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ABSTRACT According to vehicle electrification trends, the application of electric motors more often occurs.
Therefore, in the aspect of the supply instability preparation for rare-earth materials, research on the rare-
earth-free motor is getting more attention. Moreover, the electric motor for the vehicles should have not only
high power density but also fast response. Especially, electric motors for advanced driver assistant systems
or autonomous driving vehicles should have a fast response speed to secure the driver’s safety. This paper
introduces the electro-mechanical response improvement design of concentrated flux synchronous motors
for vehicle electrification. Improvement design is carried out targeting motors for electric power steering
system. The development of the electro-mechanical analytic (EMA) model of the electric motor is firstly
explained. Then, based on the developed EMA model, electro-mechanical response modeling is performed.
Finally, the speed response improvement design is conducted using the developed EMA model. In addition,
the results are validated not only in finite element analysis but also experimentally.

INDEX TERMS Concentrated flux synchronous motor (CFSM), electric power steering (EPS), rare-earth
free motor, rise time, settling time, speed response.

I. INTRODUCTION
Within the era of vehicle electrification, the demand for elec-
tric motors gets increasing. Therefore, the market for electric
motors has been enlarged. Consequently, cost competence
seized one of the main qualifications for electric motors.
However, to secure the cost competency of Neodymium used
motor, which is the mainstream, management of rare-earth
material is a critical matter. Beyond the automotive area,
the vulnerability of rare-earth materials supply chain is a
significant topic. The importance of rare-earth elements can
also be understood through the studies that have been con-
ducted on the hypothetical impact of supply disruptions on
the rare-earth element market [1], [2].Moreover, there is also
the investigation of the environmental effect on rare-earth
materials [3].
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Especially, electric vehicles (EVs) or electrified vehicles
are affected a lot by rare-earth materials supply. This is
because rare-earth materials are essential for two main com-
ponents, batteries, and electric motors [4]. Besides, the
electric motor is a part used in not only EVs but also hybrid
electric vehicles (HEVs) and internal combustion engine
vehicles. Therefore, the rare-earth material alternative elec-
tric motor is important in the automotive market [5]. For the
purpose of the research on excluding technology of rare-earth
materials, there are many studies on rare-earth-free motors
[6], [7], [8], [9].

Among the rare-earth free motor types, the ferrite magnet
used motor has been widely used [10]. Compare to rare-
earth-magnet such as Neodymium magnet, ferrite magnet
has lower performance. However, the ferrite magnet has a
high Curie temperature and positive temperature coefficient
of intrinsic coercivity. Therefore, the ferrite magnet is robust
at higher temperatures. Moreover, price competitiveness is
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good and there is no supply vulnerability of materials for
manufacturing [11].

To supplement the comparatively lower performance of
ferrite magnets, ferrite magnet motors usually adopt the
concentrated flux synchronous motor (CFSM) type. Due to
CFSM having the spoke structure, it could have a large
amount of permanent magnet usage. Therefore, the power
density of CFSM could be similar to the rare-earth magnet
motor [12]. Accordingly, researches on CFSM are conducted
on various topics. Lee et al. studied CFSM considering the
magnetization process of the ferrite magnet [13], and Park et
al. dealt with the vibration characteristics of the CFSM [14].
Furthermore, Seok et al. tried to design the hybrid CFSMwith
rare-earth magnet assist [15].

Furthermore, for automotive applications, safety is
paramount. As a result, numerous studies on electric motors
for vehicles concentrated on fault tolerance and rapid
response. To improve fault tolerance, sensor-less controlla-
bility [16], [17] and multiplex winding applications [18],
[19] are intensively studied. Otherwise, both design and
control approaches are being investigated in order to increase
response speed [20], [21].

For a long time, numerous research on the design of electric
motors has been conducted using an analytical technique.
Recently, Gao et al. studied the analytic model to estimate
the torque precisely, by reflecting nonlinearity [22]. Dianati
et al. developed the analytic model of the axial flux induction
motor, which needs 3-dimensional analysis [23]. And Liang
et al. investigated the analytic model of CFSM focusing on
tooth saturation [24]. All the above researches have great
contributions to estimating the electromagnetic phenomenon.
However, they could not consider the mechanical properties.

