 9. So,
H(D,xy) = H(,x)H (D, y),

forx,y € Aand 0 € 9.
According to (2.3),

diag[”H(Ei,x ) H®O,x)*

o [H @) - H@ )| 5],..,

= diag [](lirgo 2—11( If (8, 2%x*) - £(3,2"%)"

B

lim %ﬂf(imk ") -f(0,2")"]| ]

nxn

< diag hm i(,01(2kx, 2kx ),..., lim igo,,(2kx, ka)

- 2 k*)OO 2k nxn
= diag[0,...,0],xn,

forx € Aand 0 € 9. So,

H(fﬁ,x*) = H(0,x)%,

forx € Aand 0 € 0.
Thus, H:9 x A — Bis a C*-algebra homomorphism satisfying (2.4), as desired. O

Theorem 2.2 Assumef : 9 x A — B is a mapping for which there exist functions ¢; : A> —
[0, 00) satisfying (2.1), (2.2) and (2.3) for i = 1,...,n. Furthermore, if there exist constants
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L; <1 s.t. ¢i(x,0) < %Ligoi(2x, 0) for each x € A and i = 1,...,n, then there exists a unique
C*-algebra homomorphism H : 9 x A — Bs.t.

diag[|V(6,x) - H(0,x) B V(@,x) - H(0,x) ||B]nxn (2.9)
. L L,
d ,0),..., ——u(x,0 ,
=< 1ag[2_2L1¢>1(x ) 220 (o )]m
forxeAanddeo.
Proof We consider the linear mapping J : X — X s.t.
x
Jg(0,x) := 2g<6, 5),
forx e Aand 0 € 9.
It follows from (2.5) that
HP(a,x) - 2f(8, ’—C> P(ax) - 2f(5, ’—“) }
2 B 2 Bdnxn
<le(Z0 X0
= 1¢ 2’ yeeer@n 21 .
L L,
< [éwl(x,o),..., gwn(x,o)}nxn,
for x € A and 0 € 9. Hence d(f, Jf) < (%1,...,%”).
According to Theorem 1.3, there exists a mapping H: 9 x A — B s.t.
(1) H is a fixed point of , i.e.,
H(9,2x) = 2H(0, x), (2.10)

for x € A. Moreover, the mapping H is a unique fixed point of / in the set

Y={geX:d(f,g)<(co,...,00)}.
[ —
This implies that H is a unique mapping satisfying (2.10) s.t. there exists (Cy,...,C,) €
(0,00)" satisfying

diag[||H(5,x) -f(0,x)

H@,%) -f@,9)],],.,
= diag[C1¢1(%,0), ..., Cuu(x, 0)

B
nxn

forxe Aand 0 € 9.
(2) dJ*f,H) — (0,...,0) as k — oo. This deduces the equality
——

. k X
kll)rglo2f(5, ?) =H(0,x)

forx € Aand 0 € 0.
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(3)d(f,H) < (1_1L )YA(f,Jf) claims the inequality

1Ly, L

L L
d(f,H) < L),
2-21,""""2-2L,

which infers that the inequality (2.9) holds.
The rest of the proof is similar to the proof of Theorem 2.1. d

Theorem 2.3 Assume f:0 x A — Bisan odd mapping for which there exist functions ¢; :

A? — [0, 00) satisfying (2.1), (2.2) and (2.3) fori = 1,...,n. Moreover, if there exist constants
L; < 1s.t. ¢i(x,3%) < 2Lipi(5, 3”)forx €Aandi=1,...,n, then there exists a unique C*-
algebra homomorphism H : 9 x A — B s.t.

dlag[ ]nxn (2.11)
< diag| 139, 5030
1a ) yeeery o~ 7 ¥n\WM ’
= 8| 5 o, 1Dy o Y
forxeAandd e o.
Proof Assume the set
X:={g:0 xA— B},
and introduce the generalized metric d on X as
d(g, ) := inf{(Cy,...,C,) € R, : diag[||g( , |€(0,%) — h(0,x) ||B]nxn
< [Ciy..., Cul ey diag[ 1 (%, 3%), ..., 0u(x,30)], . Vx € A, 0 € ).

Then the space (X, d) is complete.
Now we assume the linear mapping / : X — X s.t.

