Mathematische Annalen (2023) 386:533-550

https://doi.org/10.1007/500208-022-02405-9 Mathematische Annalen
)]

Check for
updates

Harnack inequality for nonlocal problems
with non-standard growth

Jamil Chaker' - Minhyun Kim'® - Marvin Weidner'

Received: 9 February 2022 / Revised: 5 April 2022 / Accepted: 5 April 2022 /
Published online: 6 May 2022
© The Author(s) 2022

Abstract

We prove a full Harnack inequality for local minimizers, as well as weak solutions
to nonlocal problems with non-standard growth. The main auxiliary results are local
boundedness and a weak Harnack inequality for functions in a corresponding De
Giorgi class. This paper builds upon a recent work on regularity estimates for such
nonlocal problems by the same authors.

Mathematics Subject Classification 35B65 - 47G20 - 35D30 - 35B45 - 35A15

1 Introduction

The goal of the present work is to prove a full Harnack inequality for local minimizers
and weak solutions to a class of nonlocal problems which exhibit non-standard growth.
This article builds upon the recent paper [13], in which we study regularity properties
for local minimizers of nonlocal energy functionals, as well as weak solutions to
nonlocal equations with non-standard growth. We prove that these objects satisfy a
suitable fractional Caccioppoli inequality and therefore belong to corresponding De
Giorgi classes. In this work, we show that any function in such De Giorgi class satisfies
a full Harnack inequality. As a consequence, we obtain the full Harnack inequality for
local minimizers and weak solutions.
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Before we state the main result of this paper, let us formulate the main assump-
tions and briefly present the energy functionals respectively the nonlocal operators
considered in this work. We point out that the setup of this article is in align with [13].

Let @ C RY be open, s € (0,1) and 1 < p < g. Throughout the paper, let
f 10, 00) — [0, 00) be convex, strictly increasing and differentiable with f(0) =0
and f(1) = 1. We say that f satisfies (f}}) if for all # > 0:

pf) < tf' (1), (fp)

tf'(1) < qf (). (f

The growth function f is naturally associated with nonlocal energy functionals and
nonlocal operators. On the one hand, consider

ur>Zru) =1 —s)// f(lu(x)—u(y)|> k(x,y)d dydx, (1.1)
(Qx Q) lx —yl* lx — |

where k : R? x R? — R is a measurable function satisfying

k(x,y) =k(y,x) and A™' <k(x,y) <A forae.x,yeR? (k)
for some A > 1. 1In [13, Theorem 6.2], we prove that local minimizers of Z belong
to the De Giorgi class DG(2; ¢q, c, s, f) for some constant ¢ = ¢(d, g, A) > 0if f
satisfies (f?) for some g > 1. For the precise definition of the De Giorgi class, see

Definition 2.8.
On the other hand, we consider weak solutions to

Lou=0 inQ, (1.2)

where L, is a nonlocal operator of the form

Lpu(x) = (1 — S)p.V./ h (x, v, u(x) — ”()’)) dyd .
IRd lx — y]* |x — y|d+s

Here, i : R x R? x R — R is a measurable function satisfying the structure condition

1
h(x,y, 1) =h(y, x,1), Sign(t)Xf’(ltl) <h(x,y,0) < Af(tD (h)

forae.x,y € R4 and forall € R. We show in [13, Theorem 7.3] that weak solutions
to (1.2) are in DG(R2; ¢, ¢, s, f) for some constant ¢ = ¢(d, g, A) > 0 if () holds
true for g > 1.

The goal of this article is to prove a full Harnack inequality of the following form.
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Harnack inequality for nonlocal problems... 535

Theorem 1.1 Let Q2 be an open subset in R LetO <s9p <5 < 1,1 < p <gq,
¢ > 0 and assume that f satisfies ( f,? ). There exists a constant C > 0 such that if
ue DG(;q,c,s, f) is nonnegative in Br(xo) C 2, then

sup u<C < inf  u + Tail g (u—; xo, R)) . (1.3)
Bry2(x0) Brya(x0)

The constant C depends only on d, so, p, q and c.

