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1. Introduction

All graphs in this paper are finite and have neither loops nor parallel edges. We
denote by N the set of positive integers. A class C of graphs is said to have the Erdds-
Pdésa property if there exists a function f: N — N, called a gap function, such that for
every graph G and every positive integer k, G contains either

e k + 1 pairwise vertex-disjoint subgraphs in C, or
o a vertex set T' of G such that |T'| < f(k) and G — T has no subgraphs in C.

Erdés and Pésa [8] showed that the class of all cycles has this property with a gap function
O(klogk). This breakthrough result sparked an extensive research on finding min-max
dualities of packing and covering for various graph families and combinatorial objects.
Erdds and Pésa also showed that the gap function cannot be improved to o(klog k). The
result of Erdés and Pdsa has been strengthened for cycles with additional constraints;
for example, long cycles [23,4,9,17,5], directed cycles [22,13], cycles with modularity
constraints [25,11], or cycles intersecting a prescribed vertex set [15,18,5,11]. Not every
variant of cycles has the Erdés-Pésa property; for example, Reed [21] showed that the
class of odd cycles does not satisfy the Erdés-Posa property.

We generally say that a graph class C has the Erdds-Pdsa property under a graph
containment relation <, if there exists a gap function f : N — N such that for every
graph G and every positive integer k, G contains either

o k+1 pairwise vertex-disjoint subsets Z1, . .., Zj such that each subgraph of G induced
by Z; contains a member of C under <, or

o a vertex set T of G such that |T'| < f(k) and G — T contains no member of C under
<&

Here, <, can be a graph containment relation such as subgraph, induced subgraph,
minor, topological minor, induced minor, or induced subdivision. An edge version and
directed version of the Erdés-Posa property can be similarly defined. In this setting, the
Erddés-Posa properties of diverse undirected and directed graph families have been studied
for graph containment relations such as minors [23], immersions [10,14], and (directed)
butterfly minors [3]. It is known that the edge-version of the Erdds-Pdsa property also
holds for cycles [6]. Raymond and Thilikos [20] provided an up-to-date overview on the
Erdés-Posa properties for a range of graph families.

In this paper, we study the Erdds-Pdsa property for cycles of length at least 4 under
the induced subgraph relation. An induced cycle of length at least 4 in a graph G is
called a hole or a chordless cycle. Considering the extensive study on the topic, it is
somewhat surprising that whether the Erdés-Pésa property holds for cycles of length at
least 4 under the induced subgraph relation has been left open till now. This question was
explicitly asked by Jansen and Pilipczuk [12] in their study of the CHORDAL VERTEX
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DELETION problem, and was also asked by Raymond and Thilikos [20] in their survey.
We answer this question positively.

Theorem 1.1. There exist constants cq,cs and a polynomial-time algorithm which, given
a graph G and a positive integer k, finds either k+ 1 vertezx-disjoint holes or a vertex set
of size at most c1k?logk + co hitting every hole of G.

One might ask whether Theorem 1.1 can be extended to the class of cycles of length
at least ¢ for fixed £ > 5. We present a complementary result that for every fixed £ > 5,
the class of cycles of length at least £ does not satisfy the Erdés-Posa property under
the induced subgraph relation.

Theorem 1.2. Let ¢ > 5 be an integer. Then the class of cycles of length at least ¢ does
not have the Erdos-Posa property under the induced subgraph relation.

In Section 7, we additionally argue that the class of cycles of length at least ¢ for fixed
¢ > 5 does not have the 1/a-integral Erddés-Pdsa property under the induced subgraph
relation, for all integers a > 2.

Theorem 1.1 is closely related to the CHORDAL VERTEX DELETION problem. The
CHORDAL VERTEX DELETION problem asks whether, for a given graph G and a positive
integer k, there exists a vertex set S of size at most k such that G — S has no holes;
in other words, G — S is a chordal graph. In parameterized complexity, whether or not
CHORDAL VERTEX DELETION admits a polynomial kernelization was one of major open
problems since it was first mentioned by Marx [16]. A polynomial kernelization of a
parameterized problem is a polynomial-time algorithm that takes an instance (x, k) and
outputs an instance (2, k') such that (1) (z, k) is a YEs-instance if and only if (z/, k') is
a YEs-instance, and (2) k¥’ < k, and |2’| < g(k) for some polynomial function g.

Jansen and Pilipczuk [12], and independently Agrawal et al. [2], presented polyno-
mial kernelizations for the CHORDAL VERTEX DELETION problem. In both works, an
approximation algorithm for the optimization version of this problem emerges as an im-
portant subroutine. Jansen and Pilipczuk [12] obtained an approximation algorithm of
factor O(opt? logoptlogn) using iterative decomposition of the input graph and linear
programming. Agrawal et al. [2] obtained an algorithm of factor O(opt log? n) based on
divide-and-conquer. As one might expect, the factor of an approximation algorithm for
the CHORDAL VERTEX DELETION is intrinsically linked to the quality of the polyno-
mial kernels attained in [12] and [2]. We point out that the polynomial-time algorithm
of Theorem of 1.1 can be easily converted into an approximation algorithm of factor
O(optlog opt).

Theorem 1.3. There is an approzimation algorithm of factor O(optlogopt) for CHORDAL
VERTEX DELETION.
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It should be noted that an (’)(log2 n)-factor approximation algorithm was presented
recently by Agrawal et al. [1], which outperforms the approximation algorithm of Theo-
rem 1.3, when applied to the kernelization algorithm.

Our result has another application on packing and covering for weighted cycles. For
a graph G and a non-negative weight function w : V(G) — N U {0}, let pack(G,w) be
the maximum number of cycles (repetition is allowed) such that each vertex v is used at
most w(v) times, and let cover(G,w) be the minimum value ) _ w(v) where X hits
all cycles in G. Ding and Zang [7] characterized cycle Mengerian graphs G, which satisfy
the property that for all non-negative weight function w, pack(G,w) = cover(G,w). Up
to our best knowledge, it was not previously known whether cover(G, w) can be bounded
by a function of pack(G,w).

As a corollary of Theorem 1.1, we show the following.

Corollary 1.4. For a graph G and a non-negative weight function w : V(G) — N U {0},
cover(G,w) < O(k?logk), where k = pack(G,w).

The paper is organized as follows. Section 2 provides basic notations and previous
results that are relevant to our result. In Section 3, we explain how to reduce the proof
of Theorem 1.1 to a proof under a specific premise, in which we are given a shortest
hole C' of G such that C has length more than d;klogk + do for some constants di, ds
and G — V(C) is chordal. In this setting, we introduce further technical notations and
terminology. An outline of our proof will be also given in this section. We present some
structural properties of a shortest hole C' and its neighborhood in Section 4. In Sections 5
and 6, we prove the Erd&s-Pdsa property for different types of holes intersecting C' step
by step, and we conclude Theorem 1.1 at the end of Section 6. Section 7 demonstrates
that the class of cycles of length at least ¢, for every fixed £ > 5, does not have the Erdds-
Posa property under the induced subgraph relation. Section 8 illustrates the implications
of Theorem 1.1 to weighted cycles and to the CHORDAL VERTEX DELETION problem.

2. Preliminaries

For a graph G, we denote by V(G) and E(G) the vertex set and the edge set of G,
respectively. Let G be a graph. For a vertex set S of G, let G[S] denote the subgraph of G
induced by S, and let G — S denote the subgraph of G obtained by removing all vertices
in S. For v € V(G), we let G—v := G—{v}. If wv € E(G), we say that u is a neighbor of
v. The set of neighbors of a vertex v is denoted by N¢(v), and the degree of v is defined
as the size of Ng(v). The open neighborhood of a vertex set A C V(G) in G, denoted by
Ng(A), is the set of vertices in V(G) \ A having a neighbor in A. The set Ng(A) U A is
called the closed neighborhood of A, and denoted by Ng[A]. For convenience, we define
these neighborhood operations for subgraphs as well; that is, for a subgraph H of G,
let Ng(H) := Ng(V(H)) and Ng[H] := Ng[V(H)]. When the underlying graph is clear
from the context, we drop the subscript G. A vertex set S of a graph is a clique if every
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pair of vertices in S is adjacent, and it is an independent set if every pair of vertices in S
is non-adjacent. For two subgraphs H and F of G, the restriction of F' on H is defined
as the graph F[V(F)NV(H)].

A walk is a non-empty alternating sequence of vertices and edges of the form
(zo,€0,-..,€0—1,%¢), beginning and ending with vertices, such that for every 0 <i < ¢—1,
x; and x;41 are endpoints of e;. A path is a walk in which vertices are pairwise distinct.
For a path P on vertices zq,...,x; with edges z;x;y1 for i = 0,1,...,¢ — 1, we write
P = xoxy - -xy. It is also called an (zg, z¢)-path. We say x; is the i-th neighbor of xg,
and similarly, z,_; is the i-th neighbor of xy in P. A cycle is a walk (xq, eq,...,€p—1,T¢)
in which vertices are pairwise distinct except xg = x¢. For a cycle C on zg,x1,...,x¢
with edges x;x;11 for © =0,1,...,¢ — 1 and xyxg, we write C' = xgx1 - - - zpx0. If a cycle
or a path H is an induced subgraph of the given graph G, then we say that H is an
induced cycle or an induced path in G, respectively.

A subpath of a path P starting at = and ending at y is denoted as xPy. In the
notation xPy, we may replace x or y with £ or ¢, to obtain a subpath starting from
the neighbor of z in P closer to y or ending at the neighbor of y in P closer to x,
respectively. For instance, x Py refers to the subpath of P starting at x and ending

at the neighbor of y in P closer to z. Given two walks P = (vp,eg,...,ep—1,0p) and
Q = (uo, fo,- -, fg—1,uq) such that v, = ug, the concatenation of P and @ is defined
as the walk (vo, €, ..., ep—1,Vp(= o), fo, - - -, fq—1,Uq), which we denote as P ® Q. Note

that for two internally vertex-disjoint paths P; and P» from v to w, vPyw®wPyv denotes
the cycle passing through P; and Ps.

Given a graph G, the distance between two vertices z and y in G is defined as the
length of a shortest (x,y)-path and denoted as distg(x,y). If z = y, then we define
distg(z,y) = 0, and distg (2, y) = oo if there is no (z, y)-path in G. The distance between
two vertex sets X,Y C V(G), written as distg(X,Y), is the minimum distg(z,y) over
allz € X andy € Y. If X = {z}, then we write distg(X,Y) as distg(z,Y). For a vertex
subset S of G, a vertex set U is the r-neighborhood of S in G if it is the set of all vertices
w such that distg(w, S) < r. We denote the r-neighborhood of S in G as N{.[S]. When
the underlying graph G is clear from the context, we omit the subscript G.

Given a cycle C = xgxy - - - T4z, an edge e of G is a chord of C if both endpoints of e
are contained in V' (C) but e is not an edge of C. A hole in a graph G is an induced cycle
of length at least 4 in G. A hole is also called as a chordless cycle. A graph is chordal if
it has no holes. A vertex set T" of a graph G is called a chordal deletion set if G — T is
chordal.

Given a vertex set S C V(G), a path P is called an S-path if the endpoints of P are
vertices of S and all internal vertices are contained in V(G)\ S. An S-path is called proper
if it has at least one internal vertex. An (A, B)-path of a graph G is a path vovy - - - vp
such that vg € A, vy € B and all internal vertices are in V(G) \ (A U B). Observe that
every path from A to B contains an (4, B)-path. If A or B is a singleton, then we omit
the bracket from the set notation. A vertex set S is an (A, B)-separator if S disconnects
all (A, B)-paths in G.
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We recall Menger’s Theorem.

Theorem 2.1 (Menger’s Theorem; See for instance [6]). Let G be a graph and A, B C
V(G). Then the size of a minimum (A, B)-separator in G equals the mazimum number
of vertez-disjoint (A, B)-paths in G. Furthermore, one can output either one of them in
polynomial time.

A bipartite graph is a graph G with a vertex bipartition (A, B) in which each of G[A4]
and G[B] is edgeless. A set F of edges in a graph is a matching if no two edges in F'
have a common endpoint. A vertex set S of a graph G is a vertex cover if G — S has no
edges. By Theorem 2.1, given a bipartite graph with a bipartition (A, B), one can find
a maximum matching or a minimum vertex cover in polynomial time.

The following result is useful to find many vertex-disjoint cycles in a graph of maxi-
mum degree 3. All logarithms in this paper are taken to base 2. We define s; for k € N
as

{4k(1ogk +logloghk +4)  ifk>?2
S =

if k=1.

Theorem 2.2 (Simonovitz [24]). Let G be a graph all of whose vertices have degree 3 and
let k be a positive integer. If |V(G)| > sk, then G contains at least k vertex-disjoint
cycles. Furthermore, such k cycles can be found in polynomial time.

Lastly, we present lemmas which are useful for detecting a hole.

Lemma 2.3. Let H be a graph and z,y € V(H) be two distinct vertices. Let P and Q be
internally vertex-disjoint (x,y)-paths such that Q contains an internal vertex w having
no neighbor in V(P)\ {x,y}. If Q is an induced path, then H[V(P)UV(Q)] has a hole
containing w.

Proof. Let 271 and z2 be the neighbors of w in Q. As zPy ® yQx is a cycle, H[V(P) U
V(Q)] — w is connected. Let R be a shortest (z1,x2)-path in H[V(P)UV(Q)] —w. As the
only neighbors of w contained in (V(P)UV(Q))\ {w} are x; and x2, w has no neighbors
in the internal vertices of R. Note that R has length at least 2 since x1,z2 € V(Q) and
Q@ is an induced path. Therefore, z1 Rro ® rowx; is a hole containing w, as required. 0O

A special case of Lemma 2.3 is when there is a vertex w in a cycle C such that w
has no neighbors in the internal vertices of C' — w and the neighbors of w on C are
non-adjacent. In this case, C' has a hole containing w by Lemma 2.3.

One can test in polynomial time whether a graph contains a hole or not.

Lemma 2.4. Given a graph G, one can test in polynomial time whether it has a hole or
not. Furthermore, one can find in polynomial time a shortest hole of G, if one exists.
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Proof. We guess three vertices v, w, z where vw,wz € E(G) and vz ¢ E(G), and test
whether there is a path from v to z in G — (Ng[w] \ {v, z}). If there is such a path, then
we choose a shortest path P from v to z. As w has no neighbors in the set of internal
vertices of P, V(P)U {w} induces a hole. Clearly if G has a hole, then we can find one
by the above procedure.

To find a shortest one, for every such a guessed tuple (v, w, z), we keep the length of
the obtained hole. Then it is sufficient to output a hole with minimum length among all
obtained holes. O

3. Terminology and a proof overview

The proof of Theorem 1.1 begins by finding a sequence of shortest holes. Let G be the
input graph and let G; = G. For each ¢ = 1,2, ..., we iteratively find a shortest hole C;
in G; and set G,;11 := G; — V(C;). If the procedure fails to find a hole at j-th iteration,
then G, is a chordal graph. This iterative procedure leads us to the following theorem,
which is the core component of our result.

For k € N, we define pj, = 76541 + 3217k 4 1985.

Theorem 3.1. Let G be a graph, k be a positive integer, and C' be a shortest hole of G
such that C has length strictly larger than g and G — V(C) is chordal. Given such G,
k, and C, one can find in polynomial time either k + 1 vertex-disjoint holes or a vertex
set X CV(G) of size at most uy hitting every hole of G.

