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A B S T R A C T   

In the past decades, the thermal and rheological properties of nanofluids have attracted much 
attention from many investigators due to their numerous applications as promising enhanced 
working fluids. The present numerical analysis intended to evidence the main hydro-thermal and 
mass transport appearances featuring the convective flows of an exceptional non-homogeneous 
micropolar mixture (i.e., 60% of ethylene glycol, 40% of pure water, and copper oxide nano-
materials) over an impermeable horizontal electromagnetic surface (i.e., Riga plate), which is 
heated convectively in the presence of a particular variable heat source. For this purpose, several 
admissible physical theories and hypotheses are adopted herein to derive the foremost conser-
vation equations based on the renovated Buongiorno’s formulation and some more realistic 
boundary conditions. Further, the leading partial differential equations (PDEs) are transformed 
into a system of ordinary differential equations (ODEs), which are tacked thereafter numerically 
using an efficient GDQNRM procedure. After performing multiple validations with the recent 
literature results, the aspects of the studied EMHD convective micropolar nanofluid flow are 
spotted accordingly and then discussed comprehensively via multiple figures and tables. As 
prominent results, it is found that the micropolarity and electrically conducting trends of the 
nanofluidic medium play an important role in the hastening of the nanofluid motion. Also, it is 
explored that the thermally enhancing influence of the thermophoresis diffusive mechanism can 
be reinforced more by the existence of an internal heat source along with an appropriate 
convective heating process.   
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Nomenclature 

General Symbols and Abbreviations 
a0 Size of electrodes and magnets, m 
BCs Dimensional/Unitless boundary conditions 
[BCs

(̂u ,̂v),BCsf ] Dimensional/Unitless boundary conditions for the velocity components 
[BCs

N̂
,BCsg] Dimensional/Unitless boundary conditions for the micro-rotation velocity 

[BCs
T̂
,BCsθ] Dimensional/Unitless boundary conditions for the temperature 

[BCs
Ĉ
,BCsχ ] Dimensional/Unitless for the nanoparticles’ molar concentration 

Ĉ(x̂, ŷ) Dimensional distribution of the nanoparticles’ molar concentration, mol m− 3 

C∞ Free-stream nanoparticles’ molar concentration, mol m− 3 

[DB,DT ] Mass diffusive coefficients, m2s− 1 

Eqs Dimensional/Unitless leading equations 
[Eqs

(̂u ,̂v),Eqsf ] Dimensional/Unitless equations for the velocity components 
[Eqs

N̂
,Eqsg] Dimensional/Unitless equations for the micro-rotation velocity 

[Eqs
T̂
,Eqsθ] Dimensional/Unitless equations for the temperature 

[Eqs
Ĉ
,Eqsχ ] Dimensional/Unitless equations for the nanoparticles’ molar concentration 

[f(η), f ′

(η)] Velocity functions in dimensionless forms 
g(η) Micro-rotation velocity function in a dimensionless form 
hf Convective heat transfer coefficient, W m− 2K− 1 

j0 Electrical current density Am− 2 

j Micro-inertial factor, m 2 

kB Boltzmann constant (kB = 1.38066 × 10− 23j K− 1)

M(x̂) Adjustable magnetization strength, kg s− 2A− 1 

MCuO Molar mass of copper oxide nanomaterials, kg mol − 1 

N̂(x̂, ŷ) Dimensional field of the micro-rotation velocity, rad s − 1 

QE Heat source potency, W m− 3K− 1 

s Stretching velocity rate, s− 1 

T̂(x̂, ŷ) Dimensional distribution of the temperature, K 
Tf Temperature of the heated working fluid, K 
Tref Reference temperature (Tref = 273K)
T∞ Free-stream temperature, K 
[û(x̂, ŷ), v̂(x̂, ŷ)] Velocity field, m s− 1 

[x̂, ŷ] Cartesian coordinate system, m 

Greek Symbols 
χ(η) Nanoparticles’ molar concentration in a dimensionless form 
φ Nanoparticles’ volume fraction 
[ξ,η] Dimensionless coordinate system 
υ Kinematic viscosity, m2s− 1 

θ(η) Temperature function in a dimensionless form 
κ Vortex viscosity, Pa s 

Subscripts 
f Working fluid 
hbf Hybrid base fluid 
nf Nanofluid 
CuO Copper oxide nanoparticles 
∞ Free-stream condition 
w Wall characteristic 