The Harnack inequality was originally proved for harmonic functions and later
obtained for several elliptic and parabolic local operators. It is known to have important
consequences such as a priori estimates in Holder spaces or convergence theorems.
Therefore, it plays an important role in several mathematical fields such as geometric
analysis, probability or analysis of partial differential equations. For an introduction
to Harnack inequalities, their history and consequences, we refer the reader to the
article by Kassmann [26]. The appearance of the tail term on the right-hand side of
(1.3) is a purely nonlocal phenomenon. It is shown in [25] that the classical Harnack
inequality fails for s-harmonic functions if nonnegativity of the function is assumed
in the solution domain only. In [27], a new formulation of the Harnack inequality is
introduced. Itinvolves anonlocal tail term as in (1.3) which captures the negative values
of the s-harmonic function outside the solution domain. In our setup the nonlocal tail
is of the following form

. ~ lu(y)l dy
Tail (u; x0, R) = RS (") ((1 — s)RS/ f ( ) ) ,
/ R4\ Bg (x0) ly —xol5 ] |y — xold+s

see Sect. 2.2 for details.

Further important contributions to investigation of Harnack inequalities for nonlocal
operators are, among others, the articles [2, 3, 5, 7, 10, 12, 14-17, 31-33] and the
references therein.

Since local minimizers of (1.1) belong to the De Giorgi class, we have the following
corollary of Theorem 1.1, that is the full Harnack inequality for local minimizers.

Corollary 1.2 Let s € (0,1), 1 < p < g, A > 1 and assume s € [sg, 1). Assume
that f satisfies ( f;,] yand let k : R x R? — R be a measurable function satisfying
(K). There exists a constant C > 0, depending only on d, so, p, q and A, such that
ifu e V‘V’f(QHRd) is a local minimizer of (1.1) that is nonnegative in Br(xo) C €2,
then the full Harnack inequality (1.3) holds true for u.

Another direct consequence of Theorem 1.1, together with the observation that
weak solutions belong to the De Giorgi class, is the full Harnack inequality for weak
solutions.

Corollary 1.3 Letso € (0,1),1 < p < g, A > 1 and assume s € [sg, ). Assume that
f satisfies ( f;,] Yand let h : R x RY x R — R be a measurable function satisfying
(h). There exists a constant C > 0, depending only ond, sq, p, q and A, such that if
u e Vs’f(Q|Rd) is a weak solution to (1.2) that is nonnegative in Bg(xo) C 2, then
the full Harnack inequality (1.3) holds true for u.
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536 J. Chaker et al.

The proof of the main result Theorem 1.1 follows from a weak Harnack inequality
together with the local boundedness of functions in the De Giorgi class. Our approach
roughly follows the ideas of Mascolo and Papi [29], where they establish a Har-
nack inequality for minimizers of functionals with non-standard growth in the local
case.

We would like to point out that all results in the present paper are robust in the sense
that the constants stay uniformas s — 17, since they depend on sy and are independent
of the actual order of differentiability s. Since the tail contribution vanishesass — 17,
we recover purely local estimates in the limit case. Note that the nonlocal energy
functional is known to converge to a local energy form as s — 17, see for instance
[1,8].

The family of operators studied in this paper exhibits non-standard growth behavior.
The regularity theory has been intensively studied in recent years. In [13] and [4], local
boundedness and local Holder regularity are established for such operators using two
different approaches and under slightly different conditions on the growth function.
Both papers prove Holder estimate under the condition ( f g ) using similar approaches.
While [13] establishes the local boundedness under the additional condition g < p*,
in [4] such an estimate is proved without this restriction. Byun, Kim and Ok derive a
Poincaré Sobolev-type inequality, which takes into account the specific growth of the
functionals under consideration. However, their method is not robust as s — 1~ in
the aforementioned sense. In this paper, (see Theorem 3.1) we prove a robust estimate
without any restriction on the exponents p and g, improving the corresponding results
from [4, 13].

