Calc. Var. (2022) 61:227

https://doi.org/10.1007/500526-022-02364-8 Calculus of Variations
()

Check for
updates

Regularity for nonlocal problems with non-standard growth

Jamil Chaker' - Minhyun Kim'@® - Marvin Weidner’

Received: 23 December 2021/ Accepted: 1 October 2022 / Published online: 14 October 2022
© The Author(s) 2022, corrected publication 2023

Abstract

We study robust regularity estimates for local minimizers of nonlocal functionals with non-
standard growth of (p, ¢)-type and for weak solutions to a related class of nonlocal equations.
The main results of this paper are local boundedness and Holder continuity of minimizers
and weak solutions. Our approach is based on the study of corresponding De Giorgi classes.

Mathematics Subject Classification 35B65 - 47G20 - 35D30 - 35B45 - 35A15

1 Introduction

The aim of this paper is to prove regularity properties of local minimizers and weak solutions
to a class of nonlocal problems with non-standard growth.
Lets € (0,1), A > 1 and @ C R¥ be an open set. We study energy functionals of the

form
MHIf(u):(l—s)// f('”(x)_”(y)|> k(x’y)d dydr, (LD
‘ (Q° % Qe)° lx — yI® lx — yl

where f : [0, 00) — [0, 00) is a convex increasing function and k : RIxRY - Risa
measurable function satisfying

k(x,y) =k(y,x) and Al <k(x,y) <A forae x,ye€ RY. (k)

When f () = t” with p > 1 and A = 1, the functional (1.1) becomes the standard
fractional p-functional whose corresponding operator is the fractional p-Laplacian. The
regularity theory for this case is well established, see [17, 19, 20].
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Apparently the functional (1.1) is governed by the function f, which controls the growth
behavior for large and small values of |u(x) — u(y)||x — y|~*. To establish the regularity
theory, we need some growth conditions on f.

Let1 < p < g.Wesay that f satisfies ( f,‘,’ )if f is differentiable and satisfies forallt > 0

pf) < tf' @), (fp)
tf' (1) < qf@).  (fD)

Condition (f; g ) can be interpreted as a (p, g)-growth condition since it implies that

fOEP At < f@) < F(DHEP v ). (1.2)

For a detailed discussion of ( fg ) we refer to Sect. 2.
To study local boundedness of minimizers, we work under the assumption that there exists
a constant ¢y > 0 such that for all r > 0

cot? < f(0). (f 2"

Throughout the paper, we will assume without loss of generality that f(0) = Oand f(1) = 1.
Note that the assumption f(0) = 0 is required in order for Zy(0) < oo, while the second
assumption is not restrictive since ¥ minimizes 7y if and only if u minimizes T, 7(1).

In the following, we present the first main result of this paper. It is concerned with Holder
estimates and local boundedness for local minimizers of (1.1).

Theorem 1.1 (Local minimizers) Let so € (0,1), 1 < p <q, A > 1, co > 0 and assume
s € [s0, 1). Let f : [0,00) — [0, 00) be a convex increasing function satisfying (f4) and
letk : RY x R? — R be a measurable function satisfying (k). Let u € Vs’f(QHRd) be a
local minimizer of (1.1).

(i) Assume that f satisfies (fp). Then, there exist o € (0, 1) and C > 0, depending on d,
50, p, q and A, such that for any Bgg(xg) C Q

RY [u]ca(m) < C||M||L9°(B4R(xo)) + Tallf/ (I/t; X0, 4R) (13)

(ii) Assume that sp < d, q < p* := dp/(d — sp) and that f satisfies (f 2 t”). Then,
u € Ly (2). Moreover, for each Bagr(xg) C 2 there exists C > 0, depending on d, so,
D, 4, p* —q, A, co and R, such that for every § € (0, 1)

sup |u| < &Tail yr(u; x0, R)
Bg(x0)

1p=p
He

—(q— 1 g P pF—q q=1
+Cés P ori—q Bog(xo) [ (X)] dx +6 4. (14

We refer to Sect. 3 for the definition of the function space V* S (QIR?) and the tail term
Tail /. The proof of Theorem 1.1 and the definition of a local minimizer are given in Sect. 6.

The second main result of this paper is concerned with weak solutions to a related class
of nonlocal equations. To motivate our result, we first point out that the Euler—Lagrange
equation corresponding to the functional (1.1) is given by

/ |u<x>—u<y>|> w(x) —u(y)  kx.y) ‘
1— V. dy=0 Q. 1.5
( s)pvfwf( =P ) uG) —u(y)] jx — s =0 w13
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For convex differentiable functions f, it is easy to see that weak solutions to the Euler—
Lagrange equation are minimizers of the functional (1.1). In this article, we consider a more
general class of equations

Lpu =0 in Q (1.6)

with nonlocal operators of the form

(1.7)

u(x) — u(y)> dy

Ix —yls ) |x— yldts

Lpu(x)=(1— s)p.v./ h <x, v,
R4
where /1 : RY x R? x R — R is a measurable function satisfying the structure condition

1
h(x,y,t) =h(y.x,0), |h(x,y, 0l < Af'(e), h(x,y, 0 = Xf'(ltl)ltl (h)

for ae. x,y € R9 and for all + € R, and f :[0,00) — [0, 00) is convex, increasing,
differentiable and satisfies f(0) =0, f(1) = 1.

Note that in the special case h(x, y, r) = sign(¢) f'(|t])k(x, y) for some k satisfying (k),
the Egs. (1.5) and (1.6) coincide.

We are ready to state the second main result of this article, which establishes Holder
estimates and local boundedness for weak solution to (1.6).

Theorem 1.2 (Weak solutions) Let sg € (0,1), 1 < p <¢q, A > 1, ¢co > 0 and assume
s € [s0, 1). Let f : [0,00) — [0, 00) be a convex increasing function satisfying (f4) and
leth: R? x RY x R — R be a measurable function satisfying (h). Let u € V5 (Q|R?) be
a weak solution to (1.6).

(i) Assume that f satisfies (fp). Then, there exist o € (0, 1) and C > 0, depending on d,
50, p, q and A, such that for any Bgg(xo) C Q2 the estimate (1.3) holds.
(ii) Assume that sp < d, q < p* and that f satisfies (f 2 tP). Then, u € L{; ().

Moreover, for each Bagr(xo) C 2 there exists C > 0, depending on d, so, p, q, p* —q,
A, co and R, such that for every § € (0, 1) the estimate (1.4) holds.

The proof of Theorem 1.2 and the definition of a weak solution are given in Sect. 7. Note
that we can assume without loss of generality that f(0) = 0, f(1) = 1 because a function u
solves Lyu = 0 if and only if it solves Ly r(1yu = 0.

In fact, we prove Holder estimates and local boundedness for functions in De Giorgi
classes (see Sect. 3). The corresponding results, Theorems 4.2 and 5.1, are more general.
Theorems 1.1 and 1.2 follow by the observation that minimizers, as well as weak solutions,
belong to the corresponding De Giorgi classes, see Sects. 6 and 7.

Note that right-hand sides with suitable growth behaviors can be studied by an adequate
extension of De Giorgi classes in analogy to [17].

Remark 1.3 Our results are robust in the sense that the constants C and « stay uniform as
s — 17, since they depend only on s¢, not on s.

(1) Theorem 1.1 generalizes the results in [47] to nonlocal functionals. We work under
the same assumptions on the growth function f as in that article. In this sense, the
assumptions on f used in our results are natural.

(2) Theorem 1.2 can be linked to the paper [40]. Some assumptions on the regularity and
growth of the function f in [40] are more restrictive than our assumptions, but in return
allow Lieberman to prove C!-# regularity of weak solutions to the Euler—Lagrange equa-
tions.
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Our approach for studying local minimizers and weak solutions is based on so-called
De Giorgi classes. We show that minimizers of (1.1) and weak solutions to (1.6) satisfy
a suitable improved fractional Caccioppoli inequality, from which the definition of the De
Giorgi class emerges. This inequality together with an isoperimetric-type inequality allow us
to deduce the Holder estimates for locally bounded minimizers and weak solutions following
the methods from [17, 47]. We emphasize that there is no restriction on the gap between p
and g for the Holder estimates. Furthermore, we derive the local boundedness of functions in
De Giorgi classes under the assumption that 1 < p < ¢ < p*. We would like to remark that
by modification of the proof of Theorem 5.1, it is possible to prove the local boundedness
without any restriction on the range of p and ¢ and without the condition (f 2 ¢7), see [16]
and also [5].

In the following, we discuss related literature and describe the novelty of our results.

