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Abstract: We consider the fractional optimal control problem with state constraints. The
fractional calculus of derivatives and integrals can be viewed as generalizations of their classical
ones to any arbitrary real order. In our problem setup, the dynamic constraint is captured by
the Caputo fractional differential equation with order « € (0,1), and the objective functional is
formulated by the left Riemann-Liouville fractional integral with order 8 > 1. In addition, there
are terminal and running state constraints; while the former is described by initial and final states
within a convex set, the latter is given by an explicit instantaneous inequality state constraint.
We obtain the maximum principle, the first-order necessary optimality condition, for the problem
of this paper. Due to the inherent complex nature of the fractional control problem, the presence
of the terminal and running state constraints, and the generalized standing assumptions, the
maximum principle of this paper is new in the optimal control problem context, and its proof
requires to develop new variational and duality analysis using fractional calculus and functional
analysis, together with the Ekeland variational principle and the spike variation.
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1. INTRODUCTION

Fractional calculus of derivatives and integrals can be
viewed as generalizations of their classical notions to any
real arbitrary order. One important application of frac-
tional calculus is a class of fractional differential equations,
which enables us to describe more general and extraordi-
nary phenomena observed in real world. Various types of
fractional differential equations and their applications have
been studied in applied mathematics, science, engineering,
and economics; see (Kilbas et al., 2006; Diethelm, 2010;
Malinowska et al., 2015) and the references therein.

Along with fractional differential equations, fractional op-
timal control problems in the sense of Riemann-Liouville
(RL) and/or Caputo, and their numerical methods and
applications have been studied extensively in the liter-
ature under various different formulations. The reader
is referred to see (Gomoyunov, 2022; Liu et al., 2022;
Gong et al., 2021; Rahimkhani and Ordokhani, 2021; Go-
moyunov, 2020) and the references therein.

The maximum principle, i.e., the first-order necessary
optimality condition, for the fractional optimal control
problems was studied in several different directions; see
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(Jelicic and Petrovacki, 2008; Kamocki, 2014; Pooseh
et al., 2014; Ali et al., 2016; Bergounioux and Bourdin,
2020; Almeida et al., 2021; Yusubov and Mahmudov,
2021) and the references therein. Specifically, in (Kamocki,
2014), a simple convex variation was applied to obtain the
maximum principle for the RL fractional optimal control
problem. The Caputo fractional optimal control problem
without state constraints was studied in (Pooseh et al.,
2014), where the sufficient condition was also obtained
under the convexity assumption. In (Ali et al., 2016;
Almeida et al., 2021), the Caputo and Cucker-Smale multi-
agent fractional control problems without state constraints
were studied. In addition, (Yusubov and Mahmudov, 2021)
studied the singular fractional optimal control problem.
Recently, the Caputo fractional optimal control problem
with the terminal state constraint only was considered in
(Bergounioux and Bourdin, 2020).

In this paper, we consider the fractional optimal control
problem with terminal and running state constraints. The
precise problem statement is given in Section 3. In our
problem setup, the dynamic constraint is captured by the
fractional differential equation in the sense of Caputo with
order a € (0, 1), and the objective functional is formulated
by the left Riemann-Liouville (RL) fractional integral with
order 8 > 1. In addition, there are terminal and running
state constraints; while the former is described by initial
and final states within a convex set, the latter is expressed
by an explicit instantaneous inequality state constraint.

The main result of this paper is the maximum principle
(see Theorem 2). In the proof (see Section 5), we need to
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formulate the penalized unconstrained fractional control
problem, for which the Ekeland variational principle is
applied. Then to develop the variational and duality anal-
ysis via the spike variation, we have to use the fractional
calculus and the intrinsic properties of distance functions.
Moreover, the proofs for the complementary slackness and
the transversality condition are essentially required due to
the presence of the terminal and running state constraints.

The paper is organized as follows. Preliminaries on frac-
tional calculus are given in Section 2. We formulate the
problem in Section 3. The maximum principle of this paper
is stated in Section 4, and its proof sketch is provided in
Section 5. We conclude our paper in Section 6.

