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Non-ideal sampling has nourished as one of the most attractive alternatives to classical
sampling, which relies on shift-invariant spaces. The present study focuses on investigating the non-
ideal sampling in shift-invariant spaces associated with the quadratic-phase Fourier transforms. The
primary aim is to formulate novel convolution structures in quadratic-phase Fourier domains and
invoke such structures to develop the generalized shift-invariant spaces. Moreover, we present the
non-ideal sampling procedure via generalised shift-invariant spaces in the quadratic-phase Fourier
domains by employing the proposed generalised convolutions.
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1. Introduction

While working on the solution of the heat equation, Saitoh [1]
obtained an extreme generalization of the classical Fourier
transform coined as quadratic-phase Fourier transform
(QPFT). Inspired by the work of Saitoh, Castro et al.[2] stud-
ied further possibilities for the QPFT by employing a general
quadratic function in the exponent of the novel integral trans-
form. The QPFT of f € L*(R) with respect to real parameters
A= (A,B,C,D,E), B#0, is given by
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QAM(w):\/L—zi /[R;f(t)exp{i(ArZ+Blw+sz+Dt+Ew)}(h. (1.1)

It is worth noticing that (1.1) circumscribes several integral
transforms ranging from the classical Fourier to the much
recent special affine Fourier transforms [3]. Due to the exitence
of free real parameters A = (4, B, C, D, E), the QPFT is envis-
aged as a promising tool for investigating the signals whose
energy is not well-concentrated within the Fourier domain,
for instance, chirp-like signals, which are prevalent in nature.
As a generalization of the celebrated Fourier transform, the
QPFT gained its ground intermittently and profoundly influ-
enced several disciplines of science and engineering, including
harmonic analysis, quantum theory, differential equations,
optics, pattern recognition, and so on [4,5].

Shift-invariant spaces (SISs) are regarded as one of the
most attractive concepts in digital signal processing and they
play a significant role in the framework of harmonic analysis
[6]. Shift invariant spaces can be considered as the closed sub-
spaces of L*(R) such that both the function f and the integer
translates of f belong to the same space. Mathematically, the
shift-invariant spaces are defined by:

() = {f(t) = x(mflt—n):fe *(R),{x(n)} € fz(l)},
(1.2)

where f € L*(R) is called the generator of the space. Sampling
in shift-invariant spaces could be considered as representing
the bandlimited signal using known generators or bases. The
pioneering work on sampling in the framework of shift-
invariant spaces is attributed to Bhandari et al.[7], whereas
Zhao and his collaborators subsequently extended SISs to
the generalized sampling in the fractional Fourier domains
[8]. Xiao et al. [9] proposed a procedure for uniform and
non-uniform sampling and the reconstruction of finite energy
signals in function spaces. Aldroubi et al.[10] introduced the
notion of dynamical sampling, which takes into account both
the initial signal f and its multiple states at different times.
Recently, we introduced an analogue of dynamical sampling
in the realm of QPFT and demonstrated that the proposed
method offers an effective signal reconstruction from dynami-
cal sampling measures [11]. The aforementioned models follow
the classical Shannon sampling theorem, in which an ideal
band-limited signal is projected in the space. However, the
majority of signals are not truly band-limited. Therefore, our
goal is to utilize the generalized SISs to demonstrate the
non-ideal sampling for the bandlimited signals whose energy
is well concentrated in the QPFT domain.

Keeping recent trends of signal processing in the hindsight,
it is both theoretically intriguing and practically beneficial to
study the non-ideal sampling in the generalized SISs in the
QPFT domain. The strategy adopted for the accomplishment
of the objective includes the formulation of novel and elegant
convolution structures which are both simple one-dimensional
integral expressions and can be easily implemented for non-
ideal sampling in the QPFT domain. The primary content of
the present study are as under:

e To construct a practically reliable and efficient convolution
structure for the QPFT.

e To establish a pair of discrete and semi-discrete convolution
structures in the framework of QPFT domains.

e To present a novel generalized SISs in the realm of QPFT
domain.

e To study the computationally efficient non-ideal sampling
associated with the QPFT.