1
]g(6; x) = Eg(6’ 29(3),

forxe Aand 0 €9.
According to Theorem 3.1 of [1],

d(]gr]h) = (Llr oo ;Ln)d(g’ h)’

forg,he X.
Letting u = 1 and replacing y by 3x in (2.1), we have

diag[ |[f(8,2x) — 2/ (3, %) ..., [[f (D, 2%) = 27 (D, %) | ] ..., (2.12)

< diag[wl(x, 3%),..., oulx, Bx)]

nxn’

forx e Aand 0 € 0. So,

yeee

dlag|:Hf 0,x) - 5 2x)

B]nxn

[ Yoz

Page 13 of 24
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1 1
< diag|:§g01(x, 3%),..., Ewn(x, Bx)] ,

nxn

for x € A and 0 € 3. Hence d(f, Jf) < (%,..., b.
According to Theorem 1.3, there exists a mapping H : 9 x A — B s.t.
(1) H is a fixed point of J, i.e.,

H(9,2x) = 2H(0, x), (2.13)
for x € A and O € 9. In addition, the mapping H is a unique fixed point of J in the set

Y=|{geX:d(f,g)<(co,...,0)}
—_—

n

This concludes that H is a unique mapping satisfying (2.13) s.t. there exists (Cy,...,C,) €
(0,00)" satisfying

diag[ | H(8,%) - £(,%)

H(®,x) - £@,%)] ]
< diag[Clgol(x, 3%), ..., Cru(x, 3x)]

B nxn

nxn’

forx € Aand 0 € 0.
(2)d(*f,H) — (0,...,0) as n — oo. This infers the equality
—_——

n

lim L@ 2% _

n—00 on

H(0,x),

forxe Aand 0 € 0.
3)d(f,H) < (= L_)d(f,]f) confirms the inequality

1 1
d(f,H) < .
2-2L,"""2-2L,

Therefore, the inequality (2.11) holds.

The rest follows immediately from the proof of Theorem 2.1. O

Theorem 2.4 Assume f : 0 x A — B is an odd mapping for which there exist functions
@i : A2 — [0, 00) satisfying (2.1), (2.2) and (2.3), for i = 1,...,n. In addition, if there exist
constants L; < 1 s.t. i(x,3x) < %Liwi(2x, 6x) for x € A and i = 1,...,n, then there exists a
unique C*-algebra homomorphism H: 9 x A — B s.t.

diag[|(0,%) ~ HO,2)| ... |f0,2) - HO.D)| ], .
. Ll Ln
< dlag|:2 oL o1(x,3%), ..., 2oL @l Sx)]nxn,

forxeAanddeo.
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Proof We assume the linear mapping J: X — X s.t.

Jg(3,%) := 2g(6, g)

forxe Aand 0 € 9.
According to (2.12),

diag[”/(&x)—zf(ag) P(ax)—Zf(ES,;)
B
. x 3x x 3x
sanfn(33)0(33)]

L L
5diag[?l<p1(x,3x),...,7"<pn(x,3x)] ,

nxn

Bi|n><n

for x € A and 9 € 9. Hence d(f, Jf) 5(%1,,,,,%"),

Using Theorem 1.3, there exists a mapping H: 9 x A — Bs.t.
(1) H is a fixed point of , i.e.,
H(0,2x) =2H(0,x), (2.15)

for x € A and 0 € 9. Further, the mapping H is a unique fixed point of J in the set

Y={geX:d(f,g) < (co,...,0)}.
—_—

n

This indicates that H is a unique mapping satisfying (2.15) s.t. there exists (Cy,...,C,) €
(0, 00)" satisfying

diag[”H(5,x) —f(0,x)

H(®,%) - f(0,%)| 5]

=< diag[Cltpl(x, 3%), ..., Cru(x, Sx)]

B nxn

nxn

forx e Aand 0 € 9.
(2) The condition d(J*f, H) — (0,...,0) as k — oo derives the equality
——

m 2[5, %) -
lim 2 f(a, 2k> - H(®,%),

forxe Aand 0 € 9.
(3) The inequality d(f, H) < (i,. —)d(f,Jf) claims

© 121,

L L,
d(f,H) < yeres ,
f )—<2—2L1 2—2Ln>

which concludes that the inequality (2.14) holds.
The rest of the proof follows from the proof of Theorem 2.1. d

Page 15 of 24
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3 Multi-stability of derivations on C*-algebras
In this section, we let A be a C*-algebra with norm || - | 4.