In this study, the electro-mechanical analytic (EMA)
model was proposed. This EMA model could calculate the
electrical parameter as well as the mechanical parameter
quickly. Therefore, using the suggested EMA model, the
design direction was established considering both electrical
and mechanical characteristics. According to the determined
design direction, the speed response improvement design
was performed. Then, the improved model was fabricated
and tested. In brief, the contribution of this paper can be
highlighted as follows.

• Electro-mechanical analytic (EMA) model of the rare-
earth-free motor was suggested.

• Speed response improvement design was performed
maintaining electrical performance.

• Not only speed response, but also the electrical per-
formance of the improved model was experimentally
validated.

The organization of this paper is followed. First, Section II
introduces the analytical modeling of electro-mechanical
parameters for CFSM, such as back electromotive force
(back EMF), inductance, winding resistance, and moment of
inertia. Section III then introduces speed response model-
ing, which is based on the developed EMA model. Finally,
in Section IV, the developed EMA model is validated by

comparing the parameter calculation results from finite ele-
ment analysis (FEA). Subsequently, the result of the speed
response improvement design is explained. And the experi-
mental verification result is also presented.

II. ELECTRO-MECHANICAL PARAMETER MODELING
When investigating the performance of the electric motor,
the lumped parameter-based approach is the cost-efficient
way. The purpose of this study is not only for seeing electric
performance but also to consider mechanical characteris-
tics. Therefore, this section introduces the electro-mechanical
parameter calculation. The subject of this study was set as an
electric motor for electric power steering (EPS) system. And
the target of CFSM of this study is depicted in Figure 1, and
the specification is organized in Table 1.

TABLE 1. Specification of concentrated flux synchronous motor for
electric power steering system.

FIGURE 1. Geometry of target concentrated flux synchronous motor.

A. BACK ELECTROMOTIVE FORCE
The back EMF is proportional to the amount of the linkage
flux and the rotational speed. To acquire the amount of the
linkage flux, the air-gap magnetic flux density needs to be
calculated. The air-gap magnetic flux density can be derived
from Gauss’s law and Ampere’s circuital law. From Gauss’s
law, the relationship between the amount of the permanent
magnet and the amount of the air-gap magnetic flux was
obtained as equations (1) to (3) [25].∫

V
∇ · B⃗dv =

∮
S
B⃗ · dS⃗ = 8m − 8a = 0 (1)

8m = 8a (2)

Bmhmlstk = Ba
πDr
4p

lstk (3)
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Here, 8m, 8a, Bm, Ba are magnetic flux and magnetic flux
density of permanent magnet and air-gap, respectively, and
hm is height of the permanent magnet, lstk is stack length of
the motor, Dr is diameter of the rotor, and p is the number
of the pole pairs. In this derivation, the permeability of the
magnetic cores was assumed as infinite and the air gap flux
distribution was assumed as a square wave.

Then, the according to the relationships of magnetic flux
density and magnetic field intensity, equations (4) and (5) can
be formulated. In addition, to compensate the nonlinearity
and leakage flux, equation (6) was adopted. Here, Br is the
residual induction of permanent magnet, Br_cor is corrected
residual induction of permanent magnet,8leak is leakage flux
derived from FEA, Hm and Ha are magnetic flux intensity of
permanent magnet and air-gap, µrec is recoil permeability of
permanent magnet and µ0 is permeability of air.