We first comment on related results for local operators. For this purpose, we consider
functionals of the following form

/ f(x,u, Vu)dx,
Q

where f is a non-negative function which describes the growth behavior of the functional.
If the function f satisfies the so-called p-growth condition, that is

€17 S fx,2,8) SIEP+1 0 forp > 1,

the literature is very rich and many regularity results have been proved. We refer the reader
to the classical references [31, 33, 41] and for a more comprehensive treatment to the books
[34, 35].

Functionals with non-standard growth of (p, ¢)-type

17 S fx,2,8) ST+,

where 1 < p < ¢, are naturally connected to Orlicz—spaces. The analysis of regularity
of minimizers of functionals having non-standard growth of (p, g)-type was initiated by
Marcellini’s work [42], where he studies strictly convex C2-functions f satisfying (p, ¢)-
growth condition.

To the best of our knowledge, functionals with non-standard growth functions of the type
( qu ) first appeared in the papers [40, 47] in the context of regularity results.

In the paper [40], Lieberman proves several regularity results for bounded weak solutions
to a class of elliptic operators in divergence form. Furthermore, he studies quasiminimizers
and proves regularity results for functions in corresponding De Giorgi classes.

In [47], Moscariello and Nania prove Holder continuity of locally bounded minimizers for
growth functions satisfying (f ,',1 ) and local boundedness for functions with (p, ¢)-growth.
Their key idea is to introduce an auxiliary function which is comparable to the growth function
f and to prove that any function in the De Giorgi class corresponding to the auxiliary function
is Holder continuous. We adapt this idea for the proof of Theorems 1.1 and 1.2 to the nonlocal
case, see Sect. 4.

There have been many important contributions to regularity for problems with non-
standard growth of (p, ¢)-type. Papers studying local operators with non-standard growth
of (p, g)-type are, among others, [3, 6, 12, 14, 23, 26, 28, 39, 43, 44, 48, 49, 54, 55, 58].
For a more detailed picture on problems with non-standard growth, including double-phase
problems, problems with variable exponents, and anisotropic problems, we refer the reader
to the surveys [45, 50].
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In the case of nonlocal operators, the energy functional is defined by (1.1). Local regu-
larity results for the fractional p-Laplacian, that is f(¢) = ¢?, were first established in the
papers [19, 20] by Di Castro, Kuusi and Palatucci. Another important contribution to reg-
ularity is the work [17], where he studies minimizers to nonlocal energy functionals plus a
possibly discontinuous potential. The nonlocal energy has p growth for a class of symmetric
kernels comparable to (1 — s)|x — y|~"~*P. Furthermore, he studies weak solutions to the
Euler—Lagrange equation. He uses the nonlocality of the functional to prove an improved
Caccioppoli inequality with an additional term, which disappears as the fractional order s
goes to one. We follow Cozzi’s ideas at several points in the present paper and also make
use of some auxiliary results proved in [17] such as an isoperimetric inequality. It is worth
emphasizing that the fractional De Giorgi iteration has been first employed in the papers [18,
46]. For further results on the regularity of the fractional p-Laplacian, we refer the reader to
[7, 8, 53] and the references therein.

Lately, the interest in the analysis of nonlocal problems with non-standard growth has
increased. For instance, regularity results for nonlocal double phase equations and nonlocal
equation with variable exponents are proved in [10, 21, 32, 57], respectively [15, 56]. How-
ever, we would like to note that both, double phase equations and equations with variable
exponents, do not fall into our setup. See also [36—38] for further regularity results concerning
nonlocal operators with non-standard growth.

As far as we know, first regularity results for fractional order Orlicz—Sobolev spaces have
been proved in [13] by Ferndndez Bonder, Salort and Vivas. The authors establish regularity
results for weak solutions to the Dirichlet problem for the fractional g-Laplacian. They prove
interior and up to the boundary Holder regularity to the corresponding Dirichlet problem.

See also [52], where qualitative properties of solutions such as a Liouville type theorem
and symmetry results are proved.

The present paper is substantially different from [13]. On the one hand, we do not only
study weak solutions but also local minimizers for the functional 7 y. The present paper also
allows for p > 1 and is not restricted to the case p > 2. Furthermore, we use a completely
different approach via De Giorgi classes.

Notation

We write ¢ and C for strictly positive constants whose exact values are not important and
might change from line to line. Furthermore, we use the notations ¢ = ¢(-) and C = C(-) if
we want to highlight all quantities the constant depends on.

Outline

The paper consists of seven sections and is organized as follows. In Sect. 2.1, we introduce
an auxiliary growth function and prove several properties for convex functions satisfying
(f g ). Moreover, in Sect. 2.2 we recall some functional inequalities. The fractional De Giorgi
classes with general convex functions with non-standard growth are introduced in Sect. 3.
Furthermore, we introduce fractional Orlicz—Sobolev spaces. In Sect. 4 we prove Holder
continuity and in Sect. 5 local boundedness for functions in fractional De Giorgi classes.
Finally, in Sect. 6 resp. Section 7, we show that minimizers resp. weak solutions belong to
the fractional De Giorgi classes and prove Theorems 1.1 and 1.2.
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2 Preliminaries

In this section, we study properties of the growth functions f under consideration and collect
some functional inequalities.

2.1 Auxiliary results on growth functions

Let us collect several results in order to illustrate the assumption (f| ;,1 ). The first two lemmas
provide equivalent conditions for the upper and lower bounds in ( f; g ), respectively.

Lemma21 Let g > 1 and f : [0,00) — [0, 00) be a differentiable function. Then the
following are equivalent:
(i) (fD,
(ii) t — t~9 f(t) is decreasing,
(iii) f(xt) <A f(t) forallr > 1,
(iv) M f(t) < f(At) forall A < 1.

Proof (i) < (ii) follows from the observation that % ¢ f @) =177 e f () — qf @)). (1)
< (iii) follows from the observation that (iii) can be rewritten as
fO _ )

Gt = e forall A > 1. 2.1)

Since also (iv) can be rewritten as (2.1), the equivalence (iii) < (iv) is trivial. ]

Lemma22 Let p > 1 and f : [0,00) — [0, 00) be a differentiable function. Then the
following are equivalent:

(i) (fp),

(ii) t — t=P f(t) is increasing,
(i) AP £(t) < f(At) forall A > 1,
(iv) ft) < AP f(¢) forall » < 1.

Proof The proof works exactly like the proof of Lemma 2.1. O
The following lemma provides a useful property of convex functions.

Lemma23 Let f : [0,00) — [0, 00) be convex and f(0) = 0. Then, the function t >
f @)/t is increasing. If f is differentiable, then f satisfies (f},) with p = 1.

Proof The assertions follow from f(At) = f(At + (1 —2)0) < Af () + (1 — 1) f(0) and
Lemma 2.2 with p = 1. m]

As a consequence we obtain some doubling-type inequalities for f’. These inequalities
play an important role for the tail estimates in the upcoming regularity theory.

Corollary 2.4 Let 1 < p < g and let f : [0,00) — [0, 00) be a function satisfying (f;,]).
Then,

s,\!’—‘f’(z) < ') < %Aq_lf’(t) forall x> 1, 2.2)
gkq_lf’(t) < ') < %Al’_lf’(z) forall x < 1, 2.3)
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and

1 1

SO+ = [ty < %Zq‘l(f’(t) + £(5) (2.4)
forallt,s > 0.

Proof For the second inequality in (2.2), we compute using ( f; g ) and Lemma 2.1

At t
fon = g8 < gt SO < Lyamr )
At t )4
The first inequality in (2.2) and (2.3) can be proved in the same way. The first estimate in
(2.4) is a direct consequence of monotonicity of f’. For the second estimate in (2.4), we may

assume that ¢ < s. Then, we obtain

Fa+s) =g DG gt < gL 2 it IO Gaamipry 4 i)
(t +s5)P 2s s p
by using (f;,]), Lemmas 2.1 and 2.2. O

Another useful property of convex functions is the following:

Lemma 25 Let f : [0, 00) — [0, 00) be convex and f(0) = 0. Let ¢ > 1 and assume that
for some t,s > 0 it holds that f(t) < cf(s). Thent < cs.

Proof Lett,s > 0 be such that f(¢) < cf(s). We assume that# > cs. Then by Lemmas 2.3
and 2.2 with p = 1, we have

F6) _fes) _fO) _cfs) _cfG) _ f5)

N cs t t [\ N

This is a contradiction, so it must hold that r < cs, as desired. O

One of the key ideas of proving Holder regularity in [47] is to construct F, which is
a convex increasing function satisfying some growth conditions and the comparability of
g(t) := F(t?) and f(r). These properties are important in our framework as well but we
also need the comparability of the derivatives of these functions for the regularity estimates.