It is easy to derive our main result from Theorem 3.1.
Proof of Theorem 1.1. We construct sequences Gy, ...,Gyy1 and C1,...,Cy such that
L] Gl = G7
for each i € {1,2,...,£}, C; is a shortest hole of G;,

o foreachie {1,2,...,¢}, Giy1 = G; — V(C;), and
e Gyyq is chordal.

Such a sequence can be constructed in polynomial time repeatedly applying Lemma 2.4
to find a shortest hole. If £ > k + 1, then we have found a packing of k£ + 1 holes. Hence,
we assume that £ < k.

We prove the following claim for j = ¢+ 1 down to j = 1.

One can find in polynomial time either k+1 vertex-disjoint holes, or a chordal deletion
set T; of G of size at most (£ + 1 — j) .

The claim trivially holds for j = £ + 1 with Ty11 = () because Gy is chordal. Let us
assume that for some j < ¢, we obtained a chordal deletion set T of G of size at
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Fig. 1. The set of vertices adjacent to all vertices of C is denoted by D, and for each v € V(C), Z, denotes
the set {v} U (N(v) \ V(C) \ D). Using the fact that C is chosen as a shortest hole and it is long, we will
prove in Lemma 4.1 that each vertex in N(C) \ D has at most 3 neighbors on C and they are consecutive
in C.

most (¢ — j)pux. Then in G; — T 41, C; is a shortest hole, and (G; — Tj41) — V(C) is
chordal. If C; has length at most uy, then we set Tj := T,;411 U V(C}). Clearly, |T;| <
(¢ — j + 1)p. Otherwise, by applying Theorem 3.1 to G — Tj41 and C, one can find
in polynomial time either k£ + 1 vertex-disjoint holes or a chordal deletion set X of size
at most py of G; — Tj41. In the former case, we output k + 1 vertex-disjoint holes, and
we are done. If we obtain a chordal deletion set X, then we set T; := T}j11 UX. Observe
that the set T} is a chordal deletion set of G; and |T};| < (¢ — j + 1)y, as claimed.

From the claim with j = 1, we conclude that in polynomial time, one can find either
k+ 1 vertex-disjoint holes, or a chordal deletion set of G; = G of size at most Ly < kpuy.
So, in the latter case, there exist constants ¢y, ¢y such that G admits a chordal deletion
set of size ¢1 k2 log k + ¢o (c2 is necessary for k =1). O

The rest of this section and Sections 4-6 are devoted to establish Theorem 3.1.
Throughout these sections, we shall consider the input tuple (G, k,C) of Theorem 3.1
as fixed.

Let us introduce the notations that are frequently used (see Fig. 1). A vertex v € N(C)
is C-dominating if v is adjacent to every vertex on C'. We reserve D to denote the set of all
C-dominating vertices. For each vertex v in C, we denote by Z,, := {v}U(N(v)\V(C)\D),
and for a subset S of V(C), we denote by Zg := (J,cg Z». We also define

. Gdeldom =G — D and and = G[N[C} \D]

For a subpath @ of C, the subgraph of G induced by Zy () is called a Q-tunnel. By
definition of Zy (@), a Q-tunnel is an induced subgraph of G/,pq. When ¢, ¢" are endpoints
of @, we say that Z, and Z, are entrances of the Q-tunnel.

For a subgraph H of G, the support of H, denoted by sp(H), is the set of all vertices
v € V(C) such that (Z, UD)NV(H) # 0. Observe that if H contains a vertex of D,
then trivially sp(H) = V(C).

We distinguish between two types of holes, namely sunflowers and tulips. A hole H is
said to be a sunflower if V(H) C N|[C], that is, its entire vertex set is placed within the
closed neighborhood of C'. A hole that is not a sunflower is called a tulip. Every tulip
contains at least one vertex not contained in N[C]. Also, we classify holes depending on
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A v Tl w
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Fig. 2. Illustration of Lemma 4.2: if distc(x,y) > 4, then there are no edges between Z, and Z,. For
instance, suppose v and w are adjacent. Note that v and w have at most 3 consecutive neighbors in C. If
the distance from N(v) N V(C) to N(w) N V(C) in C is at least 1, then we can find a hole shorter than C
using the shortest path from N(v) N V(C) to N(w) N V(C) in C. Otherwise, we have distc(z,y) = 4 and
|IN(v) N V(C)| = |[N(w) N V(C)| = 3 and thus, the longer path between N(v) N V(C) to N(w) N V(C) in
C' creates a hole shorter than C.

whether one contains a C-dominating vertex or not. A hole is D-traversing it contains
a C-dominating vertex (which is a vertex of D), and D-avoiding otherwise.

In the remainder of this section, we present a proof outline of Theorem 3.1. Here are
three basic observations, necessary to give the ideas of our proofs.

o (Lemma 4.1) For every vertex v of N(C), either it has at most 3 neighbors in C' and
they are consecutive in C, or it is C-dominating.

o (Lemma 4.2) Let x,y be two vertices in C such that diste(z,y) > 4. Then there is
no edge between Z, and Z,. See Fig. 2 for an illustration.

o (Lemma 4.5) Let H be a connected subgraph in Gppq. Then C[sp(H)] is connected.

o (Lemma 4.8) D is a clique.

3.1. D-avoiding sunflowers

The set of D-avoiding sunflowers is categorized into two subgroups, petals and full
sunflowers. Note that by Lemma 4.5, the support of every D-avoiding sunflower consists
of consecutive vertices of C. For a D-avoiding sunflower H, we say that

o it is a petal if |sp(H)| < 7, and
o it is full if sp(H) =V (C).

See Fig. 3 for an illustration of a petal.

[Subsection 5.1.] We first obtain a small hitting set of petals, unless G has k + 1 vertex-
disjoint holes. For this, we greedily pack petals and mark their supports on C. Clearly, if
there are k+ 1 petals whose supports are pairwise disjoint, then we can find k+ 1 vertex-
disjoint holes. Thus, we can assume that there are at most k petals whose supports are
pairwise disjoint. We take the union of all those supports and call it T;. By construction,
for every petal H, sp(H) N T} # (. Then we take the 6-neighborhood of T; in C and call
it Tpetqr- It turns out that
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Fig. 3. The cycle H is a petal having the support {v1, v2,v3,vs4}. A petal can be arbitrarily long.

(%) for every petal H, sp(H) is fully contained in Tpetqr,

and in particular, V(H) N Tpetar 7# 0. The size of Tpetqr is at most 19k.

[Subsection 5.2.] Somewhat surprisingly, we show that every D-avoiding sunflower that
does not intersect Tperqr is a full sunflower. It is possible that there is a sunflower with
support of size at least 8 and less than |[V(C)|. We argue that if such a sunflower H
exists, then there is a vertex v € V(C) NV (H) and a petal whose support contains v.
But the property (%) of Tpeiqr implies that Tperq contains v, which implies that such
a sunflower should be hit by Tjpetqi. Therefore, it is sufficient to hit full sunflowers for
hitting all remaining D-avoiding sunflowers.

[Subsection 5.3.] We obtain a small hitting set of full sunflowers, when G has no k + 1
vertex-disjoint holes. For this, we consider two vertex sets Z,, and Z,, for some v and w on
C, and apply Menger’s theorem for two directions, say ‘north’ and ‘south’ hemispheres
around C, between Z, and Z,, in the graph G,;q. We want to argue that if there are
many paths in both directions, then we can find many vertex-disjoint holes. However, it
is not clear how to link two families of paths.

To handle this issue, we find two families of paths whose supports cross on con-
stant number of vertices. Since C' is much larger than the obtained hitting set
Tpetar for petals, we can find 25 consecutive vertices that contain no vertices in
Tpetar- Let v_2,v_1,v0,...,v22 be such a set of consecutive vertices. Let P be the

family of vertex-disjoint paths from Z,, to Z

vao Whose supports are contained in

{v_9,v_1,00,01,...,0V20,V21,V22}, and let Q be the family of vertex-disjoint paths from
Zy, to Z,,, whose supports do not contain vg and v;3. Non-existence of petals with
support intersecting {v_s,v_1,...,v5} implies that paths in P and Q are ‘well-linked’
at Z,, except for few paths, and a symmetric argument holds at Z,,,. This allows us to
link any pair of paths from P and Q. If one of P and Q is small, then we can output a
hitting set of full sunflowers using Menger’s theorem. The size of the obtained set Ty,
will be at most 3k + 14.

3.2. D-traversing sunflowers

[Subsection 5.4.] It is easy to see that every D-traversing hole H contains exactly
one vertex of D (since D is a clique and H contains a vertex of C), and every vertex
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of V(C)NV(H) is a neighbor of the vertex in DNV (H). Let v € V(C) NV (H) and
d € DNV(H) be such an adjacent pair. We argue that H contains a subpath @ in
N[C]\ D that starts from v and is contained in Zg,,, ,} for some three consecutive
vertices v, vg, v3 of C, such that

o GIV(Q)U{v,vse,vs,d}] contains a D-traversing sunflower containing d and v.

In other words, even if H — d has large support, we can find another D-traversing
sunflower H' containing d and v where H' — d has support on small number of vertices.
The fact that H and H’ share v is important as we will take one of d and v as a hitting
set for such H', and this will hit H as well.

To this end, we create an auxiliary bipartite graph in which one part is D and the
other part consists of sets of 3 consecutive vertices vy, vs,v3 of C, and we add an edge
between d € D and {v1,v2,vs} if G[Z{y, v,0,) U{d}] contains a D-traversing hole. We
argue that if this bipartite graph has a large matching, then we can find many vertex-
disjoint holes, and otherwise, we have a small vertex cover. The union of all vertices
involved in the vertex cover suffices to cover all D-traversing sunflowers. The hitting set
Tiravisuns Will have size at most 15k 4+ 9.

3.3. D-avoiding tulips

We follow the approach of constructing a subgraph of maximum degree 3 used in
proving the FErddés-Pdsa property for various types of cycles: roughly speaking, if there
is a cycle after removing the vertices of degree 3 in the subgraph constructed so far, we
augment the construction by adding some path or cycle. Simonovitz [24] first proposed
this idea and proved that if the number of degree 3 vertices is si41, then there are k+1
vertex-disjoint cycles. If a maximal construction has less than s;41 vertices of degree 3,
then we can hit all cycles of the input graph by taking all vertices of degree 3 and a few
more vertices.

[Subsection 6.1.] The major obstacle for employing Simonovitz’ approach is that for our
purpose, we need to guarantee that every cycle of such a construction gives a hole. For this
reason, we will carefully add a path so that every cycle in a construction contains some
hole. We arrive at a notion of an F'-extension, which is a path to be added iteratively with
C at the beginning. By adding F-extensions recursively, we will construct a subgraph
such that all vertices have degree 2 or 3 and it contains C'. For a subgraph F' of Ggeidom
such that all vertices have degree 2 or 3 and it contains C, an F-extension is a proper
V(F)-path P in Ggerdom, but has additional properties that

(i) both endpoints of P are vertices of degree 2 in F,
(ii) one of its endpoints should be in C, and
(iii) P has at least one endpoint in C whose second neighbor on P has no neighbors in
F', and the path obtained from P by removing its endpoints is induced.
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Fig. 4. A brief description of the construction W. Each extension contains at least one endpoint in C' whose
second neighbor in the extension has no neighbor in W hitherto constructed. For instance, P is a W-
extension, and v is the vertex in V(C) NV (P), and its second neighbor w in P has no neighbors in W. The
subgraph U depicts an almost W-extension.

An almost F-extension is a similar object, but its endpoints on F' are the same. Note
that an almost F-extension is a cycle and is not an F-extension. We depict an (almost)
F-extension in Fig. 4. When we recursively choose an F-extension to add, we apply two
priority rules:

e We choose a shortest F-extension among all possible F-extensions.
o We choose an F-extension @ with maximum |V(Q) N V(C)| among all shortest F-
extensions.

Following these rules, we recursively add F-extensions until there are no F-extensions.

Let W be the resulting graph. The properties (ii), (iii) together with Lemma 2.3
guarantee that the subgraph induced by the vertex set of every cycle of W contains a
hole. Therefore, in case when W contains spy1 vertices of degree 3, we can find k + 1
vertex-disjoint holes by Theorem 2.2. We may assume that it contains less than sii
vertices of degree 3. Let Tyrqanen be the set of degree 3 vertices in W. We also separately
argue that we can hit all of almost W-extensions by at most 5k + 4 vertices. Let Tyimost
be the hitting set for almost W-extensions.

Now, let T¢y¢ be the union of

Toetar U T un U Tirav:sunt YU Thranch U Taimost
and
NE(Tpetar Y Truir U Terav-sunt U Toraneh U Tatmost) N V(C)].
Note that
|Tert| < 41(19k 4+ (3k + 14) + (155 +9) + (sg+1 — 1) + (Bk + 4)) < 41(sp41 + 42k + 26).

Furthermore, C' — (Tpetal U Tt YU Tiravisung Y Toranch U Talmost) contains at most
Sk+1 + 42k + 26 connected components, and thus C' — T,,; does as well.
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Fig. 5. A description of the set T.,: and a component Q of C — T.,:. When there is an edge vw where
v € Zyq) \V(Q) and w ¢ N[C], we will prove in Lemma 6.4 that w has no neighbors in W. In particular,
if there is a D-avoiding tulip containing such an edge, then we can find a W-extension or an almost W-
extension starting with guw for some g € V(Q).

[Subsection 6.2.] We discuss the patterns of the remaining tulips in Ggeidom — Text- Since
we will add all components of C' — T, having at most 35 vertices to the deletion set for
D-avoiding tulips, we focus on components of C' — T¢,; with at least 36 vertices. Let H
be a D-avoiding tulip in Ggeigom — Text- Let @ = q1g2 - - - g be a connected component
of C — Ty, and we consider the Q-tunnel R.

We argue that there is no edge vw in H such that v is in the @-tunnel, and w
is not in N[C]. See Fig. 5 for an illustration. Suppose there is such a pair, and let
q € V(Q) be a neighbor of v. We mainly prove that since ¢ is sufficiently far from degree
3 vertices of W in C, w has no neighbors in W (this is why we take the 20-neighborhood
of V(C) N (Tpetar Y Truir U Tirav:sunt Y Thranch U Tatmost) in C'). This is formulated in
Lemma 6.3. Note that quw is a path where ¢ € V(C) and w has no neighbors in W,
and furthermore, H contains a vertex in V(C) \ Tey which is a vertex of degree 2 in W.
Therefore, if we traverse in H following the direction from v to w, we meet some vertex
having a neighbor which is a vertex of degree 2 in W. This gives a W-extension or an
almost W-extension. But it is a contradiction as there is no W-extension, and T, hits
all of almost W-extensions. So, there are no such edges vw.

This argument leads to an observation that if H contains some vertex ¢; with 6 <
i < m — 5, then the restriction of H on R should be a path from Z,, to Z, . Let P be
the restriction of H on R. We additionally remove {g; : 1 < j <15;m — 14 < j < m}
and assume H is not removed. Then there are two ways that P can be placed inside
the @-tunnel R: either the endpoints of P are in the same connected component of
R — (Tert UV (Q)) or not. In the former case, we could reroute this path so that this
part does not contain a vertex of Q. So, we could obtain a D-avoiding tulip containing
less vertices of C. However, since G — V(C) is chordal, there should be some subpath
Q' of C — T,y such that the restriction of H on the Q’-tunnel is of the second type.
We will show that such a path can be hit by removing 5 more vertices in Q’. This will
give a vertex set Toyoid:tulip Of size at most 35(8k4+1 + 42k + 26) hitting all the remaining
D-avoiding tulips.