The main content of the paper is divided into two sections,
viz; Section 2 and Section 3. Section 2 presents the formulation
of novel convolution structures in the context of the QPFT
domains. Section 3 is dedicated to present a generalized
shift-invariant spaces for the band-limited signals followed
by a thorough study of the non-ideal sampling in the QPFT
domains. The article ends with an epilogue in Section 4.

2. Novel Convolution Structures in the Quadratic-Phase Fourier
Domain

The sole aim of this section is to gain deeper insights into the
notion of convolution structures in the QPFT domain. Primar-
ily, we provide a stimulus to the notion of QPFT, and then for-
mulate the novel convolution structures in the context of
QPFT. With minor modifications to (1.1), the QPFT of fis
defined as follows:

Definition 2.1. The quadratic-phase Fourier transform
Ialf](w) of any square integrable function f with respect to a
collection A = (4, B,C, D, E), B> 0, is defined by

1
2 W) =——= O A A(t, w)dt, 2.1
o) == [0 A 510 @)
where (¢, w) represents the QPFT kernel and is given as
A a(t,w) = exp {—i(Ar* + Btw + Co’® + Dt + Eo) }. (2.2)

The inversion formula corresponding to the QPFT defined
in (2.1) is given by

1) :\/% /R (@) A A1, ) do. (2.3)

Moreover, the Plancheral theorem corresponding to QPFT
reads:

(fi-f)2 = B(2AA]. 20[A)y. Vi ofo € LA(R). (2.4)

Remark 2.2. By appropriately choosing the parameters
A= (A4,B,C,D,E), Definition 2.1 can be transformed to
Fourier, fractional Fourier, Fresnal transform and linear
canonical transforms.

The notion of convolution is one of the most extensively
used concepts in mathematics with applications across diverse
fields of signal and image processing, including quantum phy-
sics, operator theory, optics, denoising and filter designing [12].
Here, we shall introduce the notion of chirp-free convolution
associated with the QPFT, which uphold the classical convolu-
tion and product theorems in the ordinary Fourier domain in
the sense that, the quadratic-phase Fourier convolution of two
functions is equal to the product of their respective quadratic-
phase Fourier transforms. However, as we shall demonstrate
in the sequel, such a convolution does not satisfy the commu-
tativity and associative properties. Nevertheless, the distribu-
tive property holds good and hence, this convolution plays a
significant role in the realm of generalized sampling and recon-
struction procedures.
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Definition 2.3. For any f,,/, € LZ(R), the convolution opera-
tor ¥v pertaining to QPFT is defined by

(fiaf2)(2) (2.5)

/fl Vilz — 1)1 E) gy,

Some important characteristics of the quadratic-phase con-
volution operation (2.5) are presented in the following
theorem.

Theorem 2.4. For any trio fi,f,,/; € L*(R) and the scalars
k € R, 2 € R\ {0}, the quadratic-phase convolution operation
vea has the following properties:(i). Non-commutative:
(fiteafa)(z) # (frvaf1)(2), (ii). Non-Associative: ((f;¥af3)
waf3)(2) # (fixa(fateafs))(z), (iii). Distributive: (f;¥a(f>+
1)) = (i¥af3)(2) + (fi¥af3)(2) (iv). Translation: (f)%af)
(z— k) = (h(1 - K)EAG()(2), Glr) = e~ 2473(1), (v). Scal-
ing: (f1%af2)(22) = 2/, ()% pfo(20)) (2), A= (7’4, B,C,
E), (vi). Parity: (fi%af2)(=2) = (fi(=0)%afa(=1))(2).

Proof. (i) In order to demonstrate that the quadratic-
phase convolution operation vr, is non-commutative, we
proceed as

(faeafi)(z) = [o s filz — 1) € i4(2=2) gy
—fsz )1 (x) 1) gy

= [ oz = x)f (x) @4052) gy
# (fi¥eaf2)(2).