2. PRELIMINARIES ON FRACTIONAL CALCULUS

In this section, we provide some preliminary results on
fractional calculus. More detailed results on fractional
calculus can be found in (Kilbas et al., 2006; Diethelm,
2010).

Let R™ be the n-dimensional Euclidean space. For A €
R™>" AT denotes the transpose of A. Let (z,9) := 2"y
and |z| := (z, z)'/? be the norm. Let I,, be an nxn identity
matrix. Define 14(-) by the indicator function of any set
A. Let T be the Gamma function.

Define the following spaces for to,ty € [0,T] with to < ty:

o LP([to,ts];R™), p > 1: the space of functions ¢ :
[to,ty] — R™ such that % is measurable and

1
) v = ([ (1) [Bndt) ¥ < oo;

o L>([tg,ts];R™): the space of functions ¢ : [to,t;] —
R™ such that ¢ is measurable and [[¢(:)||pen =
€SS SUDe (1,1, [ (1)] < 003

o C([to,ts];R™): the space of functions ¢ : [tg,tf] —
R™ such that ¢ is continuous and |[¢¥(')||e :=
SUDyefto,¢, [V (E)] < 00;

o AC([to,tf];R™): the space of functions v : [to,t¢] —
R™ such that v is absolutely continuous;

o BV([to,tf];R™): the space of functions ¢ : [to,ts] —
R™ such that v is of bounded variation on [to,t¢].

The norm on BV([tg,ts];R™) is defined by ||[¢(-)||gy» =

Y(to) + TV(¥), where TV(¢)) := Sup(tk)k{Zk [V (try1) —
¥(tk)|} < oo with the supremum being taken by all
partitions of [to,ts]. Let NBV([to,ts];R™) be the space
of functions ¥(-) € BV ([to,tf]; R™) such that ¢ is normal-
ized, i.e., ¥(tg) = 0 and ¢ is left continuous. The norm
on NBV([t, tf];R™) is defined by ||¢(:)|npve 1= TV (¥).
When (-) € NBV([to,t¢];R) is monotonically nonde-
creasing, [[¢(-)l[nsy = [[¢()[lxpvr = 9 (tf)-

Definition 1. For f(-) € L*([to,tf];R™) and t € [to,ts],
the left Riemann-Liouville (RL) fractional integral Iy, , [f]
of order o > 0 is defined by

1oL 1](1) = / % F(s)ds.

For f(-) € L'([to,ts;R™) and t € [to,tf], the right RL
fractional integral I, _[f] of order o > 0 is defined by

12 _[)(t) = / ' (F(ta)) F(s)ds.

For oo = 0, we set I?0+[f](~) = I(t)f_[f](.) = f(). O

Definition 2. (i) For f(-) € L*([to,t]; R™), the left RL
fractional derivative Df: , [f] of order a € (0,1) is
defined by

D5 110 = [0 1] o),

provided that I, *[f](-) € AC([to,ts];R"). In this
case, Df L [f](-) € L'([to,ts];R"™). Let BLDg , be
the set of functions f(-) € L'([to,ts];R™) such that
f admits the left RL fractional derivative of order
a € (0,1);

(ii) For f(-) € L'([to,ts];R™), the right RL fractional
derivative Dy, _[f] of order a € (0,1) is defined by

Df,_[£1(0) 1= — < [ 1] o).

St
provided that I%f__a[f]() € AC([to,tf];R™). In this
case, DY _[f](-) € L*([to,ts;R™). Let "Dy _ be

the set of functions f(-) € L'([to,ts];R™) such that
f admits the right RL fractional derivative of order
ac(0,1). O

Definition 3. (i) For f(-) € C([to,ts];R™), the left Ca-
puto fractional derivative CD‘;)Jr[f] of order « € (0,1)
is defined by

D ¢ [f1(t) == Di L [F () = f(to)] (1),
where f(-)— f(to) € RLDg . In this case, “Df | [f] €
L'([to, ts];R™). Let Dg . be the set of functions
[ € C([to, tf]; R™) such that f admits the left Caputo
fractional derivative of order « € (0, 1).
(ii) For f(-) € C([to,ts];R™), the right Caputo fractional
derivative CDf‘f_ [f] of order « € (0,1) is defined by