Superscripts 
, First-order derivative w.r.t. η 
, , Second-order derivative w.r.t. η 
, , , Third-order derivative w.r.t. η  
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1. Introduction 

Nowadays, the topic of nanofluid flows has gained remarkable courtesy from pioneering researchers [1–7] owing to the astounding 
thermal performance of the nanofluidic mixtures and their significant capabilities of changing the happening transport phenomena as 
well as their evolutionary dynamics. Naturally, many customary liquids possess a feeble thermal conductivity. Hence, it is useless from 
a practical point of view to choose them as heat transfer fluids in the engineering processes. For this purpose, it is more recommended 
to insert solid nanoparticles having higher thermal features into a specified base fluid to prepare an efficient biphasic mixture even 
with the addition of a small volume fraction of solid nanomaterials. Scientifically, the nanofluid terminology was utilized first by Choi 
[8] in 1995. After that, numerous experimental and theoretical attempts were undertaken in this context to show the importance of 
employing nanofluids instead of some traditional working liquids as reported by Angayarkanni and Philip [3]. Keeping in mind the 
practical uses of nanofluids in various technological and industrial sectors [9–13] (e.g., drug delivery, renewable energies, solar energy 
systems, oil recovery, and cooling of nuclear systems), interesting outcomes have been drawn by eminent researchers [14–22] con-
cerning the prominent thermal performances of nanofluids. Motivated by the applicability and the importance of nanofluids, Acharya 
et al. [23–26] carried out extensive finite element simulations to deliberate comprehensively the hydro-thermal features of convective 
flows inside a square/triangular/hexagonal cavity filled by homogeneous water-based nanofluids encompassing alumina or magnetic 
iron oxide spherical-shaped nanomaterials. Several interesting findings were derived from these numerical examinations regarding the 
dynamics of nanofluids and their behaviors in different situations. An advanced non-homogeneous nanofluid flow model was 
formulated by Rasool et al. [27] based on Buongiorno’s physical standpoints [28] to inspect the two-dimensional radiative motion of a 
Maxwell nanofluid over an isothermal stretching sheet in the presence of Lorentz and Darcy-Forchheimer forces. Likewise, Dawar et al. 
[29] assumed the renovated two-phase nanofluid model to expose the general appearances of tri-dimensional Jeffrey nanofluid flows 
over a convectively heated bi-stretching surface exhibiting many velocity slip trends. By invoking the Atangana-Baleanu fractional 
approach, Shah et al. [30] exploited the single-phase nanofluid flow model [31] to examine an unsteady mixed convective flow 
developed over an isothermally moving vertical plate for a ternary nanofluid incorporating a second-grade fluid along with the silver, 
copper, and alumina nanoparticles. 

Conventionally, the existence of an external magnetic source may affect significantly the dynamics of electrically conducting fluids 
flowing effectively in its spawned field. However, this magnetic capability of flow control disappears practically in fluids having a low 
electrical conductance feature due to the feeble strength of the induced current density. Accordingly, when the induced electrical 
current is of insufficient intensity, an electric field should be applied also to the fluidic medium in this case to ensure a noticeable 
dynamical impact. Because of this, Gailitis [32] suggested the use of the Riga plate as an electromagnetic actuator to generate Lorentz 
forces in the stream-wise mode for controlling the motion of weakly conducting fluids. This sophisticated surface is an electromag-
netically aligned actuator that involves an array of electrodes and permanent magnets. Among, the main applications of this smart 
plate include the minimization of wall drag forces as well as the prevention of boundary layer separation and the reduction of me-
chanical energy. In this context, Wakif et al. [33] demonstrated the possibility of getting a higher thermodynamical entropy generation 
within a dissipative fluidic medium by strengthening the generated electromagnetic forces during its EMHD (i.e., 
electro-magneto-hydrodynamic) motion near an isothermally heated Riga plate constrained hydrodynamically by a uniform suction 
process and energetically by the Joule heating mechanism. In the case of a nanofluid flow geometry, Kumar et al. [34] practiced an 
efficient implicit Keller box procedure to disclose the significance of a first-order chemical reactive process and thermal radiation on 
EMHD convective flows of Williamson nanofluids over an irregular Riga plate in the case of zero mass flux and convective heating 
conditions. Otherwise, Awati et al. [35] proposed a Haar wavelet algorithm to check the results reported previously by Rana and 
Bhargava [36] for the convective nanofluid flows over a power-law stretching surface. A comprehensive meta-analyses were carried 
out statistically by Wakif et el. [37] to explore the diverse aspects of nanoparticles in the heat and mass transport phenomena within a 
nanofluidic medium. To reflect rheologically the micropolarity trend of kerosene and water, Zaib et al. [38] applied the single-phase 
nanofluid model to evaluate their mixed convective motions towards a Riga plate when these base fluids are saturated by titanium 
dioxide nanomaterials. By combining the generalized thermal and mass transport laws with the revised version of the two-phase 
nanofluid approach, Naseem et al. [39] proposed a theoretical model for studying third-grade nanofluid flows over a Riga plate. A 
spectral quasi-linearization analysis was conducted by Akolade and Tijani [40] to realize a quantitative comparison between the 
Casson and Williamson rheological models through the three-dimensional flows of their corresponding nanofluids over a Riga plate. 
Dissimilarly, Rasool and Wakif [41] applied the spectral local linearization method to scrutinize the EMHD mixed convective nanofluid 
motion near a vertical Riga plate by adopting the second-grade rheological model along with the generalized forms of Fourier’s and 
Fick’s laws and the revised two-phase nanofluid formulation. Particularly, Gangadhar et al. [42] pursued the same rheological strategy 
to examine the bi-phasic dynamics of radiative non-Newtonian nanofluids over a convectively heated Riga plate. Based on a strong 
theoretical background, Vaidya et al. [43] suggested an advanced dissipative nanofluid flow model with a first-order chemical reaction 
process to divulge the characteristics of mixed convective nanofluid flows near a vertical Riga plate of variable thickness in the 
presence of a temperature-dependent heat source. 

