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1 Introduction

In this paper, we investigate regularity estimates for weak solutions to nonlocal equations
Lu=f in Q=(-1,1", (1.1)

where L is a nonlinear integro-differential operator of the form

Lu(0) = PV [ lu(y) - GO 2(u(y) - uGomcx, ) 12
Rn

for p > 1 and f € LI(Q) for some sufficiently large g. The operator L is clearly determined by the family of
measures (U(x, dy))xcr". In the special case, when L is the generator of a Lévy process, u(x, A) measures the
number of expected jumps from x into the set A within the unit time interval. However, the class of
operators that we consider in this paper is more involved, and for that reason, we first take a look at an
important example. Let n € N. For sy,..., s, € (0, 1), we define

n
Haxes O AY) = Y si(1 = sl — v -5Pdy, [ [6x(dyy).
k=1 i+k

This family plays a central role in our paper since admissible operators resp. families of measures will be
defined on the basis of y_, .. Given x € R", the measure p_,(x, -) only charges differences that occur along
the axes

{x +te | te R} for ke{l,...,n}.
Hence, we can think of the operator Lu for u(x, -) = p,,..(x, -) as the sum of one-dimensional fractional

p-Laplacian in R" with orders of differentiability sy,..., s, € (0, 1) depending on the respective direction. In
particular, u,...(x, -) does not possess a density with respect to the Lebesgue measure. An interesting
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phenomenon for the case p = 2 and s = s; =---= s, is that on the one hand the corresponding energies for
the fractional Laplacian and L are comparable. On the other hand (for sufficiently good functions), both
operators converge to the Laplace operator as s ~ 1. It is known that the fractional p-Laplacian converges to
the p-Laplacian (see [11, Theorem 2.8] or [20, Lemma 5.1] for details), which is defined by

Apu(x) = div(|Vu(x)[P=2vu(x)).

However, the operator L for u(x, -) = p,,..(x, -) converges forany p > 1and s = s; =---= s, to the following
local operator (up to a constant depending on p only)
2o (| aue) P dutx)
AP ux) =)y —| |——= — | = div(a(Vu(x 1.3
oc U(X) ;axi o ™ (a(Vu(x))) (1.3)

ass /1, wherea : R® » R" with a(z) = (z; |P~2z)ieq, ..., n- This convergence is a direct consequence of the
convergence for the one-dimensional fractional p-Laplacian and the summation structure of the operator
for p,,... For details, we refer the reader to Proposition D.1. The operator Af_ is known as orthotropic
p-Laplacian and is a well-known operator in the analysis (see, for instance, [41, Chapter 1, Section 8]). This
operator is sometimes also called pseudo p-Laplacian. Minimizers for the corresponding energies have been
studied in [6], where the authors prove Holder continuity of minimizers. In [9], local Lipschitz regularity for
weak solutions to orthotropic p-Laplace equations for p > 2 and every dimension is proved. The case, when
p is allowed to be different in each direction, is also studied in several papers. For instance, in [3], the
authors introduce anisotropic De Giorgi classes and study related problems. Another interesting paper
studying such operators with nonstandard growth condition is [8], where the authors show that bounded
local minimizers are locally Lipschitz continuous. For further results, we refer the reader to the references
given in the previously mentioned papers.

The two local operators A, and Af_ are substantially different, as A, is invariant under orthogonal
transformation, while A{(’)C is not. One strength of our results is that they are robust, and we can recover
results for the orthotropic p-Laplacian by taking the limit.

One way to deal with the anisotropy of p_, is to consider for given s, ..., s, € (0, 1) a class of suitable

rectangles instead of cubes or balls. Hence, we define sy, = max{s;, ...,Sp}.

Definition 1.1. For r > 0 and x € R", we define

M, (x) = k%l(xk - r&?%, Xy + rs'?%) and M, = M,(0).

The advantage of taking these cubes is that they take the anisotropy of the measures resp. operators
into account and the underlying metric measure space is a doubling space. The choice of sy in the
definition of M,(x) is not important. It can be replaced by any positive number ¢ > sy, We only need to
ensure that M,(x) are balls in a metric measure space with radius r > 0 and center x € R". This allows us to
use known results on doubling spaces like the John-Nirenberg inequality or results on the Hardy-Littlewood
maximal function.

In the spirit of [15], for each k € {1, ...,n}, we define EX(x) = {y € R": |x; — Y| < rémax/s. Note, that

M) = (EXG). (1.4)
k=1

We consider families of measures u(x, dy), which are given through certain properties regarding the
reference family p,,.(x,dy). Let us introduce and briefly discuss our assumptions on the families

(,u(X’ '))XE[R"-
Assumption 1. We assume

sup | (Ix = yI? A Du(x, dy) < oo,

xeR"
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and for all sets A, B € B(R™):

| Jro aypax = [ [ucx, dypax
A B B A

Assumption 1 provides integrability and symmetry of the family of measures. Furthermore, we assume
the following tail behavior of (u(x, -))xer"-

Assumption 2. There is A > 1 such that for every xo € R, k € {1, ...,n} and allr > 0
H(xo, RMN\EF(x0)) < A(1 — s)rPsmas,

Note that Assumption 2 is a stronger assumption than an assumption on the volume on the complement
of every M,(xo). It gives an appropriate tail behavior for the family of measures in each direction separately
and allows us to control the appearing constants in our tail estimate in all directions. This is necessary to
prove robust estimates for the corresponding operators.

Note that by Assumption 2 and (1.4), we have

n n
(X0, RM\M,(Xo)) < Y (X0, R™\EX(Xo)) < AY (1 = s)pPomax < AnpPmax, (L.5)
k=1 k=1
Hence, (1.5) shows that Assumption 2 implies p(xo, R™\ My(x0)) < Clyyes(Xo0, R™\ My(x0)) for all xo € R™.
Finally, we assume the local comparability of corresponding functionals. Hence, we define for any open
and bounded Q c R"

El(u, v) = j j u(y) — uGOP-2@(y) — uG))V(y) - VOO, dy)dx

QQ

and EXu, v) = 8£n(u, v) whenever these quantities are finite.

Assumption 3. There is A > 1 such that for every x; € R", p € (0, 3) and every u € LP(M,(xo)):

A*18“MP(XO)(u, u) < SHMa;‘(e;O)(u, u) < AS"MP(XO)(u, w). (1.6)

Local comparability of the functionals is an essential assumption on the family of measures. It tells us
that our family of measures can vary from our reference family in the given sense of local functionals
without losing crucial information on (u(x, -))xcr» like functional inequalities, which we deduce for the
explicitly known family (i, (X, -))xer. This assumption allows us, for instance, to study operators of the
form (1.2) for y,,, in the general framework of bounded and measurable coefficients. We emphasize that
further examples of families of measures satisfying (1.6) can be constructed similarly to the case p = 2 (see
[15, Section 9]). In this paper, we study nonlocal operators of the form (1.2) for families of measures that
satisfy the previously given assumptions.

Definition 1.2. Let p > 1, A > 1, and sy,..., S; € [So, 1) be given for some sq € (0, 1). We call a family of
measures (U(X, -))xer" admissible with regard to (u,,..(X, -)xer?, if it satisfies Assumptions 1-3. We denote
the class of such measures by K(p, So, ).

It is not hard to see that the family (p,,.,(X, -))xer” is admissible in the aforementioned sense. Note that
Assumptions 1 and 3 are clearly satisfied. Furthermore, for every xo € R™, k € {1, ...,n} and allr > O,
(oe]

Mayes Oton RMEK(x0)) = 251 - 1) j pois = 2080 s,
p

ySmax /sk

which shows Assumption 2 for A = %.
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The purpose of this paper is to study weak solutions to nonlocal equations governed by the class of
operators L as in (1.2). In order to study weak solutions, we need appropriate Sobolev-type function spaces
that guarantee regularity and integrability with respect to p.