Proposition 2.6 (c.f.[30]) Let1 < p < g and f : [0, c0) — [0, 00) be a convex, increasing,
and differentiable function satisfying f(0) = 0. Define F, g : [0, o0) — [0, 00) by

tl/p
F(t) = / @ ds and g(t) = F(?). (2.5)
0
If f satisfies ( fg ), then F is a convex increasing function satisfying
F() < F(0) < S Fo 2.6)
and g is an increasing function satisfying
1 1
—f)=g@) < —f® 27
q 14
1 1
—f'(1)<g'@®) < —f. (2.8)
q 4
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Proof First of all, the function F is well-defined by Lemma 2.3. The functions F and g are
increasing by definition. Moreover, F is convex since
I 1_ 1 1 1 1 1 1 1
F'(t)y= —t7 2 f/aP) = 172 f(@?) = 172 f (7)) — ~172f(17) =0
p p p p

by (f}). Thus, the first inequality in (2.6) follows from Lemma 2.3. The second inequality
follows from

onl/p {V/p 1/ A/p
F(A) = / & ds = / M ds < )ﬂ/]’/ & ds = Aq/pF(t)
0 0 0 s

N N

for A > 1, where we used Lemma 2.1. By (fg) we have

(s) (s)
pL < fl(s) < qf—,

s s
and after integrating from O to ¢ and using that f(0) = 0, we deduce (2.7). Finally, we
compute

(1) (0

pg'(t) = pr <fn= qu =q8' (1),

using (fg) from where (2.8) follows. ]

We close this subsection with two estimates for convex functions. Lemmas 2.7 and 2.8
are generalizations of [17, Lemma 4.1 and 4.2].

Lemma 2.7 Let f : [0, 0c0) — [0, 00) be convex, differentiable and f(0) = 0. Then, for any
0 el0,1]anda,b > 0:

fla+b)— f(@) =0f @b+ (1-06)f(b).

Proof The result is clear for & = 0 by the superadditivity of convex functions with f(0) = 0.
For 6 = 1, we compute

a+b
fla+b) - fla)= f Flo)de = fl@b,

where we used the fact that# > f’(¢) is increasing since f is convex. The resultfor6 € (0, 1)
follows by interpolation. O

Lemma2.8 Let f : [0,00) — [0, 00) be convex, increasing and differentiable. Then, for
everyu € [0, 1] and a, b > 0:
f(pna =b) = f(la=b) = f'(b)a.

Proof Let us first assume that » > a. Then
b—pa

f(na —bl) — f(la = b)) = / fl(@de < f'(b — paya(l — p) < f'(b)a.

b—a

If on the other hand ua < b < a, then

b—pa
f(ua —=0bl) — f(la— b)) :/ , fl(yde < f'(b — pa)2b — (1 + wa) < f'(b)a.

It remains to consider the case b < pa, but then f(jua — b|) — f(la — b]) < 0, so there is
nothing to prove. o
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2.2 Functional inequalities

In this section, we collect some well-known functional inequalities which are useful for the
application of De Giorgi’s methods for nonlocal operators. While the first three results are
embeddings for fractional Sobolev spaces, the last proposition is a fractional isoperimetric
inequality.

Lemma2.9 [17, Lemma4.6] Let0 <6 <o <land1 < p < p. Let Q' C Q C R9 pe
two bounded measurable sets, then for any u € W7 (Q)

/ jue) —uei? -\
o = yarer

_5 N _ P 1/p
< 1|7 diam(Q)° 0 (/ lul) = unI” dx) ,

Jo lx —yldtor

where

Theorem 2.10 [17, Corollary 4.9] Let 0 < so < s < l and p > 1 be such that sp < d. Let
u e Wé'p(BR) and assume u = 0 on a set 2 C Bg with |2| > y|Bgr| for some y € (0, 1].
Then, there exists a constant C > 0, depending on d, so, p and y, such that

s () — u(y)1?
« <C dydx.
Il = Ty I/B/B Ty

Theorem 2.11 [4, 25, 51] Let 0 < 5o < s < 1 and p > 1 be such that sp < d. Let
u € WP (BR). Then, there exists a constant C > 0, depending on d, so and p, such that

l—s lue(x) —u(y)|? _
P sp P
Wl s = Ca —spyrT /BR /BR Tl — g QO CRT L -

Proposition 2.12 [17, Proposition 5.1] Let p > 1, Co > 0 and y, yo € (0, 1). Then, there
exist constants s € (0, 1) and C > 0, depending ond, p, y, yo and Cy, such that if s € [s, 1)
and ifu € W5 P(Bg) satisfies

|Br N {u < h}| = y|Bgl, |BrN{u=k}=>ylBrl and
Nl p gy + (1= IRV} p 5,y < CoR(k = B)P fork > h,

then
d-1

(k= m)(1Bx 0 {u < W} [Br O = k) ) T

_
< CRYZ(1 = )Y Plulwsr (| Br N {h < u < K7

3 De Giorgi classes

In this section, we introduce fractional order Orlicz—Sobolev spaces and define fractional De
Giorgi classes governed by convex functions having non-standard growth.
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Fractional order Orlicz—Sobolev spaces have been introduced in [29] by Ferndndez Bon-
der and Salort. The authors prove several properties of the spaces including that the fractional
order Orlicz—Sobolev space approximates some Orlicz—Sobolev space as the fractional
parameter goes to 1. For further results concerning fractional Orlicz—Sobolev spaces, we
refer the reader to [1, 2, 9, 11, 24] and the references therein.

Let f : [0, 00) — [0, 00) be a convex increasing function satisfying (f) and f(0) = 0.
Lets € (0, 1) and  C RY be open. We define the Orlicz and Orlicz—Sobolev spaces by

Lf(SZ) = {u : 2 — R measurable : @Lf(Q)(M) < 0o},
W (Q) = {u € LY (Q) : yps.r ) () < 00},

VE(QIRY) = {u € LT (Q) : @yarq) ) < 00},

where q)Lf(Q) ’ q)W‘f(Q) and (DVS*f(QHRd) are modulars defined by

‘I’Lf(g)(u):/gf(lu(x)l)dx,

. 1 lu(x) —u(y)ly dydx
Pyys.r @) = (1 S)/Q/Qf< Xy >|x—y|d’

o [u(x) —u(y)| dydx
Pys.s orey (W) = (1 s)//( L.XQL-)(-f( lx — yls ) lx =yl

Under more restrictive assumptions on f (for instance f being an Orlicz function), L/ (),
WS F (), and V*F (2|R?) are Banach spaces endowed with the norms

lullpr @ =inf{d >0: ®prq)u/r) <1},
lullws.r ) = lullpr ) + [lws.r @) = lullLrq) +inf{d > 0 Py r g (u/2) < 1},
lullys.s@may = Nullpr @) + [lys.s @rey = lullpr @) +inf{r > 0 Py rqrey(u/r) < 1}
For details, see [1, 9, 29].
Let us next define nonlocal tails, which capture the behavior of functions u € ysf (Q|]Rd)
at large scales. For this purpose, we consider a convex and differentiable function f and a
generalized inverse function of its derivative f’. There are several definitions of generalized

inverse functions in the literature, see [22, 27], but we use the following definition for a
generalized inverse of f:

(H7'y) =inflr: /@) = y). 3.1)

The advantage of this definition is that (3.1) enjoys the following properties, which play an
important role in the proof of regularity estimates.

Proposition 3.1 Ler f : [0, 00) — [0, 00) be a convex and differentiable function. Then

(f o (fHY"H) =y forally =0, (32)
(Y Vo Y1) <t forallt > 0. (3.3)
Proof To prove (3.2),lety > Oandt = (f’ )1 (). Then, there exists a sequence (#;),>1
such that 7, > ¢, 1, — ¢, and f’(z,) > y. Since f’ is continuous by Darboux’s theorem,

we obtain f/(z) > y by taking the limit n — oo. Assertion (3.3) is obvious by definition of

(fH o
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We define the nonlocal f’-Tail by

Tail y/(u; x0, R) = R*(f") ™! <(1—S)RS/ f’( - ) b a )
RA\Bg (xo) ly —xol5 ) |y — xol9ts
3.4

Note that Tail ;- coincides with the standard tail considered in [17, 19, 20] in the special
case f(t) =< tP. Moreover, it is natural in the sense that the following scaling property is
satisfied:

Tailf/ (u; X0, R) = Tailf/(,/R:)(u(R-); )C()/R, ])

We claim that the nonlocal f '-Tail is well-defined for functions in the fractional Orlicz—
Sobolev space VS F(QIRY). To this end, we define the Legendre transform f* : [0, c0) —>
[0, 00) by f*(s) = SUP;e(0,00) (57 — f(#)). It is well known that

(D@ = f'or— f@) (3.5
and that
st < f(@t)+ f*(s), forallz,s > 0. (3.6)

Inequality (3.6) is called Fenchel’s inequality.