In fact, despite the great effort expended in the two last decades by the researchers in nanofluid subjects, many achievements 
remain questionable from the reliability and validity points of view concerning the proposed flow models and the presented findings, 
in which some happening physical phenomena are still unclear that might be explained consistently based on a rigorous theoretical 
basis and appropriate nanofluid models. Enlightening by the afore deliberated literature survey, the present numerical examination 
deals with the proper application of the renovated Buongiorno’s approach that has been proposed recently by Wakif et al. [44] to 
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provide new physical insights on the dynamics of a non-homogeneous micropolar mixture constituted by 60% of ethylene glycol 
(C2H6O2), 40% of water (H2O), and a certain volume fraction of copper oxide nanoparticles (CuO). 

Exclusively, the nanofluid flow problem under consideration is formulated successfully in such a way that the following novelties 
are integrated into the monitored equations:  

1 A novel micropolar non-homogeneous nanofluid model is developed properly.  
2 The mathematical description of the nanofluid flow problem is formulated accordingly via the nanoparticles’ molar concentration 

instead of nanoparticles’ volume fraction.  
3 A significant driven EMHD trend is assured dynamically over a stretching Riga plate.  
4 Nield’s boundary conditions [45,46] are applied at the Riga plate for the nanoparticles’ flux.  
5 The micropolar nanofluidic medium is enhanced thermally by a convective heating mechanism.  
6 The temperature distribution is adjusted internally through an exponential space- and temperature-dependent heat source.  
7 A set of experimental correlations and phenomenological laws are employed as thermophysical expressions for the present 

micropolar nanofluid. 

2. Mathematical and physical backgrounds 

The geometry of the proposed two-dimensional EMHD micropolar nanofluid flow model is sketched in a Cartesian system (x̂, ŷ) for 
the biphasic mixture CuO − [(60%) − C2H6O2 +(40%) − H2O] as outlined in Fig. 1. In this scrutinization, the nanofluid flow is 
established over a horizontal Riga device. Initially, the hybrid base fluid [(60%) − C2H6O2 +(40%) − H2O] comprehends a uniform 
distribution of copper oxide nanomaterials having a spherical-shaped geometry of diameter dCuO = 29nm, whose volume fraction φ0 
should be ranged mandatory from 0.01 to 0.06. In addition, the following assumptions are considered during this analysis:  

− The nanofluidic mixture CuO − [(60%) − C2H6O2 +(40%) − H2O] has micropolar and electrical behaviors.  
− The proper relationship linking the volume fraction φ of copper oxide nanoparticles and their molar concentration C is given by φ =

MCuO C
ρCuO 

[44,47].  
− The formulation of the present nanofluid flow problem is expressed in the laminar steady-state based on the two-phase nanofluid 

approach, the micropolar theory [48], and the boundary layer approximations [49].  
− A specific variable heat source is located internally in the nanofluidic medium to provide an additional amount of thermal energy, 

whose puissance depends on the temperature filed T̂(x̂, ŷ) and decays exponentially with the variable space ŷ.  
− The effective contribution of Brownian and thermophoretic diffusive phenomena is reflected in the present non-homogeneous flow 

model. 