Recall that a C-linear mapping § : 9 x A — A is a derivation on A if § satisfies §(0,xy) =
8(0,x)y + x5(9,y) forx,y € Aand 0 € 9.

We are going to present the generalized Hyers-Ulam stability of derivations on C*-
algebras for the functional equation D, f(5,x,y) = 0.

Theorem 3.1 Assumef :d x A — A is a mapping for which there exist functions ¢; : A2 —
[0,00) fori=1,...,n, such that

diag[ | D,f (@, x, /,f(ax,y)” 1, = diag[e1(x,9), ..., 0u(x,9)], (3.1)
diag[ |[f(®,4) —f@,x)y =2 @, ,»---» |[f @, xy) = f @, x)y = xf @, D) | ,],,..., (B2

= diag[‘/’l(x,y), .. -’(pn(xry)]nxn’

for € T! and x,y € A, O € 3. Additionally, suppose there exist constants L; < 1 such that
i(x,0) < 2L;¢p; %,0) forx € A and i =1,...,n. Then there exists a unique derivation § :
9 X A — A satisfying

diag[|£(©,%) - 5(0,%)| , (3.3)

(@,%) - 8@,%)],]

nxn

. L L,
<d ;0,«”1— yO ’
=< 1ag[1_Ll<ﬂ1(x ) 1_Ln<pn(x )}

nxn

forxeAandded.

Proof By the same reasoning as the proof of Theorem 2.1, there exists a unique evolutive
C-linear mapping é : 9 x A — A satisfying (3.3). The mapping § : 9 x A — A is given by

f(@,2"%)

2k

8(0,x) = klim

forx € Aand 0 € 0.
Applying (3.2),

diag[ [ 8(3,xy) — 8, x)y - x8(D,9)| -

5(6,96_)/) - 5(5»96)}’ - xa(a’y) ”A]nxn

IERES]

= diag[ lim — |V 0, 4kxy) f(E‘S, ka) - 2ky — 2kxf(5, Zky)|A

Jlim _\[f(a Hay) — £(8,2%) - 2y - 2hxf (28) HA]

nxn

< diag |: lim 4%(,01 (2k x, 2K y) hm 4i<p,, (ka, 2k y)i|

nxn

=< diag|:]1m i<p1(2 x,2 y), 11m i(py,(2kx, 2ky)j|

nxn

= diag[o0,...,0),xn
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for x,y € A and 0 € 9. So,
8(9,xy) = 8(0,x)y + x8(0,y)
forx,y € Aand 0 € 0. Thus § : 9 x A — A is a derivation satisfying (3.3). a

Theorem 3.2 Assumef :d x A — A is a mapping for which there exist functions ¢; : A2 —
[0,00) satisfying (3.1) and (3.2) for i = 1,...,n. Also assume there exist constants L; < 1
s.t. @i(x,0) < %lepi(zx, 0) forx € A and i =1,...,n. Then there exists a unique derivation

§:0 xA— As.t.
dlag” If(a x 5,96) ”A]nxn (34)
< di @50}, — 9, (x,0)
ia X, (%, )
=8| 5~ 2L 71 v2-ar,”
forxeAandd e 0.
Proof The proof is similar to the proofs of Theorems 2.2 and 3.1. g

Remark 3.3 For the inequalities controlled by the product of powers of norms, one can
obtain results similar to Theorems 2.3 and 2.4.

4 Multi-stability of homomorphisms in Lie C*-algebras
A C*-algebra C, endowed with the Lie product [, y] := % onC,is called a Lie C*-algebra.

Definition 4.1 ([14]) Assume A and B are Lie C*-algebras. A C-linear mapping H : 9 x
A — Bis called a Lie C*-algebra homomorphism if H([x,y]) = [H(x), H(y)] for x,y € A.

Throughout this section, we assume A is a Lie C*-algebra with norm || - ||4, and B is a
Lie C*-algebra with norm || - | 5.

We show the generalized Hyers—Ulam stability of homomorphisms in Lie C*-algebras
for the functional equation D, f(x,y) = 0.