Proposition3.2 Lerg > 1, s € (0,1) and Q C RY be open. Let f : [0,00) — [0, 0c0)
be a convex increasing function satisfying (f9) and f(©0) = 0. If u € V>/(QR?) and
Br(xo) C , then Tail y/(u; xo, R) < oo.

Proof Letu € V57 (QR?) and Bg(xg) C Q. We may assume that xo = 0. In order to prove
finiteness of the tail, it is sufficient to show that

, |u<y>|> dy
. 3.7
/Rd\BRf ( i )y =% G7)

Since Bg C Q and |x — y| < 2|y| for x € Bg, y € B}, we have

o0 > qDL_f(Q) (l/l) + qus,f(Q‘Rd)(u)

z/ f(lu(x)l)dx+C(1—s)// f('"(x) _S”(y)l) L
Bk Brx B, |yl [yl

by using (f?) and Lemma 2.1. Our aim is to estimate the right-hand side of (3.8) from
below by the expression in (3.7). Note that by Lemmas 2.3, 2.2 and (f9): f(lu(x))(|y|™* v
[yI7%) = f(yI~*lu(x)]). Therefore,

Ju(x) — u(y)l) > cf <|u(x)| +ulx) — u(y)|>

[y]* [y[*
. Cf<|u(y)|>7
[y]*

where we also used f(r+s) < 29(f(¢)+ f(s)). This is a direct consequence of monotonicity
and (f9). Since foe =4 (yI~* v |y|~*9) dy < oo, we estimate the right-hand side of (3.8)

FUuDUAyI™* VT + f (
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dy dx // <|M(X) — M()’)|> dydx
1 —3
//BB e TN IS SN G e MK

zc// f(|u(y>|>dyczx ZC/ f<|u(y)|>g.
BrxB; e/ 1yl < vl /) Iyl

Altogether,
d
f f('”(y,”)—yd < 0. (3.9)
o Iyl* /Iyl

Note that we have (f*(f")(t) < (¢ — 1) f(¢) by (3.5) and (f9). Therefore, we obtain

(O dy (o (O dy 1 dy
/B" / ( hN ) |y|d+s Sf;f (f ( Iyl* )) Iy +/B;f<|y|"> Iy

R
SC/ f<|u(y)|>d7yd+c’
B, Iyl* /Iyl

where we used Fenchel’s inequality (3.6). Combining the previous estimate with (3.9) finishes
the proof. O

Having defined the fractional order Orlicz—Sobolev spaces, we are ready to introduce De
Giorgi classes that are suitable to our setting.

Definition3.3 Letg > 1,¢ > 0,5 € (0, 1), and let 2 be open. Let f : [0, 0c0) > [0, 00)
be convex and differentiable with f(0) = 0, f(1) = 1. We say thatu € G (R2; g, c, s, f)
if u € V5 (QIR?) and if for every xo € 2,0 < r < R < d(xp, 9Q), k € R, it holds

w_(y) w4 (x) dydx
Dyys. s (w)+(1—5)f / f/( ) ;
W o T s Jag T Nl =yF ) e =yl e =yl

R q w4
=clg=7) Prraroon <F) (3.10)
d+sq
R w(y) dy
+C(1—S)<7> lwll / f’( -,
R—r THEERCD Jei g6y Ny = xol* ) [y = xol#+
where wi(x) = (u(x) — k)x and A, = {y € RY u(y) < k}. We say that

u € G_(2;q,c,s, f) if (3.10) holds true with w4, w— and A, replaced by w—, w4
and AJr {y € R? : u(y) > k}, respectively. Moreover, we denote by G(Q: ¢, ¢, s, f) =
G+(Q q,c,s, HNG_(R; q,c,s, f).

The De Giorgi classes under consideration will contain minimizers of (1.1) and weak
solutions for (1.7) under suitable additional assumptions on f, see Theorems 6.2 and 7.3.

The following proposition allows us to infer Holder regularity of minimizers of Z; from
regularity of functions in G(2; g, ¢, s, F(-?)), where F is as in Proposition 2.6.

Proposition3.4 Let 1 < p <¢q, s € (0,1) and Q2 C R? be open. Let f : [0, 00) — [0, 00)
be convex and increasing with (f;,l). Then for every c1 > 0, there exists c; = c2(c1, p,q) > 0
such that G+(2; g, c1, 8, f) C G+(R25 ¢, ¢2, 5, F(-P)).

Proof The proof follows directly from (2.7) and (2.8). ]

@ Springer



Regularity for nonlocal problems... Page 130f31 227

4 Holder estimate

In this section, we prove Holder estimates for functions in the De Giorgi class G(2; ¢, c, s, &),
where g is the function given by (2.5). Let us first prove a growth lemma for functions in

G_(R2;q,c,5,9).

Theorem4.1 Let 1 < p < g, ¢c,H > 0, R > 0, so € (0,1) and assume s € [so, ).
Let f : [0,00) — [0, 00) be a convex increasing function satisfying (f;,]). Suppose that
Bsr = Bap(xo) C Q. Letu € G_(R2; q,c, s, g) satisfy u > 0 in Bsg and

|Bor N{u > H}| > y|Bag] 4.1
for some y € (0, 1). There exists § € (0, 1) such that if
Tail p(u—; x0, 4R) < 8H, (4.2)
then
u>38H in Bg. 4.3)
The constant § depends only on d, so, p, q, c and y.

Proof Within the proof we use C > 0 to denote a constant depending on d, sg, p, ¢, ¢ and
y and whose value might change from line to line. We may assume that xo = 0.
Let us assume

[Bor N {u < 28HY| < yo| Bar| 4.4)

for some yy € (0,2791]. We first prove the assertion of the lemma under the assumption
(4.4) and then verify (4.4) using (4.1).
Let0 < 6 := max{so/4,2s — 1} < o := max{sp/2, (3s — 1)/2} < s. Then, we have
3
1—06 <2(1—y), 1—055(1—s) and 0 —6 >C(l —5) 4.5)

for some C = C(sg) > 0. Indeed, for the last inequality in (4.5), we observe that

50/4>25 —1 = a—&z%zﬁ(l—s) and
35 — 1

s0/4<2s—1 —= o0 —6 >

—(25—1):%(1—5).

Let§ € (0, 1/8) to be determined later. Let SH <h <k <25H,R < p <t <2R and
define we = (u — k)4, Ak_,R = {x € Br : u(x) < k} = supp(w-) N Br. By (4.4) we have

|Bp N{w_ =0} = [By| — [Bor N{u < 26H}| = [By| — yol B2r|

=11 2Rd|B|>1|B|
= Y0 P pl = 518pl-

Thus, we apply Theorem 2.10 to w to obtain

d%
(k—h)|A;pld?’s(/ w_(x)d‘—’&dx> sca-o [ [ PO -EMaya
B B, /B,

_ yld+6
o lx — ¥l
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227 Page 14 of 31 J. Chaker et al.

Moreover, by (4.5) and Lemma 2.9 we have

(k= mla I'7 <c<1—s)f / w-@) —w-l g,
. B

|x— |d+a
1/p
_5 21 lw—(x) —w_(|?
=Cp? U|Akr b <(1_s)f /B |x — y|d+or dydx s

- d=G
i W <f w- (1) = w-I”
ClANP=1p =P (A, x Bp) — J Hee™Be e — ypp

or equivalently,

n(dX),

where u(dX) = (1 — s)|x — y|~4+t6=9)P dy dx. Since F is increasing and convex, Jensen’s
inequality yields

— ,d=c
(k—mPIA, TP <f ) F<|w,(x)—w7(y)|p)u(dx)
C|A;Z|P*1p(af5)pM(Alzp x B,) =1 A ,xBy X — yp7 o

Cp(“”)p
(A, X Bp)

By definition of G_(R2; ¢, ¢, s, g), we have

Pyyse(p,) (w-) + (1 —s)/ f g’( W+ () ) w-(x) dydx
B, JAf

x —yIs ) lx = yI¥ |x — y|4
co( ) s ()
c w-
< — LeBo) \ 75

d+sq
; w_()) _dy
+c<1—s)( ) -l / g’( ) :
T—p EO Jeang, S Iyl Tyl

where AZ’ = {y € R? : u(y) < k}. Let us estimate the right-hand side of this inequality.
Using the assumptions that # > 0 in Bsg and the fact that F is increasing, we estimate
lw-ll1(8,) < ClA Ik and

w _ k\?
Drs(B,) (?) < C|A1< NF T .