D _[f1(t) = D, _[f () = f(ts)](®),
where f(-)—f(ty) € R%Dto‘f_. In this case, CD;’J;_[f] €
L'([to, ts;R™). Let {Dy _ be the set of functions
f € C([to,tf];R™) such that f admits the right
Caputo fractional derivative of order o € (0,1). O

3. FRACTIONAL OPTIMAL CONTROL PROBLEM

Consider the following R™-valued left Caputo fractional
differential equation with order « € (0, 1):

{CD?D+{X](t) = S X W), te oty )
X(to) = Xo € R",

where X (-) € R" is the state, u : [to,ty] = U C R" is
the control input with U being the control space, and
f o [to,tf] x R* x U — R™ is the driver of (1). Let
U = {u: [to,ty] = U | u is measurable ¢t € [to,ts]} be
the set of admissible controls for (1).

Assumption 1. (i) U C R" is a separable metric space;

(ii) f holds that ¢t — f(¢, X, u) is continuous, f(-, X, u) €
L>([to, ts];R™), and (X, w) — f(t, X, u) is Lipschitz
continuous, and |f(¢,0,u)| < L(1 + | X|);

(i) X — f(¢,X,u) is continuously differentiable with
(t, X, u) — Ox f(t, X, u) being bounded and (X, u) —
Ox f(t, X, u) being Lipschitz continuous. O

Theorem 1. Suppose that Assumption 1 holds. Then for

any (Xo,u(-)) € R"xU, (1) has a unique solution of X(-) €
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ODg: ,. In addition, for any (Xo, u(-)), (X§,u'(-)) € R* xU
(with X (+; Xo,u) := X(+)), we have

sup | X (t; Xo,u) — X'(¢; X4, u')|
tefto,ty]
Y o= (LT (o
bty) + / — s)ka=1p(s)ds
to kz:l ka
sup [ X (t; Xo, u)
tefto,ty]
Y= (LT (o
< b'(ty) / Z — s)k=1p/(s)ds,
et ka
where b(t) := |Xo — X(| + L [} ‘5 L\ (u(s) — u/(s)|ds
and V'(t) := |X0|+Lft (tlf(a 1ds.

Proof. The existence and uniqueness of the solution can
be shown by using the contraction mapping theorem
under the Bielecki norm on C([to,ts];R™). The estimates
follow from Assumption 1 and the fractional Gronwall’s
inequality. Note that the detailed proof is omitted due to
space restriction. We complete the proof. O

The objective functional is given by the following left RL
fractional integral with order 8 > 1:

J(Xosu() = Iy (1, X (), u()](t) + m(Xo, X (t)-
The fractional optimal control problem of this paper is
P) inf J(Xo;u(-

(P)  inf J(Xoju())
subject to the terminal and running state constraints given
by

(2)

Assumption 2. (i) {: [to,ty]xR"xU — R is the running
cost, where t — [(t, X,u) is continuous, I(-, X,u) €
L>([to,ts];R), and (X,u) + (¢, X,u) is Lipschitz
continuous. m : R™ x R™ — R is the terminal cost,
where (X, X’) — m(X, X') is Lipschitz continuous;

(ii) X — I(t,X,u) is continuously differentiable, where
(t, X,u) — Oxl(t,X,u) is bounded and (X,u) —
OxI(t,X,u) is Lipschitz continuous. (X,X’')
m(X, X’) is continuously differentiable, where
(X, X") = oxm(X,X') and (X, X') = dxm(X, X’)
are bounded and Lipschitz continuous;

(iii) F is a nonempty closed convex subset of R?";

(iv) (t,X) = G, X) = [G1(t,X) -+ Gq(t,X)]" with
G; : [to,tfy] x R® = R, i = 1,...,q, is continuous,
where X +— G(t,X) is continuously differentiable
with (¢, X) — 0xG(t, z) being bounded. O

(Xo, X (tf)) € F C R*",
{ Gi(t, X(t)) <0, Vt € [to,t5], i=1,...,q.