Definition 1.3. Let Q c R" open and p > 1. We define the function spaces

VPHQIR™ ={u : R" — R meas. |ulg € LP(Q), (u, u)yrrqrmy < 00},
HEPRM ={u: R" > R meas. [u =0 on R*\Q, lullzzegm < 0o},

where

(1, VIyroamn = j j u(y) — uGOP-2@u(y) — uG))V(y) — v, dy)dx,

QR"

Iy = gy + [ [ ) = uGopucr, ayar.

R" R"

The space VPH(Q|R™) can be seen as a nonlocal analog of the space HP(Q). It provides fractional
regularity (measured in terms of y) inside of Q and integrability on R™\ Q. The space VP-#(Q|R") will serve as
solution space. On the other hand, the space HY"¥(R") can be seen as a nonlocal analog of H&”’(Q). See [28]
and [24] for further studies of these spaces in the case p = 2.

We are interested in finding robust regularity estimates for weak solutions to a class of nonlocal
equations. This means that the constants in the regularity estimates do not depend on the orders of
differentiability of the integro-differential operator itself but only on a lower bound of the orders. Let us
formulate the main results of this paper. For this purpose, we define 5 to be the harmonic mean of the orders

Si,..., Sy, that is,
-1
11
s':(—Z—) .
nk:ISk

It is well known that the Harnack inequality fails for weak solutions to singular equations of the type (1.1).
Even in the case p =2 and s; =---= s,,, the Harnack inequality does not hold (see, for instance, [4,7]). Our
first main result is a weak Harnack inequality for weak supersolutions to equations of the type (1.1).
Throughout the paper, we denote by p, = np/(n — p5) the Sobolev exponent, which will appear in
Theorem 2.7.

Theorem 1.4. (Weak Harnack inequality) Let A > 1 and sy,..., S, € [So, 1) be given for some sy € (0, 1).
Let 1< p <n/s and fe LI/P(M,) for some q > n. There are py = po(n, p, Ps, So, ¢, A) € (0,1) and C =
C(n, p, b« So, 4, A) > O such that for each u € K(p, so, A) and every u € VP-H(M;|R"™) satisfying u > 0 in
M, and

EWu, @) = (f, ¢) for every non-negative ¢ € HA’,’I;“(R”),

the following holds:
1/po 1/(p-1)
infu>C| § uPo(x)dx - sup 2 u(2)Pu(x, dz) = I llparoo g, 1) - 1.7)
My M), X€Mis16 R\ M

Although the weak Harnack inequality provides an estimate on the infimum only, it is sufficient to
prove a decay of oscillation for bounded weak solutions and therefore a local Holder estimate.

Theorem 1.5. (Local Holder estimate) Let A >1 and si,..., Sy € [So, 1) be given for some sy € (0, 1).
Let 1<p<n/s and f e L1/P)M,) for some q > n. There are a = a(n, p, p., S0, q, A) € (0,1) and C =
C(n, p, b« So» g, \) > O such that for each u € K(p, so, A) and every u € VP-H(M;|R™) n L®(R") satisfying

EMu, ) = (f, p) for every ¢ € Hip*R"),
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the following holds: u € C%(M, ;) and

lullcet, ) < Cllullowry + Wfllza o9 )

Note that the result needs global boundedness of weak solutions. The same assumption is also needed
in the previous works [14,15,25]. Global and local boundedness of weak solutions to anisotropic nonlocal
equations are nontrivial open questions.

Furthermore, note that the general case, replacing M, Mi, M%, M, by Mi(xo), M:(xo), M%r(xo),M,(xo),
for xo € R"andr € (0, 1] follows by a translation and anisotropic scaling argument introduced in Section 4.
See also [14].

Let us comment on related results in the literature. The underlying ideas in developing regularity
results for uniformly elliptic operators in divergence form with bounded and measurable coefficients go
back to the influential contributions by De Giorgi, Nash, and Moser (see [19,45,46]). These works led to
many further results in various directions. Similar results for nonlocal operators in divergence form have
been obtained by several authors including these works: (1, 2,5,12,16-18,22,24,26,27, 33,34,38,42—-44,54,55].
See also the references therein. For further regularity results concerning nonlocal equations governed by
fractional p-Laplacians, we refer the reader to [10,38,39,48-51].

In [22], the authors extend the De Giorgi-Nash-Moser theory to a class of fractional p-Laplace equations.
They provide the existence of a unique minimizer to homogenous equations and prove local regularity
estimates for weak solutions. Moreover, in [21], the same authors prove a general Harnack inequality for
weak solutions.

Nonlocal operators with anisotropic and singular kernels of the type u,.. are studied in various
mathematical areas such as stochastic differential equations and potential theory. In [4], the authors study
regularity estimates for harmonic functions for systems of stochastic differential equations dX; = A(X;_)dZ;
driven by Lévy processes Z; with Lévy measure p,,. (0, dy), where 2s; =---= 25, = @ and p = 2. See also
[13,56,52]. Sharp two-sided bounds for the heat kernels are established in [35,37]. In [36], the authors prove
the existence of transition density of the process X; and establish semigroup properties of solutions. The
existence of densities for solutions to stochastic differential equations with Holder continuous coefficients
driven by Lévy processes with anisotropic jumps has been proved in [30]. Such types of anisotropies also
appear in the study of the anisotropic stable JCIR process, see [29].

Our approach follows mainly the ideas of [14,25] and [15]. In [25], the authors develop a local regularity
theory for a class of linear nonlocal operators, which covers the case s =s;=---=s, € (0,1) and p = 2.
Based on the ideas of [25], the authors in [14] establish regularity estimates in the case p = 2 for weak
solutions in a more general framework, which allows the orders of differentiability s;,..., s, to be different.
In [15], parabolic equations in the case p = 2 and possible different orders of differentiability are studied.
That paper provides robust regularity estimates, which means the constants in the weak Harnack inequality
and Holder regularity estimate do not depend on the orders of differentiability but on their lower one, only.
This allows us to recover regularity results for local operators from the theory of nonlocal operators by
considering the limit.

The purpose of this paper is to provide local regularity estimates as in [14] for operators which are
allowed to be nonlinear. This nonlinearity leads to several difficulties like the need for a different proof for
the discrete gradient estimate (see Lemma 3.4). Since we cannot use the helpful properties of Hilbert spaces
(like Plancherel’s theorem), we also need an approach different from the one in [14] to prove the Sobolev-
type inequality. One strength of this paper is the robustness of all results. This allows us to recover
regularity estimates for the limit operators such as for the orthotropic p-Laplacian.

Finally, we would like to point out that it is also interesting to study such operators in nondivergence
form. We refer the reader to [53] for regularity results concerning the fractional Laplacian and to [40] for the
fractional p-Laplacian. See also [23] for the anisotropic case.

Even in the most simple case, thatis, p =2 and s = s; = s, =---= s;,, regularity estimates for operators
in nondivergence form of the type (1.2) with p = y__lead to various open problems such as an Alexandrov-
Bakelmann-Pucci estimate.