3.4. D-traversing tulips

[Subsection 6.3.] This case can be handled similarly as the case of D-traversing sun-
flowers. It turns out that T..; hits every D-traversing tulip that contains precisely two
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vertices of C. Using a matching argument between D and the set of three consecutive ver-
tices of C, we show that an additional set Tiyqy:tuiip Of size at most 25k+9 plus Tiy0id:tutip
hits all the remaining D-traversing tulips unless G contains k + 1 vertex-disjoint holes.

In total, we can output in polynomial time either k + 1 vertex-disjoint holes in G, or
a vertex set of size at most

‘Text U Tavoid:tulip U Ttrav:tulip|
< A1(spp1 + 42k + 26) + 35(sps1 + 42k + 26) + 25k + 9
< T6(Sp41 + 42k + 26) + 25k + 9 = 765,41 + 3217k + 1985

hitting all holes.
4. Structural properties of G

In this section, we present structural properties of a graph G with a shortest hole C.
In Subsection 4.1, we derive a relationship between the distance between Z, and Z,, in
G deldom for two vertices v, w € V(C) and the distance between v and w in C. Briefly, we
show that the distance between Z, and Z,, in Ggeigom is at least some constant times
the distance between v and w in C'. We also prove that every connected subgraph in
Gpq has a connected support. In Subsection 4.2, we obtain some basic properties of
C-dominating vertices. Recall that we assume that the length of C' exceeds py.

4.1. Distance lemmas

The following lemma classifies vertices in N(C') with respect to the number of neigh-
bors in C.

Lemma 4.1. For every vertex v of N(C), either it has at most 3 neighbors in C and these
vertices are consecutive in C, or it is C-dominating.

Proof. Let us write NV; := {v € N(C) : [IN(v) NV (C)| =i} for ¢ > 1. We first show that
N(C) =Ny WNyW NswD. Let ve N(C) \ D.
We claim that v has no two neighbors w; and wy in C such that

(x) there is a (wi,ws)-subpath @ of C' where @ has length at least 2 and at most
|[V(C)| — 3 and v has no neighbor in the internal vertices of Q.

If there is such a path @, then wivws ® weQw; is a hole of length at most |V(C)| — 1 <
[V (C)|, which contradicts the assumption that C' is a shortest hole. So the claim holds.

This implies that v has no neighbors z; and z5 with distc(z1,22) > 3. Indeed, if such
neighbors exist, then let @ be a (21, 22)-subpath of C' containing at least one internal
vertex non-adjacent to v. Since v ¢ D, such @ exists. Note that the length of @ is at
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least 3 and at most |V (C')| — 3. Then there exist two neighbors wy and ws of v in V(Q)
satisfying (*), a contradiction. Therefore, the neighbors of v in C are contained in three
consecutive vertices of C. This implies that v € N1 & Ny W N3.

Furthermore, if v € N(C) \ D has exactly two neighbors with distance 2 in C, then
G contains a hole of length 4, a contradiction. Therefore, such a vertex has at most 3
neighbors in C that are consecutive in C, as required. O

The next lemma is illustrated in Fig. 2.

Lemma 4.2. Let x and y be two vertices in C' such that distc(z,y) > 4. Then there is no
edge between Z, and Z,.

Proof. By Lemma 4.1, the neighbors of any vertex in N(C') \ D lie within distance at
most 2, and thus = has no neighbors in Z, and y has no neighbors in Z,. Suppose
v € Zy\{z} and w € Z, \ {y} are adjacent. Let P and @ be (x,y)-subpaths of C such
that the length of P is not greater than the length of ). Since C has length at least 9,
we may assume that ) has length at least 5.

Since the length of @Q is at least 5, N(v) N V(Q) is included in NZ(z) NV (Q) and
likewise we have N(w) NV (Q) € N&(y) N V(Q). Thus, Q does not contain a common
neighbor of v and w.

Since the length of @ is at most |V (C)| — 4, a shortest (v, w)-path @' in G[{v,w} U
V(Q)] — vw has length at most |V (C)| — 2. Moreover, Q' has length at least three due
to the above assumption. Therefore, vQ'w ® wv is a hole strictly shorter than C, a
contradiction. O

We prove a generalization of Lemma 4.2.

Lemma 4.3. Let m be a positive integer, and let P be a V(C)-path in Gaelidom with
endpoints x and y. If P has length at most m + 2, then diste(x,y) < 4m — 1.

Proof. We prove by induction on m. Lemma 4.2 settles the case when m = 1. Let us
assume m > 2. Let P = pips---p, be a V(C)-path of length at most m + 2 from
p1 = z and p, = y such that all of pa, ..., p,_1 are contained in V(Ggerdom) \ V(C), and
suppose that diste(x,y) > 4m. For diste(z,y) > 4m > 4, Lemma 4.2 implies that py
is not adjacent to p,_1. Therefore, P contains at least 5 vertices. We distinguish cases
depending on whether {ps,...,pn,_2} contains a vertex in N(C) or not.

Case 1. {p3,...,pn_2} contains a vertex in N(C).

We choose an integer i € {3,...,n— 2} such that p; € N(C), and choose a neighbor z
of p; in C. Since there is a V(C)-path from p; to z of length ¢, by induction hypothesis,
diste(p1,2) < 4(i — 2). By the same reason, we have distc(z,p,) < 4(n—i+1-2) =
4(n — i — 1). Therefore, we have

diste (p1,pn) < diste(p1, 2) + diste(z,pn) < 4(n — 3) < 4m,
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a contradiction.

Case 2. {p3,...,pn—2} contains no vertices in N(C).

Let @Q be a shortest path from N(p2) N V(C) to N(pn,—1) N V(C) in C, and let
q,q be its endpoints. Observe that poPp,_1 and p2q ® ¢Q¢ © ¢'pn_1 are two paths
from ps to p,—_1 where there are no edges between their internal vertices. Therefore,
GV(Q)U (V(P)\{p1,pn})] is a hole.

Since diste(x,y) < W(Q—C)l, we have m < @. Therefore, the hole G[V(Q)U (V(P)\
{p1,pn})] has length at most

V(@I +V(P) <

+

'V(QC)‘ +1<[V(O)l.

V()
8

This contradicts the assumption that C' is a shortest hole of G.

This concludes the proof. O

Next, we show that every connected subgraph in G4 has a connected support. The
following observation is useful.

Lemma 4.4. Let a,b be vertices of C with distc(a,b) € {2,3} and let S be the set of
internal vertices of the shortest (a,b)-path of C. Then there is no edge between Z, \ Zgs
and Zb \ Zs.

Proof. Suppose there is an edge between x € Z,\ Zs and y € Z; \ Zg. If x is adjacent to
b, then = # a, and by Lemma 4.1,  has a neighbor in S, contradicting the assumption
that © ¢ Zg. Therefore, x is not adjacent to b. For the same reason, y is not adjacent to
a. Therefore, the distance between N(x) N V(C) and N(y) N V(C) in C is 2 or 3, and
the vertex set of the shortest path from N(z) NV(C) to N(y) NV (C) in C with {z,y}
induces a hole of length 5 or 6. This contradicts the assumption that C' is a shortest hole
in G and it has length greater than 6. O

Lemma 4.5. Let H be a connected subgraph in Gppq. Then Clsp(H)] is connected.

Proof. Suppose sp(H) is not connected. Then H contains an edge xy such that
sp(G[{z}]) and sp(G[{y}]) are contained in distinct components of C[sp(H)]. Notice
that sp(G[{z}]) = N(z) N V(C) and sp(G[{y}]) = N(y) N V(C), and it follows that
z,y ¢ V(C) by Lemma 4.1. We choose a € sp(G[{z}]) and b € sp(G[{y}]) with minimum
disto(a, b). By Lemma 4.2, we have distc(a, b) < 3, and since sp(G[{z}]) and sp(G[{y}])
are contained in distinct components of C[sp(H )], we have dist(a,b) > 2. Let S be the
set of internal vertices of the shortest (a,b)-path in C. By the choice, z € Z, \ Zs and
y € Zy \ Zs. Then by Lemma 4.4, there is no edge between Z, \ Zg and Z, \ Zg. This
contradicts the assumption that = is adjacent to y. O
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The following lemma provides a structure of a (Z, Z,)-path in Gppq for two vertices

z,y € V(C).

Lemma 4.6. Let x,y be two distinct vertices in C' and Py, Pa be two (x,y)-paths in C.
Let Q be a (Zy, Zy)-path in Gppq such that sp(Q) # V(C). Then either Q is contained
m Zv(pl) or ZV(PQ)'

Proof. By Lemma 4.5, sp(Q) is connected, and since sp(Q) # V(C), sp(Q) contains either
V(P1) or V(Py). Without loss of generality, we assume that sp(Q) contains V(P;). By
the definition of a (Z,, Z,)-path, @ contains no vertex of Z, 1 as an internal vertex.
Let s and t be the two endpoints of () contained in Z, and Z,, respectively.

We claim that @ contains no vertex of V(Gpnpa) \ Zv(p,), which immediately implies
the statement. Suppose for contradiction that @ contains a vertex v € V(Gnpa) \ Zv (p,)-
Clearly, we have v # s and v # t. Let u be a vertex in C such that v € Z,,. Observe that
u # x and u # y, as @ contains no vertex of Zy, ,1 as an internal vertex. Let Qs and Q;
be the (s,v)- and (¢, v)-subpath of @, respectively.

By Lemma 4.5, sp(Qs) contains an (z,u)-subpath of C. Assume sp(Qs) contains the
(2, u)-subpath of C' containing y. This means that @, contains a vertex of Z,, other
than ¢, contradicting the fact that @ contains no vertex of Zy, ., as an internal vertex.
Therefore, sp(Qs) contains the vertex set of the (x, u)-subpath of C' avoiding y. Similarly,
sp(Q:) contains the vertex set of the (y,u)-subpath of C' avoiding x. Now, observe that
sp(@Q) = sp(Qs) Usp(Q:) 2 V(P,) and also by assumption, we have V(P;) C sp(Q).
Consequently, we have sp(Q) = V(C), a contradiction. This completes the proof. O

The following lemma is useful to find a hole with a small support.

Lemma 4.7. Let P and Q be two vertex-disjoint induced paths of Gnpq such that

o there are no edges between V(P) and V(Q), and
e 5p(P) £ V(C) and sp(Q) £ V/(C).

If |sp(P) N'sp(Q)| > 3 and x,y,z € sp(P) N sp(Q) are three consecutive vertices on C,
then Z, ., .y contains a hole.

Proof. Since z,y,z € sp(P) Nsp(Q) and there is no edge between V(P) and V(Q), P
and @ contains no vertex of {x,y, z}. Let P’ be a shortest (Z,, Z.)-subpath of P, and
let Q' be a shortest (Z;, Z,)-subpath of Q. As sp(P) # V(C) and sp(Q) # V(C), V(P’)
and V(Q') are contained in Zg, , .3 by Lemma 4.6. By the preconditions, P" and @’
are vertex-disjoint and there are no edges between P’ and @Q’. Thus, by Lemma 2.3,
G[V(P")UuV(Q'") U{x, z}] contains a hole, which is in Z, , .3. O
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4.2. C-dominating vertices

We recall that D is the set of C-dominating vertices. We observe that D is a clique
because G does not contain a hole of length 4.

Lemma 4.8. The set D is a clique. Furthermore, every hole contains at most one vertex
of D.

Proof. Note that G contains no hole of length 4. This implies that any two vertices of D
are adjacent, which proves the first statement. To see the second statement, suppose that
H is a hole containing two distinct vertices u,v of D and let z € V(H) NV (C) (there
are no holes in G—V/(C)). Then {z,u, v} forms a triangle, contradicting the assumption
that H is a hole. O

Lemma 4.9. If H is a D-traversing hole, then it contains at most two vertices of C.
Furthermore, every vertex of V(H)NV(C) is adjacent to the unique C-dominating vertex
on H.

Proof. By Lemma 4.8, H contains exactly one vertex of D, say v. If there is a vertex
x € V(C)NV(H), then z is adjacent to v as v is C-dominating. Therefore, any vertex of
V(C)NV(H) is adjacent to v on H. Since H is a cycle, H contains at most two vertices
of C. O

5. Hitting all sunflowers

In this section, we obtain a hitting set for sunflowers, unless G contains k + 1 vertex-
disjoint holes. Like in the previous section, we assume that (G, k, C) is given as an input
such that C is a shortest hole of G of length strictly greater than pg, and G — V(C) is
chordal.

5.1. Hitting all petals

We recall that a D-avoiding sunflower H is a petal if |sp(H)| < 7. By Lemma 4.5, the
vertices in the support of a petal is consecutive in C.

Lemma 5.1. There is a polynomial-time algorithm which finds either k+ 1 vertex-disjoint
holes in G or a vertex set Tperar € V(C) of at most 19k vertices such that

o for every petal H, we have sp(H) C Tpetar-

Proof. Set X := (), C = 0, and counter := 0 at the beginning. We recursively do
the following until the counter reaches k + 1. For every set of nine consecutive vertices
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Fig. 6. A D-avoiding sunflower H in G — Tpetqr with sp(H) # V(C) in Lemma 5.2, which is not a petal.
This hole H has to intersect one of {vy,v2,v3} and {ve_2,ve—1,ve}. If H intersects {vy,v2,v3} as in the
figure, then there is a petal with support contained in {v1,...,vs}. The existence of the intersection on
{v1,v2,v3} implies that Tpeq; does not contain one of vy, vz, and vs. This contradicts the fact that Thetar
contains the support of every petal.

Vo, V1,V2,...,VU7,U8 of C with {’Ul, V2, ... ,U7}ﬁX = @, we test if G[Z{v17v27...,v7} \Z{Uo,vs}]
contains a hole H, and if so, add vertices in {v1,vs,...,v7} to X, and add H to C and
increase the counter by 1. If the counter reaches k + 1, then we stop. If the counter does
not reach k+ 1, then we have | X| < 7k. In this case, we set Tpeiqr as the 6-neighborhood
of X in C. So, |Tpetar] < (7+12)k = 19k.

By construction, any hole H € C has a support that is fully contained in the considered
set {v1,va,...,v7}. Observe that we choose this set to be disjoint from X constructed
thus far. Therefore, holes in C are pairwise vertex-disjoint; otherwise, their supports have
a common vertex. This implies that if the counter reaches k + 1, then we can output
k + 1 vertex-disjoint holes.

Assume the counter does not reach k+1. In this case, we claim that for every petal H,
sp(H) C Tpetai- Let H be a petal. By the definition of a petal and by Lemma 4.5, there
is a set of 7 consecutive vertices wy, ws, . .., w7 in C such that sp(H) C {wy,ws, ..., wr}.
If the set {wy,ws,...,wy} is disjoint from X, then the above procedure must have
considered this set and added it to X, a contradiction. Therefore, {w1,wa, ..., wr}NX #
(). Then during the step of adding 6-neighborhood of X to Tpetar, {wi,wo,...,wr} is
added to Tpetqr, and thus we have sp(H) C {wi,ws, ..., w7} C Tpetar as claimed. O

In what follows, we reserve Tjeq; to denote a vertex subset of V(C) that contains the
support of every petal.

5.2. Polarization of D-avoiding sunflowers

We show that every D-avoiding sunflower in G — Tjpetq; is full. This will imply that,
in order to hit every D-avoiding sunflower it is sufficient to find a hitting set for full
sunflowers. We illustrate Lemma 5.2 in Fig. 6.

Lemma 5.2. Every D-avoiding sunflower H in G — Tperar is full, that is, sp(H) = V(C).