Moreover, using (2.8) and (2.4), we obtain

, w-(y)) dy ( ,< k) ,<u—(y))> dy
1- <c(l - — |+ :
C9) Joans, ® ( ot ) i =T L, V& ) ) e

The first term is controlled by CR™* f’(k/R*). For the second term, we use (4.2), (3.2) and
6H < k to obtain

/ M—(y)) dy C , <8H> ( )
et AT . 47
e JR"\B,,f ( Iyls ) Iyl =R R )= RS il 4.7

Note that the integral over B4g \ B, vanishes since u_ = 0in B4g and f'(0) = 0 by (f)).
Furthermore, we have

o () =5 () =5 ()

Dys.e(p,) (w-).
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by (f9) and (2.7). Therefore, we have estimated

S,y (wo) + (1 _s)/ / g’( w4 (y) ) w_(x) dydx
B, Jaj~ \lI

x =y ) lx—yIs |x —yl¢

o) ()

Combining (4.6) and (4.8), we can find a constant C > 0, depending on d, so, p, ¢, ¢ and
y, such that

k= h)P|4, TP _CpU TP AL ( r >d+q . (( k )P)
ClA IP~Tp@ DA, x By) | ~ w(Ar, x By) \t=p r) )

Using Lemma 2.5, we deduce that

(4.8)

d+q

_ d=& T 7k _
(k—h)|Ah,p| a SC(T_p) F'A’”' 4.9)

Note that Lemma 2.5 is applicable because 1(A; p X B,) < Cl|A, o |08 ~9)? and therefore

Cot AL (- )“’*q L O
(A, x By) \T—p Ak,

We iterate inequality (4.9) withk = kj,h =kjy1, p = Rjy1,and T = R, where
Ri=(1+2HR and kj=(1+27/)H

for j e NU{0}. Lety; = |Ak_ijj|/|BRj|, then

SH
2J+1

SH

RO

()"j+1|BRj+1|) ¢ <C2v YjlBg;l.
1+81

In other words, we have yj | < Cb/y < Cb/ max{y;" ",

1 s0/4
B = , ﬁz—d_sO/4,

Jaf/(d*&) y;+ﬁ2}, Where

and b =205 AT

Thus, y; — 0 as j — oo, provided that yg < min{C’l/ﬂQb_l/ﬂ%, C’l/ﬁlb_l/ﬂlz}. See [15,

Lemma 4.4]. By taking yo < min{C~/82p=1/83 c=1/B1p=1/1} we conclude (4.3) from
(4.4).

Let us next prove (4.4) by contradiction using the assumption (4.1). Suppose that (4.4)
does not hold, i.e.,

[Bor N{u < 286H}| > yo|B2arl- (4.10)

Let s be the constant given in Proposition 2.12. We distinguish two cases s € [s, 1) and
s € (0,5). For the first case, we let [ be the unique integer such that 2711 <5 < 27!
and setk; = 27'H fori =0, 1,...,1 — 1. To apply Proposition 2.12 to (u — k;_)_ with
h =ki_y —k; and k = k;_1 — kj+1, we check the following conditions: By (4.1) and (4.10)

[Bogp N{(u — ki—1)— < h}| = |Bog N{u > k;}| = |Bog N{u > H}| > y|Barl (4.11)
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and
[Bar N{(u —ki—1)— = k}| = |Bag N{u < kip1}l = [Bogr N{u < 28 H}| > yo| Bag|
fori =1,...,1 — 2. Moreover, we prove that there is a constant C > 0 such that
1 = ki) p gy + (1 = VRPLu = ki) Vo 5y < CRY (ki — ki 1)”.
Indeed, it follows from u > 0 in Byp that
I = ki)= 1] 5, < CRUL
The estimate
(1 =) R = ki) =Tyo.p gy < CRK], 4.12)

follows from (4.5) and the computation

— ki) — —ki_)_|P
F(fBRxBRKM(X) 1)- — () 1)-| du(X))

lx — y|*P
RG—O)P [@(x) —ki—1)— — @) —ki—1)-17\ dydx
M(BR X BR) =) /BR /BR ( lx — ylsP > Ix — y|4
RG—0o)p ki 4
ScmleRﬁ{uikiq}lF(( 7S ) ) (4.13)

which can be obtained along the lines of the first part of this proof. Estimating |Bag N {u <
ki_1}| < CR? and applying Lemma 2.5, we obtain (4.12), as desired.
Therefore, by applying Proposition 2.12 and using (4.11) we have

d—1 _ _
(ki = kix1)P|Bag N {u < kiz1}] '@ P < C(1= o) RTFOPLu = kim1) 1o gy I D17

where D; = Bop N{h < (u — ki—1)— < k} = Bar N{ki+1 < u < k;}. Using (4.12) and
ki+1 > 26 H, we obtain

P

d—p
7T < CR7T|Dyl.

d—
|Bor N{u < 28H}|T

We sum up this inequality overi = 1, ...,/ — 2 to derive

L
d

‘m

d—
(I —2)|Bog N{u < 28H}|'T 71 < CR7 1 RY,

from which we conclude by definition of /

p—1

d
|Bog N {1 < 28H}| < C|Bog||logs| 1 7 .

Therefore, we arrive at a contradiction by using (4.10) and taking § sufficiently small. The
proof for the case s € [5, 1) is finished.
For the case s € (0, 5), we use the estimate (4.8) with k = 45§ H to obtain

CRF ((—) ) > (1 —s)/ / /< w_,_(y)‘) w—(x) dydxd
' Bor ALy op lx = yI* /) [x = yI* |x =y
¢ , u(y)—48H> )(f )
—— ) d 48H — d
Rits </32Rﬂ{qu}g ( 2R)* g BzRﬂ{u<26H}( oy dx

C. H ,(H
> F%mg <4R3>|32Rﬂ{u > H}||B2r N{u < 26H}Y|.
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By (4.1) and (4.10), we obtain

(@) )= ()

where we also used (2.8), (fp) and (2.7). Therefore, by Lemma 2.5 we obtain § < C§7.
Since p > 1, we arrive at a contradiction by taking § sufficiently small. O

Using Theorem 4.1, we prove Holder estimates for functions in G(£2; ¢, ¢, s, g).

Theorem4.2 Let 1 < p <q,c >0, 59 € (0, 1), and assume s € [sg, 1). Let f : [0, c0) —
[0, 00) be a convex increasing function satisfying ( f;,l ). Then, there exist « € (0, 1) and
C > 0, depending on d, so, p, q and c, such that for every u € G(2; q, c, s, g) and any
Bsr(xo) C €,

R[ul caBrirgy = CllullLoo(Bagxgy + Tail pr (us x0, 4R).

Proof Let Bgg(xp) C €2. We may assume that xo = 0 and that ||u|| > p,,) < 00. The idea
of the proof is to find a small constant « € (0, 1) and to construct a non-increasing sequence
(M) and a non-decreasing sequence (m ;) satisfying

mj<u<M; inBsg, and M; —mj = L4~ (4.14)
forall j > 0, where R; = 4=J R and
L= C0||M||L°°(B4R) —+ Tailf/(u; 0, 4R)

for some Cy > 0. Once we construct such sequences, the desired result follows by a standard
argument.

Weset M; = 4L /2 andm; = —4=@iL/2for j =0,1,..., joforsome jo € Ntobe
determined later. Moreover, we take Cy sufficiently large so that Cop > 2 - 42Jo This ensures
that M; and m ; satisfy (4.14) up to jo. Let us now fix j > jo and suppose that the sequences
(M) and (m;) have been constructed up to j. It is enough to construct M; | and m 1
satisfying (4.14). We first assume

1
|Bag, Nl = mj + (M —mj)/2)| = | Bag | (4.15)

Inthis case, wedefinev = u—mjandset H = (M;—m;)/2 = 4“”L/2.Then,0 <v<2H
in Bug; and

1
|B2r; N {v = H}| = S1Bag,]-

To apply Theorem 4.1 to v, we let § be the constant in Theorem 4.1 and verify (4.2). Indeed,

it is easy to see that
Iy1\*
>2H(|=) —1
Vo= ((Rj

for y € Bag \ B4Rj and v(y) > —|u(y)| — L/2fory € R4 \ B4g. Thus, using (2.4)

/ 7 (U,(y)) |y|—d—s dy
Rd\B4Rj |y|5

2H RH* —1 d L/2 d
< C/ f/( ((yl/Rj) )) dy+ +C/ 7 <|M(y)| +L/ ) dy+
Bag\Bg; [y[* [y[ats RI\ By [y]* [y[ats

= Ji+ Jr
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Using the change of variables, we obtain

h<£f p(PHOI D) dy € (OHGE D) dp
TR Jravg, RIS Iy94s = RS Jy Rip® plts

By (2.2) and (2.3) we have

o _ a _ q—1 a _ p—1
5 2H(,0S ‘ 1 - % ax <8(,0 , 1)) ,<8(,o ‘ 1)) f,< §H )
R’ p? 4 5p* 5p* (4R;)*

and hence
C  (p* — 1)77! SH
n= e ([ DT 40 g -
(4R;)S 4 pl+AOP (4R;)*

Taking o = a(d, so, p, q) € (0, 1) sufficiently small so that

(% _ ] g—1 1
c/ %dpg , (4.16)
4 plTsop

N |

we obtain

| ., ( 8H
hfz“&)f<m&r)