The authors wish to express their thanks to Lorenzo Brasco for helpful comments.
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Outline: This paper is organized as follows. In Section 2, we introduce appropriate cut-off functions and
prove auxiliary results concerning functionals for admissible families of measures. One main result of that
section is the Sobolev-type inequality (see Theorem 2.7). In Section 3, we prove the weak Harnack
inequality, and Section 4 presents the proof of the local Holder estimate. In Appendix A, we prove some
auxiliary algebraic inequalities, and in Appendix B, we briefly sketch the construction of appropriate
anisotropic “dyadic” rectangles. In Appendix C, we use the anisotropic dyadic rectangles to sketch the
proof of a suitable sharp maximal function theorem.

2 Auxiliary results

This section is devoted to providing some general properties for the class of nonlocal operators that we
study in the scope of this paper. The main auxiliary result is a robust Sobolev-type inequality.
Let us first introduce a class of suitable cut-off functions that will be useful for appropriate localization.

Definition 2.1. We say that (T, r.1)x,r,a € C*UR™) is an admissible family of cut-off functions if there is ¢ > 1
such that for all x, € R%, r € (0, 1] and A € (1, 2], it holds that

supp(7) < My(xo),

ITlleo <1,

T =1 on M(xp),

10kTlloo < C(ASmax/Sk — 1)1 p=Smax/Sk for every k € {1... n}.

For brevity, we simply write T for any such function from (7y,.1)x,,r.1, if the respective choice of xo, r
and A is clear. The existence of such functions is standard.
Recall the definition of admissible families of measures K(p, sg, A) from Definition 1.2.

Lemma2.2.letp >1,A>1,andsy,..., Sy € [So, 1) be given for some sq € (0, 1). ThereisC = C(n,p, A) > 0
such that for each u € K(p, so, A), every xo € R", r € (0, 1], A € (1, 2] and every admissible cut-off function t,
the following is true:

sup |T(y) — T(X)|py(x, dy) < C(Z(ASmax/Sk — 1)—PSk ]r—PSmax.

xeR" _
R k=1

Proof. We skip the proof. One can follow the lines of the proof from [15, Lemma 3.1] and will get the same
result with the factor n?~! instead of n. O

For future purposes, we deduce the following observation. It is an immediate consequence of the
foregoing lemma.

Corollary 2.3. Let p >1, A>1, and s,..., Sy € [Sg, 1) be given for some sq € (0, 1). There is a constant
C = C(n, p, A) > 0 such that for each u € K(p, so, A) and every xo € R",r € (0, 1], A € (1, 2] and every admis-
sible cut-off function T and every u € LP(M),(xp)), it holds true that

n
[ weoreorne: apax < C(Z (Asmas /st — 1) ]’psm""“”i’%m(m»-
k=1

Mjr(x0) R™\ Myr(xo0)

Note that the constants in Lemma 2.2 and Corollary 2.3 do not depend on sy. Therefore, the lower bound
So < ¢ for all k € {1, ...,n} can be dropped here.
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2.1 Functional inequalities

This section is devoted to the proofs of a Sobolev and a Poincaré-type inequality. We start our analysis by
first proving a technical lemma, see also [15, Lemma 4.1].

Lemma2.4.letp >1,a e (0,1],b>1, Ne N, ke {l, ...,n}, and s; € (0, 1). For any u € LP(R")
1
I ls)l;lg) W Jlu(x) - u(X + hek)lpl[apb,zczpb)(lhI)dhdx
n R

[u(x) — u(x + hey)P
|h|l+psk

< (2a)t+pseNP(-s6) J.

R" R

g, 2, IADdRAx.

Proof. Let I, = [ap?, 2ap?). By the triangle inequality and a simple change of variables, we have

j|u(x> ~u(x + he)P1;,((h)dh
R

IN

P
1, (IhDhdh

N
NP1y J
j=1

u(x + ghek) - u(x + Lhek)
~ N N
R

N
NPy j ju(x + (j - Dhey) - u(x + jhey)|P1y,,(R)dh.
j=1

. 2 .
Since || < Fapb, we obtain

1
J sup [ 100 -+ heopP1s R

R

1+psy N
()7
N ia

R"

1,,,(|h)dhdx.

lux + (j — Dhey) — u(x + jhe)P
|h|1+P5k
R

We change the order of integration by Fubini’s theorem and then use the change of variables y = x +
(j — Dhey to conclude that

)

j=1

lux + (j — Dhey) — u(x + jhe)P
|h|1+P5k

1, y(|A))dhdx

R"

M= = —

|| +Psk 1;,,y(Ih))dxdh

j [u(x + (j = Dhey) — u(x + jhe)|P
R R

-
Il
.

n

J‘ J‘ |u(J’) - u(y + hek)lp IIa/N(|h|)dydh
R

TS [[+Pse
u(y) — u(y + hep)|P
- N J' ) Ihlf*ypsk Oy, (hDdhdy. O
R" R

Using the foregoing result for b = sy« / Sk allows us to prove a robust Sobolev-type inequality. Robust
in this context means that the appearing constant in the Sobolev-type inequality is independent of sy, ..., s,
and depends on the lower bound s, only.

Before we prove a robust Sobolev-type inequality, we recall the definition of the Hardy-Littlewood
maximal function and sharp maximal function. For u € L. (R"),

Mu(x) =sup § u(y)dy and Mu(x)=sup § [u(y) - @Ww,cldy,
P>0 My(x) P>0 My(x)



1314 —— Jamil Chaker and Minhyun Kim DE GRUYTER

where (u)q = fgu(z)dz. We will use the maximal function theorem and the sharp maximal function theorem.
Note that R" is equipped with the metric induced by rectangles of the form M,(x) and the standard Lebesgue
measure. Since |My| = 2"(2r)™max/S < 2n/So|M,|, this space is a doubling space with the doubling con-
stant 2"/%,

Theorem 2.5. [32, Theorem 2.2] Let sy,..., Sy, € [So, 1) be given for some sy € (0, 1). Then, there is a constant
Ci = Ci(n, sg) > 0 such that

C
[{x € R" : Mu(x) > t}] < TlnullLl([R")

for allt > 0 and u € L'(R™). For p > 0, there is a constant C, = C,(n, p, So) > O such that
IMuCOllzrwy < Collullewn

for all u € LP(R™).

We were not able to find a reference for the sharp maximal function theorem for sets of the type M.
Actually, we are not sure whether such a result is available in the literature. However, one can follow the
ideas of [31, Section 3.4], where the L? bound is established for the sharp maximal function with cubes
(instead of anisotropic rectangles). In order to prove the same result for the sharp maximal function with
anisotropic rectangles, dyadic cubes have to be replaced by appropriate anisotropic “dyadic” rectangles.
We construct the anisotropic dyadic rectangles in Appendix B and prove the following theorem in Appendix
C. See also Appendix C for the definition of the dyadic maximal function M u.

Theorem 2.6. Let sy,..., S, € [So, 1) be given for some sy € (0, 1) and let O < py < p < co. Then, there is a
constant C = C(n, p, So) > O such that for all u € L} (R™ with Mqu € LPo(R"),

lullpgry < CIM*U|LrRn.

We are now in a position to prove a robust Sobolev-type inequality by using Lemma 2.4 and Theorems
2.5 and 2.6.