Proof. Suppose H is a D-avoiding sunflower in G—T)esq; such that 8 < |sp(H)| < |V (C)|.
By Lemma 4.5, C[sp(H)] is a subpath of C. Let C[sp(H)] = wviva---ve. Choose = €
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V(H)NZ,, andy € V(H)NZ,,, and let P and @ be the two (z,y)-paths on H. As each
of C[sp(P)] and C[sp(Q)] is connected by Lemma 4.5, we have sp(P) = sp(Q) = sp(H).

Recall that V(H)NV(C) # 0 and V(H)NV (C) must be contained in sp(H ). We argue
that any v; € sp(H) with i € {4,5,...,¢—3} does not lie on H. Suppose v; € V(H)NV(C)
for some 4 < ¢ < ¢ — 3. Notice that both = and y are distinct from v;. Therefore, v;
belongs to exactly one of P and (. Without loss of generality, we assume v; € V(P).
Since v; € sp(Q), Z,, N V(Q) # O and thus we can choose a vertex v, from the set
Zy, NV(Q). Lemma 4.1 and v} ¢ D imply that v} is not adjacent to vy or v, and thus
v ¢ Z,, and v, ¢ Z,,. This means that v} is distinct from x and y, especially v} is an
internal vertex of Q. However, v;v; € E(G) is a chord of H, a contradiction.

Therefore, v; ¢ V(H) for every 4 < ¢ < £ — 3. At least one of {v1,v2,v3} and
{vg—2,v¢—1,v¢} intersects with V(H), and we assume that {vi,ve,v3} intersects with
V(H) without loss of generality (a symmetric argument works in the other case). From
each of P and @, choose the first vertex (starting from z) that lies in Z,, and call
them p € V(P) and ¢ € V(Q) respectively; the existence of such vertices follows from
vy € sp(P) =sp(Q). Let H' be the cycle pPx ® xQq ® quap.

Since p, g are the first vertices contained in Z,,, v4 has no neighbors in (V(zPp) U
V(zQq))\{p, q}, and thus H' is a hole. By Lemma 4.1, we have sp(H') C {v1,vs,...,v5},
that is, H' is a petal. Because Tpetq contains the support of every petal, {vy,vs,v3,v4} C
sp(H') € Tpetar- On the other hand, {vq,ve,v3}NV (H) # 0 and V(H)NTpetar = O implies
{v1,v2,v3} \ Tpetar # 0. This is a contradiction. This completes the proof. O

5.3. Hitting all D-avoiding sunflowers
In this subsection we focus on full sunflowers.

Proposition 5.3. There is a polynomial-time algorithm which finds either k + 1 vertez-
disjoint holes in G or a vertex set Truy C V(G) \ Tpetar of at most 3k + 14 vertices such
that Therar U Ty hits all full sunflowers.

Our strategy is to find two collections of many vertex-disjoint paths so that we can
link the paths to obtain many vertex-disjoint holes. The following lemma explains how to
do this. Note that since C has length greater than py, V(C) \ Tpetar contains 25 vertices
that are consecutive in C.

Lemma 5.4. Let v_ov1UgV1 - - - U20V21V22 be a subpath of C that does not intersect Tpetar,
and X be the (vg,va0)-subpath of C containing v1 and Y be the (vs,v15)-subpath of C
containing vy. Let P be a collection of vertex-disjoint (Zy,, Zv,,)-paths in G[Zy x], and
let Q be a collection of verter-disjoint (Zy;, Zy,s)-paths in G[Zy(yy]. Given such P and
Q, if |[P| > k+ 13 and |Q| > 3k + 15, then one can output k + 1 vertex-disjoint holes in
polynomial time.
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Fig. 7. Paths P € P; and Q € Q1 in Lemma 5.4. The vertices ¢(P) and a(Q) for P € P; and Q € Q; are
adjacent, otherwise, we can find a hole Z¢, v, v,}, which is a petal. For the same reason, r(P) is adjacent

to b(Q) for P € P; and Q € Q5.

Proof. We begin with the observation that there is no petal whose support contains a
vertex of {v_o,v_1,...,v92}. This is because {v_o,v_1,..., 022} NTpetar = @ by assump-
tion and Tpetq contains the support of every petal of G. We may assume that every path
in P is induced, and similarly every path in Q is induced.

We take a subset P; of P with |P1| = k& + 1 that consists of paths containing no
vertices of {vg,v1,...,v5} U {v15,016,...,020}. Such a collection P; exists because the
paths of P are vertex-disjoint and at most 12 of them intersect with {vg,v1,...,v5} U
{v15, V16, - - - , V20 }. Similarly we take a subset Q; of Q with |Q;| = 3k + 3 that consists
of paths containing no vertices of {vg,v1,...,v5} U {v15, v16,. - -, V20}-

For each P € Py, let £(P) and r(P) be the endpoints of P contained in Z,, and Z,,,,
respectively. For each @ € Qy, let a(Q) be the vertex of Z,, N V(Q) that is closest to
Zy, NV (Q) in @, and let b(Q) be the vertex in Z,,, NV (Q) that is closest to Z,,. NV (Q)
in Q. By definition, no internal vertex of the subpath of @ from a(Q) to the vertex in
V(Q) N Z,, contains a neighbor of vy, and similarly no internal vertex of the subpath of
Q from b(Q) to the vertex in V(Q) N Z,,, contains a neighbor of v. See Fig. 7 for an
illustration.

Claim 1. Let w € {¢{(P) : P € P1} and z € {a(Q) : Q € Q1}. If w # z, then wz € E(G).
Let we {r(P): PePi} and z € {b(Q) : Q € Q1}. If w # z, then wz € E(G).

Proof of the Claim. Suppose w € {{(P): P € P1} and z € {a(Q) : Q € Q;1} such that
w # z and they are not adjacent. Let P, € P; and Q, € Q; such that {(P,) = w and
a(Q.) = z. Let @', be the subpath of Q, from z to the vertex in Z,_. Note that vy has
no neighbors in V(P,) \ {w} and V(Q.)\ {z}. In case when P,, and @, meet somewhere
in Ui€{1,2} Zy;, we obtain a hole contained in Zg, ;0,3 by Lemma 2.3. When P, and
Q. do not meet in Uie{u} Zy,;, there is a hole contained in Zy,, 4, v,} by Lemma 2.3
since v has a neighbor in both P, and Q. In both cases, there is a petal with support
contained in {v; : —2 <14 < 4}, a contradiction. We conclude that wz € E(G). The proof
of the latter statement is symmetric. <

For every P € Py, {(P) is the unique vertex of Z,, NV (P). Therefore, for fixed P € Py,
there is at most one path @ € Q; such that V(Q) NV (P) N Z,, # 0. Similarly, there
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is at most one path of Q; intersecting with P at a vertex of Z,,,. We construct a new
collection Q5 so that

for every Q € Qi, Qs contains the subpath a(Q)Qb(Q) if and only if @ does not
intersect with any P € P; at a vertex of Z,, U Z,,,.
Observe that Qs contains at least k+ 1 paths because each path of P; can make at most
two paths of Q1 drop out. For our purpose, taking precisely k + 1 paths is sufficient. Let
Py ={P1,...,Pei1} and Qs = {Q1,Q2,...,Qkt1}. For each i € {1,2,...,k + 1}, we
create a cycle C; from the disjoint union of P; € P; and Q; € Qs by adding two edges
a(Q;)¢(P;) and b(Q;)r(F;). Such edges exist by Claim 1.

We observe that each C; contains a hole. To see this, take v € Z,,,, NV (P;). As Q; € Qa
is a path of G[Zy(y)], Lemma 4.1 implies that v is not adjacent to any vertex of Q;.
Note that v is an internal vertex of the induced path P;. Therefore, G[V(C};)] contains a
hole by Lemma 2.3.

Lastly, we verify that two holes contained in distinct cycles of {C; : 1 < i < k+ 1}
are vertex-disjoint. To prove this, it is sufficient to show that for two integers a,b €
{1,2,...,k+1}, no internal vertex of P, € P; is an internal vertex of Q, € Q. Suppose
the contrary, that is, w is an internal vertex of P, € P; and @y € Qs simultaneously for
some a,b. Since Q, is a path of G[Zy] and w ¢ Z,, U Z,
we have w € Z{y, vy ,05,04,05} Y Z{v15,016,017,018,010} - Without loss of generality, we assume

.0 18 an internal vertex of F,,
W € Ziyy vyvs,00,05}- 10 fact, w cannot be in Z,; since otherwise, the path @ € Q;
having @, as a proper subpath contains a vertex of Z,, as an internal vertex; violating
the definition of (Z,,, Z,,,)-path. Now observe that @ contains, as a subpath, a Z, -

path Q" having all internal vertices in Zy,, vat \ Z{vo,vs}- Let x,y be the endpoints

V2,V3,
of QQ'. Since vy is adjacent to z,y but is not adjacent to any internal vertices of ',
G[{vo} UV(Q’)] contains a hole by Lemma 2.3, a contradiction. A symmetric argument
holds for the case w € Z{y,; v,6,017,018,010}- Lherefore, {C; : 1 < i < k4 1} is a collection

of vertex-disjoint holes of G, which completes the proof. 0O

Proof of Proposition 5.3. Note that |Tpeiai| < 19k and |V(C)| > pr > 25(Tpetar| by
assumption. Thus, there are 25 consecutive vertices on C' having no vertices in Tpetal-
We choose a subpath v_sv_1vgv1 - - - V292122 of C that contains no vertices in Tpetar-
Let Py be the (vg, vag)-subpath of C' containing v; and P, be the (vs,v15)-subpath of C
containing v4.

We apply Menger’s Theorem for (Z,,,Zy,,)-paths in G[Zy(p,)], and then for
(Zyy, Zy,5)-paths in G[Zy (p,)]. We have one of the following.

o The first application of Menger’s Theorem outputs a vertex set X with | X| < k+12
hitting all (Zy,, Zv,,)-paths in G[Zy(p)].

e The second application of Menger’s Theorem outputs a vertex set X with |X| <
3k + 14 hitting all (Z,;, Z,,, )-paths in G[Zy (p,)].
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e The first algorithm outputs at least k + 13 vertex-disjoint paths, and the second
algorithm outputs at least 3k + 15 vertex-disjoint paths.

In the third case, by Lemma 5.4, we can construct k + 1 vertex-disjoint holes in
polynomial time.

Suppose we obtained a vertex set X in the first case. We claim that Tjpesq; U X hits
all full sunflowers. Suppose that there is a full sunflower H avoiding every vertex of
Tpetar U X. By definition, sp(H) = V(C). In particular, H contains at least one vertex
of Zy,,,
containing w. Clearly F'is a path and its endpoints are contained in Zy,, ..,,} because

say w. Let I be the connected component of the restriction of H on G[Zy (p,)]

of Lemma 4.5.

Suppose that the endpoints of F' are contained in distinct sets of Z,, and Z,,,,
respectively. Let F’ be a subpath of F that is a (Z,,, Zy,, )-path. Note that F’ is a
(Zvys Zuy, )-path of G[Zy (p,)] because F' is a path of G[Zy (p,)]. But it contradicts the
fact that X hits all such paths.

Suppose that both endpoints of F' are contained in one of Z,, or Z,,,, say Z,,. Let
Fy and F5 be the two subpaths of F' from w to its endpoints. Then by Lemma 4.5, both
sp(Fy) and sp(Fz) contain the (vg,vip)-subpath of P; = vgvy - - vgg. This implies that
sp(Fy — w) Nsp(Fy — w) contains {vg, v1,v2}. Since there are no edges between F; — w
and F —w, Lemma 4.7 implies that there is a hole contained in Zy,, 4, v,}- This is a
contradiction because we assumed {v_2,v_1,...,032} N Thetal = (0 while Thetar contains
the support of every petal of G. Therefore, Tpetqr U X hits every full sunflower. The case
when both endpoints of F' are contained on Z,,,, follows from a symmetric argument.

The second case when we obtain the vertex set X with |X| < 3k + 14 can be handled
similarly. Hence, in the first or second case, we can output a required vertex set 7'ty of
size at most 3k + 14 hitting every full sunflower in polynomial time. O

5.4. Hitting all D-traversing sunflowers

Our proof builds on the observation that any D-traversing sunflower entails another
D-traversing sunflower H’ where the support of the path H' — D is ‘small’. Then we
exploit the min-max duality of vertex cover and matching on bipartite graphs in order
to cover such D-traversing sunflowers with small support.

The following lemma describes how to obtain such a sunflower H’. We depict the
setting of Lemma 5.5 in Fig. 8.

Lemma 5.5. Let v1vs - - vs be a subpath of C' such that {v1,...,v5} N Tpetar = O and let
P =pips - pm be a path in G[D U Z{UI,U%MUS}} such that

(i) p1 is a C-dominating vertex and py = vs,

(i) Pm € Z{v, w5} \ V1, U5},
(iii) all internal vertices of P are in Zgy, vy 0.} \ Z{vy 05}, a0d
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-7 U1 U2 U3 = P2 V4 U5 S~

Fig. 8. Obtaining another sunflower in Lemma 5.5. As v1pi1ps is an induced path and p; has no neighbors
in the set of internal vertices of p2 Ppy,, ® pmv1, G[V (P) U {v1}] contains a hole.

(iv) E(GIV(P))\E(P) C {pipm}; that is, G[V(P)] is either an induced path p1p2 - - - pm
or an induced cycle p1ps -+ - PmP1,
(v) if GIV(P)] is an induced cycle, then m > 4.

Then there exists a D-traversing sunflower H containing p1 and ps such that V(H) \
{P1} € Zpos sy N(V(P) Ufvr}) or VIH) \{P1} S Ziug a3 0 (V(P) U{vs}).

Proof. We claim the following:

If py, € Zy,, then P —py is contained in Zy,, 4, 0,1~ Likewise, if p,, € Z,,, then P —p;
is contained in Zyy, 4, 05}

We only prove the first statement; the proof of the second statement will be symmetric.
Let us assume p,,, € Z,,,. We observe that P contains no vertex in Z,, because all internal
vertices of P are in Zyy, vy 001 \ Z{vy,vs}-

We first show that P contains no vertex in Z,, \ Z,,. Suppose the contrary and let
w € V(P)N(Zy, \ Zyy). Since both C[sp(p2Pw)] and C[sp(wPpy,)] are connected by
Lemma 4.5, P contains a Z,,-subpath P’ whose internal vertices are all contained in
Zy, \ Zys- Then vs is not adjacent to any internal vertex of P’, and by Lemma 2.3,
G[V(P") U {vs}] contains a hole, which is a petal. This contradicts the fact that vs ¢
Tpetar, because by the construction of Tperqr in Lemma 5.1, Tperqr fully contains the
support of every petal. Hence, P contains no vertex of Z,, \ Z,, and we have V(P)\{p1} C
Z{Ul,vz,%}'

We claim that there is a D-traversing sunflower as claimed. If pip,, € E(G), then
G[V (P)] is a hole as claimed by (iv) and due to the previous claim. Hence, we may assume
p1 is not adjacent to p,,. Observe that v1p1ps is an induced path. Also, ps Ppy, © pmv1
is a path from vy to w3, and it does not contain vs. Indeed, if the path psPp,, ® pmur
contains vy, then {p1,ps = vs, v} forms a triangle, a contradiction to (iv). Now, p; has
no neighbors in V(P) \ {p1,p2} as we assumed that p; is not adjacent to p,,. Therefore,
we can apply Lemma 2.3 with the induced path v1p1ps with p; as an internal vertex and
the path pa Pp,, ® ppur. It follows that there is a hole in G[V (P) U {v1}] containing p;,
p2 such that V(H) \ {p1} € Z{u, vs,05}- The statement follows immediately. O
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Lemma 5.6. Let H be a D-traversing sunflower in G — Tpetar containing a C-dominating
vertex d. Then there exist three consecutive vertices x,y,z on C and a D-traversing
sunflower H' containing d such that V(H) N {z,y,z} # 0 and V(H')\{d} C Z(5y.}-
Proof. By Lemma 4.9, H contains at most 2 vertices of C, and every vertex in V(H) N
V(C) is adjacent to the (unique) vertex of V(H)ND. Let P be the connected component
of H— (V(C)U{d}). By Lemma 4.8, every hole contains at most one vertex of D, and
it implies that P contains no vertices of D. Let a € V(H) N V(C). If the support of P
is contained in Nc¢a], then we are done as |N¢[a]| < 3 and we can take H' = H and
{z,y,2} = N¢[a]. We may assume that the support of P contains a vertex in C' whose
distance to a in C is 2 by Lemma 4.5. Let vy, v2, v3, v4, v5 be the consecutive vertices of
C where a = v3. This assumption implies that P contains a vertex in either Z,, or Z,,.