For J,, we use (2.4) to deduce

d L/2 d
12§C</ f,(lu(y)|> dy +/ f’( / ) dy )
R\ By (IS ) Iyldts  Jra\ g, Iyls J yld+s

Since L > Tail 7 (u; 0, 4R), it follows from (3.2) and the definition of H

/ |M()’)|> dy s < L ) . /(2}1401./)
R — | =R .
-/IR"\B4R J ( lyls ) |yld+s = f RS f RS

Choosing jo sufficiently large so that 8 - 4@ =50)Jo < 5, for some 8 < & to be determined later,

we have
Rt 2H4a.i>< - ( SH
ST ) s @R s m&f>

Similarly, by (2.3)

,(L/2 dy 1 , L/2 dy
f Tvls dts ﬁ f RS|vIS d+s
R\ Byg yI15/ Iyl R\ By [yI*) 1yl
< (C / |y|*S(P*1) dy > Lf’ (i
- R\ By |y|d+s RS RS

. 8H
<GUR)f ((4R-)S>
J

~ 1
for some Cy, C; > 1 depending on d, so and p. We now choose § = (2‘1+1C2)7ﬁ8 > 0,
and obtain:
v—(y)

R\ Bug, [yl* - - (4R;)*
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This inequality together with (3.3) verify (4.2) and allow us to apply Theorem 4.1 to v.
Therefore, we obtain v > 6 H in B R which implies

) .
wzmj+SH =mj+47I L= m; + 471~ 4L inBg,.

upon choosing o € (0, 1) so small that it satisfies (4.16) and o < log, (%)

Therefore, we define M; | = M andm | =m; +47% (1 —47%)L in the case (4.15).
The other case can be proved in a similar way. O

5 Local boundedness

The goal of this section is to prove local boundedness of functions u € G(2; ¢, c, s, f).
More precisely, we prove that a function u € G(Q2; ¢q,c, s, f) is locally bounded from
above. Similarly, one can prove that functions u € G_(2; g, ¢, s, f) are locally bounded
from below by considering —u.

Theorem5.1 Let 1 < p < g < p* so € (0,1), co,c1 > 0 and assume s € [so, ). Let
f 10, 00) — [0, 00) be a convex increasing function satisfying (f9) and (f 2 t?). Ifu €
G (R;q,c1,8, f), thenu is locally bounded from above. Moreover, for each Bag(xo) C 2,
there exists C > 0 such that for every § € (0, 1)

1
. ,(qfl)ﬁ% q P pFq g1
sup u < 8Tail g7 (u; xo, R) + C$8 P ort=q Bog(xo) Uy (x) dx +6

7.
B (x0)
The constant C depends on d, so, p, q, p* — q, co, c1 and R.
Note that p = 1 is allowed in the proof of local boundedness.

Proof Let xo € Q and R > 0 be such that Byr(xg) C 2. We assume without loss of
generality that xo = 0. For j =0, 1, ..., let

Ri=(0+2"NHR, kj=1-2")k, and k;j = (k; +k;j+1)/2,

where k is an arbitrary positive number that will be determined later. We define w; =
—kj)y, ) = (u—kj), Af p = {x € Bg - u(x) > k}, and

Yj = fBRj w?(x) dx.

Since u € G+(R; g, c1, 5, f), using the assumptions (f9) and (f = t”) we have

~ 1P j w;(x) ) +
(l _S)[w-/]W‘Y'II(BRj+1) = c2v //;-f— ( RS ) dx + |A1€j,Rj|
kjoRj
i - w;(y)\ dy
+C(1 = )2Y9HDI 1% / f’( / )
JIL (BRI) Rd\BRj+1 lyls |y|d+s

=N+
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for some C = C(d, ¢, co, c1) > 0. Since

1 27\1
AT |§~7/ wﬂx)dxfC(—) Y;
kjsRi™ ™ (kj —kj)4 ar J k
J°7

q—1

and w; < wj, by assuming k > § ¢ we have

Ji < csmah2aiy;
for some C = C(d, ¢, co, c1, R) > 0. For J>, we observe
QY by = (ky — k)b < w!
and Tail ¢/ (w;; 0, Rj4+1) < Tailpr(u4; 0, R). Fix § € (0, 1) and assume

gq—1

k > Tail pr(uy; 0, R) +6 9 .
Then, using (5.1), (3.2), (1.2) and f(1) = 1, we deduce
R | k
J <UDy, f! ( )
772k~ RY SR
26-D7 (1 + (559

g—1 k
k SR*

< C2d+sa)j

Y; < C2(d+2q)j5—(q—])yj

(5.1)

for some constant C = C(d, ¢, co, c1, so) > 0. Combining the estimates of J; and J,, we

arrive at

~ .p d+2q)j ¢—(g—1
(1 - s)[wj]Ws,17(BRj+1) = C2( q)JS @ )Y/

4

Using Theorem 2.11 and the inequality 11)57* > (kji1 — IEj)P*—qw]H,

PN * v p/p* 4
(kjst =k TPV < CNBi I e,

~ 1P ~ 1P
<C (||wj||Lp(BR]_+l) + (1= s)[wj]WS~”(BRj+l))

< C2(d+2q)j5_(q_1)Yj,
or

—n* — _ * H 1+
Yji1 < Cka—P"5=@=p /Pb/Yj B

we deduce

where b = 2P —4+d+200" /P and g = %f — 1If Yo < (Ck9=P"§=@=Dp"/py=1/Bp=1/8?

then Y; — 0 as j — oo. Thus, if we assume

Jad

KP4 = s 4TV Tl byl
then

supu < k.
Bgr

We now take

1
k = 8Tail 1 (uy: 0. R) + Cos 4™V 7 72 “ydr )
ail g (uy; 0, R) + Co By (x) dx
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with Cy = (Cbl/ﬁ)l/(p*’q), which is in accordance with (5.1) and (5.2). O

6 Application to minimizers

In this section, we prove Theorem 1.1 by showing that local minimizers of (1.1) belong to
the De Giorgi class G(2; ¢, ¢, s, f) under some assumptions on f and using several results
from previous sections.

Let us first define local minimizers of (1.1). We assume that f is a convex increasing
function and k satisfies (k), i.e.,

k(x,y) =k(y,x) and A~ <k(x,y) <A forae. x,yeRY. (k)

Definition 6.1 [minimizer] We say thatu € V¥ J(QURY) is a local subminimizer (supermin-
imizer) of (1.1) if for every measurable function v : R? - R with v = u ae. in R? \
and v < u (v > u) a.e. in Q, it holds that Z,(u) < Z;(v). We call u € V57 (Q|RY) a local
minimizer of (1.1) if it is a subminimizer and a superminimizer.

Recall that we always assume f(0) = 0and f(1) = 1.

Theorem 6.2 Lets € (0,1),g > land A > 1. Let f : [0, 00) — [0, 00) be a convex increas-
ing function satisfying (f?) and let k : RY x R — R be a measurable function satisfying
(K). Letu € V55 (QR?) be a local subminimizer of (1.1). Then, u € G (2;q,c,s, f) for
some ¢ =c(d, q, A) > 0.

It is worth emphasizing that the result of the theorem is true in the case ¢ = 1.

Proof We follow the strategy carried out in [17, Proposition 7.5]. Let xg € 2,0 <r < R <
d(xp, 02) and k € R. Without loss of generality, we take xg = 0. Letr < p <t < R and
letn € C°°(]Rd) be a cutoff function with 0 < n < 1, supp(n) = Br+p, n = lin B,, and

IVilleo < — . Let wi(x) and A be as in Definition 3.3. We deﬁne Ak g =1x € Bg:
u(x) > k} and A,ZR ={x € Br :u(x) < k}.

Weset v :=u — nfw4, then u = v in R4 \ B andu > v a.e. in R?. Since u is a local
subminimizer of (1.1), it holds that Z¢(u) < Zr(v), i.e.,

0<(1—s)/ / Alx, ( y|)d dydx, 6.1)
where
A(Ly):f(Iv(x)—v(y)I) _f<|u(X)—u(y)|>.
lx — y[* [x —yl*

To estimate A(x, y), we distinguish four different cases and prove the following.
If x € Ay ory € A, then

A(x,y) <0. (6.2)
Furthermore, if x, y € Ak e then
wy (x) — wi(y)
AGx,y)=—f <—' = a '). 6.3)
lx =yl
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Ifx e Alj,p and y € A, then

Ax, y) < 1 [f’( w—()’)y) w+(x)‘Y +f <|w+(x) - w:(y)l)] ' (6.4)
2 lx = yI*/ |x =yl lx — ¥l

Finally, if x, y € A", then we have

lwy(x) — w+(y)|> tef <In(X) —n(M(w4(x) v w+(y))> 6.5)
lx —y|’ lx — y|®
for some ¢ = ¢(q) > 0, where a Vv b := max{a, b}. In the following, we prove (6.2)—(6.5).