(if) By a straightforward computation, we can show that the
quadrtic-phase convolution operation vry is also non-
associative.(iiil) To examine the distributive property of the
quadrtic-phase convolution operation vr,, we consider a trio
of functions f,g,h € LZ(R) and proceed as

((h +£)2afs)(2) /m FAOAG = 0 E

:E/Rfl Vfialz = 1) E)dr
= [h0nE=0e
= (i%af3)(2) + (H%af3) (2)-
Similarly, we can show that
(fieafa +/5))(2) = (fi¥eafa) (2) + (Fixafs)(2)-

That is, both addition as well as convolution operations are
distribute over each other.(iv) For any k € R, we have

//ﬂ Vilz

" Vo / S0z = (14 k) 24 ) gy

(fiteaha)(z — 1) () gy

/f] fz - X)€‘ ( 2+/cz—2:k—xz—k2+2xk) dx
— \/? /f] (X _ k)]rz(z _ X) eiA(zZ—xz) 821'/1/((,\‘—:) dx
T JR

o \/% /Rfl (x _ k) (e—ZiAk(z—x)f2 (Z _ X))EIA(;Z,xz) dx
= (fi(x=RAG)(2),  Glx) = e g(x).

(v) For 2 € R\ {0}, we observe that

(fideafs)(A2) = \/%7; /Rfl (1) f,(0z — 1) GAP22) 4y

f\/%/Rfl(t)f2</l(z—%))e’“‘("z"z"z)dt

_ 1AL ; 5 — NeHEE) gy
—m/Rfl(z. Va(A(z - x)) d

= [ (2x) 7 nf2(4x)) (2),
(vi) For 4 = —1, the scaling property (v) yields
(fi#afa)(=2) = (/i (=x)¥afa(=X))(2)-

That is, the axis reversal of the convolution corresponds
directly to an axis-reversal of the individual functions.

A = (4,B,C,D,E).

We now illustrate the notion of convolution structure (2.5)
via a lucid example.

Example 2.5. Consider the following pair of Gaussian
functions:

1 2 2
f)=———¢ /% and
fl( ) 0_1\/2—7_[
1 2 2
Llt) = — e 61,0, > 0. (2.6)
OV 4T

Using Definition 2.3 and invoking the standard Gaussian inte-
gral, we can compute the convolution of the pair of functions
defined in (2.6) as

1(t)
o
a(t)
o

Fig. 1

(a) Gaussian function f; (), (b) Gaussian function f,(¢), (c) Convolution of f;(¢) and f,(¢).
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4
e o /25 (z=1)? /203 eiA(zZ—tz)dr
(frafs)() = mlgzm [
exp { + zA } 1 .
= ex —+-=+id|r
27‘[0‘10'2\/27'[ / P { ( 203 )
z exp{(fﬁ+zA>z }
+ <—2> t} dt = 2
03 21010,V 21
2
X VT exp (gz)

1 1 ;
{ﬁ+g+m)

y@}, (2.7)

which is again a Gaussian function. For ¢; = 1,0, =2 and

= (1/2,4,2/3,0,5/7).,(1)./>(t) and £, (1) %5 (1) are plotted
in Fig. 1.

V3 e +id
1 2
B 1

2\/6% + 6} +2idoy 0,

Next, we examine the nature of convolution theorem asso-
ciated with the convolution operation vr, as defined in (2.5).

Theorem 2.6. For any pair of functions f;,f, € L*(R), we have

26[(fi¥ahs) (2))(w) = 24[/1)(w) 7 [G](Bw), (2.8)
where Z#[G] represents the Fourier transform of

G(1) = e7 P £5(2).