Bm = Br_cor + µrecµ0Hm (4)

Ba = µ0Ha (5)

Br_cor = Br −
8leak

hmlstk
(6)

For the next, applying Ampere‘s circuital law for the
flux path, equation (7) can be derived. And from equations
(4) and (5), equation (7) can be transformed into equation (8),
and equation (9) can be formulated. Here, tm is the thickness
of the permanent magnet, and g is the length of the air-gap.∮

H⃗ · dl⃗ = Hmtm + Ha2g = 0 (7)

Bm − Br_cor
µrecµ0

tm +
Ba
µ0

2g = 0 (8)

Ba =
Br_cor

πDr
4phm

+
2µrecg

tm

(9)

Finally, the armature linkage flux 9a can be expressed as
equation (10) considering the winding condition where the kw
is the winding factor,N is the number of armature series turns
per phase. In addition, four over pi indicates the fundamental
component of the square wave. Consequently, the back EMF
is formulated as equation (11), where the ωe is the electrical
angular rotational speed.

9a =
4

π

kwN

2

Dr lstk
p

Ba (10)

Ea = ωe9a (11)

B. RESISTANCE
The resistance of armature winding can be calculated based
on the actual structure of winding. The resistance is depend-
ing on the length of the copper wire and the cross-sectional
area. To assume the structure of the winding, the stator geom-
etry was treated in Figure 2.

Here, a denotes the height of the end turn coil, b denotes the
width of the end turn coil. Therefore, the phase resistance Ra
can be expressed as equation (12), where the lc, and Ac are the

length and cross-sectional area of the armature winding coil,
respectively, and σ is electric conductivity of the copper.

Ra =
lc

σAc
=

(4a+ 2b+ 2lstk )N

σAc
(12)

FIGURE 2. Geometric assumption of armature winding for resistance
calculation.

FIGURE 3. Flux path assumption for applied (a) d−axis current,
(b) q−axis current.

C. INDUCTANCE
The main inductance was derived as d− and q−axis induc-
tance. This allows the electrical performance can be esti-
mated utilizing the d − q equivalent circuit later. For this
calculation, the flux path assumption method was adopted
[26]. The assumed flux paths are shown in Figure 3. Figure 3
of (a) shows the flux path for d−axis inductance calculation,
and (b) shows the flux path for q−axis inductance calculation.
According to each flux path, each inductance was calculated
considering the reluctance and linkage flux. As a result, the
d− and q− axis inductance can be expressed as equations
(13) and (14). For this derivation, the permeability of the
magnetic core was assumed as infinity.

Ld =
3

π

µ0Dr lstk
g

(
kwN

p

)
2

1 −
4/π

π/2 + 4p
gµrec

tm

hm
Dr


(13)
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Lq =
3

π

µ0Dr lstk
g

(
kwN

p

)
2 (14)

Moreover, leakage flux equations were adopted to com-
pensate for the accuracy of the equation-based estimation
[32]. They consisted of the harmonic inductance, slot leakage
inductance, and shoe leakage inductance as equation (15).

Lleak = Lhar + Lslot + Lshoe (15)

FIGURE 4. Description of rotor structure for moment of inertia
calculation.

D. MOMENT OF INERTIA
Themass moment of inertia of the rotor is an essential param-
eter for predicting rotational dynamics. The rotor consists of
core, shaft, and PM. The overall moment of inertia of the rotor
was calculated as shown in equation (16). Here, Jr , Jc, Jsh, Jm
are the mass moment of inertia of the rotor, core, shaft, PM,
and p is the pole pair number.

Jr = Jc + Jsh + 2p× Jm (16)

For this derivation, the structure of the rotor was simplified
as shown in Figure 4. The mass moment of inertia of the core,
Jc was organized as equation (17), where the ρc is the density
of the core, Do is the outer diameter of the rotor, lm is the
distance between the mass center of PM and origin, ha and
ta is the height and thickness of the air region, and la is the
distance between the mass center of air region and origin. The
mass moment of inertia of two squares, air region, and PM
region was derived from the parallel axis theorem (Jm,c, Ja,c,
and Jm) [27].
The mass moment of inertia of the shaft and PM are

described as equations (18) and (19), where the ρsh is the
density of the shaft, Di is the inner diameter of the rotor and
ρm is the density of the PM.