4. MAIN RESULT

Assume that (u(-), X (1)) € U x D¢, is the optimal
solution of (P), i.e., u(-) € U is the optimal solution of
(P) and X (-) := X(-; Xo,u) € {Dy , is the corresponding
optimal state trajectory of (1) controlled by w(-) € U.
X(-) € Dg . holds the state constraints in (2). We let

We state the main result of this paper.

Theorem 2. Suppose that Assumptions 1-2 hold. Assume
that (u(-),X(-)) € U x §Dg, is the optimal solu-
tion of (P). Then there exists a tuple (A, &,6), where
A e R ¢ = (51,52) € R?" with £, € R”, and
() = (01(-),...,0q(-)) € NBV([to,tf]; R?) with 6,(-) €
NBV([to,tf];R), ¢ = 1,...,q, such that the following
conditions are satisfied:

(i) Nontriviality condition: (A, £,6) # 0 with £ =
(£1,€2) € Nr(Xo, X(ty)) and [|6i[npv = 0i(ty) = 0
for i =1...,q, where Np(Xo, X (ty)) is the normal
cone to the convex set F at (Xo, X (tf)) € F defined
in (4), and 0, is finite, nonnegative and monotonically
nondecreasing on [to, t];

(i) Nonnegativity condition: A > 0 and df;(¢t) > 0
for t € [to,tf] and i =1,...,¢q, where df; denotes the
Lebesgue-Stieltjes measure on [tg,t¢] corresponding
tob;,i=1,...,¢;

(iii) Adjoint equation: there exists a nontrivial p(-) €
RLD?}? such that p is the unique solution of the

following right RL fractional differential equation:

a[1 [l (1) = ~[ox 76 Tw(t) (3)

. /\Maxi(t)th - zq: OxGi(t) " do,(t),

I'(3)

(iv) Transversality condition:
L 2 [pl(to) = — (&1 + Aox,m "),
I%f,a (ty) =& + NOxT | ;

(v) Complementary slackness condition:

tfi
Gi(s)db;(s) =0, i=1,...,q;

to
(vi) Hamiltonian minimization condition:

min H (X (1), p(t); u) = H(X (1), p(t); u(t)),

a.e. t € [to,ty], where H is the Hamiltonian:
(ty =)
H(X, pyu) := (p, f(t, X, u)) + A=

(¥.pi) = (p. 0. X)) + A
Remark 1. Without (2), Theorem 2 is reduced to (Ali
et al., 2016, Theorem 3.1). In this case, only (iii), (iv)
and (vi) of Theorem 2 are needed with A =1, £ = 0, and
6 = 0. Note also that without the running state constraint,

Theorem 2 is specialized to (Bergounioux and Bourdin,
2020, Theorem 3.12) with # =0. O

I(t, X, u).

5. SKETCH OF THE PROOF FOR THEOREM 2

In this section, the sketch of the proof for Theorem 2 is
presented. Note that the full proof cannot be included in
this paper due to space restriction.
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5.1 Preliminaries on Distance Functions

Let dp : R?® — R, be the standard Euclidean distance
function to F defined by dp(x) := infyep|z — y| for
x € R?". By the projection theorem (Ruszczynski, 2006,
Theorem 2.10), there is a unique Pp(x) € F' with Pp(z) :
R?" — F C R?", the projection of z € R?" onto F, such
that dp(z) = infycp |z — y| = |z — Pr(x)]. In view of
(Ruszczynski, 2006, Definition 2.37), we have x — Pp(x) €
Ng(Pr(x)) for # € R?", where Np(z) is the normal cone
to the convex set F' at a point x € F' defined by

Np(z) = {y € R*" | (y,y —2) <0, Yy € F}. (4

Lemma 3. (Clarke, 1990, Proposition 2.5.4) The func-
tion dp(z)? is Fréchet differentiable on R?" with the
Fréchet differentiation of dp(z)? at z € R* given by
Ddp(x)*(h) = 2(x — Pp(z),h) for h € R*". O

Define ¢ : C([to,tf];R") = C([to,ts]; R?) 1_3|_y (X () :
G(,X()) = [Gi(X()) -+ Go(-,X())] . Let S C
C([to,tr);R?) be a nonempty closed convex cone o

C([to, t]; R?) defined by S := C([to, ts]; R? ), where R
R_ x --- x R_. Note that S has a nonempty interior.