Proof. Using Definition 2.1, the QPFT corresponding to (2.5)
is computed as follows:

24[(f1 % af2) (2)] (@)
= [ Ao
2, { /R FOf(z - t)eiA(’z”z)dt}.%',\(z,w) dz

T
5z [0 [ e

i 4221 B, 2. p-
N I(AA +Bzo+Car +DA+E(/)) dZ}dl

_ % /fl (t){/ £(x) oIAx(+21) e—i(A(/+.v)2+B(z+x)w+(‘(u3+n(r+x)+E<u) dx}dt
R R

1 (42 2 > P .
— /fl (f) e—r(Al +Btor-tcor +Dl+Em) {/ e—lD.\fz(x) e—zB.\w d’(}df
R
/fl {/ —iBo].\-dx}e—i(Ar2+Btm+Czuz+Dr+Ezu) dt

=\/_2_7r (w /f1 1) A A(t, o) dt
= 2U[h](w) 7 G(1) =™ f5(1),

which is the desired result.

7 [G](Bw),

Remark 2.7. For the case A =(0,1,0,0,0), Definition 2.3

yields the traditional convolution operator * as

(h+ 1)z / [0 (29)

and the corresponding convolution theorem is obtained from
(2.8).

Abreast to the notion of quadratic-phase convolution oper-
ation (2.5), we introduce the notion of discrete and semi-
discrete quadratic-phase convolution structures and then pre-
sent the corresponding convolution theorems, respectively.
Prior to that, we shall first revisit the formal definition of the
discrete-time QPFT.

Definition 2.8. [11] Given a sequence x(n) € £3(Z), the
discrete-time QPFT of x(n) corresponding to a parametric
set A= (A4,B,C,D,E), B> 0 is defined as

An + Bnow + Cob? +Dn+Ew)}

Dy [x(n) Z )exp {—i

n€7

(2.10)

Moreover, any signal can be retracted from the correspond-
ing discrete-time QPFT (2.10) via the following relation:

2n/B
u(n) = | Dy [u(n)](w) A p(n, w) do,

(2.11)

where ' (n, ) is given by (2.2).
We are now in a position to introduce the convolution

structure of two sequences u(n), v(n) € £*(Z) associated with
the QPFT.

Definition 2.9. Given a parameteric set A = (4,B,C,D,E),
B > 0 and a pair of sequences x(n), (1) € £*(Z), the chirp free

convolution operation vrp associated with the discrete-time
QPFT is defined by

Z lA(szﬂz).

nEZ

x(n)¥py(n) (2.12)

The following theorem assembles the fundamnetal proper-
ties pertaining to the convolution operation ¥ as defined by

2.12).

Theorem 2.10. Let the scalars m e R, 2 € R\ {0} and the

sequences w(n),x(n),y(n) € *(Z). Then, the convolution
operation vwp as defined in (2.12) satisfies:(i).
Non-commutative:  x(n)¥py(n) # y(n)¥px(n),(i). Non-
associative: (w(n)¥epx(n))vepy(n) # w(n)vep(x(n)¥py(n)),
(ii).  Distributive:  w(n)%p(x(n) + y(n)) = w(n)spx(n)+
w(n)¥py(n),(iv). Translation: (x(n)Ypy(n))(k — m) =
(x(n — m)#eppp(m)(K),  va(n) = e 24y(n), (). Sealing:
(x(n)sepp(m)) (1) = 2] (xCm) el v(im) ) (), A = (24, B.C,
D, E),(vi). Parity: (x(n)¥epy(n))(=k) = (x(=n)wpy(=n))(k).

Proof. The proof can be obtained similarly as Theorem 2.4
and is thus omitted.

In the sequel, we demonstrate that indeed the convolution
theorem pertaining to the discret convolution operation vrp
defined in (2.12) is chirp-free.

Theorem 2.11. For any pair of sequences u(n), v(1) € £*(Z), we
have
Dax(n)¥epy(n)l(e)

= Dalx(n)](w) 7 [y (n))(Bw), (2.13)
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where 7 [y(n)] represents the discrete-time Fourier transform
of ya(n) = e™"y(n).