Fig. 1. EMHD micropolar nanofluid flow model.  
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− The flat planar geometry is stretched horizontally along the x̂− direction with a variable velocity uw(x̂), whose expression is given 
by uw(x̂) = sx̂.  

− The Riga plate is heated convectively through the temperature Tf of a working fluid, whose characteristic thermal convective 
coefficient is indicated by hf .  

− The wall molar concentration of nanoparticles Ĉ(x̂, ŷ = 0) is determined passively via the vanishing mass flux condition 
(

∂Ĉ
∂̂y

)

(̂x ,̂y=0)
= −

ρCuO DT
MCuO DBT∞

(
∂T̂
∂̂y

)

(x̂ ,̂y=0)
.  

− The values of free-stream temperature T∞ and its corresponding molar concentration C∞ are preserved constant, whereas the 
micropolar nanofluid and its micro-elements are kept in a motionless state. 

Based on the above considerations and the recent adjustments proposed by Wakif et al. [44] on Buongiorno’s formulation [28], the 
leading PDEs and BCs are listed below as: 

⎧
⎪⎪⎨

⎪⎪⎩

Eq
(̂u ,̂v) :

{
∂û
∂x̂

= −
∂v̂
∂ŷ

, û
(

∂û
∂x̂

)

+ v̂
(

∂û
∂ŷ

)

=

(
μnf + κ

)

ρnf

(
∂2 û
∂ŷ2

)

+
κ

ρnf

(
∂N̂
∂ŷ

)

+
πj0M(x̂)

8ρnf
exp

(

−
π
a0

ŷ
)}

,

BCs
(̂u ,̂v) : {û(x̂, ŷ = 0) = uw(x̂) = sx̂ , v(x̂, ŷ = 0) = 0 & û(x̂, ŷ → ∞) → 0 }

⎫
⎪⎪⎬

⎪⎪⎭

, (1)  

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Eq
N̂
:

{

jρnf

(

û
∂N̂
∂x̂

+ v̂
∂N̂
∂ŷ

)

= − κ
∂û
∂ŷ

+ j
(

μnf +
κ
2

) ∂2 N̂
∂ŷ2 − 2κN̂

}

,

BCs
N̂
:

{(

N̂ = − n
∂û
∂ŷ

)

(̂x ,̂y=0)
& N(x̂, ŷ → ∞) → 0

}

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (2)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eq
T̂
:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

û
∂T̂
∂x̂

+ v̂
∂T̂
∂ŷ

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

knf

(ρCP)nf

(
∂2 T̂
∂ŷ2

)

+
(ρCP)CuOMCuO DB

(ρCP)nf ρCuO

(
∂T̂
∂ŷ

)(
∂Ĉ
∂ŷ

)

+

(ρCP)CuODT

(ρCP)nf T∞

(
∂T̂
∂ŷ

)2

+
QE

(ρCP)nf
exp

(

− δ
̅̅̅̅̅̅̅̅a
υhbf

√

ŷ
)

(T̂ − T∞)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

,

BCs
T̂
:

{[
∂T̂
∂ŷ

=
hf

knf

(
T̂ − Tf

)
]

(̂x ,̂y=0)
& T̂ (x̂, ŷ → ∞) → T∞

}

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (3)  

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Eq
Ĉ
:

{

û
(

∂Ĉ
∂x̂

)

+ v̂
(

∂Ĉ
∂ŷ

)

= DB

(
∂2 Ĉ
∂ŷ2

)

+
ρCuO DT

MCuOT∞

(
∂2 T̂
∂ŷ2

)}

,

BCs
Ĉ
:

{(
∂Ĉ
∂ŷ

= − Λ
∂T̂
∂ŷ

)

(̂x ,̂y=0)
& Ĉ(x̂, ŷ → ∞) → C∞

}

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (4)  

in which 

Λ=
ρCuODT

MCuODBT∞
. (5) 

Indeed, the proposed micropolar nanofluid flow model is derived appropriately based on the authenticated theoretical models and 
experimental correlations regrouped in Table 1 and Table 2, which permit to achieve realistically a better estimation of the thermal 
and other physical appearances describing the nanofluidic mixture CuO − [(60%) − C2H6O2 +(40%) − H2O] at the temperature T0 =

300K. 
To reduce the mathematical complexity degree of the present nanofluid flow problem, the following similarity conversions are 

employed [54]: 

Table 1 
Thermophysical properties of each phase [50–52].  