Let w be the vertex of Zy,, ,,3 NV (H) that is closest to a in P. Let @ be the (d, w)-
subpath of H containing a. We verify the preconditions of Lemma 5.5 with (p1,ps, P) =
(d,a, Q). The first condition is clear. Note that H contains neither vy nor vy; otherwise,
davy or davy is a triangle in H, contradicting the assumption that H is a hole. Thus @
contains neither vg nor vy. If w is v1 or vs, then the neighbor of w in Q is also in Zy,,, .3,
contradicting the choice of w. Thus, w € Z{,, 4,3 \ {v1,vs}. Clearly, all internal vertices
of Q are in Zyy, v, 04} \ Z{v,,vs}; Otherwise by Lemma 4.5, ) must contain an internal
vertex from Z,, ..y, contradicting the choice of w. The last two conditions are satisfied
because H is a hole. Then (d, a, Q) meets the preconditions of Lemma 5.5.

Therefore, there exists a D-traversing sunflower H’ containing d and a such that
V(H")\{d} C Ziy, vpwsy o8 V(H)\{d} € Z{y, 0405} As a = vz € V(H), we have
V(H)N{vi,v9,v3} # 0 or V(H) N {vs,vs,vs} # 0, respectively. O

Based on Lemma 5.6, we prove the following.

Proposition 5.7. There is a polynomial-time algorithm which finds either k + 1 vertex-
disjoint holes in G or a vertez set Tyrqu:sunf C (DUV(C))\Tpetar of size at most 15k +9
such that Tpetqr U Tirqu:sung hits all D-traversing sunflowers.

Proof. Let C' = vgvy - - - Uy—1v0. All additions are taken modulo m. We create an auxil-
iary bipartite graph G; = (D W A;, &;) for each 0 < i < 4, such that

o Ai = {vsjti, Usjrit1, Vsjpiva} 17 = 0,1, [F] — 1},
o there is an edge between d € D and {x,y,z} € A; if and only if there is a hole H
containing d such that V/(H)\ {d} C Z, .y (thus, V(H) N {z,y,z} # 0).

Clearly, the auxiliary graph G; can be constructed in polynomial time using Lemma 2.4.
Now, we apply Theorem 2.1 to each G; and output either a matching of size k+ 1 or
a vertex cover of size at most k.
Suppose that there exists ¢ € {0,1,...,4} such that G; contains a matching M of
size at least k + 1. We argue that there are k + 1 vertex-disjoint holes in this case. Let
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e = (d,{z,y,z}) and ¢ = (d',{a’, vy, 2’}) be two distinct edges of M. By construction,
there exist two holes H and H' such that

o H contains d and V(H) \ {d} C Z(, .}, and
o H' contains d' and V(H')\{d'} C Z(pr 13-

Recall that any vertex of N(C')\ D has at most three neighbors on C, which are consecu-
tive by Lemma 4.1. On the other hand, the distance between {z,y, 2z} and {z’,3/, 2’} on
C is at least three by the construction of the family A;. Therefore the two sets Z¢, , .y
and Zy, . .y are disjoint, which implies H and H' are vertex-disjoint. We conclude that
one can output k 4 1 vertex-disjoint holes when there is a matching M of size k + 1 in
one of G;’s.

Consider the case when for every 0 < i < 4, G; admits a vertex cover S; of size at
most k. For S;, let S} be the vertex set

(SimD)U U {Jf,y,Z}

{z,y,2}€S;NA;

and let Tyrquisuns = (U?:o SZ-*) U {U5L%H¢ : —2 < ¢ < 6}. Notice that |Tirquisuns| <
15k + 9.

Claim 2. The vertex set Tpetar U Tirqu:suns hits all D-traversing sunflowers.

Proof of the Claim. Suppose G — (Tpetai U Tirauv:suny) contains a D-traversing sunflower
H having a vertex d € D. By Lemma 5.6, there exist x,y, z that are consecutive vertices
on C and a D-traversing sunflower H' containing d such that V(H) N{z,y, 2} # 0 and
V(H")\{d} C Z;;4,.y. Clearly, we have either

e d is adjacent to {z,y, z} in one of the bipartite graphs G;, or
o {552}  {ospp e s —2 <0 <6,

In the first case, S contains {d} or {x,y,z}, as S; is a vertex cover of G;. Since
V(H)N{z,y,z} # 0 and H contains d, S; contains a vertex of H, which contradicts the
assumption that H is a D-traversing sunflower in G — (Tpetar U Ttrav:sung)- In the sec-
ond case, Tjrqu:suns contains {x,y, z}, which again contradicts that H is a D-traversing
sunflower in G — (Tpetar U Tirqvsunyf). <

This completes the proof. O
6. Hitting all tulips

In this section, we show that one can find in polynomial time either k 4+ 1 vertex-
disjoint holes or a vertex set hitting all tulips. Again, we assume that (G, k,C') is given
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as an input such that C is a shortest hole of G of length strictly greater than p and
G —V(C) is chordal.

The first few sections will focus on D-avoiding tulips. In Subsection 6.3, we settle
the case of D-traversing tulips. Subsection 6.4 will establish the main theorem for holes
in general, Theorem 3.1. For D-avoiding tulips, it is sufficient to consider the graph
Gaeldom = G — D.

6.1. Constructing a nested structure of partial tulips

We recursively construct a subgraph of Ggeigom in which all vertices have degree 2 or
3 and it contains C. A subgraph of G is called a (2, 3)-subgraph if its all vertices have
degree 2 or 3. For a (2,3)-subgraph F', a vertex v of degree 3 in F is called a branching
point in F', and other vertices are called non-branching points.

Given a (2,3)-subgraph F of Geidom containing C, an (z,y)-path P of Gaeidom is a
F-extension if it satisfies the following.

(i) « and y are distinct non-branching points of F'.

(i) {2y} V(C) £0.

(iii) P is a proper V(F)-path and P — V(F) is an induced path of Ggeidom -

(iv) There exists a vertex v € V(P) such that distp (v, {z,y} NV (C)) = 2 and v ¢ N[F].

Note that by condition (iv), the length of an F-extension is at least 4.
A cycle H of Gaejgom is an almost F-extension if it satisfies the following.

() [V(H)NV(C)| =1 and the vertex in V(H) NV (C) is a non-branching point of F
in C.
(i") H —V(C) is an induced path of Ggedom and contains no vertex of F.
(iii") There exists a vertex v € V(H) such that disty (v, V(H)NV(C)) = 2 and v ¢ N[F].

We call the vertex in V(H) N V(C) the root of the almost F-extension H.

It is not difficult to see that given a (2,3)-subgraph F' containing C, there is a
polynomial-time algorithm to find a shortest F-extension P or correctly decides that
there is no F-extension. For this, we exhaustively guess five vertices z,y,2’,y’,v such
that

o z and y are non-branching points of F' such that z € V(C),
o 2’ and y' are neighbors of x and y in V(Ggergom) \ V(F), respectively,
o v is a neighbor of 2’ in V(G) \ N[F].

Since we are looking for an (z,y)-path P where £ Py is induced, we check whether there
is a path from v to ¢ in Gaeigom — (V(F) U N[2']) \ {v}). If there is such a path,
then we find a shortest one Q. Then zz'v ® vQy' © y'y is an F-extension. Among all
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possible choices of five vertices x,y, 2,4y, v, we find a shortest F-extension using these
five vertices. Clearly if there is an F-extension, then we can find a tuple of such five
vertices that outputs a shortest F-extension in the above procedure.

Throughout this section, we heavily rely on the structure of a maximal subgraph
obtained by adding a sequence of F-extensions exhaustively. We additionally impose a
tie break rule for the choice of F-extensions.

Initialize: W, =C, By =0, and i = 1.
At step i: We perform the following.
(1) Find a shortest W;-extension P; such that
(tie break rule) |V (P;) N V(C)| is maximum.
If no W;-extension exists, then terminate. Let x;, y; be the endpoints of P;
otherwise.
(2) Set Wipq := (V(W,)) UV (P), E(W;)UE(FP;)).
(3) Set B;11 := B; U{x;,y;} and increase 7 by one.

We remark that even with the tie break rule, the choice of a W;-extension in (1) is not
unique.

Notice that every vertex of W; has degree 2 or 3. Let Wy, Wy, ..., W, be the sequence
of subgraphs constructed exhaustively until there is no Wy-extension. Let W = W, and
Tyranch = Be. Throughout this section, we fix those sequences Wi, Wo, ..., W, = W and
P, P, ...,Py_1, and By, Bs,...,By = Tyranch- Clearly, the construction of W requires
at most n iterations, and thus we can construct these sequences in polynomial time.

The first observation is that if Thyanen has size at least sy, then G[V(W)] contains
k41 vertex-disjoint holes. In fact, the construction of W is calibrated so that every cycle
of W contains a hole of G. For this, the condition (iv) of W-extension is crucial. Due to
the next lemma, we may assume that |Tpranch| < Sk+1-

Lemma 6.1. If W has at least sy+1 branching points, then there are k+ 1 vertez-disjoint
holes and they can be detected in polynomial time.

Proof. By Theorem 2.2, |Tyraneh| = Sk+1 implies that W has at least k+1 vertex-disjoint
cycles, and such a collection of cycles can be found in polynomial time. We shall prove
that for each cycle H of W, there is a hole in the subgraph of G induced by V(H).
Clearly, this immediately establishes the statement. We fix a cycle H of W. We may
assume that H # C. Recall that for each i, P; is a W;-extension added to W;.

Let ¢ be the minimum integer such that E(H) C E(W,;1). We claim that P; is entirely
contained in H as a subgraph. Notice that for any Wj-extension P;, every branching
point v € Tyranen, Which is an internal vertex of P; has been added at iteration j" > j.
Therefore, if P; is not entirely contained in H as a subgraph, then for some i’ > 4, there
exists a subpath of Py such that E(Py) N E(H) # (), contradicting the choice of 1.



E.J. Kim, O. Kwon / Journal of Combinatorial Theory, Series B 145 (2020) 65-112 93

Let x,y be the endpoints of P;. Let v be an internal vertex of P; that is not contained
in N[W;]. Such a vertex exists by the condition (iv) of the definition of a W-extension.
Let Q := H — v. Since 2 P;y is induced, the neighbors of v in P; are not adjacent, and v
has no neighbors in the set of internal vertices of Q. Therefore, by Lemma 2.3, G[V (H)]
contains a hole, as claimed. O

In the next step, we exhaustively find almost W-extensions and cover them if there
are no k + 1 vertex-disjoint holes. We show that if there are two almost W-extensions
with roots 1 and z and distg (21, 22) > 5, then these two almost W-extensions do not
intersect. This is because if they meet, then we can obtain a W-extension, contradicting
the maximality of W. Using this, we can deduce that if there are 5k + 5 almost W-
extensions with distinct roots, then there are k + 1 vertex-disjoint holes.

Proposition 6.2. There is a polynomial-time algorithm that finds either k + 1 vertex-
disjoint holes or a vertex set Toimost C V(C) \ Toranch 0f size at most 5k + 4 such that
Toimost U Toranch hits all almost W -extensions.

Proof. Let C = vgvy - - - v, 1vg. All additions are taken modulo m. We greedily construct
a collection of almost W-extensions Y = {1, Y5, ..., Y:} (not necessarily vertex-disjoint)
with distinct roots vy, Vays - -+, Va, € V(C) \ Toranch, and stop if ¢ reaches 5k + 5. To
construct such a collection, we do the following for each vertex v € V(C) \ Tyranch:

(1) Choose three vertices wy, ws, w3 such that wy, w3 € Z, \ {v}, wa ¢ N[W], and wy is
adjacent to wo but not adjacent to ws.

(2) Test whether there is a path from ws to w3 in Ggerdom — (V(W) U Nlwi]) \ {w2}).
If there is such a path P, then we add the cycle H = wiws ® we Pws ® wzvw; to Y.

It is not difficult to verify that there is an almost W-extension with root v if and only if
the algorithm outputs such a cycle H.

We claim that if v,, and v,, have distance at least 5 in C, then Y}, and Y, do not
meet.

Claim 3. Let p,q € {1,2,...,t}. If distc(va,,va,) > 5, then V(Y,) NV (Yy) = 0.

Proof of the Claim. Suppose for contradiction that Y, and Y, meet at a vertex z. Let
Y, = p1p2- - prve,p1 and Yy = q1q2 - - - ¢sva,q1- For convenience let py := v,, and qo :=
Vq, - By the condition (iii’) of an almost W-extension, we may assume that py, g ¢ N[W].
Let ¢; be the minimum integer such that p;, has a neighbor in Y. We choose a neighbor
Gt, of py, in Y, with minimum ¢5. Let R := poYpps, © Pty Gr, © @i, Ygqo- 1t is not difficult
to see that R is an induced path.

Since distc(po, o) > 5, the length of R is at least 4 by Lemma 4.3. Therefore, R
contains either ps or ¢o. It implies that R is a W-extension, contradicting the maximality
of W. <&
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Fig. 9. The setting in Lemma 6.3 where v is a vertex of C — T.,; and there is a path of length 3 from v
tou € V(W) \ V(C) whose internal vertices are in V(Ggeidom) \ V(W). By Lemma 6.3, vy should have a
neighbor in C.

Suppose t > 5k + 5. There exists M = {by,ba,...,bk41} C {a1,a9,...,a:} \ {v; :
m —4 < i < m — 1} such that for all b;,b; € M, b; = b; (mod 5). As we exclude the
vertices of {v; : m —4 < i < m — 1}, for every b;,b; € M, distc(vs;,vp;) > 5. By
Claim 3, for 4,5 € {1,2,...,k + 1}, the corresponding almost WW-extensions Y, and Y},
are vertex-disjoint. Thus, we can output k + 1 vertex-disjoint holes in polynomial time.
Otherwise, | Y| < 5k +4, and thus the set of all roots {vq,, Vay, - -+, Va, } € V(C)\ Toranch
of Y contain at most 5k + 4 vertices. Clearly, the set of all roots hits every element of ),
that is, every almost W-extension. O

6.2. Q-tunnels

We define

Te;vt ::Tpetal U Tfull U Ttra’u:sunf U Tbranch U zjalrnostu
Ng‘o[(Tpetal U Tfull U Ttrav:sunf U Tbranch ) Talmost) N V(C)]

Note that
|Towe| < 41(19K + (3k 4 14) + (15k + 9) + (sp1 — 1) + (5k +4)) < 41(sp41 + 42k + 26).