Proof. Invoking the definition of discrete-time QPFT (2.10),
we have

DA[x(ﬂ)*ny( (@)

Z *D) )e—[(/i/(l+Bku)+(’mz+Dk+E«u)
\/2_TE kez
- ZZX n A=) (i( AR+ Bko+Co? +Di+Ew)
/(EZ nez
- ZZ r n+m) —n* ) e—l(A(n+m)z+B(n+m)(J+Cw +D(r1+m)+EcJ)
meZ nez
Zx n e—l(An +Bno+Ca’* +Dn+E{u) Ze—[Dmy(m) o iBmo
2 neZ meZ

= Da[x(n)](@) Fya(n)
where Z[y(n)] is the discrete-time Fourier transform of
yaln) =e"Py(n).

Towards the culmination, we formulate the semi-discrete

quadratic-phase convolution structure for a sequence

x(n) € £*(Z) and a function f € L*(R), and then obtain the cor-
responding convolution theorem.

J(Bw),

Definition 2.12. The semi-discrete convolution Yg of a
sequence x(n) € £*(Z) and a function ¢ € L*(R) with respect
to a parametric set A = (4, B,C, D, E), B > 0 is defined by

x(n)¥es (1) (2.14)

\/Z—EZA zA(rZ—nz).

neZ

The convolution theorem corresponding to the semi-
discrete convolution defined by (2.14) is given below:

Theorem 2.13. For a pair x(n) € £*(Z) and ¢(1) € L*(R), we

have
2p[x(n) s (@) = Dylx(n))(w) 7 [@](Baw), (2.15)
where 7 [®] represents the Fourier transform of

Q1) = e P(1).

Proof. The proof is analogous to Theorem 2.4 and is therefore
omitted.

3. Non-ideal Sampling in Shift-invariant Spaces Associated with
Quadratic-phase Fourier Transforms

This section is dedicated to demonstrate the application of the
novel convolution structures defined in Section 2 to the gener-
alized SISs and non-ideal sampling in the framework of QPFT.

3.1. Generalized shift-invariant spaces associated with quadratic-
phase Fourier transform

A shift-invariant space is a closed subspace 7~ of the space of
square intergable functions L?(R), which is invariant under all
integer translates of the constituent functions. A function
¢ € L*(R) is said to be a generator of a given SIS if the integer
tranlates of ¢ span the entire closed subspace 7". With the aim

to introduce the notion of generalized shift-invariant spaces,
we formulate the shift-invariant system 7 s (¢, ..., ¢,,) asso-
ciated the QPFT. Nevertheless, our main concern is to find a
necessary and sufficient condition for a square integrable func-
tion ¢,,1 << M to act as a generator for the generalized
shift-invariant space.

Definition 3.1. For any sequence u(n) € ¢*(Z) and a collection
of functions ¢,(f) € L*(R), 1 < £ < M, the generalized SISs of

Lz(R) with respect to a parametric set
A= (A4,B,C,D,E), B> 0 is denoted as ¥ 'A(¢y,...,d,) and
is defined by
Y A(¢1,- -, dy) = closure {fe LR ZZW s (t }
(=1 nez
(3.1)

where g denoted the semi-discrete convolution as defined by
(2.14).

Theorem 3.2. Let ¥ 'A(¢y,...,¢,) C L*(R) be the generalized
SISs associated with the QPFT. Then, the family

{g"”(’Z*”Z) G (t—n):1<L< M} forms a Riesz basis for

VA(Qy, ..., ¢y if and only if there exists a pair of constants
I'1, I, > 0 such that

M
N <Y S F@)Bo+n) <Th, 1<6<

=1 nezZ

M,Vw € [0,2n/B],
(3.2)
e Py(1).