=

The normal cone to S at € S is defined by

Ns(x) :={r € C([to, ts[; RY)" | (5)

(k,&" = 2)czxc, <0, V&' € S},

where (-, )crxc, = (' )C(lto.t;]R)*xC([to,t,]R)s Stands
for the duality paring of C([to,ts]; R?) and C([to,ts]; R9)*
with C'([to, t¢]; R?)* being the dual space of C([to, t¢]; R?).
Let us define the distance function to S by dgs(z) =
infyes |2 — yllo(to,ire) for = € C([to, t]; RY).
Lemma 4. (Clarke, 1990, Proposition 2.4.1 and page 53)
dg is nonexpansive, continuous, and convex. O

Lemma 5. (Mordukhovich, 2006, Theorem 3.54) dg(x)?
is strictly Hadamard differentiable on C/([to,ts];R?) \ S
with the Hadamard differential given by Ddg(z)? =
2ds(z)Ddg(z) for x € C([to, tf];R?)\ S. Moreover, dg(z)?
is Fréchet differentiable on S with the Fréchet differential
being Ddg(z)? =0 € C([to, tf];RY)* for allz € S. O

5.2 FEkeland Variation Principle

For € > 0, define the penalized objective functional
Je(Xosu(-)) = (([J(Xo;u() — J(Xo;u(-)) + €7)?

1
2

+dp(Xo, X (t4))? + ds((X()))?) .
Define the Ekeland metric by
d((Xo,u(-)), (Xo, a(-))) = |Xo — Xo| + d(u(-),a(-), (7)

where d(u(-),@()) = |{t € [to, /] | u(t) # @D}, (R x
U,d) is a complete metric space, and J, is continuous on
(R™ x U, d) by Assumptions 1-2 and Lemmas 3-4.

Note that Je(Xo,u(-)) > 0 for (Xo,u(-)) € R" x U and
Je(Xo3u()) = € < inf(x, u())ern xu Je(Xo, u(-)) + €. Then
by the Ekeland variational principle (Ekeland, 1974), there
exists a pair (X§,uc(-)) € R™ x U such that

(X5, uc (), (Xo,u())) < Ve,

(6)

and for any (Xo,u(:)) € R" x U,
Je(Xg, (1) < Je(Xosu() (8)
+ Ved((XG,u (), (Xo; u()))-

5.8 Spike Variation and Notation

For 6 € (0,1), define & = {E C [to,ty] | |E| = 0ts}, where
|E| denotes the Lebesgue measure of E. For any Es € &
and u(-) € U, we introduce the spike variation:

o= (50 B

Clearly u®(:) € U and d(us°(-),u(-)) < |Es| = 5tf
Recall and consider the following variation: X€(-) :
X(5X§,u) and X)) = X(;X§ + da,u?), Where
a € R" and u®® € U is given in in (9). X€(~) is the state
trajectory of (1) under (X§,u(-)) € R™ x U.

With E29() = X59() — X°(),
fe(s) == f(s, X<(s), u(s)),
3xf (s) := 8Xf(s X<(s),u(s)),

( ) = f(s,X(s),u(s)) — f(s,X(s),u(s)),

) = (57 E( ) (8)>7 €= ( 05 6(lef))ﬂaXle(S) =
8xl( X<(s), ‘( ),
I(s) 1= 1(s,X<(s),u(s)) = U(s, X<(s),u(s)), Dxym
Ix,m(XG, X (ty)), Oxm* = Ixm(X5, X(ty)), f(S) =
JEX (), uls)) — 1t X (), 0(5),
I(s) = 1U(s, X (s), u(s)) — 1(t, X(s),u(s)).

5.4 Variational Analysis 1

y (6) and (8), together with (7) and (9),

1
- J (X§ + da;uc®(-)) + Je(X§ue(-))
(([J(X§ + da;u(-)) = J(Xo; () + €7)?
— ([J(XGu() — J(Xosa() + € *)?
+ (X + 0a, X (t5))? — dr (X5, X“(14))?
+ds(P(X()? = ds($(X()))?).