Theorem 2.7. Let si,..., S, € [So, 1) be given for some sy € (0,1). Suppose that 1<p <n/5 and let
p. = np/(n - ps). Then, there is a constant C = C(n, p, p:, So) > O such that for every u € VP axes(R"R")

Iy < € [ 1400 = P, Ay @

R" R"

Proof. This proofis based on the technique of [47], which uses the maximal and sharp maximal inequalities. Note
that by definition of VP aes(R"R") and Holder’s inequality, VP aes(R"R™) ¢ LP(R™) < LP (R™) ¢ LL.(R™).
Hence, the maximal and sharp maximal functions are well defined for every function u € VP axes(R"|R"™). For

x € R"and p > 0, we have

f luy) - Wmwldy < £ lu(y) - u(z)|dzdy. 22)

Mp(x) Mp(x) My(x)

Let us consider as in [14, Lemma 2.1] a polygonal chain ¢ = (¢o(y, 2), ...,2:(¥, z)) € R"™*D connecting y and
z with

z, ifj<k,

if j > k,

by, z) = (If, ...,19), where If = {y
jy

then y = 8oy, 2), z=48,(y,2), and [&_1(y,2) — &(y, 2)| = [y, — 2| for all k=1,...,n. By the triangle
inequality, we have
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ff ) -u@ldzdy < Y f [ty 2)) - u@ly, 2))ldzdy. (2.3)

Mp(x) My(x) k=1Mp(x) Mp(x)

Forafixed k, wesetw = &_1(y,2) = (z1, ..-»2k-1, Vj» --»¥pandv=y +z—-w = (¥, ...,Vi_p 2k -.-»Zn), then
(Y, z) = w + ex(vk — wg). By Fubini’s theorem, we obtain

Xk +p5max/5k

foof s 2) - utly, 2ldzdy < f f Juw) - u(w + ev - wlldvidw. (2.4)

Mp(X)Mp(X) Mp(x)xk_pSmax Isk

Moreover, using the inequality [vy — wi| < [vi — Xl + Wik — xi| < 20°mx/S, we make the inner integral on the
right-hand side of (2.4) independent of x. Namely, we have

xk+p5max/5k Wk+2p5max/5k
W) - uw + evic - wlldve<s2 f Ju(w) - uw + er(vic - wi)ldvi
Xj—pSmax Isk W —2pSmax Isk
2psSmax/Sk (2.5)
=2 { |uw) - u(w + hey)|dh.
—2pSmax sk
Combining (2.2)—(2.5), we arrive at
n
f u@y) - @uyldy < Y psa § F(w)dw, (2.6)

Mp(x) k=1 Mp(x)
where the function F; is defined by
2p5max/3k
F(w) = sup|2p7sm §  |u(w) — u(w + hey)|dh |.
p>0 —2pSmax /sk

By Hélder’s inequality,

bip

)2 =5 p p
[ ][Fk(w)dw] s[ ][F,f’(w)dw) [ ]ka(w)dw] < M| ||Fk||L,,([R")[ ]ka(w)dw]. 2.7)

Mp(x) Mp(x) Mp(x) Mp(x)
Thus, it follows from (2.6) and (2.7) that

P " b
[ f Iu()/)—(u)M,,(x)Id)/] <npt ZP”*S"““[ ][Fk(W)dW]

Mp(x) k=1 M (x)

, p

Py—p —

<1y ppesmax| M| (1Y { F(w)dw
k=1 My(x)

p
pi—1 n
= p p z"Fk”LP([Rn)[ :]: Fk(W)dW] .

Mp(x )

Taking the supremum over p > 0, we obtain

(MuCO) <~ Z IFl?s by (ME ()P (2.8)

We now use Theorems 2.5 and 2.6. By (C.1) and Theorem 2.5, we know that Myu € LP(R"). Thus, Theorem 2.6
yields that

Ml gy < CIMA;

LPR") LP+(R™)

for some C = C(n, p,, So) > 0. Moreover, assuming Fy € LP(R"), we have by Theorem 2.5 and (2.8)
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n
M2, o < cz VEls 0 IMEE < C 3 IFls g
k=1

for some C = C(n, p, p., So) > 0. Therefore, it only remains to show that

[u(x) — u(x + hey)|?
Vg, < Csil = 50) j f i dhdx 2.9)

foreachk=1,...,n
Let us fix k. By using Hélder’s inequality, we have

Zpsmax/ Sk

2p
1Bl e, < f sup- ) e + hePrdhax
p>

—2psmax Isk

- Z _[ SUP s Sma /5% (1+p5k)smax /sk Ilu(x) - ulx+ hek)|p11’(|h|)dhdx

p>()

where I; = [27pSmax/Sk | 2-i+1pSmax/S), For each i, let {B; 520 be a sequence such that ZB“ > 1, which will be
chosen later. Then,

IFpgn, < z B; 1'[ sup mﬁu(x) = u(x + hey)[P15(|h|)dhdx.
|RTl

i,j=0

By Lemma 2.4 for N=2,a =2"¢ (0,1] and b = Syax / Sk, We obtain

2+(1+ps)(1-1)+p(1— [u(x) — u(x + heyl?
”Fk"L”([R") < ,Zozp +(L+ps)(1-D)+p( Sk)zlg II e 1;,(|h])dhdx.

We rearrange the double sums to have

P
NEl o gy < Z zzp 2+(Lps1-i++p-s0ig, _]J. J' [u(x) — u(x + hey)| 1,(|h)dhdx.

barctoard |h|1+psk
Let B;; = p(log2)(1 — )27~V then

< 2p < +o0.

\'p _ pog2)( - s
= ZB’ T 1 - 2P0

Since

i i
z2P*2+(1+P5k)(1*i+1')+P(1*Sk)iﬁi = p(log2)(1 - Sk)ZP*2+(1+PSk)(1*i) Zz(HpSk)}'
j=0 ' j=0

. 2(1+psk)(i+l)
= p(log2)(1 - sk)zp—2+(1+pSk)(1—l)m

< p(1 - 520,

we arrive at

s [u(x) — u(x + hey)|P
||Fk||fp(mn)_zp<1—s>zp<l >H () dRdx

) |u(x) u(x + hey)?
<P )I j i dnar,

which proves (2.9). O
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Next, we can make use of appropriate cut-off functions to prove a localized version of the foregoing
Sobolev-type inequality.

Corollary 2.8. Let A > 1 and sy, ..., Sy € [So, 1) be given for some sq € (0, 1). Suppose that1 < p < n/s. There is
C = C(n, p, p., So, A) > O such that for each p € K(p, so, A) and every xo € R", r € (0,1], A € (1, 2] and
ue Hﬂl’yl;t):(xo)(Rn) it holds

n
"u”fp*(M,(XO)) < C I j |u(x) - u()/)|pH(X, dJ’)dX + C(Z(Asmax ISk — 1)_Skp ]r—psmax"u”fp(MM(XO))’
k=1
My (x0) Mp(xo)

where p, is defined as in Theorem 2.7.
Proof. Let 7 : R" —» R be an admissible cut-off function in the sense of Definition 2.1. For simplicity of

notation, we write M, = M,(xo).
By Theorem 2.7, there is a constant ¢ = ¢(n, p, p., So) > O such that

el ey < of [ [ 1400700 ~ u0TPUpes(t )+ 2 [ [ 00T = u0OTIP e, d)ex
My, My, My, (My)*
= Cl(Il + 2[2)

We have

I< zip j fzp-l () - uGOYT(X) + T(Y)IPpayec (s dy)dx
My, My,

+ j j P11 UG + TR — T PHypes(x, dy)dx

My My,

1
= 5(11 +b).
Since (1(x) + 1(y)) < 2 for all x, y € My,, we get
Re2 [ ) - 0Pt dy)dx < 020 [ [ luy) - uCoruer, dy)dr,
M/lr MAr MAV MAr

where we used Assumption 3 in the second inequality.
Moreover, since [u(x) + u(y)[P|t(x) — TGP < 227 Nu@)P|t(x) — TP + 22~ Hu(y)IP|t(y) — T(X)|P, we
can again apply Assumption 3, and by Lemma 2.2, we get

xeR"

"/ Smax ~PSk
b« 2| sup [ 110) - T00PROx, d) (Il < c{z(/t 1) )rwmwuunfpw
n k=1
R

for some ¢, > 0, depending on n, p, sg, and A. Moreover, by Corollary 2.3, there is ¢; = ¢3(n, p, A) > 0 such
that

n
Smax —PSk
Iz < C3(Z( Sk — 1) )rpSmax"l'l”fP(M}l )*
r
k=1

Combining these estimates, we find a constant C = C(n, p, p., So, A) > 0 such that
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Il g < I
"/ Smax ~psk
<C j '[lu(x) U st dy)elx + Z(/\ - 1) rrms s | O
k=1
My, My,

Applying the same method as in the proof of the Sobolev-type inequality Theorem 2.7, we can deduce a
Poincaré inequality.