Theorem 4.2 Assumef :9 x A — B is a mapping for which there exist functions ¢; : A2 —
[0,00) fori=1,...,n satisfying (2.1) and

diag[[[£ (B, [x,3]) - [f(@,%).£@.9)]| ,

5 dlag[(ﬂl(x:y), . ~1¢n(xry)]nxn

L@, ) - @0, @] 5], @1

forx,y € A, 0 € 3. Furthermore, if there exist constants L; < 1 5.t. ¢;(x,0) < 2L,g0, ,0) forx €
A,andi=1,...,n,then there exists a unique Lie C*-algebra homomorphism H : 3 xA— B
satisfying (2.4).

Proof By the same arguments as the proof of Theorem 2.1, there exists a unique C-linear
mapping § : 3 x A — A satisfying (2.4). The mapping H : d x A — B is defined by

£(8,2%)
2k

’

H(0,x) = klim

forx € Aand 0 € 0.
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Utilizing (4.1),

diag[|H (D, [x,y]) - [H(0,x), H(3,y)]

H(D, [xy]) - [H(©,%),H(©,)]] ;]

B’ nxn

- dine [JEBO P (0.4000) ~ [£(0,25).£(0,29)] -

lim (3,45 [x,51) - [£(5,2).£(3.29)]

k—o0 4/

AnXxXn
< diag| lim L (2°%,2%),..., lim L (2%, 28 )_
- k—o0 4k ! i ,...’k—>oo4k " =y axn

. .1 .1
jdlagliklgrgo ?¢1(2kx,2ky),...,kll)n;o g(p,,(zkxﬂky)

dnXn

= dlag[o! RS O]VIXYI;
for x,y € A and 0 € 3. Hence,
H(6, [x)y]) = [H(6rx)rH(61y)];

forx,y € Aand 0 € 9.
In summary, H: 9 x A — B is a Lie C*-algebra homomorphism satisfying (2.4), as de-
sired. O

Theorem 4.3 Assumef :0 x A — B is a mapping for which there exist functions ¢; : A> —
[0, 00) satisfying (2.1) and (4.1) for i = 1,...,n. Further, if there exist constants L; < 1 s.t.
0i(x,0) < %L,»(p,»(2x, 0) forx € A, and i = 1,...,n then there exists a unique Lie C*-algebra
homomorphism H : 9 X A — B satisfying (2.9).

Proof The proof follows similarly from the proofs of Theorems 2.2 and 2.3. O

Remark 4.4 For the inequalities controlled by the product of powers of norms, one can
derive results similar to Theorems 2.3 and 2.4.

5 Multi-stability of Lie derivations on C*-algebras
Definition 5.1 ([15]) Let A be a Lie C*-algebra. A C-linear mapping § : d x A — A is
called a Lie derivation if §(0, [x,y]) = [8(0,x),y] + [x,8(0,y)] for x,y € A and 0 € 9.

Throughout this section, we assume A is a Lie C*-algebra with norm || - | 4.
We prove the generalized Hyers—Ulam stability of derivations on Lie C*-algebras for the
functional equation D, f (0, %,y) = 0.

Theorem 5.2 Let f: 3 x A — A be a mapping for which there exist functions ¢; : A> —
[0, 00) satisfying (3.1) and

diag[[[f (3, [x.31) - [f@%),y] = [xS@D]| - - 1)
£ (@, 12,31) = [£@%),5] = [%f @] 1]

= diag[g1 (x%,9), ..., pu(®.9)] .,
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for x,y € A, 0 € 0 and i = 1,...,n. Besides, there exist constants L; < 1 s.t. ¢;(x,0) <
2Li(pi(§, 0)forx € Aandi=1,...,n. Then there exists a unique Lie derivation §: d x A — A
satisfying (3.3).

Proof By the same reasoning as the proof of Theorem 2.1, there exists a unique evolutive
C-linear mapping § : 8 x A — A satisfying (3.3). The mapping § :  x A — A is further
defined by

f(0,2"x)

2}’!