Let Z¢ and Z¢ be the variational equations related to the
pair (X§,u(-)) € R™ x U in (8) given by

Fl)=at / %(axf%s)ms) T F(s))ds

(10)

~ ty — g)8-1 ~
Z<(ty) = /t Wrw))(axzf(s)zws) +15(s))ds
+6X0m6a+3xmeZ6(tf).

By continuity of J. on R™xU, it follows that lims o J. (X§+

Sa;us0(-)) = J(X§u(-)). Then by the variational anal-

ysis of J., Z¢ and Z¢, together with Lemmas 3 and 5, as
0 1 0, (10) becomes for any (a,u(-)) € R™ x U,

—Ve(lal +tr) < XZ°(ty) + (&1, a) + (65, Z°(tg))

+ (p€, 0xG(-, XE('))Ze('»C;‘Xan

where by Lemma 5 and the property of dr in Section 5.1

X2+ e + ||H6||é([t0,tf];]1§q)* =1 (12)

(11)



220 Jun Moon /IFAC PapersOnLine 56-1 (2023) 216221

[J(X§us(-)—J(Xosa(- ))"‘5]Jr

with A€, £¢, u€ defined by A€ :=

Je(Xguc(-) =
[Xg?éf)] —Pr (X5, X (t5))
07 fe = T (X&us () S NF<PF(X57X6(tf)))7
and u¢ := ds(w(XJ(()))()El?)ds(w(X O) ¢ C([to, t7]; R9)*.

5.5 Variational Analysis 11

Let Z and Z be the variational equations related to the
optimal solution u(-) € U given by

Z(t)=a +/t (tr(sa);é(ﬁxf(s)Z(s)ds + f(s))ds (13)

~ ty — g)8-1 _ ~

Z(ty) = /t (tfp(ﬂ))(axl(s)Z(s) +1(s))ds (14)
+ Ox,ma + OxMZ(ty).

Let {er} be a sequence of € such that e, > 0 and ¢ | 0
as k — oo. By the Banach-Alaoglu theorem (Conway,
2000, page 130), we may extract a subsequence of {ex},
still denoted by {ex}, such that as k — oo,

(A e ) = (A% €% %) = (N €, ),
where the convergence of {u*} — p (as k — o0) is
understood in the weak—* sense (Conway, 2000). Hence,
we can show that the tuple (A, &, 1) holds

A >0, &€ Np(Pr(Xo,X(t5))), € Ns((X(-))). (15)
Therefore, as k — oo, (11) becomes
0 <AZ(ty) + (1,0) + (&, Z(tg)) (16)
+ (1, OxG(, X () Z()) ez xcys Y(a,u(-)) € R™ x U.

5.6 Proof of Theorem 2 (v): Complementary Slackness

Let 1= (p1,.- ., pg) € C([to, ts];RY)*
</u'7 Z— w(Y()»C* xCq

q
Z s 2 — i(X () orxer, <0, Vz € S.

. Based on (5),
(17)

By choosmg z appropriately, we can show that (17) is
equivalent to (u;, ¥i(X(-)))crxe, = 0 for i = 1,...,q.
Then by the Riesz representation theorem (see (Con-
way, 2000, page 75 and page 382)), there is a unique
0(-) = (61(-),...,04(")) € NBV([tO,tf] RY9) with 6;(-) €

NBV([to,ts];R), ie., 6;, i = 1,...,m, are normalized
functions of bounded variation on [tg,tf] such that ev-
ery 0; is finite, nonnegative, and monotonically nonde-
creasing on [tg,ts] with 6;(0) = 0. Moreover, the Riesz
representation theorem implies that for ¢ = 1,...,q,
(i, 0i(X(N)erxer = [,) Gi(s)dbi(s) = 0. This shows
the complementary slackness condition in Theorem 2.