Theorem 2.9. Letp > 1,A > 1,andsy,..., S, € [So, 1) be given for somesg € (0, 1). ThereisC = C(n, p,Sg, A) >0
such that for each u € K(p, so, A) and every xo € R",r € (0, 1] andu € LP(M,(xo)),

I = QMo I ag )y < CTP™El ) Ws W-

The proof is analog to the proof of the Poincaré inequality for the case p = 2, see [15, Theorem 4.2].

3 Weak Harnack inequality

In this section, we prove Theorem 1.4. The proof is based on Moser’s iteration technique. We first need to
verify a few properties for weak supersolutions to (1.1).

Lemma3.1. Let A > 1ands;,..., S, € [So, 1) be given for some sq € (0,1). Let1 < p <n/§, xo € R"r € (0,1],
and A € (1, 2]. Set M, = M,(xo) and assume f € L1/ P9(M,,) for some q > n. ThereisC = C(n, p, So, A) > 0 such
that for each p € K(p, so, ) and every u € VP-H(M,,|R™) that satisfies

EWu, @) = (f, p) for any nonnegative ¢ € Hlﬁ;f([R”), u(x) > & a.e.in My, for some € > 0,

the following holds:

j juogu(y) ~ logu(x)Pu(x, dy)dx

MV MY

n
< C(Z(Asmax/sk — 1)Ps )rpsmax| My

k=1

+ el‘PIIfIILq/@s)(Mh)|MA,|%N + 2e°P|My,|  sup j uP(y)u(x, dy).

XeMpi1yr /2 R\ My,

Proof. Let 7 be an admissible cut-off function in the sense of Definition 2.1, and let ¢(x) = TP )ul?(x),
which is well defined since supp(r) ¢ My,. Then, we have

TP(X) TP(y)

— -2 _ _
o< [ [ o - umpr-2eo u(y))(upl(x) u,,l(y))uo« dy)dx

My, My,
3.1
w2 [ ] 0 = w20 - w0 aypax oy
My, R™\ Myr
=: Il + Iz.

Similar to the proof of [22, Lemma 1.3], we get the inequality

™)  T(y)
ublx)  uPl(y)

GO = u(y)P~? o) - u()’))( ) < —gllogu(x) — logu(y)IPt?(y) + alt() - ()PP,  (3.2)
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where ¢, ¢, > 0 are constants depending only on p. Hence, by (3.2) and Lemma 2.2,

n

h< —clj Illogu(X) = logu(y)[Pu(x, dy)dx + C(Z(Asmax/ Sk — 1)7Psk )r‘psmaleml- (3.3)

M M, k=1

For L, again by Lemma 2.2,

he2 (o) - u(y)r - 4 (x, dy)dx
2 < ulx) — uly uP-1(x) {uOOzu(yHX, ay
My, R™\ My
p-1 Tp(x)
<2 [T00) — T(Y)IPu(x, dy)dx + 2 uf=(y)—=ux, dy)dx
gp-1 (3.4)
MAV [Rn\M/\V M/\r [R"\M/\r
c 2| M|
< C(Z(ASmax/sk — 1)Psk ]rpsmax|M,1,| + —flr sup j uP i(y)ux, dy),
k=1 ep XEM11yr /2 RM\ My

where we assumed that supp(t) ¢ M1y /2. Combining (3.1), (3.3), and (3.4), and using H6lder’s inequality,
we conclude that

j j llogu(y) - logu()lPu(x, dy)dx

MT M)’

n .
< C(Z(/lsmax sk — 1) pse ]r‘PsmaX|M,1,| + €|l arooag, o |My T
k=1

+ 26" P|My|  sup P (yux, dy). .

xeM
iz R™\ My

The next theorem is an essential result to prove the weak Harnack inequality.

Theorem 3.2. Let A > 1 and sy,..., Sy € [So, 1) be given for some s € (0,1). Let 1 < p < n/8§, xo € R", and
r € (0, 1]. Set M, = M,(xo) and assume f € L1/?5)(Ms, ,) for some q > n. There are C = C(n, p, So, g, A) > 0
and p = p(n, p, So, g, A) € (0, 1) such that for each u € K(p, so, A) and everyu € VP*(Ms, ;4|R") that satisfies

EWu, @) = (f, ¢) for any nonnegative ¢ ¢ HA’,’,;’:M(R"), u(x) > € ae. in Ms,q,

for
p-1

1

-1 71

£> r5||f||fq/(p§)(M5m) + [ rpsmac sup J uP e, dy) |,

M.
XeMor /g [R"\Msy/q

where § = %q;—", the following holds:

1/p -1/p
( ](uf’(x)dx) < C[ ][u‘ﬁ(x)dx] .

MY MY
Proof. We only need to prove that logu € BMO(M,). The rest of the proof is standard. The Poincaré
inequality (see Theorem 2.9) and Lemma 3.1 imply

Iogu — (ogw,I7ry, , < Cresm=&} (logu, logu)

hEN

+ Cel~Prpsmax|Ms, 4| sup u? (y)u(x, dy) < CIM|,

X€Moy/g
R™\ Ms; /4

q-ps

—SkP
- 1] ]|M5, jal + CEVPIflaromy, ,yTPomex My 4]
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where we used the bound on ¢ in the last inequality. Finally, by Holder’s inequality, we obtain
1/p

[ logullemom,) < fIIOgu — (logu) [P dx <C,
M,

which shows that logu € BMO(B,). O
In order to apply Moser’s iteration for negative exponents, we prove the following lemma.

Lemma3.3.Let A > 1andsy,..., Sy € [So, 1) be given for some sy € (0,1). Let1 < p < n/8,xo € R%, r € (0,1],
and A € (1, 2]. Set M, = M,(xo) and assume f € L1/(P)(My,) for some q > n. For each u € K(p, so, A) and every
u € VPH(M)y|R™ that satisfies

EWu, @) = (f, ¢) for any nonnegative ¢ ¢ Hﬁ;f‘([R”), u(x) > & a.e.in My,

for
1 r
e> Py, o+ |1 sup [ wriomean|

xeMsayr /2 R\ M,

the following is true for anyt > p — 1,

n
_1yjt-p+1 - - -1y|t-p+1
llu 1”L<£;’r*l>y(M,) < C(kz (ASmax /S — 1)~SkP )r Smax P ||y lllL‘g’t‘(M,\,)’
=1

DPSmax 4 —
p-1 g’
bounded away from p - 1.

where b = y=n/(n-ps),andC = C(n, p, p., q, t, So, A) > 0 is a constant that is bounded when t is

To prove Lemma 3.3, we need the following algebraic inequality.