8(0,x) = lim
n—00

forxe Aand 0 € 9.
According to (5.1),

diag[ || 8(3, [x,y1) - [6(8,%),5] - [%,6(0,9)]| P
”5(6’ [x’y]) - [5(6’96)’-)/] - [x’a(a’y)] ||A]n><n

_ diag [klggo 0.4 51) ~ [1(0,29),2%9] - [24(5,29)])

Py
.1
i 22 7(04#05]) - [0, 244). 2] - [255 0.2 |

< diag| lim i(,0(2"96 2ky) lim igz)(ka 2ky)

- k—o0 4k ’ "“,k*)OO 4k ’ X

< diag| lim i<p(2kx 2%y),..., lim i(p(zkx 2ky)

- k—o0 2K ’ T koo 2K ’ xn

= diag|0,...,0],xx
for x,y € Aand 0 € 9. So,

8(9, [x,91) = [8@,%),y] + [%8(3,9)],

forx,y € Aand 0 € 9. Thus, § : 3 x A — A is a derivation satisfying (3.3). O

Theorem 5.3 Assumef :d x A — A is a mapping for which there exist functions ¢; : A —
[0, 00) satisfying (3.1) and (5.1) fori = 1,...,n. In addition, if there exist constants L; < 1 s.t.
vi(x,0) < %L,{pi(Zx, 0) forx € Aand i=1,...,n, then there exists a unique Lie derivation
8:9 X A — A satisfying (3.4).

Proof The proof is similar to the proofs of Theorems 2.2 and 2.3. d

Remark 5.4 For the inequalities controlled by the product of powers of norms, one can
obtain results similar to Theorems 2.3 and 2.4.

6 Multi-stability by matrix valued multicontrol functions
Corollary 6.1 Assumer<1,0>0andf:0 x A— Bisa mapping such that

diag[ | D,.f (@, %,)

oo DAL @) 5o < O20(IxIT + 9115), (6.1)
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diag[ |[f(®,xy) - f@,x) (@, 9)] g -, FE sl *
=< 62 (lxll; + Iy113),
diag[[f (0,57) @) s [£(0.57) ~ @2 ]y = 6W(2Ax1) “?

for p € T and x,y € A and O € 3. Then there exists a unique C*-algebra homomorphism
H:9xA— Bs.t.

diag| O - HO )y < 5 (), (6
forxeAanddeo.
Proof The proof follows from Theorem 2.1 by taking

diag[1(x,9), ..., 0o 3]y o 1= OW(llxly + 1yll}y)
for x,y € A. Setting L; = 2", i = .,9, we have the desired result. O

Corollary 6.2 Assumer>2,0 >0 andf:9 x A — B is a mapping satisfying (6.1), (6.2)
and (6.3). Then there exists a unique C*-algebra homomorphism H:9 x A — B s.L.

dlag[

0
H©0)|| o0 = 57 2(11x1), (6.5)
forxeAandd e 0.

Proof The proof follows from Theorem 2.2 by taking
diag[@1(x,9), ..., 906, 9)]g g := O (x4 + 1Y 14)
for x,y € A. Choosing L; =27, i = 1,...,9, we get the desired result. O

Corollary 6.3 Assume r < ,0>0andf:0 x A— B isan odd mapping satisfying

diag[ | D,f (@, D glors <0 - W (%I - Iyl), (6.6)

diag[[[f(3,%9) - £@,2)f @,9)] 5> --» slovo (6.7)
<6 -2(llxl - yll}),

diag[ |[f (3,2%) —f@,%)*| ..., [ (B,5") = f @, 2)*| 1 ]o,.0 < 0 - W(IIZ), (6.8)

for uw € T and x,y € A and d € 3. Then there exists a unique C*-algebra homomorphism
H:0 xA— Bs.t.

d1ag[|

"0
@2 - HE®) | 4], = %m(nxni’), (6.9)

forxeAanddeo.
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Proof The proof follows from Theorem 2.3 by taking
diag[g1 (%), @0 (6 9) g5 1= 0 - W(Ilxly - y11%),
for x,y € A. Picking L; = 2?71, i =1,...,9, we come to the desired result. O

Corollary 6.4 Assumer>1,60>0andf:9 x A — B is an odd mapping satisfying (6.6),
(6.7) and (6.8). Then there exists a unique C*-algebra homomorphism H : 9 x A — B s.L.

dlag[

6
]9><9 = Tﬂﬁ(llxlli’), (6.10)
2 2

forxeAanddeo.
Proof The proof can be derived from Theorem 2.4 by taking
diag[@1(x,9), ..., 99(%, )]y, o := 60 - W (Il - 1711%),

for x,y € A. Letting L; = 2"%", i = 1,...,9, we get the desired result. O

Corollary 6.5 Assumer<1,0>0andf:0 x A— A is a mappings.t.