5.7 Proof of Theorem 2 (i) and (ii): Nontriviality and
Nonnegativity Conditions

Recall (17). By the Riesz representation theorem (see
(Conway, 2000, page 75 and page 382)) and the fact that
0;,i=1,...,q, is finite, nonnegative, and monotonically
nondecreasing on [to, ] with ;(0) = 0 (see Section 5.6),
it follows that ||,u'iHC([tg,tf];]R)* = Hoz()HNBV = Qi(tf) Z

0 for ¢« = 1,...,¢. In addition, as 6; is monotonically
nondecreasing, we have df;(s) > 0 for s € [to, tf].

By (15) and the fact that (Xo,X(t;)) € F implies
Pp(Xo,X(ty)) = (Xo,X(ts)) (see Section 5.1), we have

c=[e] &1 e Ne(Xo, X(tg)).

In addition, from the fact that S = C([to,ts]; R?) has an
nonempty interior, there are 2z’ € S and ¢ > 0 such that
Z oz Sforall 2 € B(o(t,ts]2). 1o e 00 (0 1)
(the closure of the unit ball in C([t,tr];R?)). Then using
(15) and (12), we can show that ollullc(g,i,re) =
o/ 1= AP = [E* < (u, (X()) = 2)eyxc,, 2" € 5. Now,
note that o > 0. When =0 € C([to, t];R?)* and £ =0,
we have A = 1. When A = 0 and p = 0 € C([to, t5]; RY)*,
we have |£| = 1. When A =0 and £ = 0, we have u # 0 €
C([to, t¢]; R?)*. This implies (X, &,0) # 0, i.e., they cannot
vanish simultaneously. This shows the nontriviality and
nonnegativity conditions in Theorem 2.

5.8 Proof of Theorem 2 (iii): Adjoint Equation and
Duality Analysis

We can show that the unique solution of the adjoint
equation in (3) can be written as

p(t) =M(ts, t)" (&2 + Adxm ")

' Tty —7)F! AT dr
+)\/t 1m0 —oxi() T

ts a
—l—/ (7,t) " ZaxGi(T)T@i(T)dT,
t i=1

where II is the RL state-transition matrix associated with
Ox f. Moreover, Z in (13) can be written as

Z(t) —a+ / TI(t, $)(Dx F(s)a + [(s))ds

to

(18)

(19)

Using (14),
becomes

0< (& + Mdx,m ', a)

(18) and (19) with Fubini’s formula, (16)
+ (&2 +20xm ', a)

+ /f 'S 0xGi(s)dbi(s)a + /t " p(s), 0x F(s)a)ds

(20)

+ A/ttf (tr F(;))Bl dx1(s)dsa
tr ~ ty _g)B-1.
+ [T, Fonasa [ (ts s

5.9 Proof of Theorem 2 (iv): Transversality Condition

When u = @, by the adjoint equation in (3), (20) becomes
0< (& +Ax,m ' a) + (& +Adxm',a)  (21)
tr
+(Dg,lpl(s)dsa)

to
Recall from (18) that Itlf_"‘ 1(t;) = & + Moxm'. Then
(21) becomes 0 < (& + \dx, M + Itf_ [ (t0), a). As this
[(to) = — (& +

7" ). This shows the transversality condition.

holds for a,—a € R", we must have I f_
A0x,
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5.10 Proof of Theorem 2 (vi): Hamiltonian Minimization
Condition

When a = 0 (20) becomes 0 < ft ))ds +
)\fttf (et il ( )ds. By the definition of H, we have

F(ﬂ)

JUHR (s), p(s); u(s))ds < [ H(T(s), p(s)s(s))ds.
AsH is continuous s in v € U, and U is separable, for any
u € U, we have H(X (t),p(t); u) < H(X(¢), p(t);u(t)), a.e.
t € [to,ts], which proves the Hamiltonian minimization
condition in Theorem 2.

This is the end of the short proof for Theorem 2.

6. CONCLUSIONS

In this paper, we have obtained the maximum principle
for the fractional optimal control problem with terminal
and running state constraints. The new proof has to be
developed due to the inherent complex nature of the frac-
tional control problem, the presence of the terminal and
running state constraints, and the generalized standing
assumptions. Some potential future research problems are
(i) the generalization to other fractional equations such
as the Caputo—Katugampola differential equation and (ii)
studying the fractional dynamic programming principle.
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