Lemma 3.4. Leta,b > 0,7, € [0,1], and t > p — 1 > O. Then,

—t+p-1 ~t+p-1|P
ma p -DBb P

b - a2 - afat - Fh 0z g ~ofn - o @t ¢ b,

where ¢; = ¢i(p, t) > 0,1 =1, 2, is bounded when t is bounded away from p — 1.

—t+p-1
V(v P T)

The proof of Lemma 3.4 is provided in Appendix A.

Note that Lemma 3.4 is a discrete version of

p
- o|VT|Py P,

|V |P=2Vv -V(-vTP) > g

Proof of Lemma 3.3. Let T be an admissible cut-off function in the sense of Definition 2.1. Since 7 = 0
outside My, the function ¢ = —tPu~! is well defined. By using Lemma 3.4, we have

(f, -tPu ") > 8(u, -1Pu")

- f j u(y) — uCOP-2(u(y) — uGOTPEOU00) — TPy ()ux, dy)dx

My, My,

+2 _[ I u(y) = uCOP~2(u(y) - uC)TP U ()u(x, dy)dx

My, R"\ My,
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—t+p-1 —t+p-1 P
>q j j U B 00 — T B ()| e, dy)dx
MAr M/\r

P j j TG0 — TP @P-10) + urtP-1(y ), dy)dx
MAr MAr

2 j j U0) — u(Y)P TP OOU Oy a6, dy)dx
My, R™\ My,

=ah - oh -k,
where ¢ and ¢ are constants given in Lemma 3.4. By Theorem 2.8, we obtain

]

M}lr M/\r

—t+p-1 —t+p-1 p
U » (X)) -1()u » (y)’ u(x, dy)dx

—~t+p-1 p

>C H‘ru P

n
P — Cr‘psmax( Z (Asmax /Sk — 1)_5kp ] ‘ ‘ Tu%

LP(My) pat

’
LP(My)

__mp
where p, = g

For L, we use Lemma 2.2 again to have

k=1

— 1321

n
B=2 [0 - rnrur Goux, dyyx < CrPSma{Z(ASmax/Sk - 1)8“’) (SRR

My, My,

For L, assuming that supp(t) ¢ M1y, and using Lemma 2.2, we deduce

Bc [ @00+ ur o)reou eout dyydx

My, R™\ My,
n
< Crpsmax| )" (Asmax/Sc — 1y | |lu P Y|y, ) + CelP| sup uP  (y)uCx, dy) | P g,
k=1 XeM+1yr /2 R\,

Moreover, we estimate

I(f, ~Puty| < 1P j [FlrPu-tp-1dx
RV(

< 81_p|lf||Lq/(P§)(MAr) ||TpU_Hp_l||L‘”(‘”’§)(MM)
~t+p-1||P

= 81‘p|[f||Lq/(ps')(MAr) ‘Tu »

LP‘I/(‘I*D@(MM) '
By using Lyapunov’s inequality and Young’s inequality, we have

_ n q-n_ .. _
V150 gy < VI P 0 < Zotvl, + LR ooy

for any v € LP- n L? and any w > 0. This yields that

—t+p-1

n
I(f, ~Tout)| < slpllflly/ws)(m,)(—w v
q

—t+p-1

R ALY ‘Tu »

[P q

p
P

< r—psmax”q"(ﬁw (l[TPu Py + q- nw—n/(q—n) ||Tpu—t+p—1||L1),
q

Combining all the estimates, we have
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n

I TPu P | g,y < Crpsmax(l + ) (ASmax /s — qysep ) P Y| 1,
k=1

- n n
+ Crl’smaxqq"(—w (lTPu P Y|y, + 4-M ) nian ||TPu”P1||L1(MM)).
q

. q-n . .
Taking w = gqrPSmaxg¢ with £y > 0 small enough, we arrive at
n

_1jjt-p+1 —t+p- - - 1|t
llu 1”L(£;”)V(M,) < ||TPut+p l”Ly(M,\,) < C(l + Z(Asmax sk _ 1)-SkP )r PSmax ||y l”Lt};ztl(Mh)’
k=1

where C depends onn, p, p., t, So, g, and A and is bounded when ¢ is bounded away from p — 1. Since A < 2,
we obtain

n n n
Z(/\smax/sk — 1) > Z(}(l/sk — 1) KD > 22711 =n2>,
k=1 k=1 k=1

from which the desired result follows. O
The standard iteration technique proves the following lemma, see [25,14].

Lemma 3.5. Under the same assumptions as in Lemma 3.3, for any po > O, there is a constant C =
C(n, p, b« q, Po, So, \) > O such that

-1/po
infu > C( ](u(x)‘l’de] . (3.5)

’ Mzr

The proof of Theorem 1.4 follows from Theorem 3.2, Lemma 3.5, and the triangle inequality.

4 Holder estimates

This section is devoted to the proof of Theorem 1.5. The general scheme for the derivation of a priori interior
Holder estimates from the weak Harnack inequality in the nonlocal setting has been developed in [25] and
applied successfully to the anisotropic setting [14] when p = 2. We extend the result presented in [14] to the
general case p > 1.

Recall that the rectangles in Definition 1.1 satisfy the following property. For A > 0 and Q ¢ R" open, we
have

Egre(u o W, v o W) = APk [SEmas(u, v)  for every u, v € VPHES(QIR™)

and
(foW,p o W) =ATsmx/S5(f, ) forevery fe L1/P(Q), p € HPF*S(RM),
where ¥ : R" —» R" is a diffeomorphism given by

/\Smax /st ... 0
Y(x) = : e (4.1)
0 . ASmax /Sn

The rectangles from Definition 1.1 are balls in a metric space (R", d), where the metricd : R" x R" — [0, co)
is defined as follows:
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d(X, )’) = Sup |Xk — yklsk/smax.
ke{l,...,n}

By the scaling property and covering arguments provided in [14], it is enough to show the following
theorem.

Theorem 4.1. Let A >1 and sy,..., S, € [So, 1) be given for some sqg € (0,1). Let 1 < p < n/5. Assume
f e L4/P(M,) for some q > n. There are a = a(n, p, p., q, So, A) € (0,1) and C = C(n, p, p., q, So, A) > O
such that for each p € K(p, so, A) and every u € VP-H(M;|R") satisfying

EMu, ) = (f, p) for any ¢ € Hp*R"),
we have u € C* at 0 and
[u(x) - u(0)| < C(llullzogm + IIfIILq/@s’)(MMG))d(X, 0)~

for all x € M;.

Proof. We assume that 2|Juli~rr + K*lllflqu/ws)(MH o S1 for some x > 0, which will be chosen later. It is
enough to construct sequences {a}2 o and {bi}i2, such that ax < u < by in My, and by — a; = 4% for some
a > 0.Fork =0,wesetay=-1/2 and by = 1/2. Assume that we have constructed such sequences up to k
and let us choose ay,; and by, .