where # [®,] is the Fourier transform of ®,(7) =

Proof. For any function f(¢) € ¥"s(¢,. .., ¢,), We have

S) = ZW(”)*S%(’)-

Then by implementing QPFT 2.1, we obtain
JAV](
/ZZ”/{ ¢[ f*l’l (_’ ( —nz) g—i(A/2+B/w+CwZ+DI+Ew)dt
R =1 nez
2 ZZ”[ /(/)/ f— n)(tA(r —n* )e—l(AlZ+Blt)+Cm +D1+Em)dt
=1 nez
2 Zzu[ /d’ !/4 (+n 1)E—I(A(:+11)2+R(2+n)w+(7w2+D(:+n)+Etu)dz
(=1 nez
2 ZZ 71 (4 +Bnor+ Co+Dn+Eo) /eﬂu b(z)e ~iBzo g
= ez R
= ZDA [ue(n)] (@) 7 (@] (Bw),
=1

where 7 [®,] denotes the Fourier transform of ®@(7)=
e P, (1). Since e = 1, we have

D/\ [ll(ﬂ)]((/) + 277/3) ‘/_ Umnezu(”) —t(An +Bn(w+2n/B)+C(w+ Zn/BJ +Dn-+E(m+ Zn/B))

= J_Z”

nez
:e—i(4n~('/B—+4n('w/8-2n£/13) ﬁzu(n)cf
neZ
_ 07,(41[2(‘/31+4nau/8+2n1-;/5) D [u(n)] (),

/1n +Br1u+(u+[)n+£{)) —f(4nz('/B%ztn(‘w/BﬁnE/B)

i(An+ Bror Co+ DntEe)
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which yields
ID[u(n))(w + 27/ B)| = [Dalu(n)}(w)].

Invoking Parseval’s formula for the QPFT as given by (2.5),
we have

AN = B[ 24 [A(Bo) |
= IB\Z / DA [t ()] () *|F [ @) (Bw) |*dev

n(n+1)/B
—yy [
2

DA [ue (n)) ()| 7 [@] (Boo) [ de>
(=1 nez mr/B

|B\ZZ / D[y (m)] (0 + 20/ B)?

(=1 nez

3y [

(=1 nez

F[®)(Bw + 2nm) [ de

o DA [t ()] (@) *|F [ @) (@ + 2n7) P dev

wz/mmm[

w)\22|§7[(1)](0) + 2nm)Pdo.

nez

(3.3)

Moreover, we have

S5 DAl (n)) () o
=5 ZZ”Z m)mefi(/l(m —n )+D(m n ) 027T/B —zB(mfﬂ)wda)

meZ neZ

- mzzw(m) u(n)e”

meZ neZ

> lus(n)

nez

2
— & ()|

Using the fact 0<T,
I'; < oo, relation (3.3) gives

i(A ()112—)12)+D(m—n)) 5

m,n

1
T V2B

M P 2
<2 ez Z (@ (Bo +n)|” <

FIZHDA[W(")](CU)H ‘;‘ [uee ()]
< |7 [@)(Bo + )|
FZ 2

= rzzum[ufwn(w)nz,

which yields the desired result.

3.2. Non-ideal sampling associated with quadratic-phase Fourier
transform

Sampling theory pertaining to QPFT is particularly interesting
as many chirp-like signals arising in different phenomena are
not bandlimited in usual Fourier domain but turn to be ban-
dlimited in the generalized Fourier domains, in particular in
the QPFT domain. Among various sampling procedures,
non-ideal sampling method is the most exclusively applied con-
cepts in signal processing, which wash out the unwanted com-
ponents and then returns the desired output signal [8]. In this
subsection, we shall demonstrate that the proposed convolu-
tion structures associated with the QPFT can be employed to
design a computationally efficient non-ideal sampling method
in the QPFT domain.