The proof of (6.2) is a direct consequence of monotonicity of f. Namely, if x ¢ AZ’ and
y € A}, then

A@»OSf(

[v(x) — v = 11 =T (w () + w-()| < [wi () + w-(x)| = Ju(x) — u(y)|.
By symmetry, one can treat the case x € A,j and y ¢ AZ‘. The remaining case is trivial.
To see (6.3), observe that for x, y € A,tp it holds that n(x) = n(y) = 1, and therefore
lv(x) —v(Y)| = [u(x) —u(y) —w(x) +wi(y)| =0.
Let us prove (6.4). For x € A/j—,p and y ¢ AZ‘ it holds that

o) — v = (1 =T ()Dw4(x) + w-W)| = w-(y),
lu(x) —u(y)| = wy(x) +w_(y).

By application of Lemma 2.7 with 0 = %, a = & Q) o and b = \ZﬁJr())’CI)‘ , we obtain

Ay < -2 [f( w’(y)x) e f( w“xl)]
2 lx —yI° /) [x =yl lx — ylf

which implies (6.4) since w4 (y) = 0.
To prove (6.5) let us take x, y € A,j. We compute
[v(x) — v =11 = n?()Nwi (x) — (1 = n?(M)wi (V)
=11 = n? () (Ww+(x) —wi (M) + 07 (y) = 0 C)Dw ()]

Let us assume without loss of generality that n(x) > n(y). Then, we have |79 (y) —n?(x)| <
q nq_l (x)|n(y) —n(x)|. We estimate, using monotonicity and convexity of f, as well as (f9)

(B EONY (1 o R 000 02O~ 2601
lx — y[* lx — yI* nx)x —yl*
<d-n1)f <M) +l(x) f (qw+(y)|n(y) - U(X)|)
lx —y[* n)lx =yl

- f<|w+(|);)__;|)j(y)l> f(ln(y) n|EX)|w+(y))’

which implies (6.5).
By putting together the information from (6.2)—(6.4) and using assumptions on k, we
deduce

1- s)/ / y)d dydx
B, JB, Vvl 66
wo() | wi@ dyde ©O

=- ‘Ds/ (w+)—*(1—s)// f’( ) :
28 W By B, Jas, " \lx =yl ) Ix =yl lx =yl
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Moreover, from (6.2), (6.4) and (6.5) we obtain

(1—s>// Ak )% K, |)ddydx

<AQ _S)// f(leF(x)_wf(y)') dydxd
B2\B2 lx — yl* lx — ¥l

L eA( — ) // 7 <|n(x) — w4+ () v w+(X))> dy dxd
B2\ B2 lx —ylI* lx — vl

1 w_(y) w4 (x) dydx
sxt-af, | () R e
B, J(B\B,)nA lx —yI5 /) [x = y[* |x — ¥l
Note that by monotonicity of f and Lemma 2.1, we have
In(x) —n()I .
= [ [ (PO 0 ) i ayax
Br JBx [x — ¥l
b =y -
<a-of [ f<7w+(X) x =y dydx
Br JBygr(x) T—p

< (1—s)< ) / / f((z k- str(x)>(2 ¥R)~!dy dx
B Br j—o Y By—k+1 g 0\ By—k g (x) R?

fc(l—s)( ) / ( k(lfs)w+7?€)> dx
BR =0 R

for some ¢ = ¢(d, ¢) > 0. We use Lemmas 2.3 and 2.2 to obtain
- w (x) wy (x)
(I_S)Zf< —k(1—s) X+ ><(1—S)22 k(1 S)f( + )
k=0
_ 1—s 7 <w+(x)> .
—1-2"0U=9 RS
Since the map s — (1 —s)/(1 — 2~U-9)) is bounded on (0, 1) from above, we have
In(x) —n(y)l _
(1—s>/ / f<7syw+(x> x — yI ™ dydx
Br JBpr |-x - y|

R q w4
<c (7: — ,0) DR (F) (6.8)

for some ¢ = ¢(d, q) > 0.
By combination of the estimates (6.6), (6.7) and (6.8), we get:

(1—s>/ f A, y) |)d
[wi(x) —wi(y)] dydx R \? wy
<C(1_S)//Bz\sz ( T )|x—y|d+c<r—p) @i (%)

—c®yyss s, (W) — (1 —s)/B /_ f’(|w_(y) ) |w+(x) dydx 69

x—yl*) Ix =yl |x —yl¢

6.7)
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Let us deduce two more estimates for A(x, y):

Ax,y) =0 forx,y ¢ A, (6.10)
> 2
Ax,y) < f’< () ) W+0) e x e AF and y € A\ Br. 6.11)
=yl /) lx = yl°

The proof of (6.10) is trivial since supp(n) = Bz+p and w4 = 0 on A} . To see (6.11), we
compute :

A y) = f |1 =) wy(x) — wy (y)] _ lwy (x) —wi (Y]

’ x — s e — yI*

and apply Lemma 2.8 with u = 1 — n9(x), a = "ﬁt(vxlz and b = ‘ﬁt(yylz Consequently, by
(6.2), (6.4), (6.10) and (6.11), it holds that ’

(1 —s)/ / Alx, y) k(x’y)d dydx
B, JRI\B, lx — yl

o w+(y) ) wi(x) dydx
Al —
< A( S)/19,+p /Rd\g,f <|x—y|5 =y x— (6.12)

2

1 ,f w—(y) \ wi(x) dydx
——=y) S - - =
2A B, J(RI\B)NA; [x =¥/ [x = y* |x — ¥l

Moreover, using Lemma 2.3 and (2.2) with p = 1 we observe that

a _s)/ / f,( w+(y)y> w+(X)Y dydxd
Brip JRAB, lx =y ) 1x = yI° [x =y

2

d+sq
Sq(l—s)( 2R ) / / f’(w+(sy)) e - aydy (6.13)
T—p Brip JRA\B, [¥] [¥]

2

d+sq
R w4 (y) —d—
<c(l— —_— === Sdy.
<c( S)<f—p> lwill21(Bg) /Rd\Brf ( I [yl y

By combining estimates (6.1), (6.9), (6.12), and (6.13), we derive

o w-(y) ) wylx) dydx
CDW.r,f(Bp)(w+)+(1 =) /B,, /I;k_f <|x—y|s> Ix — y|¥ [x — y|9

R g w4

d+sq
R w4 (y) —d—
+c(1—s)( ) w1 / f’(* [y~ dy
T—p TiL@m RI\B, [yls

for some ¢ = ¢(d, g, A) > 0. By setting

- dyd
() =®W“"f(B/>)(w+)+(1—S)/B /A, f’( w_(y) ) |w+(x) y dx
o A

x —yl5) lx = yI¥ |x — y|4’
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we can deduce from the above line that

R q
H(P) < @@ — (o) +c (ﬂ) Oria ()

R\ wi(MY g
fel—s) (—) sl | f’( +0 )|y| 4 dy.
T—p R\ B, [yl

We “fill the hole" by adding c¢ (p) to both sides. After dividing by 1 + ¢, we get that

R q
d(p) <ye(r)+c (m) D1 (Bp) (%)

R\ wi (| as
+c(1—s) (*) lwgllp / f (*)Iyl_ ~*dy,
T—p L BR) RA\B, [yl

(6.14)

where y € (0,1) and ¢ = ¢(d, g, A) > 0. The desired result follows now from a standard
iteration argument, see Lemma 4.11 in [17]. ]

Remark 6.3 Similar to the proof of Theorem 6.2, it is possible to show that local super-
minimizer (minimizers, respectively) u & VS F(QIRY) satisfies u € G_ (S q,c, s, f)
(u e G(RQsq,c,s, f), respectively) for some ¢ = ¢(d, g, A) > 0.