Recently, Fang and Zhang have investigated Harnack inequalities for nonlocal oper-
ators with general growth [20]. In comparison to our setup, they impose more restrictive
structural assumptions on the growth function f. Similar to the approach in this article,
they derive local boundedness and a tail estimate as in Theorem 3.1, Lemma 5.1, as
well as a weak Harnack inequality. By combining these results, [20] derive an upper
estimate for sup # in terms of inf # and a nonlocal tail term. However, for p < ¢,
this result is not optimal due to the appearance of an additional power ¢t = g/ p in the
Harnack inequality. In this article, we prove a different version of a weak Harnack
inequality taking into account the growth function f, see Theorem 4.1. This allows
us to deduce a full Harnack inequality in the classical form (1.3).

For a deeper discussion on the literature about nonlocal operators with different
types of non-standard growth behavior and their regularity theory, we refer the reader
to the references given in those two articles. See also [6, 9, 11, 18, 19, 22-24, 30] and
the references therein.

Notation

Throughout the paper, we will denote by C > 0 a universal constant, which may be
different from line to line.
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Harnack inequality for nonlocal problems... 537

Outline

This article is structured as follows. In Sect. 2 we collect several auxiliary results for
the growth functions under consideration and provide definitions of related function
spaces and De Giorgi classes. Sections 3 and 4 are devoted to the proof of local
boundedness and a weak Harnack inequality for functions u in appropriate De Giorgi
classes. Finally, the proof of the main result Theorem 1.1 is provided in Sect. 5.

2 Preliminaries

This section contains several auxiliary results on the growth function f and introduces
the function spaces related to our setup.

2.1 Properties of growth functions

We collect several properties of growth functions f : [0, 00) — [0, co) which were
proved in [13] and will be used in the course of this article. Recall that we will assume
throughout this paper that f is convex, strictly increasing and differentiable with

f(©) =0and f(1) = 1.
Lemma 2.1 [13, Lemma 2.1] Let g > 1. Then the following are equivalent:

@ f D,

(i) t +— 79 f(¢) is decreasing,
(i) fOr) <A f(@) forallx > 1,
@iv) M f(@t) < f(Or) forall x < 1.

Lemma 2.2 [13, Lemma 2.2] Let p > 1. Then the following are equivalent:

0 (),
(i) t +— 7P f(t) is increasing,
(i) AP f(t) < f(Ar) forall x> 1,
@iv) ft) < AP f(t) forallx < 1.

Corollary 2.3 [13, Corollary 2.4] Let | < p < q. Assume that f satisfies (f;f). Then,

Por=1r1y < £y < L2971 £y forali x> 1, 2.1
q p
E)ﬂ—lf/(t) < f'(a) < z)J"_]f/(t) forallx <1, (2.2)
q p

%f/(t) + %f’(s) <flt+s) < %2‘1"(1"0) + f(s)) forallt,s >0. (2.3)

Lemma 2.4 [13, Lemma 2.5] Let ¢ > 1 and assume that for some t,s > 0 it holds
that f(t) < cf(s). Thent < cs.
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538 J. Chaker et al.

Note that under the assumptions on f, it does not necessarily follow that f” is
invertible. Throughout this article, we will work with the following generalized inverse
of f:

(fH7') =inf{r: f1@) = ). Q24

We collect a few properties of (f’)~!. First, we recall a proposition from [13].

Proposition 2.5 [13, Proposition 3.1] It holds that

(f'o(fHY™MHy) =y forally >0, 2.5)
(Vo fYt) <t forallt > 0. (2.6)

The following are simple consequences of the previous results.
Lemma 2.6 Foreveryt,s > 0:

(fH! (%) < (7o + ().

Proof By (2.5), (2.6) and monotonicity of (/)™

2 2
= (M o+ e)]
<N+ 7). O

) [ﬂ} < (M [f’((f’)‘(t)) + f’((f’)‘(s))}

Lemma 2.7 Let1 < p < q. Assume that [ satisfies (fg). Then
7o) < (7M@) forall n >0,

where ¢;, = (qh/p)"/P~V if A > p/q and ¢; = (g1/p)/ 97V if A < p/q.