Since |Tpetal UTrui UTirav:sunf UTbranch UTalmost| < Spy1+42k+26, C— (Tpetal UTpunU
Tiravisunf U Toranch U Taimost) contains at most si41 + 42k + 26 connected components,
so does C' — Tyt Let Q be the set of connected components of C —T,,; and we call each
element of Q a C-fragment.

We want to show that for every D-avoiding tulip H not hit by T.,:; and for every
Q € Q, if H contains a vertex of @ far from the endpoints of @), then H must traverse
the @Q-tunnel from one entrance to the other entrance. To argue this, we show that H
contains no edge vw where v € Zy gy and w ¢ N[C]. We first need to show that in such
a case, we have w ¢ N[W]. The next lemma states a useful distance property of W. See
Fig. 9 for an illustration.

Lemma 6.3. Let Q € Q be a C-fragment, and v € V(Q) and w € V(W) with v # u. Then
every V(W)-path R = vguy - - - vs from vg = v to vs = u satisfies one of the following.
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(1) w is a vertez of C such that distc(u, V(Q)) < 4,
(2) R has length 3 and vy is adjacent to a vertex of C,
(3) R has length at least 4.

Proof. Recall that Wy, Ws, ..., W, = W is a sequence of subgraphs, P, Ps,..., Pp_1 is
a sequence of Wi-extensions, and By, Bs, ..., By = Tpranch 1S a sequence of branching
points during the construction of W.

Suppose u € V(C). If a V(W)-path R between u and v has length at most 3, then
there is an edge between Z,, and Z,, or we have Z,NZ, # (). Then Lemma 4.2 implies that
disto(u,v) < 3, and R satisfies (1). Therefore, we may assume « ¢ V(C). In particular,
the following claim for every ¢ € {1,...,¢ — 1} establishes the statement immediately.
We prove it by induction on i:

(%) if u is an internal vertex of P;, then every V(W)-path R between v and u satisfies
(2) or (3).

Let P; = uguq - - - up. By definition of a W;-extension, we may assume ug € V(C)
and ug ¢ N[W;]. Suppose there exists a V(W)-path from v to an internal vertex of P
violating (3). Such a path has length at most 3. Let s € {1, 2,3} be the minimum integer
such that there is a V(W)-path of length s between v and an internal vertex of P;. We
choose the minimum integer j € {1,2,...,p — 1} such that there is a (v, u;)-path R of
length s. Let R := vgvy - - - vs with vg = v and vy = u;, and By = ugFPu; © R.

We verify that R; is a W;-extension.

Claim 4. R; is a W;-extension containing us.

Proof of the Claim. By the choice of s and u;, every vertex in vpRu; has no neighbors
in 1o P;u;. Therefore, upR vy is an induced path. Also, vy is a non-branching point of
W;. Hence, R; satisfies the conditions (i)-(iii) of W;-extension. For (iv), it is sufficient to
show that j > 2. Suppose j = 1. Then R; has length at most 4, and by Lemma 4.3 with
m = 2, we have distc(v,ug) < 7. Since ug € Tprancn N V(C), this contradicts the fact
that v € V(Q) and thus distc (v, Tprancn NV (C)) > 20. We conclude that j > 2 and thus
R; contains ug. Since P; meets (iv) as a Wj-extension, we have ugy ¢ N[W;]. Therefore,
R, satisfies all four conditions for being a W;-extension. <

Next, we show that R has length exactly 3. When R has length 1 or 2, we derive a
contradiction from the fact that P; is taken as a i-th W;-extension.

Claim 5. s = 3; that is, R has length 3.

Proof of the Claim. First assume that R has length 1. If 5 < p — 1, then R; is shorter
than P;, which contradicts the fact that P; is taken as a shortest W;-extension. Thus
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we have j = p — 1. If u, is a vertex in C, observe that u, 1 € Z,, N Z,,. Then, by
Lemma 4.2 we have distc(vo, up) < 3. However, u, € Thranen, and vg € V(Q) imply
distc(vo, up) > 20, a contradiction. Hence, u, is not a vertex of C. This means that R,
should have been chosen as a W;-extension instead of P; because of tie break rule, a
contradiction.

Suppose now that R has length 2. If j < p — 2, then R; is shorter than P;, which
contradicts the fact that P; is taken as a shortest W;-extension. Thus we have j =
{p—2,p—1}. If u, is a vertex of C, then distc(vo, up) < 7 by Lemma 4.3. This contradicts
the fact that distc(vo,up) > 20. Therefore, u, is not a vertex of C. If j = p— 2, then R,
should be taken instead of P; because of tie break rule.

Hence, we may assume that j = p — 1. Then voviu,_1u, is a path of length 3 from
vo to u, € V(W;), and by induction hypothesis, u,—1 has a neighbor in C. Let z be a
neighbor of u,_; in C.

By Lemma 4.3, we have distc(vo, z) < 3. Therefore,

z ¢ Tpetal ) Tb'ranch U Talmost

since otherwise, vy is contained in the 20-neighborhood of V(C) N (Tpetar U Thranch U
Tuimost) and thus, vg € Teze. In particular, z is a non-branching point of W. We choose
a neighbor u; of z such that j' is minimum and let Ry = zujr @ uj Pyug. Note that
j<ji=p-1

It is easy to verify that Rs is a W;-extension similarly as in Claim 4. Especially, Ro
meets condition (iv) because of 7' > 3, which follows from the fact that z has no neighbors
in {uy,u2} by Lemma 4.3. If j/ < p — 1, then Ry is shorter than P; contradicting the
fact that P; is chosen as a shortest W;-extension. If 5/ = p — 1, then since u, ¢ V(C),
R5 should have been chosen instead of P; because of tie break rule. We conclude that R
cannot have length 2, which completes the proof of the claim. <

Now, we shall show that ve has a neighbor in C, thus R satisfies (2). Suppose the
contrary, and observe v ¢ N[C| because R is a V(W)-path and ve ¢ V(C). If ve has
a neighbor in V(W;) \ V(C), then by induction hypothesis, vo has a neighbor in C, a
contradiction. Therefore, v2 has no neighbors in W; and especially, vo ¢ N[W;].

If j < p—3, then R; is shorter than P;, which contradicts that P; is taken as a shortest
Wi-extension. Thus we have p —3 < j < p — 1. We choose a neighbor u;s of vy with
maximum j’. By the choice of j and from vy ¢ N[W;], we have p—3 < j < j <p-—1.
Since vg or v1 has no neighbors in P; by Claim 5, vovivauj ® uj Pyuy is a Wi-extension
in which vy ¢ N[W;].

If 7 > 4, then vovivoujs © uj Puy is shorter than P;, contradicting the fact that P;
is chosen as a shortest W;-extension. If j < 3, then R; has length at most 6, and by
Lemma 4.3, we have distc(vo, ug) < 15, a contradiction to the fact that diste(vg, ug) >
20.
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Therefore, we conclude that vs is adjacent to a vertex of C. This proves the claim (x),
which completes the proof. O

The following is a simple, but important observation. See Fig. 5 for an illustration.

Lemma 6.4. Let Q € Q be a C-fragment, and let H be a D-avoiding tulip in Ggeigom —

Tert- Then H contains no two adjacent vertices v and w such that v is in the Q-tunnel
and w € V(Gdeldom) \N[C]

Proof. Suppose H contains two adjacent vertices v and w such that v € Zy (g) and
w € V(Gaeldom) \ N[C]. Since v € Zy () and w ¢ N[C], we have v ¢ V(C) and v has a
neighbor in @. Let z be a neighbor of v in . We prove that w has no neighbors in W.

Claim 6. w ¢ N[WV].

Proof of the Claim. By Lemma 6.3, w ¢ V(W). Suppose w has a neighbor in W. Since
w ¢ N|[C], w has a neighbor in V(W) \ N[C]. Let u be such a neighbor. Since zvwu is a
path of length 3, by Lemma 6.3, w has a neighbor in C', a contradiction. Therefore, we
conclude that w has no neighbors in W. Thus, we have w ¢ N[W]. <

Let H = vyvg---v,,v1 where v1 = v and v9 = w. Note that H contains at least
one non-branching point of W since (V(C) \ Teyt) NV (H) # 0. We choose a minimum
integer ¢ > 2 such that v; has a neighbor that is a non-branching point of W. Clearly
2 < i < m from the fact that vy is not in C' and by Lemma 6.3. We also observe that
vy = w ¢ N[W] by Claim 6 and that vjvs - - - v; is an induced path. Let 2’ be a neighbor of
v; which is a non-branching point of W. Then zvqvs - - - v;2’ is a W-extension or an almost
W-extension depending on whether z = 2’ or not. It contradicts either the maximality
of W or that T,,; hits all almost W-extensions. This completes the proof. O

Next, we prove that if a D-avoiding tulip contains a vertex of a C-fragment @ that is
far from its endpoints v and w, then its restriction on the ()-tunnel should be some path
from Z, to Z,,. Since we will add all vertices of C-fragments having at most 35 vertices
to the deletion set for remaining D-avoiding tulips, we focus on C-fragments @ with at
least 36 vertices.

Lemma 6.5. Let Q = q1g2- - - qm € Q be a C-fragment with at least 36 vertices and let R
be the Q-tunnel. Let H be a D-avoiding tulip in Gaeigom — Text such that

o H contains no vertices in {g; : 1 <i<5m—4<i<m},
o H contains a vertex v in V(Q).

Then the connected component of the restriction of H on R containing v is a path from
Zq, to Zg,,
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I + L + U’1
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Fig. 10. An illustration of the set X defined in Lemma 6.6. Since X consists of the last 5 vertices of the
support of the component Uy, every path from Z, to Z,  should move to a vertex of Q appearing before
X, and pass through another connected component of R — (Tept U V(Q)) to reach Z, . But this will lead
to a petal whose support is near to X, contradicting the choice of the set Teqt.

Proof. Since H is a tulip, H is not fully contained in R. Therefore, the component of
the restriction of H on R containing v is a path. Let P be such a path.

We claim that both endpoints of P are contained in Zg, ,..1- Suppose the contrary,
and let w be an endpoint of P such that w € (Uy<;<m_1 Za:) \ Z{q1.qm}- Let @ be the
(q1,Gm)-subpath of C that does not contain wvs. o

Let w’ € Ny (w)\ V(P). Since w is a vertex of R, Lemma 6.4 implies that w’ € N[C].
Suppose w' € Zy ) \ Zv(q)- We choose y € sp(G[{w}]) and y" € sp(G[{w'}]) so as to
minimize distc(y, y'). Then diste(y, y') < 3 by Lemma 4.2. We also have disto(y, y') > 2
because y € V(Q) \ {q1,¢m} and ¥ € V(Q). Then Lemma 4.4 implies that w is not
adjacent to w’, a contradiction. Therefore, each endpoint of P is contained in Zg, 4. 3-

Now, we claim that the endpoints of P are contained in distinct sets of Z,,, and Z, .
Suppose for contradiction that both endpoints of P are contained in the same set of
Zy, or Z,, . Without loss of generality, they are contained in Z,,. Since P contains no
vertices in {¢g; : 1 <14 < 5}, P contains two subpaths from Z,, \ {¢1} to Z, \ {g5}. But
the supports of those two paths share three vertices q1, ¢2, g3, and by Lemma 4.7, there
is a petal contained in Z,, 4,.,)- This contradicts the assumption that Tjetar C Text
contains the support of every petal.

This implies that one endpoint is in Z,, and the other endpoint is in Z, , as re-

m )

quired. O

Due to Lemma 6.5, we know that for any D-avoiding tulip H in Ggeidom — Test, there
is a subpath P of H and a @Q-tunnel R such that P is a path from one entrance of R to
the other entrance. The next lemma describes how to find a hitting set for such path P
when its two endpoints belong to distinct connected components of R — (Tezr U V(Q)).
See Fig. 10 for an illustration.

Lemma 6.6. Let Q = q1g2- - - qm € Q be a C-fragment with at least 36 vertices and let R
be the Q-tunnel. One can find in polynomial time a vertex set X CV(Q)\ {g;: 1 <i <
5,m—4 < i < m} of size at most 5 hitting every path P from Zg, to Z,, in R — Tey
such that

e P contains no vertices in {¢; : 1 <i<5,m—4<i<m},
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o the endpoints of P are contained in distinct connected components of R — (Tept U

V(Q)).

Proof. We begin with the following claim.

Claim 7. There is exactly one connected component of R — (Tezt UV (Q)) intersecting
both Zg, \{q1} and Zy; \ {gs}-

Proof of the Claim. Since P contains no vertices in {q1, s, ..., g5}, there is at least one
component of R— (T, UV (Q)) intersecting both Z,, \ {¢:1} and Z,, \{g5}. Suppose there
are two such components C; and Cs. For each C;, we find a path P; form Z,, \ {¢1} and
Z4s \{gs}. Clearly P, and P» are vertex-disjoint, and there are no edges between P; and
Py. As sp(Py) and sp(/%) share 3 vertices g3, qa, g5, by Lemma 4.7, Zr,. o, ..y contains a
petal. This contradicts the assumption that Tpetq; € Tepe contains the support of every
petal. <

Let Uy be the connected component of R — (Tez: UV (Q)) intersecting both Zg, \ {q1}
and Z,, \ {¢s}. Likewise, let Uz be the unique connected component of R — (T UV (Q))
intersecting both Z,, , \ {¢m-4} and Z,, \ {gm }. Note that U; and U, are distinct since
P must intersect V(U1) N Z,, and V(Uz)NZ,,, . Let = be the maximum integer such that
Zy, NV(Uy) #0and let X :={¢; :x —4<i<uz}.

Now, we show that X hits P. Suppose this is not the case. The choice of x implies
that {qi,...,q.} is a separator in R — T¢,; between V(Uy) and V(Us). Since P intersects
both V(Uy) and V(Usz) while avoiding {q1,...,¢5} U X, it must contain a vertex of
{g6,--.,qz—5}. (Especially, we have x — 5 > 6.) Let P; be a ({¢s,--.,qz-5}, Zg,, )-path
which is a subpath of P. As a subpath of P;, we can choose (Z,, ,,Z,, )-path Ps. Let
P, be a path from Z, _, to Z,, in U;.

Since no internal vertex of Pj belongs to {gs,...,q.—5}, P4 and thus Ps does not
contain a vertex of U;. Hence, P; and P, are disjoint. Notice that Ps is contained in
Zx \ X due to Lemma 4.6 and the assumption V(P)NX = (). Therefore, P; is a subpath
of P that is contained in some component of R — (Te,: U V(Q)) different from Uj.
Therefore, there is no edge between V(P3) and V(Py). As sp(P;) and sp(Py) share three
vertices ¢z —4,qz—3,qz—2, by Lemma 4.7, Z¢, . o .y contains a petal. However, this
contradicts the assumption that Tpetqr © Teqt contains the support of every petal. We
conclude that X hits P. O

The path meeting the conditions of Lemma 6.5 can be hit by a vertex set obtained in
Lemma, 6.6, unless its endpoints are contained in the same connected component of R —
(Text UV (Q)). If the endpoints are contained in the same component of R—(Te,: UV (Q)),
then clearly the endpoints can be connected via a path of R traversing no vertices of Q.
We prove that if its endpoints are contained in the same component of R — (T, UV (Q))
and the path contains a vertex of @, then we could reroute to find another D-avoiding
tulip with less vertices of C.
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Lemma 6.7. Let Q = q1q2 - - - gm € Q be a C-fragment of at least 36 vertices and let R be
the Q-tunnel. Let H be a D-avoiding tulip in Gaeidom — Text Such that

e H contains no vertices in {q; : 1 <i <15,m — 14 < i < m},

o H contains a verter v in V(Q),

o the endpoints of the restriction of H on R containing v are contained in the same
connected component of R — (Text UV (Q)).