We assume

[{u = (b + @) /25 0 M| 2 Mg /2, (4.2)

and then prove that we can choose ay, and by, ;. If (4.2) does not hold, then we can consider —u instead of u.
Let ¥ be the diffeomorphism given by (4.1) with A = 4 and define

— PSmax
UOPOO) ~ @ 0 gy - MRS OR00)
(bx — a) /2 (bx — a) /2
Then, v > 0 in M; and S”MI(V, @) =(g, p)forevery p € H, A‘jll([R”). Moreover, it is easy to see that v > 2(1 — 4%)
in M,; for every j > O by induction hypothesis. By applying Theorem 1.4, we obtain

v(x) =

1/po 1/(p-1)
][ vPo(x)dx < Cinfv + C sup v=(y)Pu(x, dy) + 18115109 g 1) - (4.3)
My, 1/4 XeMis6 R\ My
By taking a < psOq;—", we have
q-n
gllzer oo g ) = 2 - 4(a*p5maxT)k"’f"Lq/(PS’)(M[‘?k.ls/ls) < 2x. (4.4)

For x € Mis1¢ and for each j > 1, we have M, \ M= c R"\M,(x). Hence, by (1.5),

[ vorwwa<y [ - p ey

R™\ M; ]=1M4j\M4j+1

< Y QM9 - D) Tu(x, R"\Mj(x)) (4.5)
j=1

1 (e
< z AQ(4% — 1))P-1gpsoj 4 p-1p z 4(a(p-1)-pso)j ,
j=1 j=l+1

If we assume that a < > Po 5 then we can make the last term in (4.5) as small as we want by taking

I = l(p, so) sufficiently largé. Since the first term in (4.5) converges to 0 as a — 0, we have
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1/(p-D

C sup v (y)P'u(x, dy) <K (4.6)

xeMis 16 R\ M,
by assuming further that a = a(n, p, p., q, So, ) is sufficiently small.
On the other hand, it follows from (4.2) that

1/po 1/po
1

fvrpode| = I vro(ydx | > 270, “.7)

|Mi o
Ml/Z / Ml/zn{vzl}

Combining (4.3), (4.4), (4.6), and (4.7), and choosing x > 0 sufficiently small, we arrive at inf v > k, for
some kq. We take ay,1 = ax + ko(bx — ax)/2 and by, = by, and make a and ky small so that 1 Ml/léo /2 =44,
Then, ay,1 < U < byyq in My and by, — ax_q = 4%V, which finishes the proof. O
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Appendix
A Algebraic inequalities

In this section, we prove Lemma 3.4 using the series of following lemmas.

Lemma A.l. Leta,b >0 andt > p — 1> 0. Then,

—t+p-1 —t+p-1|P
p p

p
b - alP2(b - a)at - b?) > t(LJ a
t-p+1

—_— 1327

Proof. We may assume that b > a. Let f(x) = X% and g(x) = —x7%, and then by using Jensen’s

inequality, we have

b) — a p b p b
TOTOF_frogax| < foreoras
-a a a
- E(M)” feoix - L (t “p+ 1)”g<b> - 5@
t p 2 t p b-a
which proves the lemma.
Lemma A.2. Leta,b >0 andt > p — 1> 0. Then,
Pl ipa —t+p-1 |P-1 Ctiped . —tape
|b — alP~!min{at, b~} < (%) a +5 -b +1§) min{anl, prl}.

—t+p-1

Proof. We may assume that b > a. Let f(x) = —x » , then

p-1 p-1(b p-1
:(t—p+1) ({tildx)
b a

_ p-1 -1
t-p+1\ ([ 1 t-p+1)"" bt
z( ) (fb pdx| = TR

p . p b

p-1

’f(b)—f(a)
b-a

b
$f'0oydx

which proves the lemma.

Lemma A.3. Let 1, b € [0, 1] and p > 1. Then,

Itf - f| < pln - nlmax{zf ", o1}
Proof. The desired inequality follows from the convexity of the function f(r) = 7?.

Lemma A.4. Leta,b > 0,7, € [0,1], andt > p — 1 > O. Then,

. ~t+p-1 ~t+p-1|P —t+p-1 ~t+p-1|P
min{tf, }a p -b » >2P|fa P -nb »p - |1 - 1 |P max{a~t*P~1, p~HP-1} (A.1)
and
—t+p-1 —t+p-1|P —t+p-1 ~t+p-1|P
max{tf, ¥}a p» -b »p <2 Vigap -nb » + 2775 — P max{a+P-1, p~t+p-1}, (A.2)
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Proof. For (A.1), we assume that 7; > ©. Then, we obtain from

—t+p-1 —t+p-1 —t+p-1 —t+p-1 —~t+p-1
wa » —-nbh v =T2(a » —bop )+(T1—T2)a »

that
—t+p-1 —t+p-11|P —t+p-1 —t+p-1|P
2P lga p -wb » <tlap -b » + |5 — BPatr1
~t+p-1 ~t+p-1|P
<tfla »p -b » + |1 - B|P max{a~t*P-1, pt+P-1},

from which (A.1) follows. The other case 1; < & can be proved in the same way.
For (A.2), we assume that i, > ». Then,

—t+p-1 ~t+p-1|P —t+p-1 —t+p-1 —t+p-1|P
max{tf, ¥}a » -b b =|lna P -mb r |+(Dm-T)b P
—t+p-1 —t+p-1|P
<2 llga P -mb »p + 227U, — §|Pb P71,
The proof for the case 1 < 1, is the same. a

Proof of Lemma 3.4. We may assume that b > a. We begin with the equality
b-alP?2b-atfat-tb)=0(b-a)P Y at-bHDHP + (b - )P bi(rf -1)=A+B. (A3)

By Lemma A.1 and (A.1), we have
p p
Ast|—P | |a
t-p+1

~-t+p-1 —t+p-1 .
min{t?, 7}

r —-b »p

(A.4)
p P —t+p-1 ~t+p-1|P
>t|l———||2"P|qa p -nb »p - |5 - P max{at+P-1, p~t+P-1} |,
t-p+1
For B, we use Lemmas A.2, A.3, and Young’s inequality to obtain
p-1 —t+p-1 ~t+p-1|P=1
B>-p S - a v -bop b7 | - nimax{r? !, 1
t-p+1
P —-t+p-1 ~t+p-1|P
>—(p-1 P Jeriov|gp b b max{tf, &} - ib*”l’*llﬁ 14
t-p+1 ep
for any € > 0. By using (A.2), we have
p —t+p-1 —t+p-1|P
B>-2r"Y(p - 1)(%) eP/PVlga p -wb P
(A.5)

)
_pyp - )| —P | erio 4 1 It — D max{at+P-1, h-t+p-1},
t-p+1 &P

Combining (A.3)-(A.5), and then taking € so that 2P~1eP/P-D = 21-P we arrive at

—t+p-1 ~t+p-1|P
b-alP?b-a)(tfat-b)>q|ta p —-wb » - 0|f - pP(atP71 + ptrpT),
where
Zl—ppp p P 2
g=——"—— and ¢g=(+2"P(p - 1)) ———| +22 D,
(t-p+ 1Pt t-p+1

Note that ¢ and ¢, are bounded when t is bounded away from p — 1. O
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B Anisotropic dyadic rectangles

Let us briefly sketch the construction of anisotropic “dyadic” rectangles. These objects can be used to prove

the lower bound in L? for the sharp maximal function Mfu.
We construct anisotropic dyadic rectangles having the following properties:

(i) For each integer k € Z, a countable collection {Q,q}, covers the whole space R™.

(ii) Each Qg (=Q, for some a) has an interior of the form Int(Qx) = M,«(x). We call Qi an anisotropic dyadic
rectangle of generation k.

(iii) Every Qy,, is contained in Qy_1,s for some B. We call Qx_1,3 a predecessor of Qi q.

(iv) If Qk,0,-.., Qk o are 2" + 1 different anisotropic dyadic rectangles of generation k, then ﬂ?:"oQk,i = .

(v) If2" + 1different anisotropic dyadic rectangles Qg ..., Qk,n, ko<---< ko, have a nonempty intersection,
then Q; ¢ Q; for some 0 <i<j <2

Remark B.1.
(1) A predecessor may not be unique.
(2) 2" different anisotropic dyadic rectangles from the same generation may have a nonempty intersection.