Proof First, we observe that by (2.1) and (2.2), A f/(t) < f’(cxt). Therefore, using
(2.5), (2.6) and monotonicity of (f/)~!:

7l = O T o) = 7 [P eu) T o)) s e o,
O
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2.2 Function spaces and De Giorgi classes

Lets € (0, 1) and 2 c R9 be open. We define the Orlicz and Orlicz—Sobolev spaces
by
Lf(Q) = {u : @ — R measurable : &, 1) (u) < oo},
WH(Q) = {u € LT(Q) : @y (g () < oo},
VEHQIRY) = {u € LT(Q) : @y gy (u) < o0},

where @ 1oy, Pys.r(q) and Pys. s (qre) are modulars defined by

D) = /Qf(|u(x)|)dx,

— (1 lu(x) —u(y)l'y dydx
@ = € S)/sz/szf( x — yls )Ix—yld’

o lu(x) —u(y)|\ dydx
Py.r(qray () = (1 s)//( UXQK:)Cf( lx — yIs ) x — |4

Next, we define nonlocal tails, which capture the behavior of functions u € V* f
(QR?) at large scales. We define the nonlocal f’-Tail by

d
Tail (s x0, R) = R (f)”! ((1 —s)RS/ f’( ) ) — )
RY\ Bg (x0) |y —xol* /) |y — xol¢**

2.7
Recall that the function f’ does not have to be invertible. Here (f")~! denotes the
generalized inverse., see (2.4). In our previous work [13], we prove that this expression
is finite if u € V5 (QIRY) for Bg(xg) C Q.

We are now ready to provide the definition of De Giorgi classes.

Definition 2.8 (De Giorgi classes) Let 2 be an open subset in R?. Let s € (0, 1),

g > landc > 0. Wesay thatu € DG (2 ¢, c, s, f) ifu € V97 (QIR?) and if for
every xg € 2,0 <r < R <d(xg, Q) and k € R, it holds that

w_(y) |\ wy(x) dydx
Dyys.s <w>+<1—s>/ / f’( )
B o s Jap T N = vl e =yl e =y

R q o wy R d+sq X
ANr=7) Crreen \ ) Tl g =5 w12t By on (1 = 5)

d
X/ f/( w4 (y) ) y (2.8)
R4\ B, (x0) ly —xo0l* /) |y — xol9+s

where wi(x) = (u(x) —k)x and A = {y € R? : u(y) < k}. We say that u €
DG_(2;q,c,s, [)if(2.8)holds withw,w_ and A, replacedby w_, w and A,j =
{y € RY . u(y) > k}, respectively. Moreover, we denote by DG(L2; q,c, s, ) =
DG4 (2;q,¢,5, /YNDG_(2; q,c¢,s, ).

A
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540 J. Chaker et al.

3 Local boundedness

The goal of this section is to prove local boundedness of functionsu € DG 4+(L2; ¢, c,
s, f) under (f7), see Theorem 3.1. This result significantly improves [13, Theo-
rem 5.1]. Let us mention that a similar estimate has been obtained in [4] using a
different technique based on a Poincaré—Sobolev-type inequality for nonlocal Orlicz—
Sobolev spaces. Our proof solely relies on the classical fractional Sobolev embedding
and our estimate is robust for s — 17.

Theorem 3.1 Let Q be an open subset in R Let0 <59 < s < 1, qg>1,¢c>0
and assume that f satisfies (f1). There exists a constant C > 0 such that if u €
DG (2 q,c,s, f), then for any Br(xg) C Q,1/2 <p <t <landé € (0,1), it
holds that

(1—g)2d/so Tail : "R/2
£ osp BE) <t 0 f f<u+(f))dx+af( il 0 /)),
Byr(x0) R (=P JBer(x0) R (R/2)

where y = 2d(d + q)/so. The constant C depends only on d, sy, q and c.