Then there is a D-avoiding tulip H' in G gerdom — Text sSuch that V(C)NV(H') C V(C)N
V(H).

Proof. By Lemma 6.5, the connected component of the restriction of H on R is a path
from Z,, to Z,, . Let P = pips---p, be the path such that p; € Z;, and p,, € Z,, . We

choose the minimum integer  such that p, is contained in Z,,, and choose the maximum

15

integer y such that p, is contained in Z, Let U be the connected component of

m—14"
R — (Tert UV (Q)) containing p; and p,. Then p, is a vertex of U since otherwise p; Pp,
traverses a vertex of (), which must be in {¢,...,¢n—15}; this means that p; Pp,
contains a vertex of Z,,, as an internal vertex by Lemma 4.5, contradicting the choice
of x. Similarly, p, is in U.

Let J be a shortest path from p, to p, in U. We want to show that ps has no neighbors

in J. To show this, we claim that J does not intersect Z,.
Claim 8. J does not intersect Zy, .

Proof of the Claim. Suppose for contradiction that J contains a vertex r € Zy,. Let J;
and Jy be the two components of J — r. Since J is induced, there are no edges between
Jp and Jo. Also, by Lemma 4.2, for each i € {1,2}, the endpoint of J; adjacent to r
should have a neighbor in C' which has distance at most 4 from 9. This implies that
sp(J1) and sp(J2) both contain {¢13,q14, ¢15}. Then by Lemma 4.7, we can find a petal
contained in Zyg., 414,413+ This contradicts that Therar € Test contains the support of all
petals. <

Suppose that ps has a neighbor in J. Consequently, there is a V(C)-path from ¢; to
a vertex of sp(J) traversing p; and py whose length is 4. By Lemma 4.3, the endpoint
of this path contained in sp(J) is within distance at most 7 in C. Thus, by Lemma 4.5,
sp(J) contains g9 and this contradicts Claim 8. Therefore, p, does not have a neighbor
in J.

Let Pyepm be the subpath of H from p; to p,, not containing p,. Observe that

Prew = PSpr QPwpr ®pprm ®meremp1

is a walk from p3 to p1 in Ggeigom- Observe that the only vertices of P, adjacent to po
are p; and ps. Also, py is not adjacent to p3. Thus by applying Lemma 2.3 to pypops and



E.J. Kim, O. Kwon / Journal of Combinatorial Theory, Series B 145 (2020) 65-112 101

a shortest path from p; to ps in Ppeq, we derive that Gaergom[{p2} UV (Prew)] contains
a hole H'. Clearly, H' is a D-avoiding hole. If it is a sunflower, then H’ is hit by Ty,
a contradiction. Thus, H' is a D-avoiding tulip. Clearly, V(H )NV (C) C V(H)NV(C)
because the restriction of H' on R containing py does not contain a vertex of . O

We are ready to construct a hitting set for all D-avoiding tulips. In the hitting set,
we impose an additional condition that will be used for hitting D-traversing tulips.

Proposition 6.8. There is a polynomial-time algorithm which finds either k + 1 vertex-
disjoint holes in G or a vertex set Tyyoid:tulip C V(G)\Tewt of at most 35(sk41+42k+26)
vertices such that

o Towt UTupoidtutip contains NP [Te. NV (C)], and
o Tewt UThvoid:tutip hits all D-avoiding tulips.

Proof. We construct a set Tyyoid:tutip as follows:

(1) for each component of C' — T,,+ having at most 35 vertices, we add all vertices to
Tovoid:tulip,

(2) for each component @ = ¢q1q2 -+ ¢ of C' — Ty with m > 36, we add {g; : 1 <i <
15,m — 14 < i < 'm}, and the set obtained in Lemma 6.6 to Tyyoid:tutip-

Since C — T,,; contains at most spy1 + 42k + 26 connected components, we have
|Tavoid:tulip| < 35(5k+1 + 42k + 26) Furthermore, Tewt U Tavoid:tulip contains the 15-
neighborhood of T.,; NV(C) in C. We claim that Teyr U Tapoid:tutip hits all D-avoiding
tulips.

Suppose for contradiction that there is a D-avoiding tulip H in Gaeldom — (Text U
Tovoid:tulip)- We choose such a tulip with minimum |V(C) NV (H)|. Since H is a hole, it
contains a vertex in V(C') \ Tezt, say v. Let Q = q1g2 -+ - ¢m be a connected component
of C — T,y containing v. By (1), we have m > 36.

As {¢; : 1 < i <15,m—14 < i < m} was added to Tyyoid:tutip, v IS a vertex in
VQ)\{g : 1 <i<15,m—14 < i < m}. Let R be the Q-tunnel, and let P be the
restriction of H on the @-tunnel containing v.

By Lemma 6.5, P is a path from Z,, to Z,, . If the endpoints of P are contained
in the distinct components of R — (Tegr U V(Q)), then Toyeid:tuip hits this path by
Lemma 6.6, a contradiction. Assume the endpoints of P are contained in the same
component of R — (Tpz: UV(Q)). Then by Lemma 6.7, there is a D-avoiding tulip H’
with V(H)NV(C) C V(H)NV(C), contradicting the minimality of H.

Therefore, Tozt U Tayoid:tulip intersects all D-avoiding tulips. O
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6.3. Handling D-traversing tulips

By Lemmas 4.8 and 4.9, every D-traversing tulip H contains precisely one C-
dominating vertex and it contains one or two vertices of C. Also, the vertices in
V(H)NV(C) are adjacent to the unique C-dominating vertex in H.

Here, we use a technique similar to the one in Theorem 5.7. That is, we construct
auxiliary bipartite graphs, and we will find either k + 1 vertex-disjoint holes, or a set
covering all such tulips.

Lemma 6.9. There is a polynomial-time algorithm which finds either k+1 vertex-disjoint
holes in G or a vertex set Tirguiutip C (DU V(C)) \ Tewt \ Tavoid:tutip Of Size at most
25k + 9 such that Tegr U Thvoid:tutip U Terav:tulip hits every D-traversing tulip.

Proof. Let C = vgvy - - - vy,—1vg. All additions are taken modulo m. We create an auxil-
iary bipartite graph G, = (D W A;,&;) for each 0 < i < 4, such that

o Ai={vsj4i:5=0,....[F] -1},

o there is an edge between d € D and x € A; if and only if there is an (x,d)-path P
in G- ((DUV(C)\{d,z}) — Tewt — Tuvoid:tutip sSuch that
— G[V(P)] is a hole,
— the second neighbor of z in P is not in N[C].

It is not difficult to see that each auxiliary graph G; can be constructed in polynomial
time. For a pair of d € D and = € V(C'), we first ensure that de € E(G) and {d,z} N
Tezt = 0. By guessing the vertices y, z such that z ¢ N[C] and dzyz forms an induced
path, and then computing a shortest (z, d)-path, we can find an (z, d)-path P satisfying
the two conditions above. On the other hand, if there is an (z, d)-path meeting the above
conditions, then we can find such a path P with the corresponding choice of y and z.

Suppose there exists i € {0,1,...,4} such that G; contains a matching M of size at
least k + 1. We argue that there are k + 1 holes in this case.

Let e; = (dy,x1) and ey = (da,x2) be two distinct edges of M. By construction, we
have disto(x1,22) > 5, and for each ¢ € {1,2}, there is an (x;, d;)-path P; in G — ((D U
V(CNO\{di, %:}) — Tewt — Tavoid:tulip Such that G[V(F;)] is a hole and the second neighbor
of z; in P; is not in N|[C]. Let y; and z; be the first and second neighbors of z; in P;
respectively, for each i.

First, we show that z; ¢ N[W]. Notice that z; ¢ T.;+ and x; is a vertex of a C-
fragment. If y; € V(W) or z; € V(W), then Lemma 6.3 implies that y; € V(C) or
z; € V(C), which is not possible since P; is a path with V(P;) N V(C) = {z;}. Hence,
we have y;,z; ¢ V(W). Suppose that z; has a neighbor z, € V(W). Since x;y;2;%, is
a V(W)-path of length 3, z; has a neighbor in C by Lemma 6.3. This contradicts the
assumption that z; ¢ N[C]. We conclude that z; ¢ N[W].
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Next, we show that if P; contains a non-branching point of W other than z;, then
there is a W-extension.

Claim 9. P; contains no point of W other than x;.

Proof of the Claim. We prove for Pj; the same proof holds for P». Suppose the claim
does not hold. Recall that V(Py) N Tyranch € V(P1) N Teyr = 0. Hence, we may assume
that P; contains a non-branching point of W. Let P, := pips---pm, where py = a3
and p,, = di, and let j € {1,2,...,m} be the minimum integer such that p; is a non-
branching point of W other than x; = py. Clearly, p; ¢ V(C), as p; is the unique vertex
of P; contained in C.

If j < 4, then py Pyp; is a path of length at most 3, and since p; ¢ Ty, by Lemma 6.3,
Jj = 4 and p;_; has a neighbor in C. However, it contradicts the choice of P; that the
second neighbor y; = p3 of x1 is not in N[W]. Therefore, j > 5. It means that p; Py ps is
a W-extension containing ps ¢ N[W]. This contradicts the maximality of W. <

We further claim that if P, and P, intersect, then there is a W-extension.
Claim 10. P; and P do not share a vertex.

Proof of the Claim. Suppose that P; and P, intersect. We choose f; € V(P;) having a
neighbor in P, so that dist p, (f1, 1) is minimized. Among neighbors of f; in P,, we choose
fo2 that is closest to x5 in Py. By the choice of f1 and fa, x1P1f1 © f1fo © foPexs is an
induced path. Note that there are no edges between Z,;, and Z,, because distec(z1,x2) >
5. Therefore, x1P1f1 ® fifo ® foPoxo contains at least one of z; and z3, which are
not in N[W] By Claim (), 131P1f1 ® f1f2 ® f2P2$2 is a V(W)—path It anhes that
1P f1 0 f1f2® foPexo is a W-extension, contradicting the maximality of W. Therefore,
P; and P, do not share a vertex. <

Claim 10 implies that if a bipartite graph G; contains a matching of size k + 1, then
we can construct k£ + 1 vertex-disjoint holes in polynomial time. Consider the case when
for every 0 < i <4, G; admits a vertex cover S; of size at most k. For S;, let S} be the
vertex set

(SinDyu | Ng[a]
zeS;NA;

and let Tyrqu:tutip = (U?:o Sf) U {U5L%J+i : —2 < ¢ < 6}. Notice that |Tirqu:tutip] <
25k + 9.

In what follows, we will prove that the vertex set Teyr U Tqvoid:tulip U Ttrav:tulip indeed
hits all D-traversing tulips. Suppose that there is a D-traversing tulip H containing
de Dandz € V(C)in G— (Text U Tavoid:tutip Y Tiravitutip). Clearly P := H — dx is
an (z,d)-path such that G[V(P)] is a hole, but it may not certify the existence of the
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edge dx in the auxiliary bipartite graph, because the second neighbor of z in P can
be in N[C]. Let P = p1ps---pm with p1 = x and p,, = d. Let wy,wa, ..., ws be the
consecutive vertices on C such that ws = x. Let ¢ be the minimum integer such that
pit+1 ¢ N[C]. Such p;;1 exists because H is a tulip.

Claim 11. We have {p1,...,Pi} € Z{ws wswa} \ Z{ws,ws}-

Proof of the Claim. Suppose not. By Lemma 4.5, p;Pp; contains an (z, Z{y, ws})-
subpath Q. Then it is easy to see that dr o (Q meets the preconditions of Lemma 5.5;
especially every internal vertex of Q is in Z{y, wy,w,} \ Z{w;,ws} Dy Lemma 4.6. There-
fore, Lemma 5.5 implies that there exists a D-traversing sunflower H' containing v
and d such that V(H') \ {d} is contained in either Z{,, w, w3 N (V(Q) U {w1}) or
Ztwgwa,wsy N (V(Q) U{ws}). Since Tpetar U Trav:suns hits H' by Proposition 5.7 while
(Tpetat YT ravisuns) N(V(Q)U{d}) C Tope NV (H) = 0, either wy or ws must be contained
in Tpetar U Tirav:sunf. However, by the construction of Ti., this implies x = w3 € Teyy,
a contradiction. This proves the claim. <

By Claim 11, p; has a neighbor in {ws, w3, ws}. Let w be a neighbor of p; in
{wa, w3, ws}. Note that {wa, w3, ws} N Tepr = B since otherwise, we have x = w3 €
Teat U Tyuvoid:tulip Dy the construction in Proposition 6.8, contradicting the assumption
that V(H) N (Tezt U Tavoid:tulip) = Q)

Claim 12. We have p;11 ¢ N[W].

Proof of the Claim. By Lemma 6.3, p; 1 cannot be in W. We show that p; 1 ¢ N(W).
Suppose that p;1 has a neighbor pj,, in W. Then wp;p;11p;,, is a V(W)-path and
Pir1 & V(C) because of p;y1 ¢ N[C]. Recall that w ¢ Ty Now, Lemma 6.3 applies and
we have p;11 € N(C). This contradicts the choice of ¢ and p;+1 ¢ N[C]. It follows that

Claim 13. P contains no point of W other than p;.

Proof of the Claim. Suppose the contrary. Clearly, P does not contain a branching-point
of W because V(P) N Tyranch € V(H) N Topy = 0. Therefore, we may assume that P
contains a non-branching point of W other than p;. Let j € {2,...,m} be the minimum
integer such that p; is a non-branching point of W.

Suppose j < i. By Claim 11, we have p; € Zuw, ws,wa} \Z{w, ws}- Let Py € {wz, w3, wq}
be a neighbor of p;. Then p)p; is a V(W)-path and p); ¢ T..¢. Therefore, Lemma 6.3
applies to p’p; and we have p; € V(C), thus p; € {wz,ws,ws}. Note that P contains
no vertices in {ws, w4} as H contains no triangles. Hence, it follows p; = w3 = p;. This
contradicts the assumption that p; # ps.

Therefore, we assume j > i + 1. Notice that wp; ® p; Pp; is a V/(W)-path. We want
to argue that this is a W-extension, deriving a contradiction. If j € {i + 1,¢ + 2}, then
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from w ¢ Tery and by Lemma 6.3 we know that j = ¢ + 2 and p;41 has a neighbor in
C'. However, this again contradicts p; 11 ¢ N|[C]. Therefore, we have j > i 4+ 3. It means
that wp; © p; Pp; has length at least 4, and thus p; 11 ¢ N[W], which makes wp; © p; Pp;
qualify as a W-extension. This contradicts the maximality of W. We conclude that H
contains no non-branching point of W other than p;. <

Let £ > i+ 1 be the minimum integer such that py is a neighbor of w. Since p,,, = d is
a neighbor of w, such ¢ exists. Furthermore, £ > i + 1 because we have p;11 ¢ N[C] due
to the choice of i. Observe that ppwp; is an induced path with w as an internal vertex
and w is not adjacent to any internal vertex of p; Pp,. Now Lemma 2.3 applies, implying
that G[V (p; Pp¢) U {w}] has a hole H' containing w. By Claim 13, H’ contains no point
of W other than w.

Observe that H’' qualifies as an almost W-extension if p, # d; especially we have
piy1 ¢ N[W] by Claim 12. Therefore Toymost hits H'. On the other hand, Tyumest N
(V(H")\{w}) CTex: NV (H) = 0, which implies w € Tyimost- Then by the construction
of Tt.¢, we have x € T4, a contradiction. If p, = d, then H' — dw is a path certifying an
edge in an auxiliary bipartite graph. Therefore either one of {d,w} is contained in the
vertex cover or w = V5| 2| 4q with 0 < a < 4. In both cases, x is included in Tirqu:tutip,
a contradiction. This completes the proof. O

6.4. Proof of our main result

We prove Theorem 3.1.