Jc = JDo,c − Jsh,c − 2p× Jm,c − 2p× Ja,c

JDo,c =
π

32
ρcDo4lstk

Jsh,c =
π

32
ρc (Do − 2 × hm) 4lstk

Jm,c = ρchmtmlstk

(
l2m +

h2m + t2m
12

)

Ja,c = ρchatalstk

(
l2a +

h2a + t2a
12

)
(17)

FIGURE 5. Block diagram of electric motor describing electro-mechanical
response.

FIGURE 6. Simplified d−q axis equivalent circuit of electric motor.

FIGURE 7. Simple rotational dynamics relationship.

Jsh =
π

32
ρsh

{
(Do − 2 × hm)4 − D4

i

}
lstk (18)

Jm = ρmhmtmlstk

(
l2m +

h2m + t2m
12

)
(19)

III. ELECTRO-MECHANICAL RESPONSE MODELING
This section introduces the electro-mechanical response
modeling, based on the electrical and mechanical parameters,
modeled from Section II. Firstly, the electrical response is
modeled through the d − q axis equivalent circuit. Then, the
mechanical response is modeled by the rotational dynamics
equation. Finally, they were combined according to the prin-
ciple of electro-mechanical energy conversion. Consequently,
the equivalent transfer function of the CFSM is derived and
the electro-mechanical responses are modeled. The block
diagram shown in Figure 5, explains the overall relationship
treated in this section.

A. ELECTRICAL RESPONSE
As mentioned in Part C of Section II, d−q axis was adopted.
This is not only because the equation is simple, but also
clear parameter calculation process. In the same manner, the
d − q axis equivalent circuit as shown in Figure 6, was
adopted to consider the relationship between the voltage and
current [28]. It allows the investigation of the time-varying
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FIGURE 8. Calculation results of electrical parameters from EMA model and FEA (a) phase
back EMF, (b) phase voltage, (c) phase inductance, and (d) torque.

three-phase equation to be convenient. As shown in Figure 6,
this equivalent circuit can simplify the three-phase equation
to a two-axis static equation. Especially, the voltage equation
for steady-state can be organized as equation (20). Here, vd
and vq are the d− and q− axis voltage, id and iq are the
d− and q− axis armature current.

vd = Raid − ωeLqiq
vq = Raiq + ωeLd id + ωe9a (20)

In addition, the output torque of the electric motor can be
expressed as equation (21), when the id = 0 control situation.

T = p9aiq (21)

B. MECHANICAL RESPONSE
The mechanical response was modeled with a simple rota-
tional dynamics relationship as shown in Figure 7 and equa-
tion (22). It describes the situation when applied the torque
T for the rotor which has the moment of inertia J . Here,
TLoad is load torque, B is the friction coefficient, ω, and α are
angular rotational speed and angular rotational acceleration,
respectively.

T − TLoad = Jα + Bω

= J
dω

dt
+ Bω (22)

In addition, the operating condition of this motor is that
the rotational speed of the rotor is not very high, and the
surrounding area of the rotor consists of only air, and it is sup-
ported by the bearing. Therefore, the friction of the bearing

FIGURE 9. Calculation result of moment of inertia from EMA model and
FEA.

is dominant for this case, and the friction coefficient B was
used as 0.0015, which is from the bearing manufacturer [29].

C. ELECTRO-MECHANICAL RESPONSE
As shown in Figure 5, the electro-mechanical energy prin-
ciple can combine the electrical response and mechanical
response, and this can result in the overall electric motor
system response modeling. The electrical current generates
the mechanical torque, and the mechanical rotation generates
the electrical back EMF. These can be expressed as equations
(23) and (24), where the kT indicates the torque constant, and
kE indicates the back EMF constant.

T = kT I (23)

E = kEω (24)

To apply this block diagram in electro-mechanical
response modeling, the relationships as shown in equations
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FIGURE 10. Determination of feasible design region based on EMA model.

FIGURE 11. Speed response improvement design based on EMA model.

FIGURE 12. Comparison of the initial model and improved model.

from (25) to (27) were adopted [30]. And the equation of the
block diagram can be organized as equations (28) and (29).