Remark 3.2 In particular, Theorem 3.1 implies that functionsu € DG (2; q, ¢, s, f)
are locally bounded from above in 2 under the assumptions of Theorem 3.1. Local
boundedness from below for functions u € DG_(2; g, c, s, f) can be proved in the
same way. Finiteness of Tail s/ (u; xo, R/2) is a consequence of u € VS (QIRY),
see [13, Proposition 3.2].

Proof We may assume that xo = 0. For j > 0, we set

Rj=pR+27/(t—p)R, Bj=Bg,,
kj=(1=2"Dk, kj=(j+kjt1)/2,
wj = u—kj)y, Wj=u—kji,
where k is a positive number that will be determined later. Note that Rj 11 < R; <
2Rjy1,kj < l;j <kjyrand wj;; < w; < w;. We denote by A;[_r the set {x € B, :
u(x) > h}. '
Let 0 = max{sg/2, (3s — 1)/2} € (0, s). Then, it is easy to check that

l—0 < %(l—s) and s — o > min{sg/2, (1 —o)/3}. 3.1

First, by Holder’s inequality we have

wjy(x) 1 w;(x)
][Bj+1f< R® )dXS |Bj+1| A;R f( R® )dx

J i+l

d—o

_d_ d

+ g
< |AE1’RJ+l|d / f(a)j(X)>d_a dx
= 2-d|By| B RS
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Harnack inequality for nonlocal problems... 541

By applying the fractional Sobolev inequality to w;/R* in B, we estimate

d—o

~ _d_ d
(/ f(wf(sx))d_" dx) <C(1—0)/ /
Bjt1 R Bji1 J Bjti

W O/RY) — f Qb (y)/RA)I

|x _y|a’+a
_ w;j(x)
+CR “/ f< ! )dx.
Jj+1 B RS

Note that from monotonicity of f” and assumption (f4) it follows:

|f(a/RS) - f(b/RS” a ’ b la — bl —s s—o
o~y max{f <F)’f<ﬁ>}|x—y|sR S

oot (R ()

for any a, b € R. This inequality applied to a = w;(x), b = w;(y), together with
(3.1), yields

(1_0)/ / If (@ (x)/ R )—ﬁ(lﬁ),(y)/R )|
Bjs1 JBjp lx =yl

W (x) —S|x — y]sO B
<cCd —0)/ ( / )/B |X—)’)|)d dydx + CR SRjJrlq)W‘f(B,H)(wJ)

J
,() )

We have thus far obtained

. |AT |
][ f(w]+1(x)> dr < C kj,Rjt1
A N Al WY

wj(x)) d Pyyss gy (W))
| 3.2
(]ij f < RS o |B;]| (3.2)

where the constant C depends only on d, s¢ and ¢ at this point.
In order to set up a suitable iteration scheme based on (3.2), it remains to estimate
the quantity @Wx,f(Bj+l)(lz}j). Sinceu € DG1(2; ¢q,c,s, f), we have
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542 J. Chaker et al.

R q B () R. d+sq
Do (1I)~)§C< J ) / f J dx+c<_ J )
WS (Bj) \Wj Rj—Rjp B R; Rj — Rji

N Wi\ 1—s
111 / f’( . ) dy
JIULY(Bj) RI\B) lyls |y|d+s

=L+ Db. (3.3)

For I;, we use Lemma 2.1 and the fact that R; < R to deduce

R; q sq : qj i
nsc(i’ ) <£> / f(w’(sx)>dxsc 2 / f(w’(sx)> dx.
Rj_Rj—I—l Rj Bj R (‘C—p)q Bj R

3.4
For I, using monotonicity of f” and the assumption ( f9) again, we observe that

% /<%> - qz(q—1>(j+2)%f/ (k/;ski)

G-DG+ Wi o (Wi 25(q-1(j+2) ¢ (Wi
=42 R5f<RS>Sq2 f(RS '

Thus, I can be estimated as

20d+29)j wj(x) R* urMY 1—s
hec 20 i )d R ( ) a
2= = pydtie (/B,-f ( rR ) ) kIR Rd\Bpr yls )yl