We apply Lemma 5.1, Proposition 5.3, and Proposition 5.7. Over all, we can in poly-
nomial time either output £+ 1 vertex-disjoint holes or vertex sets Tpetal, Truil, Trav:sunf
hitting petals, full sunflowers, and D-avoiding sunflowers, respectively.

We construct W with the set Tprqnen of branching points as described in Subsec-
tion 6.1. By Lemma 6.1, if W has at least si41 branching points, then there are k 4 1
vertex-disjoint holes and they can be detected in polynomial time. We apply Proposi-
tion 6.2. If it outputs k + 1 vertex-disjoint holes in G, then we are done. We may assume
it outputs a vertex set Tyimost Of at most 5k + 4 vertices where Ty mos¢ hits all almost
W -extensions.

Let Tepe be the union of Thetar U Trun U Tiravisunt U Toranch U Taimose and the 20-
neighborhood of V(C) N (Tpetar U Ttuit U Tirav:sunt Y Toranch U Taimost)-

By Proposition 6.8, we can in polynomial time either find k£ + 1 vertex-disjoint holes
or find a set Tpyoid:tutip C V(G) \ Teqr of at most 35(sg+1 + 42k + 26) vertices such that
Teat U Thuoid:tulip hits all D-avoiding tulips. By Lemma 6.9, we can either find k + 1
holes or find a set Tirqvitutip S V(G) \ (Tewt U Tovoid:tutip) Of size 25k + 9 such that
Teat U Tovoid:tutip YU Tirav:tutip hits all D-traversing tulips. Therefore, we can either find
k + 1 vertex-disjoint holes, or output a vertex set with at most

‘Temt U Tavoid:tulip U Tt7'av:tulip|
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< A1(spy1 + 42k + 26) + 35(sp41 + 42k + 26) + 25k + 9
< 6511 + 3217k + 1985

vertices hitting all holes. This completes the proof of Theorem 3.1.

7. Cycles of length at least 5 do not have the Erd6s-Pésa property under the induced
subgraph relation

In this section, we show that the class of cycles of length at least ¢ for every fixed
£ > 5 has no Erdés-Pésa property under the induced subgraph relation.

A hypergraph is a pair (X, &) such that X is a set and £ is a family of non-empty
subsets of X, called hyperedges. A subset Y of X is called a hitting set if for every F € &,
Y NF # (. For positive integers a,b with a > b, let an (a, b)-uniform hypergraph, denote
it by Uy, be the hypergraph (X, &) such that |X| = a and € is the set of all subsets of
X of size b. It is not hard to observe that in Us,_1 , every two hyperedges intersect and
the minimum size of a hitting set of Uar_1 1 is precisely k.

Theorem 1.2. Let £ > 5 be a positive integer. Then the class of cycles of length at least
£ has no Erdds-Pésa property under the induced subgraph relation.

Proof. Suppose for contradiction that there is a function f; : N — N such that for every
graph G and a positive integer k, either

o G contains k + 1 pairwise vertex-disjoint holes of length at least ¢ or
o there exists T C V(@) with |T'| < fy(k) such that G — T contains no holes of length
at least 4.

Let x = max{f,(1) +1, £}. From the hypergraph Us,_1 , = (X, £), we construct a graph
G on the vertex set SW|Jpoe Yr, where

e S={s,:v€ X} is an independent set of size |X]|,
e Yp ={y,:v € F} is an independent set of size = for each F € £.

The edge set of G is created as follows.
e For each hyperedge F' € £ with F' = {v; : 1 < i <z}, we add the edge set

{yvl Svrs Sv1Yvay + -+ Yo Svg s Svp Yoy }

e For each pair of two distinct hyperedges Fy, F» € £, we add all possible edges between
YF1 and YF2.
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NN Y

Fig. 11. An illustration of two holes constructed from two hyperedges.

Note that for each F' € £, G[YrUS] contains precisely one hole, which has length 2z:(> ¢).
We denote this hole as C'r. Fig. 11 depicts the construction.
We verify that every hole of length at least £ is one of the holes in {CF : F € £}.

Claim 14. Fvery hole of length at least £ is exactly one of the holes in {Cp : F € £}.

Proof of the Claim. Suppose C is a hole of length at least £ > 5. We show that V(C) C
V(CF) for some F € £. Clearly, it implies the claim as each Cr is a hole.

Suppose for contradiction that C' is not contained in one of {C'r : F € £}. Then there
are two distinct hyperedges F, F’ € £ such that V(C)NYr # @ and V(C)NYp # 0. Let
v e V(C)NYr and v' € V(C)NYp:. Due to the construction of G, we have vv’ € E(G).
Furthermore, this also implies that for every F”' € £\ {F, F'}, we have V(C)NYgp» = (.

Since S is independent, among the vertices of V(C) \ {v,v'} there are at least
[(|]V(C)] — 2)/2] vertices of Yr U Ypg:. Suppose V(C) \ {v,v'} \ S has two vertices w
and w’. If both of w and w’ are in Y, then v’ is adjacent to at least three vertices
of C, a contradiction. Therefore, we may assume that w € Y and w’' € Yp/. Then
G[{v,v',w,w'}] is a cycle of length 4, contradicting the assumption that C' is a hole of
length at least £(> 5). If V(C)\ {v,v'}\ S contains a unique vertex, say w € Y, observe
that |V(C)| =5 and wv’ is a chord of C, a contradiction. <

By Claim 14, {Cr : F € &} is precisely the set of all holes of length at least ¢
in G. One can observe that two holes in {Cp : F' € £} intersect because (X, &) is the
hypergraph Us;_1 4, in which every two hyperedges intersect. Therefore, by the property
of the function fy, there exists a vertex subset T C V(G) with |T| < f¢(1) < x such that
G — T contains no holes of length at least /. We may assume that T is a subset of S; a
vertex of Y hits no hole of G other than the hole Cr, which can be hit by choosing the
corresponding vertex of S instead. However, there is always a hyperedge avoiding a set
of x — 1 elements in the hypergraph Us,;_; 5, and it implies that G — T contains a hole
in {Cp : F € £}. This is a contradiction. We conclude that such a function f; does not
exist. O

For an integer o > 2, a graph class C has the 1/«a-integral Erdds-Pdsa property under
a graph containment relation <, if there exists a function f : N — N such that for every
graph G and a positive integer k, G contains either
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e k + 1 pairwise distinct subsets Z1, ..., Zk such that each subgraph of G induced by
Z; contains a member of C under <, and each vertex of GG is contained in at most «
sets of Z1,...,Zy, or

o a vertex set T of G such that |T| < f(k) and G — T contains no member of C under
<&

Sometimes, a class of graphs that does not have the Erdés-Pdsa property has the 1/2-

integral Erdds-Pdsa property. For example, the class of odd cycles has the 1/2-integral

Erdés-Pésa property (under the subgraph relation), while it has no Erdés-Pdsa prop-

erty [21].

Simply modifying the proof of Theorem 1.2, we can show that for any fixed integers
a > 2 and £ > 5, the class of cycles of length at least ¢ does not have the 1/a-integral
Erdés-Posa property under the induced subgraph relation. The main idea we used in
Theorem 1.2 is that the set of hyperedges in the uniform hypergraph Us,_1 . satisfies
that two hyperedges always intersect and the size of a hitting set for U,  is at least
x.

Let us consider the uniform hypergraph U q41)z—1,a0- We claim that any tuple of
a+ 1 hyperedges in U(q41)z—1,az has a common intersection. Inductively, one can verify
that for all integers 2 < t < « + 1, any tuple of ¢ hyperedges has at least (o + 1 —
t)z 4+ (t — 1) common intersections. Thus, any tuple of a + 1 hyperedges has a non-
empty intersection. But the size of a hitting set for Uiq11)y—1,as is at least z. Thus, by
taking x = max{ f,(a) + 1,¢} and replacing Us;—1,; With Uig41)z—1,az in the proof of
Theorem 1.2, we obtain that the class of cycles of length at least ¢ does not have the
1/a-integral Erdds-Pdsa property under the induced subgraph relation.

8. Applications of the Erdos-Pésa property for holes
8.1. Packing and covering weighted cycles

We show the weighted version of Erdos-Pdsa property of cycles. We recall that for a
graph G and a non-negative weight function w : V(G) — N U {0}, let pack(G,w) be
the maximum number of cycles (repetition is allowed) such that each vertex v is used at
most w(v) times, and let cover(G,w) be the minimum value ) _ w(v) where X hits
all cycles in G.

Corollary 8.1. For a graph G and a non-negative weight function w : V(G) — N U {0},
cover(G,w) < O(k*log k) where k = pack(G,w).

Proof. We may assume that w(v) is positive for every v € V(G). Let k = pack(G,w).
We construct a new graph H from G as follows:
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(1) We obtain a graph G’ from G by subdividing each edge uv into an induced path
U — €y — v, and give the weight w(ey,) := min{w(u), w(v)}.

(2) For each vertex v in G’, let @, be a complete graph on w(v) vertices.

(3) Let H be the graph obtained from the vertex-disjoint union of all graphs in {Q, :
v € V(G')} by adding all edges between @, and @, for each edge vz in G'.

We will show that

o pack(G,w) is the same as the number of maximum pairwise vertex-disjoint holes in
H, and

o cover(GG,w) is the same as the size of a minimum vertex set S in H such that H — §
has no holes.

By Theorem 1.1, this implies cover(G,w) < O(k?logk).

First, each hole C of H intersects a complete subgraph ), at most once for every
v € V(G'); otherwise, H contains a triangle. Also, if a hole C intersects a complete
subgraph @, for some vertex v in G’, then C traverses precisely two complete subgraphs
among {Q, : * € Ng/(v)}. This means that each hole C' of H corresponds to a cycle of
G’, and thus to a cycle of G. It easily follows that pack(G,w) is as large as the number
of maximum pairwise vertex-disjoint holes in H. Conversely, let P be a packing of cycles
of G in which every vertex v € V(G) is used at most w(v) times. Clearly, each cycle
of G yields a canonical hole of H due to the subdivision in the intermediate graph G’.
It is easy to see that one can build a packing P’ of vertex-disjoint holes of H from P
such that |P’| = |P|. Therefore, pack(G,w) equals the number of maximum pairwise
vertex-disjoint holes in H.

Let S be a minimum-sized vertex set in H such that H — S has no holes. We observe
that if S contains a vertex of @, for some v € V(G’), then V(Q,) C S because of the
minimality of S and the fact that all vertices of @, have the same neighborhood.

If S contains Q.,, for a subdividing vertex e, of G’ such that w(e;y) = w(x), then
the set (SUV(Q))\V (Qe,,) hits every hole of H. Hence, we can assume that S contains
only vertices of @, for v € V(G). Now, the vertex subset S’ := {v € V(G) : V(Q,) C S}
of V(@) hits every cycle of G and ) g w(v) = [S]. This implies that cover(G,w) < |S].
Conversely, if G contains a solution S, then we can simply take | J,.g Qv to hit every
hole of H. Therefore, cover(G, w) equals the size of a minimum vertex set S of H such
that H — S has no holes. O

8.2. Approximations for CHORDAL VERTEX DELETION

Theorem 1.1 can be converted into an approximation algorithm of factor O(optlog opt)
for CHORDAL VERTEX DELETION, where opt is the minimum number of vertices whose
deletion makes the input graph G chordal. We may assume that the input graph G is
not chordal. The approximation algorithm works as follows. We first greedily construct
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a maximal packing of p vertex-disjoint holes. For k& = p,..., we apply the algorithm
of Theorem 1.1. If it outputs k£ + 1 holes, then we increase k£ by one and recurse. If
a hitting set X of size O(k?logk) is returned, then we return X as an approximate
solution for CHORDAL VERTEX DELETION and terminate the algorithm. To see that
this procedure achieves the claimed approximation factor, notice that performing the
algorithm of Theorem 1.1 for & means that in the previous step (whether it was the
greedy packing step or the run of the algorithm of Theorem 1.1) found k vertex-disjoint
holes. Therefore, we have opt > k. In particular, when a hitting set X is returned, we
have |X| < c1k? logk + co < cropt? logopt + c. Here c¢1,co are the constants as in
Theorem 1.1. As we run the polynomial-time algorithm of Theorem 1.1 at most n times,
clearly this approximation runs in polynomial-time.
The following statement summarizes the result.

Theorem 8.2 (Restatement of Theorem 1.3). There is an approzimation algorithm of
factor O(optlogopt) for CHORDAL VERTEX DELETION.

9. Concluding remarks

We show that the class of cycles of length at least 4 has the Erdds-Pésa property
under the induced subgraph relation, with a gap function f(k) = cik?logk + co for
some constants ¢; and cp. A natural question is whether an improved bound can be
obtained. A lower bound c’klogk for some constant ¢ is known for the Erd&s-Pdsa
property on cycles [8]. The following reduction shows that this is also a lower bound on
a gap function for holes. Given a graph G, let G’ be a graph obtained by subdividing
each edge of G once. Then the girth of G’ is at least 4, and there is an obvious one-to-
one correspondence between cycles of G and holes of G’. Since we may assume that a
minimum-sized vertex set hitting every hole of G’ contains no subdividing vertex, the
packing and covering numbers for cycles of G equals the packing and covering numbers
for holes of G’, respectively.

One might ask whether or not variants of cycles satisfy the Erdés-Pdsa property under
the induced subgraph relation. We list some of open problems.

e It was shown in [15,18] that any graph with a vertex set S contains either k + 1
vertex-disjoint S-cycles or a vertex set of size O(klog k) hitting all S-cycles, where
S-cycles are cycles intersecting S. As a generalization, Bruhn, Joos, and Schaudt [5]
showed that the class of long S-cycles also has the Erdds-Pésa property. It is easy
to see that the class of S-cycles has the Erdés-Pdsa property under the induced
subgraph relation, because every S-cycle contains an induced S-cycle. Determining
whether or not the class of S-cycles of length at least 4 has the Erdos-Pdsa property
under the induced subgraph relation is an open problem.
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o Huynh, Joos, and Wollan [11] generalized the results of [15,18] to (S, Ss)-cycles,
which intersect two prescribed vertex sets S; and S3. The same question can be
asked for the cycles of length at least 4 intersecting two prescribed sets S; and Ss.

o Thomassen [25] proved that the class of even cycles has the Erdds-Pdsa property.
One might ask whether the class of even cycles has the Erdés-Pésa property under
the induced subgraph relation.

Our construction for no Erdos-Poésa property in Section 7 creates many holes of length
exactly 4, and we are not aware of any construction which does not feature (many) holes
of length 4. Does the class of cycles of length at least ¢, for fixed ¢ > 6, has the Erdds-
Pésa property on Cy-free graphs under the induced subgraph relation? The answer is not
clear to us. When ¢ = 5, the Erdds-Pdsa property holds as an immediate consequence of
our result.

Our result can be reformulated as the Erdés-Pésa property for the class of Cy-
subdivisions under the induced subgraph relation. Investigating the Erdés-Pdsa property
of H-subdivisions under the induced subgraph relation for other graphs H, and the
computational aspect of related covering/packing problems can be a fruitful research
direction. Recently, the second author and Raymond [19] determined, for various graphs
H, whether the class of H-subdivisions has the Erdés-Pésa property under the induced
subgraph relation or not.
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