I =

√
i2q + i2d (25)

E = ωe9a (26)

L =
Ld + Lq + 2Lleak

3
(27)

V = RI + L
dI

dt
+ E

= RI + L
dI

dt
+ kEω (28)

Bω + J
dω

dt
+ TLoad = T

= kT I (29)

Then, applying the Laplace transform to equations
(28) and (29), equations (30) and (31) were derived. Conse-
quently, the equation of the closed-loop transfer function of
CFSM was derived as equation (32).

V (s) = (R+ sL) I (s) + kEω (s) (30)

T (s) = kT I (s) = (B+ sJ) ω (s) + kEω (s) (31)

ω (s)

V (s)
=

kEkT
LJ

s2 +

(
R

L
+
B

J

)
s+

(
RB+ kEkT

LJ

) (32)

From equation (32), the speed response according to volt-
age input was examined. Considering the characteristics of
the second-order system, the natural frequency ωn and damp-
ing ratio ζ were derived as equations (33) and (34) [31].

ωn =

√
RB+ kEKT

LJ
(33)
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FIGURE 13. Comparison of design results based on FEA (a) phase back EMF, (b) phase voltage,
(c) phase inductance, and (d) torque.

FIGURE 14. Comparison of (a) step response, and (b) bode plot for initial model and improved model.

ζ =

R

L
+
B

J

2

√
RB+ kEKT

LJ

(34)

IV. RESULTS
A. PARAMETER MODELING RESULT
This section shows the comparison of the main parameters—
phase back EMF, phase voltage, phase inductance, torque,
and moment of inertia—to investigate the parameter model-
ing results. The parameter maps for this comparisonwere first
generated for the entire design region using the EMA model.
The FEA was then performed for several points that could
cover the entire design range. These two outcomes were then
compared.

The electrical parameter comparison results are shown in
Figure 8. Overall, the EMA model accurately predicted the

trend and value of the electrical parameters. Especially, the
phase back EMF from the no-load condition was completely
calculated without error. However, there were minor errors
in phase voltage, phase inductance, and torque for the higher
number of armature turns region. This is owing to the ana-
lytical approach’s limitations, which could not reflect the
non-linearity of the magnetic core.

Moreover, Figure 9 displays the calculation results of the
moment of inertia. The moment of inertia from the EMA
model follows the FEA result perfectly. This precision is due
to the absence of non-linearity issues in the moment of inertia
calculation.

B. EMA MODEL-BASED DESIGN RESULT
The usability of the developed EMA model was validated in
Section IV. A. Therefore, this section introduces the speed
response improvement design of the electric motor based on
the proposed EMA model.
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FIGURE 15. Test bench setup for experimental validation.

FIGURE 16. Comparison of phase back EMF from no-load test and FEA.

FIGURE 17. Load test results (a) input current, and (b) torque.

First, the feasible design region was determined as shown
in Figure 10. The torque limit was determined based on the
required torque from the target specification, as depicted
in Figure 10 (a). In addition, the phase voltage limit was
assigned based on the DC link voltage, as illustrated in
Figure 10 (b). Furthermore, as shown in Figure 10 (c), the
percentage of overshoot is limited.

TABLE 2. Design result.

The speed response improvement design was then carried
out within the determined feasible design region, as shown in
Figure 11. This procedure took into account not only the rise
time but also the settling time. Within the same outer size,
the rotor diameter was decreased from 57 mm to 48 mm, and
the number of armature turns was increased from 24 turns to
27 turns. The comparison between the initial model and the
improved model is shown in Figure 12.

The design results were organized in Table 2. The main
parameters of the initial and improved models are compared.
In addition, a comparison of calculation results from the EMA
model and FEA is provided. The following parameters are
compared: phase back EMF, phase voltage, phase inductance,
torque, and moment of inertia. Furthermore, the rise and
settling times of the open loop step response are compared.
In addition, the FEA results of electrical parameters are com-
pared in Figure 13. Moreover, the unit-step response and
bode plot are illustrated in Figure 14. The faster response
can be confirmed according to Figure 14 (a). In addition, the
wider bandwidth can be confirmed according to Figure 14 (b).
A wider bandwidth provides a greater response to higher
input frequencies. Subsequently, the EPS system, it may be
stated, can respond more quickly to critical circumstances.