If we assume that for some 6 € (0, 1), k > ky := 62°Tail p(u; 0, R/2), it follows:

§l—a . w;(x)
I <c—2<d+2@f/ —22) dx, 35
2= (‘L’ _ p)d+sq B; f RS X ( )

where we used (2.2), and C = C(d, s9, g, ¢) is a positive constant. Combining (3.3),
(3.4) and (3.5):

1 . sl-a . wi(x)
|B_j|q>WS’f<Bj+l)(wj) =< sz(d-i-Zq)JJi f (;?_A> dx. (3.6)

J

Since we have by Lemma 2.1

N T Y AN S
f (ﬁ) T A R q2KI(J+2)f fiA/ < qzq(1+2)][ f </7&> dx,
|B;] R |B;l Bj R

3.7
it follows from (3.2), (3.6) and (3.7) that

I—q
jv 148

Y: <Ch—— .
j+1 = O(f—p)d+q j

b
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where b =2413¢ > 1, B =0/d > 0, Cy = Co(d, s0,q,c) > | and

1 w; (x)
= ]i,.f ( RS )dx'

Let us take

. e §U=a)2d/so uy(x) q '
=R f~ - e i
S S ]ier( R ) x ) +k

where y = 2d(d+q)/s0,C1 = ng/ S0 p4d® /5§ and ky is as before. This choice provides

1- -1/
Yo < _Cod " b1/
~ \(x—p)tta ’

where we used that o > so/2. Therefore, [28, Lemma 4.7] shows that ¥; — 0 as
J — 00, which concludes that u < k a.e.in B,g. By monotonicity of f, it follows that
fW/R*) < f(k/R®) a.e.in B,g, which implies the desired result due to Lemma 2.1
and since f(a 4+ b) <29(f(a) + f(b)). O

The following result includes Theorem 3.1 as the special case ¢ = 1. It is a direct
consequence of Theorem 3.1 and a classical iteration argument.

Corollary 3.3 Let Q2 be an open subset in R?. Let 0 < so <s < 1,qg > 1, ¢ > 0,
¢ € (0, 1] and assume that f satisfies (f9). There exists a constant C > 0 such that
ifue DG+(2;q,c,s, f), then for any Br(xo) C Q and § € (0, 1), it holds that

f&‘ sup l/l_+ < Ca_ll«][ fg <M+(X)> dx—|—8fs (Tailf/(qu;xO, R/2)) ,
Bry2(x0) R BRr(x0) R? (R/2)*

(3.8)
where u = 2d(q — 1)/(eso). The constant C depends only on d, sy, q, ¢ and &.

Proof We may assume that xo = 0. Let 1/2 < p < 7 < 1, §y € (0, 1). By applying
Theorem 3.1 with §p, we have

(1-¢)2d/s0

3 Uy (x) Tail 7 (u+; 0, R/2)
AN () (Bt
g(p) < (= p)7 BTRf RS x4+ f (R/2) 1+ 1
3.9

where C = C(d, so,¢q,c) > 0,y =2d(d + q)/so and

- “t
gp)=f (ZI;IR) RS).
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544 J. Chaker et al.

Using Young’s inequality, we obtain

(1—=¢)2d/so
)

n<cl—— g(r)l—s][ £ (MY g
(T_p)y B:R R?

1 85" o (s (x) 1/e

for some C = C(d, so,q,c,€) > 0, where u = 2d(g — 1)/(esp). Combining (3.9)
and (3.10):

8y " o (Ut (x) 1/e Tail (43 0, R/2)
g(p) < g(r)+C7pW€ <][ f ( R >dx) +80f(—(R/2)S )

IA

IA

forany 1/2 < p < t < 1. Therefore, by an iteration lemma, see [21, Lemma 1.1]:

L o ((Uug(x) 1/e (Tailf/(qu;O,R/Z))
g(1/2) < €8, <][ f( )dx) +Coo f I :

Using the inequality (a 4+ b)® < a® 4 b®, we obtain

0y cen [ (e () . (Tail y(uy; 0, R/2)
" <§2ER)EC8° Y[f( )d +C8°f< R /2y )