Non-ideal sampling in the chirp modulated SISs
Vs, -, ¢y) C L*(R) associated with the QPFT is demon-
strated in Fig. 2. For any f(¢) € ¥ "a(¢1,..., ¢, ), we have

= Zue(n)*s%(f)

Application of QPFT yields

M
24 [)(@) =Y “Dalue(n))(w) Z [@](Bow), (3.4)
=1
where Z[®, represents the Fourier transform of
O(1) = e P, (1), 1 <LK M.
By virtue of Fig. 2, d,(n) is demonstrated by
di(z) = (fyeahe() (), (D) = h(=1) (3.5)

Implementing QPFT 2,[f] as given by (2.1) on both sides of
(3.5), we obtain

20[d(2))(@) = 2] (A0 ()] (@),

which can be recast as

1

—— | dy(z)exp {—i(AZ* + Bzw + Cw* + Dz + Ew) Vdz
o= [ e il )}

= 2] (fuyeah()) (2)] (@)

Or equivalently,

(\d. [n]

]

I:
—~
~
=

<,>_.

A (Bw)

{ ==
—| (1 > >

A

)
> 5t —n)
: OO
[ ]
—
> 5(t—n)

Fig. 2 Non-ideal sampling in the SISs associated with the QPFT.
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e*i(Dwz+Ew)
V2 e
= 2] (A #erhe()) ()] (@),

Then, employing Theorem 2.6 yields

e—[(AzerDz) dy(2) oiBoz g,

e (00) Z (D, (0] (Bo) = 24[)(0) # [ Hul1)| (Bo).
Equivalently,
F[Du(1))(Bo) = ¥(0) 23[/)() 7 [H,(1)] (Bo),

() = (Pt +E) (3.6)
where Z[Dj](w) and 7 [Hl] () are the Fourier transforms of

Dy(t) = ei(45+00) dy(1) and H,(1) = e ZZ(I), respectively.
Plugging (3.4) in (3.6), we obtain

FIDi(1))(Bo) = 3 ¥(0 — o) 2 [f)( — ) F [I:I/(t)] (Bw — )
kez

= 3 Dyfus(n)) (0 - ) 7 [0

kez

(B(w — o) Z [ @] (B(w — wy)). (3.7)

Moreover, setting

éHﬁDl éHld)z échDM
éHz(Dl ész)z s éHZ(DM

Apo(Bw) = . .. b (3.8)
6HM<D1 fHsz Eryoy,

where £y,q, = f[[fl/(t)} (Bw) 7 [®;](Bw).
Thus (3.7) can be written more explicitly as follows:
Z [D](Bw) = Y(®) Apo(Bw) Daful(w), (3.9)

where 7 [D](Bw) = [#[D,](Bw), .. .,JW[DM](Ba))]T and
D [u)(@) = [Dafu](), . .., Dafu] ()]
Therefore from (3.9), we infer that

Dy [u(w) =¥ ' (w) A,y (Bo) Z D] (Bw). (3.10)

By virtue of (3.6) and (3.10), x(¢) and f[ﬁ/(t)} (Bw) shares
the follwing relationship:

Dafu)(0) = # |H] (Bo) Ay (Bo) 24[/)(0)
= 24[f](w) V(Bw),

where V(Bw) =% [H] (Bw) A,y (Bw). Here V(Bw) and

(3.11)

F [H] (Bw) are vectors with ¢ elements given by V,(Bw) and

F [ﬁ/(t)] (Bw), respectively.

Moreover, relation (3.11) can be represented in time
domain as:

D fu]() = flt)%ave(1),

where ¥r, represents the quadratic-phase convolution given by
(2.5).

1<l< M, (3.12)

Theorem 3.3. The pair of collections {v(t—n):1<
L< M,neZ} and {¢,:1<¢< M} are orthogonal to each
other.

Proof. The proof is quite straight forward and is therefore
omitted,

4. Conclusion

In the present study, we accomplished two objectives: first, we
formulated a novel convolution structures associated with the
QPFT; second, we introduced the generalized SISs in the QPFT
domains. We implemented both the proposed convolution
structures and generalized shift-invariant spaces to present a
practically reliable and computationally efficient non-ideal sam-
pling procedure in the realm of QPFT domain.
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