Properties Hybrid base fluid [(60%) − C2H6O2 + (40%) − H2O] Nanoparticles 
(CuO)

ρ− Density ρhbf = − 0.0024T2
0 + 0.963T0 + 1009.8 ρCuO = 6320 kg m− 3 

μ− Dynamic viscosity μhbf = 0.555× 10− 6exp
(2664

T0

) – 

CP − Specific heat (CP)hbf = 4.2483T0 + 1882.4 (CP)CuO = 531.8j kg− 1K− 1 

k− Thermal conductivity khbf = − 3× 10− 6T2
0 + 0.0025T0 − 0.1057 kCuO = 76.5 Wm− 1K− 1  
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⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ξ =

̅̅̅̅̅̅̅̅s
υhbf

√

x̂ , η =

̅̅̅̅̅̅̅̅s
υhbf

√

ŷ , û(x̂, ŷ) = uw(x̂)f ’(η) , v̂(x̂, ŷ) = −
̅̅̅̅̅̅̅̅̅sυhbf

√ f (η),

N̂(x̂, ŷ) =
̅̅̅̅̅̅̅̅s
υhbf

√

uw(x̂)g(η) , θ(η) = T̂ (x̂, ŷ) − T∞

Tf − T∞
& χ(η) = Ĉ(x̂, ŷ) − C∞

C∞

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (6) 

Accordingly, the governing boundary layer equations are transformed into the subsequent set of ODEs and BCs: 
⎧
⎪⎨

⎪⎩

Eqf :

{(
μr + K

ρr

)

f ’’’ +
K
ρr

g’ + f f ’’ − f ’2
+

H
ρr

exp( − λη) = 0
}

,

BCsf : {f (η = 0) = 0 , f ’(η = 0) = 1 & f ’(η = η∞) → 0 }

⎫
⎪⎬

⎪⎭
, (7)  

⎧
⎪⎪⎨

⎪⎪⎩

Eqg :

{

−
γK
ρr

f ’’ +

(
2μr + K

2ρr

)

g’’ −
2Kγ
ρr

g +

⃒
⃒
⃒
⃒
⃒

f g

f ’ g’

⃒
⃒
⃒
⃒
⃒
= 0

}

,

BCsg : {g(η = 0) = − nf ’’(η = 0) & g(η = η∞) → 0 }

⎫
⎪⎪⎬

⎪⎪⎭

, (8)  

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Eqθ :

{

θ’’ +
(ρCP)rPr

kr
f θ’ +

Pr
kr

⃒
⃒
⃒
⃒
⃒

NBθ’ − θ’

NT θ’ χ’

⃒
⃒
⃒
⃒
⃒
+

PrQ
kr

exp( − δη)θ = 0

}

,

BCsθ :

{

θ’(0) =
Bi
kr
[θ(η = 0) − 1 ] & θ(η = η∞) → 0

}

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (9)  

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Eqχ :

{
NT

NB
θ’’ + χ’’ + Scf χ’ = 0

}

,

BCsχ :

{

χ’(η = 0) = −
NT

NB
θ’(η = 0) & χ(η = η∞) → 0

}

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

. (10) 

As shown above, the indeterminate boundary η∞ (η → ∞) refers to an estimated unitless value characterizing the boundary layer 
thicknesses assuring the asymptotical convergence of all solutions to the free-stream boundary conditions. In addition, the relative 
thermophysical properties {ρr, μr, (ρCP)r&kr} that appeared in the dimensionless formulation are defined as: 

{

ρr =
ρnf

ρhbf
, μr =

μnf

μhbf
, (ρCP)r =

(ρCP)nf

(ρCP)hbf
& kr =

knf

khbf

}

. (11) 

For more clarification, the embedded control parameters and their characteristics are enlisted in Table 3. However, the other 
quantities and abbreviations are provided in the nomenclature list. 

In this investigation, the skin-friction factor Cf x̂ , the couple-stress coefficient Cnx̂ , the Nusselt number Nux̂ , the unitless wall 

temperature θw, and the reduced wall concentration C*
w are among the main quantities of interest considered in this investigation, 

which are expressed as: 

Table 2 
Thermophysical properties of the studied biphasic mixture [51–53].  