(3.11)
where C = C(d, so, ¢, c, &) > 1. For a given § € (0, 1), the inequality (3.8) follows
from (3.11) by setting 8o = (8/C)'/¢ € (0, 1). O

4 Weak Harnack inequality

The goal of this section is to prove a weak Harnack inequality for functions u €
DG_(R2; q,c,s, f). There exist several possible estimates in the literature, which go
under the name “weak Harnack inequality”. They all differ in the aspect that inf u
is estimated by different Lebesgue-norms of u. We will prove an estimate of the
following type since it allows us to deduce a full Harnack inequality by combination
with Corollary 3.3.

Theorem 4.1 Let Q2 be an open subset in RY. Let 0 < so<s<l,1l<p<qg,c>0

and assume that f satisfies (f;,i). There exist constants C > 0 and ¢ € (0, 1) such
that ifu € DG_(R2; q, c, s, f) is nonnegative in Br(xo) C 2, then

][ fe (u(x))d <Cf8< inf i)+Cfs (Taﬂf’(”—?x‘)_’m).
Br(x0) R® Brj2(x0) RS RS

The constants C and € depend only on d, sy, q and c.
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Before we give the proof of Theorem 4.1, we recall the following growth lemma
from [13]:

Lemma4.2 [13, Theorem 4.1] Let 2 be an open subset in RY. Let 1 < p <gq,
¢, H>0,R >0,s9 € (0,1) and assume s € [sg, ). Assume that f satisfies (f,?).
Suppose that Bagp = Bag(xg) C Q. Letu € DG_(2; q, c, s, g) satisfy u > 0 in Bag
and

|Bor N {u > H}| > y|B2rR|
for some y € (0, 1). There exists § € (0, 1) such that if

Tail (u—; X0, 4R) < 8H,
then

u>8H in Bg.

The constant § depends only on d, so, p, q, c and y.

Proof of Theorem 4.1 Without loss of generality, we assume that xo = 0. Let us define

L := inf u + Tailp/(u_; 0, 8R).
Br2

First of all, we claim that for any H > 0 it holds:

IA rl L\* i1
|BR|—(5>' @D

where § € (0, 1) is the constant from Lemma 4.2 applied with

Here, a =
y = g and H :=t. The proof of (4.1) is a well-known consequence of Lemma 4.2
and a covering argument due to Krylov and Safonov. It is explained in detail in [14,
Lemma 6.7 and (6.41)] and can be adapted to our setup without any changes being
necessary.

Let us explain how to deduce the desired result from (4.1). We choose ¢ =
%min(l, g) and compute by Cavalieri’s principle and performing a change of vari-
ables

][ re (M(X)> dx = 8/oo Br O G/RD 2 01 je-g,
Bx 0 | BR]

00 A+S
- g/ 1Ak k] ’leg_l(t)f/(t)dt
0 |BR|

L/R® 0 L \¢

< / FENOf di + e / ( ) FENO £ (0)de
0 L/Rs St RS

=11+ Db.

long ’
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For I1, by a change of variables,

FIL/R) I
I =s/ 7 = o= 4.2)
0 RS )’ '

For I, we apply (f?) and obtain

I < S—G i ¢ © —1—a re d
2=¢q RS L/Rsl‘ Jfo(0de.

From integration by parts and again (), we see that

© —l —a (t)dt 1 (L >_a & (i) l li t_a S(t)
/;/R‘ f R’ f R* B a t—l)rgo f

+5/mr”ﬁ”mﬂmm
alr

/RS
1/ L\ ¢ L 1 [
< (= e = - t—l—a gtdl,
—a<m) f(M)+2Amx 70

where we used the definition of ¢ and Lemma 2.1(ii) in the last step. It follows that

20 (&)
12<—8 are , 4.3)

which yields, upon combining (4.2) and (4.3):

e [ ux) e L e o (Tailg(u—_;0,8R)
for () weser (@) =er () ~or (F57).

where we used that f(a+b) < 29(f(a)+ f (b)) and (a +b)® < a® + b*. The desired
result follows by noticing that

Tail p/(u—; 0, 8R) < CTail pr(u—; 0, R),

which is a direct consequence of Lemma 2.7 applied with A = 8°. O

5 Harnack inequality

In this section, we prove our main result Theorem 1.1. First, we prove the following
estimate for Tail 7 (u; xo, R).