Such a family of anisotropic dyadic rectangles can be easily constructed. Since the sets are rectangles, it
is sufficient to exemplify the construction in one dimension. Let Qq = [0, 1). Then, a countable collection
{Qo + z},cz constitutes the zeroth generation. Let N = |25max/$1|, In order to construct the first generation, we
take a disjoint family of (left-closed and right-opened) N intervals in Q, starting from 0 with length 2-Smax/st
such that the following interval starts at the endpoint of the previous interval. If the right-endpoint of the
last interval is 1, then these intervals constitute the first generation, and there is nothing to do. Thus, we
assume from now on that 2smax/$1 ¢ 7 In this case, we add an interval [1 — 2-Smax/Si_ 1) so that

N-1
Q= ( U Ql,i) U Qi,n,
i=0

where
Qi = [i275max /51 (i + 1)27Smax/51)  for i=0,...,N—-1, Quy=[1- 2Smax/Si 1),

and N = |2%max/$1|, Then, the collection {Qy; + Z}o<i<n <z forms the first generation of intervals satisfying

(i)—(@v) (Figure Al).
Il:621,0:621,1,::621\2\: t(%l N
0 Ql’Nl

Figure Al: This figure shows the construction of the family Qy,;.

We continue to construct the intervals of generation 2 that fill in Q; ; for each 0 < i < N — 2. However, we
have to be careful in filling in Q; y_; and Qy y since Q; y_1 N Qyn # &. Suppose that we filled in Q; y_; and
Q,,y as above, i.e.,

N-1 N-1 -
Qin-1= ( U Qz,i) UQyy and Qy= ( U Qz,i) U QN
i=0 i=0

for some intervals Q,; and Q~2,1~, 0 <i <N, of length 4Smx/51, Let K be the smallest integer such that
"Q2x N Qv # @. Then, we have

K N-1_ B
Qin-1U Qin = (U Qz,i) U ( U Qz,i) U Qan
i=0 i=0

and at most two different intervals among {Q0, ...,Qzx, Qz,o, ---,Qz,N} can intersect. Therefore, these
intervals constitute the second generation satisfying (i)—(iv) (Figure A2).
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Qunor @20, 58] 492 2, L{2N-4
F ¥ 4 2 =g |
Qan N
Q1N b £ { b X2
Y "RAEZ TR 1 '.\J:/vv'/ 4
QZ 0 QQ 1 QQ 2 Q2 N—-1
QlN IUQlN |.QZU Q2F{ K Y | |.{.,Q,2{N{
oo FEA
QQ.O QQ,l QZ.,Q Q2,A\771

Figure A2: This figure shows the construction of generation 2.

In this way, we construct intervals of generation k for all k > 0.
Let us now construct intervals of generation k < 0. It is easy to observe that a collection {Q ; + Nz},.z of
intervals of generation —1 satisfies (i)—(iv), where

Q—l — [O’ 2Smax /31).

For the generation of -2, let K be the largest integer such that Q; + NK ¢ Q., where Q, = [0, 4%max/$1), Then,
the intervals Q, + N(K + 1)z, z € Z, form the generation of -2, which satisfying (i)—(iv). We continue this
process to construct intervals of all generations k < 0.

We show that the intervals constructed in this way satisfy the property (v) as well. Suppose that three
different intervals Qy,, Qx, and Qy,, ko < ki < k, have a nonempty intersection. If ki = k, then Qj, ¢ Q, or

Qy, € Q. If Iq < ky, then either Qy, € Qy, or not. In the former case, we are done. In the latter case, Qy, € Q~k1

for some (jk1 # Qi, which reduces to the case k = k.

C Sharp maximal function theorem

In this section, we prove Theorem 2.6 by using the anisotropic dyadic rectangles. Foru € L (R"), we define
a dyadic maximal function Mgu by

Mau(x) = sup flu(y)|dy,
xeQ Q

where the supremum is taken over all anisotropic dyadic rectangles Q. Since
Mgu < Mu, (C.1)

Theorem 2.5 also holds for the dyadic maximal function Mju. We first prove a good-lambda estimate using
the dyadic maximal function. See [31, Theorem 3.4.4].

Theorem C.1. Let sy, ..., S, € [So, 1) be given for some s,y € (0, 1). There exists a constant C = C(n, sg) > O such
that

[fx € R : Mgu(x) > 24, Mfu(x) < yA}| < Cyl{x € R" : Mgu(x) > A}|
forally >0,A> 0, and u € L} .(R").
Proof. Let Q) = {x ¢ R" : My(f)(x) > A}. We may assume that |Q,| < +0o since otherwise there is nothing to
prove. For each x € (), we find a maximal anisotropic dyadic rectangle Q* such that

xeQ*c and {If| > A (C.2)
QX
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There are at most 2" different maximal anisotropic dyadic rectangles of the same generation satisfying (C.2),
but we can still choose anyone of them. Let Q; be the collection of all such rectangles Q* for all x € Q. Then,
we have O, = U;Q;. Note that different rectangles Q; may have an intersection, but the intersection is
contained in at most 2" different maximal rectangles of the same generation. This is a consequence of
the properties (iv) and (v) of anisotropic dyadic rectangles. Hence,

Y1Q)l < 27|yl
j

Therefore, the desired result follows once we have
[{x € @ : Mau(x) > 24, Mfu(x) < yA}| < Cy|Qj| (C3)

for some C = C(n, sp). Indeed, one can prove (C.3) by following the second paragraph of the proof of [31
Theorem 3.4.4], using Theorem 2.5 for My, and replacing [31, equation (3.4.8)] by

MSmax /S /5 |Q}

) J
= | lu(y) - Wqldy < - dy < Qj|M*u
p lu(y) - (u)q)ldy Q) [u(y) — (Wqldy I jIMAu(é;)
g
for all §; € Q;, where Q; is anyone of predecessors of Q;. O

Theorem C.2. Let sy,..., S, € [So, 1) be given for some sq € (0, 1), and let 0 < py < p < co. Then, there is a
constant C = C(n, p, so) > 0 such that for all functions u € L} .(R") with Mqu € LPo(R"), we have

IMgullrrry < ClIMAULp R .

Theorem C.2 can be proved in the same way as in the proof of [31, Theorem 3.4.5] except that we use
Theorem C.1 instead of [31, Theorem 3.4.4]. Finally, we combine the inequality

lullrrry < IMgullrgny,

which comes from the Lebesgue differentiation theorem and Theorem C.2 to conclude Theorem 2.6. See [31,
Corollary 3.4.6].

D Pointwise convergence of the fractional orthotropic p-Laplacian

This section provides the proof of pointwise convergence of the fractional orthotropic p-Laplacianass ~ 1.

Proposition D.1. Let u € C2(R™) n L°(R") and x € R" be such that du(x) # O foralli = 1,..., n. Let s; = s for
alli=1,...,n. Let L be the operator in (1.2) with u = y_ . and Af. be as in (1.3). Then, Lu(x) — AP u(x) as
s /' 1up to a constant.

Proof. Let us fix a point x € R" with d;u(x) # 0. For each i=1,...,n, let us define u; : R - R by
ui(x) = u(x, ...,x;, ...,X,) as a function of one variable. Then, u; € C3((R) n L*°(R) and u'(x;) # 0. We write

Luo) = Y51 9 j o) = WP uy) - ) o

IX |1+sp

= =Y (U0,
i=1

i=1
which is the sum of one-dimensional fractional p-Laplacians. By [11, Theorem 2.8], we have

du;

s d
~(=09)3ui(x) — a( N

as s /1, for eachi=1,...,n, up to a constant depending on p only. Consequently, by summing up,
Lu(x) — AP u(x)ass /1. O

loc
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