C. EXPERIMENTAL VALIDATION RESULT
A prototype of the improved model was built to test the
effectiveness of the suggested design process. The test bench
was configured as shown in Figure 15. This configuration
displays the load and speed response tests. For the case of
conducting the no-load test, the powder brake of Figure 15
was replaced with a DC servo motor.
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FIGURE 18. Simulink model for speed and current controlled speed response simulation.

The no-load phase back EMF was first measured. After
disconnecting the test motor and inverter, the test motor and
Y-connected resistors were connected. And the powder brake
was replaced with a DC servo motor that was powered by a
DC power supply. Then, the input voltage of the servo motor
was controlled to rotate the test motor at 1000 rpm. Finally,
the no-load phase back EMF was measured and the result is
depicted in Figure 16.

Next, the load test was performed. The load test was
performed within 20 Arms input current to ensure stable
conditions. When the input current is 20 Arms, the output
torque is less than 1.5 Nm, which is 50% of the powder
brake’s maximum capacity. The measured input current and
output torque are shown in Figure 17. At this time, due to the
resolution of the torque sensor, the torque was measured at
100 rpm.

Finally, the speed response test was carried out. The speed
and current controlled speed response were examined to
assess their practical effectiveness. Accordingly, simulation
was also performed for the case of speed and current con-
trolled test situation. As shown in Figure 18, the simulation
was carried out using MATLAB Simulink, which includes a
PI speed and current controller, an electric motor model, anti-
windup gain, and limits (torque, current, voltage). The limits
of torque, current, and voltage were set considering the actual
test conditions. The parameters of the electric motor reflected
the FEA result of Table 2. In addition, PI speed and current
controller gains and their anti-windup gains are calculated
according to equations from (35) to (40) [30]. Here, ωcc and
ωcs are the cut-off frequency of current and speed controller,
kPc, kIc, and kAWc are P gain, I gain, and anti-windup gain of
PI current controller, kPs, kIs, and kAWs are P gain, I gain, and
anti-windup gain of PI speed controller.

kPc = ωccL (35)

kIc = ωccR (36)

kAWc =
1

kPc
(37)

kPs =

√
ω2
csJ2 + B2

kT
(38)

kIs =
ωcs
√

ω2
csJ2 + B2

5kT
(39)

kAWs =
1

kPs
(40)

FIGURE 19. Comparison of speed response test result from simulation
and experiment.

The following conditions were used in the test and sim-
ulation: 1)1.4 Nm torque is applied, and 2) the test motor
is steadily rotated at 200 rpm 3) ideal PI controller gains
considering pole-zero cancellation are applied. This condi-
tion allowed the test to rule out the possibility of additional
mechanical friction from the starting situation. Figure 19
compares the simulation and experiment speed response test
results. In addition, the simulation result of the initial model
was shown to demonstrate the effect of the suggested design
process.

V. CONCLUSION
The speed response enhancement design of rare-earth-free
CFSM was obtained by this study. The EMA model, which
could estimate not only electrical performance but also the
mechanical response, was initially developed to establish the
design direction. This EMA model was validated by compar-
ing the parameter calculation results from the EMA model
and FEA. Overall, there were no discrepancies between the
results from the EMA model and FEA. There were minor
errors for the highest number of armature turns, where the
nonlinearity of the magnetic core had a significant impact.
This is the limit of this study, and if the nonlinearity of
the magnetic core is considered in future work, this study
may be applied broadly in CFSM design and optimization.
Furthermore, the improved model was fabricated as a pro-
totype, and experiments were carried out. The findings of
the back EMF and load torque tests confirmed the electrical
performance prediction. And the electro-mechanical speed
response estimation was validated by the speed response test
result. In conclusion, the suggested EMA can consider the
electro-mechanical response and can be utilized in the speed
response improvement design process of CFSM.
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ABBREVIATIONS
• ADAS: Advanced Driver Assistant System
• CFSM: Concentrated Flux Synchronous Motor
• DC : Direct Current
• EMA: Electro-Mechanical Analytic
• EMF : Electro-Motive Force
• EPS : Electric Power Steering
• EV : Electric Vehicle
• FEA : Finite Element Analysis
• HEV : Hybrid Electric Vehicle
• PM : Permanent Magnet