Lemma 5.1 Let Q be an open subset in RY. Let 0 < so <s<1,1<p<gq,
¢ > 0 and assume that f satisfies ( f;,f ). There exists a constant C > 0 such that if
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ue DG_(2;q,c,s, f) is nonnegative in Br(xo) C 2, then

Tail p/ (uy; x0, R/2) < C < sup u + Tail g (u—; xo, R/2)> .
BRrya(x0)

The constant C depends on d, s, p, q and c.

Proof Without loss of generality, we may assume xg = 0. Let w = u — 2M, where
M = SUpp , U- Byu e DG_(R;q,c,s, f):

(1—s) w_(x>(/ f’(“’“”,)u—yrd—sdy) dx
BR/4 Rd ‘x_yP

w_(y)> / , (w_(y)> d—s
= dy +c(1 - _ dv.
_c'/BR/2f< R ) e =gy [ S () e

5.

Note that due to (f,) itholds f ’(0) = 0. This allows us to consider the integral over RY
for the term on the left-hand side. Since |x — y| < 2|y| for every x € Brjs,y € B;/z
and by (2.3), we estimate the first term from below by

=5 [ w ( / f/< w+(y)s) b=y dy) dx
Brya By lx =yl

/2 Iyl B

> C(1 —s)MRd/

B
M g
f/<|y|s)|y| =5 dy.

Note that by monotonicity of f’ and (2.1)

C
R/2

M M
(1 —s)MR? /B f <|y|5> ly|=~?dy < CMRI=S f’ (F)'
/2

R

Furthermore, the terms on the right-hand side of (5.1) can be estimated from above
by:

CMRI™ f! <%> +ca —s)MRd/ 7 <”‘(f)) Iy~ dy
By |yl
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using similar arguments. Altogether, we obtain
R N
<1—s)(5)/ f/(—”+(f)>|y|—“‘fdy
B |yl
M R\’ _
o (g)rea-o(3) [ r () mree
RS 2] Jeg Iyl®
R)2
1 cM R\’ u_(y) —d—
<1 f’( Y)+c<1—s><—)/ f’( f)m s dy .
2 R 2) Jug, " \ Dk

where we used (2.1) in the last step. Next, we apply (/) ~! on both sides of the estimate
and multiply with (R/2)* to obtain

Tailp/(u4; 0, R/2) < CM + CTail p(u—; 0, R/2),
where we applied Lemma 2.6, (2.6) and Lemma 2.7. O

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1 We may assume that xo = 0. Let ¢ € (0, 1) be the constant from
Theorem 4.1. By Corollary 3.3 and Lemma 5.1, we have

Tail 7/ (u—; 0, R/2)
e LR CzS*“][ e <u(x)> de 46 1¢ CSUPBR/z” + Tail
! (52?2 RX) B w! Uae )&t (/2 ’

where u© = 2d(q — 1)/(esp). Using (f9), Lemma 2.1 and u > 0 in Bg, we obtain

o [ . SUPBy, u + Tailpr(u_; 0, R/2) . u . (Tailf/(u_; 0, R))
sfr\c <Cé — |+ =)
! ( Rj2" =Cslf P ks ! 7

By taking § sufficiently small so that C§ < 1/2, we have

. u o [ u(x) o (Tailp(u_; 0, R)
f (;:EF>§CﬁRf (F>dx+f (—RS )

Thus, it follows from Theorem 4.1 that

u . u Tail p1(u—; 0, R)
A (S“P F) = () ror (TR

Br)2

The desired inequality follows by using (a + b)é < 2:-! (a% + b%), as well as the
estimate f(a) + f(b) <2f(a+ b) and Lemma 2.4. O
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