Proof (Proof of Theorem 1.1) By Theorem 6.2, it follows thatu € G(; ¢, c1, s, f) for some
c1 =ci1(d, g, A) > 0. According to Proposition 3.4, it holds that u € G(2; g, c2, s, g) for
some ¢ = c2(d, p, g, A) > 0. From Theorems 4.2 and 5.1 we deduce the desired result. O

7 Application to weak solutions

In this section we aim to study weak solutions to nonlocal equations (1.6) and prove Theorem
1.2. Throughout this section we assume that f is a convex increasing function satisfying ( /)
and £ is a measurable function satisfying the structure condition (h), i.e.,

1
h(x,y, 1) = h(y,x, 1), |h(x,y,0 < Af'(tD), hx, y, 0t > Xf’(lll)ltl (h)

forae.x,y € R4 and for all 1 € R. We define weak solutions to (1.6) as follows:

Definition 7.1 (Weak solution) We say that u € VSF(QIRY) is a weak subsolution to (1.6)
if for every ¢ € VS (QIR?) with ¢ = 0 a.e. in R? \ Q and ¢ > 0 a.e. in 2, it holds that

(1—s)// h(x,y, “(x)_”(y)>¢(x)_¢(y) dydx <0. (1.1)
(Q°xQ0)e

Ix — y|* |x — y|d+s

We say thatu € V* T (QIR?) is a weak supersolution if —u is a weak subsolution. A function
u € VI (QIR?) is called a weak solution if it is a weak subsolution and a weak supersolution.

Recall that we always assume f(0) = 0 and f(1) = 1. This assumption can be made
without loss of generality since u solves Lpu = 0 if and only if u solves L/ r(1yu = 0 and
one can always choose f(0) = 0.
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Remark 7.2 Let us prove that the weak formulation (7.1) is well-defined. Let u,¢ €
VS-S (QIRY). Then, by (h) and Fenchel’s inequality (3.6), we have

(1—@]7 h(xy“@)—ﬂw>¢@)—¢u)
(QExQC)¢ P

lx — I |x — yld+s

<Al —5) // 7 <|u(x) - M(}’)|> o (x) — P (y)l dydxd
(@ x Q)¢ lx —yl* x—yls  Jx—yl

<A(1—s)// [ ( (M»H(wm—mn)} dy dx
(Q°x Q) lx —yI® Ix — yls e — y[d

< A(q — 1)q)V5~f(Q|Rd)(u) + A(bvs,f(gle)((p) < o0,
where we used that by (3.5) and (f9): f*(f'(t)) < (g — D) f(@).

dydx

The following theorem yields that weak solutions to (1.6) belong to the De Giorgi classes
introduced in Sect. 3.

Theorem7.3 Lets € (0,1),g > land A > 1. Let f : [0, 00) — [0, 00) be a convex increas-
ing function satisfying () andleth : R4 x R? x R — R be a measurable function satisfying
(h). Let u € VS5 (QIR?) be a weak subsolution to (1.6). Then, u € G (R q,c,s, f) for
some ¢ > 0 depending on d, q and A.

Note that the result remains true for g = 1.

Proof The desired result follows from a similar argument as in the proof of Theorem 6.2.
Letxo € 2,0 <r < R <d(xg, 92), and k € R. We may assume without loss of generality
that xo = 0.Letr < p <7 < Randletn € COO(R‘I) be a cutoff function w1th 0<n<l,
supp(n) = BH—p, n=1lin By, and |Vn|ec < = . We define w (x), A and Ak g asin

Theorem 6.2. We set v = n9w.. Since u is a weak subsolutlon to (1.6), we have

0= (1 —s)// Blr )22 (7.2)
(Q¢ xQe)e |x — ¥l
where
Budozh<xdhu@)—u90>v@)—vQ)
lx — yI* lx — y[*

Let us estimate B(x, y). If x, y € A, , then
B(x,y)=0. (7.3)
Ifx € A and y € A}, then by (h)
A <x’y, u(x) —u(y)> _ (x’ N w4 (x) + w— (y)) - —f/ (w+(x) + wv_(y)>.
lx =yl lx — P A lx =yl

Thus, we obtain

Bx.y) > f <|w+(x)+wv (y)|> w4 (x) 79 (x)
[x — yl lx — y|¥
N 7[ < wi () >+f,< w_(y) >] W@ -
2A -yl lx —=yI* /1 |x = yI®
L |lwy(x) — w+(y)|> q 1 ,(w_(y)> wi(x) 4
Af< T KAy A [y ATl
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where we used (2.4) and Lemma 2.3.
Ifx,ye A,:r, we prove

B, y) = £ f (M50 (1 (o) v 9 () — e (g — D f (sl
—eA f (O 1y () — (1)) (1.5)

for any € € (0, 1), where ¢ = c¢(gq, €) > 0. It is enough to prove (7.5) for the case w, (x) >
w4 (). If n(x) > n(y), then (7.5) follows from

n(x)

BGr.y) > h (X’% w+(|);)_—yu|?(y)> w+(|);)_—yu|)s+(y)

_ (M) 7 (0).
A x—yI°

where we used (#) and Lemma 2.3. When 5(y) > n(x), we observe that

B(x.y) = h (x y w4 (x) — w+(y)> <w+(x) — w4 (y) 79 (y) — w4 (x) W) gy - qu(x)))
' . lx =yl lx =yl lx =y (7.6)

=L (M> W) — Af ('”*(x) - “’T(”) O () — g (2,
A lx — yI lx = yl° lx — yl*

where we used Lemma 2.3 again. Note that
n?(y) —n? (@) < gn?” M) = 1)) < g((y) — ().
Thus, for ¢ € (0, 1) we use Lemma 2.1 and the Fenchel’s inequality (3.6) to obtain

7 <w+(x) - w+(y)> w4 (x)
lx — y[*

() — n?(x))

—q w+(x)—w+(y)> w4 (x) _
<qe’f (8 FpE |x—y|s("(y) n(x))

< f* <f/ <gw>> + f (qgiq%w_k(x)) .

lx =yl | x
By (3.5), (f9) and Lemma 2.2 (iv) with p = 1, we deduce that

7 (w+(x) - w+(y)> w (x) () — n?(x))
lx —yI° lx =yl

§s(q—1)f<w+(x)_w+(y))+ f<n(y) n(x)w+(x)>

lx —y®

(7.7)

lx —yI* | I*

for some ¢ = c(q, €) > 0. Therefore, (7.5) follows from (7.6) and (7.7).
Combining (7.3), (7.4) and (7.5), we have

dydx
(I—S)/ / B(x,y) ]
. JB, lx =yl

1 s w=(y) w4 (x) dydx
_2A st(Bp)(w+)+ A(I_S)/ /A‘ f(x— ) i B —yld (7.8)

VI e =yl lx
) —n( dyd
— eA(g — DPyyes g, (wy) — cA(l —s)/ / (Wm(x)) |xy_yx|d.
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Let us now take into account the pairs (x, y) € (R? x RY) \ (B; x By). Using (h) we
compute

dydx
(I—=s) B(x,y)————
. JRA\ B, |x — ¥

1 o lux) —u(y)l\ wi(x) dydx
2 *(l - S) f d 7 9
A AL, S >u)ns: lx — yI* [x = yI¥ [x =yl (7.9)

1 lu(x) —u(y)|\ dydx
300 [, 7 : 7
Al iy {u()>u())\Be lx =yl |x — yleT
v

By monotonicity of f’, we have that

1 _ dyd
I > 7(1_S)/ / f’< w_(y) ) w+(x)v y xd. (7.10)
2A B, J(®RI\B)NAL [x =I5/ [x = yI° [x =yl

Moreover, by (6.13) we obtain

R\t wi(y)) dy
L <c(l—s) (—) llwo I f f’( ) RNCATY
T—p FULBR) Jea g, vl ) Iyldts

Therefore, it follows from (7.2), (7.8)—(7.11) and (6.8) that
1 1 w_(y) wi(x) dydx
~ Dyyss (w)+f(1—S)/‘ / f/( )
an BT A 8, Jaz” \lx =y ) Ix =y [x =yl

R \1 w
=eA(g — DP@ys.rpy(wy) +¢ (m) D7) (Rff) (7.12)

R\t wi()) dy
fel—s) (—) ol f f’( ) ,
T—p LB Jeay s, Iyls ) Iyld+s

where ¢ = ¢(d, q, A, €) > 0. We take ¢ = (4A%(g — 1))"' A27! € (0, 1) so that (7.12)
boils down to (6.14) with y = 1/2 and ¢ = ¢(d, g, A) > 0. This finishes the proof. O

=11 — 1.

Remark 7.4 Similar to the proof of Theorem 7.3, it is possible to show that weak solutions
ue VEI(QIRY) to Lhu = 0in Q satisfy u € G(2; ¢, ¢, s, f) for some ¢ > 0 depending
ond,qand A.

Proof (Proof of Theorem 1.2) By Theorem 7.3, it follows that u € G(R2; ¢, c1, s, f) for
some c¢; > 0 depending on d, ¢ and A. According to Proposition 3.4, it holds that u €
G(R; q,c2,s,8) forsome c; = c2(d, p, q, A) > 0. From Theorems 4.2 and 5.1 we deduce
the desired result. O
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