LIST OF SYMBOLS
• a : Height of the end turn coil of armature
winding, m

• b : Width of the end turn coil of armature
winding, m

• g : Length of the air-gap, m
• ha : Height of the air region, m
• hm : Height of the PM, m
• id : d-axis current, A
• iq : q-axis current, A
• kE : Back EMF coefficient, V·sec/rad
• kT : Torque coefficient, Nm/A
• kAWc : Anti-windup gain of PI current controller, -
• kAWs : Anti-windup gain of PI speed controller, -
• kIc : I gain of PI current controller, -
• kIs : I gain of PI speed controller, -
• kPc : P gain of PI current controller, -
• kPs : P gain of PI speed controller, -
• kw : Winding factor, -
• la : Distance between the mass center of air region
and origin, m

• lc : Length of the armature winding coil, m
• lm : Distance between the mass center of PM and
origin, m

• lstk : Stack length of the motor, m
• p : The number of the pole pairs, -
• ta : Thickness of the air region, m
• tm : Thickness of PM, m
• vd : d-axis voltage, V
• vq : q-axis voltage, V
• Ac : Cross-sectional area of the armature winding
coil, m2

• B : Friction coefficient, Nm·sec
• B : Magnetic flux density, T
• Ba : Magnetic flux density of air-gap, T
• Bm : Magnetic flux density of PM, T
• Br : Residual induction of PM, T
• Br_cor: Corrected residual induction of PM, T
• Di : Inner diameter of the rotor, m
• Do : Outer diameter of the rotor, m
• Dr : Diameter of the rotor, m
• E : Back EMF, V
• Ha : Magnetic flux intensity of air-gap, A/m
• Hm : Magnetic flux intensity of PM, A/m

• I : Input current, A
• J : Mass moment of inertia, kg·m2

• Ja,c : Mass moment of inertia of core for air
region, kg·m2

• Jc : Mass moment of inertia of core, kg·m2

• JDo,c : Mass moment of inertia of core for whole rotor
region, kg·m2

• Jm : Mass moment of inertia of PM, kg·m2

• Jm,c : Mass moment of inertia of core for PM
region, kg·m2

• Jr : Mass moment of inertia of rotor, kg·m2

• Jsh : Mass moment of inertia of shaft, kg·m2

• Jsh,c : Mass moment of inertia of core for shaft
region, kg·m2

• L : Inductance, H
• Ld : d-axis inductance, H
• Lq : q-axis inductance, H
• Lhar : Leakage inductance of harmonic components, H
• Lleak : Leakage inductance, H
• Lshoe : Leakage inductance of shoe, H
• Lslot : Leakage inductance of slot, H
• N : The number of armature winding series turns per
phase, -

• R : Resistance, �
• Ra : Phase resistance of armature winding, �
• T : Torque, Nm
• TLoad : Load torque, Nm
• α : Angular acceleration, rad/s3

• ζ : Damping ratio, -
• µ0 : Permeability of air, H/m
• µrec : Recoil permeability of PM, -
• ρc : Density of the core, kg/m3

• ρm : Density of the PM, kg/m3

• ρsh : Density of the shaft, kg/m3

• σ : Electric conductivity of the armature winding
coil, S/m

• ω : Mechanical angular rotational speed, rad/s
• ωcc : Cut-off frequency of PI current controller, rad/s
• ωcs : Cut-off frequency of PI speed controller, rad/s
• ωe : Electrical angular rotational speed, rad/s
• ωn : Natural frequency, rad/s
• 8a : Magnetic flux of air-gap, Wb
• 8leak : Leakage magnetic flux, Wb
• 8m : Magnetic flux of permanent magnet, Wb
• 9a : Linkage flux of armature winding, Wb
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