diag[ | D,.f (0, o IDuf @, x| Jor o < O (Nl + 1¥11%), (6.11)
diag[ |[f @, xy) — (D, %)y - 2 (3,9 , ©%9) ~f @2y -2 0.9 Joo ~ (6:12)
<00 (llxl’ + ylly),

JorueT  and x,y € A and D € 3. Then there exists a unique derivation § : d x A — A s.t.

diag[

2"6
oo = 5 W(Ixl14), (6.13)

forxeAandded.
Proof The proof follows from Theorem 3.1 by taking
diag[@1(x,9), ..., 9%, 9], o := O (Ix ]l + 1¥1l}),
for x,y € A. Setting L; =271, i = 1,...9, we come to the conclusion. O

Corollary 6.6 Assumer>2,0>0andf:0 X A— A is a mapping satisfying (6.11) and
(6.12). Then there exists a unique derivation § : 9 x A — A s.t.

dlag[

6
adoxs = 55 B(11x1%), (6.14)

forxeAanddeo.
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Proof The proof comes directly from Theorem 3.2 by taking

diag[@1(x,9), .., 9%, 9)]g o := O (Ix ]y + 1y 1)
for x,y € A. Choosing L; =2, i =1,...,9, we get the desired result. O

Remark 6.7 For the inequalities controlled by the product of powers of norms, one can
obtain results similar to Corollaries 6.3 and 6.4.

Corollary 6.8 Assumer<1,0>0andf:0 x A— B isa mapping satisfying (6.1) s.t.

diag[[[f (9, [x.5]) - [£(@,%)./(@,9)]
<620 (|lxly + lylls),

oo @0 109) = [f@2).f @] plgs  (6:15)

forx,y € A and O € 9. Then there exists a unique Lie C*-algebra homomorphism H : 9 x
A — B satisfying (6.4).

Proof The proof follows from Theorem 5.2 by taking

diag[@1(x,9), -, @u(x,)]g, o = OW(IIxIl + 1711%4),
for x,y € A. Then setting L; =2}, i = 1,...,9, we deduce the desired result. O
Corollary 6.9 Assumer>2,60 >0 and f:90 x A — B is a mapping satisfying (6.1) and
(6.15). Then there exists a unique Lie C*-algebra homomorphism H : 0 x A — B satisfying

(6.5).
Proof The proof follows from Theorem 5.3 by taking
diag[1(x,9), . 9 9)]g o 1= O (Ilx ]y + Iyll4),
for x,y € A. Letting L; =217, i = 1,...,9, we get the desired result. O

Remark 6.10 For the inequalities controlled by the product of powers of norms, one can
obtain results similar to Corollaries 6.3 and 6.4.

Corollary 6.11 Assumer<1,0>0andf:9 x A — A is a mapping satisfying (6.11) s.t.

diag[|[£ (8, 1%,91) - [f@%),5] = [x.S @] | .- (6.16)
£ (0, e 31) = [f @), 5] = [2.f @] 4 Joo

<020 (Ilxly + yly),

forx,y € A and O € 3. Then there exists a unique Lie derivation § : 9 x A — A satisfying
(6.13).
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Proof The proof comes directly from Theorem 5.2 by taking

diag[1(x,9) ., 9o, )]g,o = O(Ixl3 + I912),
for x,y € A. Then setting L; = 2"}, i=1,...,9, we have the desired result. O

Corollary 6.12 Assumer>2,0 >0andf:0 x A — A is a mapping satisfying (6.11) and
(6.16). Then there exists a unique Lie derivation § : 9 x A — A satisfying (6.14).

Proof It follows from Theorem 5.3 by taking

diag[@1(x,9), ..., 9%, 9], o := O (Ix 1l + 171l}),
for x,y € A. Then choosing L; = 27, i=1,...,9, we imply the desired result. O

Remark 6.13 For the inequalities controlled by the product of powers of norms, we can
derive results similar to Corollaries 6.3 and 6.4.

7 Conclusion

Using a new class of control functions defined by some special function, we study the
generalized Hyers—Ulam stability of homomorphisms and multi-stability of derivations
in C*-algebras and Lie C*-algebras for the following random operator equation based on
fixed point methods:

Mf( %) + Mf(a x%y) =f(0, ux),

where  a complex number with |px| = 1.
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