Properties Proposed models for CuO − [(60%) − C2H6O2 + (40%) − H2O]

ρ− Density ρnf = (1 − φ0)ρhbf + φ0ρCuO 

μ− Dynamic viscosity μnf = 0.9197μhbf exp(22.8539φ0)

(ρCP)− Heat capacitance (ρCP)nf = (1 − φ0)(ρCP)hbf + φ0(ρCP)CuO 

k− Thermal conductivity 
knf = ks + 5× 104φ0(ρCP)hbf

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
kBT0

ρCuO dCuO

√

f(T0,φ0)

ks =

[

1 +
3φ0( kCuO − khbf )

( kCuO + 2khbf ) − φ0(kCuO − khbf )

]

khbf 

f(T0,φ0) =
( T0

Tref
f1 − f2

)
f3 

f1 = 2.8217× 10− 2φ0 + 3.917× 10− 3 

f2 = 3.0669× 10− 2φ0 + 3.91123× 10− 3 

f3 =
9.881

(100φ0)
0.9446  
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cf x̂ =

[
(
μnf + κ

) ∂û
∂ŷ

+ κN̂
]

(̂x ,̂y=0)

ρhbf u
2
w(x̂)

, Cn̂x =

υhbf

(
μnf +

κ
2

)
j
(

∂N̂
∂ŷ

)

(̂x ,̂y=0)

ρhbf ju
3
w(x̂)

,

Nûx =

− knf x̂
(

∂T̂
∂ŷ

)

(̂x ,̂y=0)

khbf
(
Tf − T∞

) , θw =
T̂ (x̂, ŷ = 0) − T∞

Tf − T∞
& C*

w =
Ĉ(x̂, ŷ = 0)

C∞

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (12) 

After simplifications, we get: 
{

Cf = − [μr + K(1 − n) ]f ’’(0) , Cn = −

(
2μr + K

2

)

g’(0) , Nu = − krθ’(0) , θw = θ(0) & C*
w = χ(0) + 1

}

. (13) 

Moreover, the reduced quantities {Cf ,Cn & Nu} shown in Eq. (13) are defined as: 
{

Cf = −
̅̅̅̅̅̅̅̅
Rêx

√
Cf x̂ , Cn = − Rêx Cn̂x & Nu =

Nûx̅̅̅̅̅̅̅̅
Rêx

√

}

. (14)  

3. Methodology and authentication of results 

Because of the nonlinearity specificity of the governing ODEs given by the coupled set of Eqs. 7–10, a robust hybrid GDQNRM 

Table 3 
A list of the relevant nanofluid flow parameters and their characteristics.  

Parameters Ranges Default values 

Rex̂

[
=

sx̂2

υhbf

]

− Reynolds number 
– – 

Pr
[
=

μhbf (CP)hbf

khbf

]

− Prandtl number 
Pr = 33.64 33.64 

φ0 − Inserted nanoparticles’ volume fraction 0.01 ≤ φ0 ≤ 0.06 0.01 
n− Micro-gyration constraint 0 ≤ n ≤ 1 0.6 

K
[
=

κ
μhbf

]
− Micropolar parameter 2 ≤ K ≤ 8 2 

γ
[
=

υhbf

js

]

− Micro-inertial parameter 
γ = 1 1 

λ
[
=

π
a0

̅̅̅̅̅̅̅̅
υhbf

s

√ ]

− EMHD material parameter 
λ = 5 5 

H
[
=

πj0M0

8ρhbf s2

]

− Hartman number (Modified version) 
0 ≤ H ≤ 1.5 0.5 

δ− Exponentially decaying pre-factor δ = 1 1 

Q
[
=

QE

s(ρCP)hbf

]

− Heating source parameter 
0 ≤ Q ≤ 0.6 0.2 

Bi
[
=

hf

khbf

̅̅̅̅̅̅̅̅
υhbf

s

√ ]

− Thermal Biot number 
1 ≤ Bi ≤ 5 5 

NT

[

=
(ρCP)CuODT(Tf − T∞)

(ρCP)hbf υhbf T∞

]

− Thermophoresis parameter 
0.1 ≤ NT ≤ 0.4 0.1 

NB

[
=

(ρCP)CuODBMCuOC∞

(ρCP)hbf ρCuOυhbf

]

− Brownian motion parameter 
0.4 ≤ NB ≤ 1 0.8 

Sc
[
=

υhbf

DB

]

− Schmidt number 
1 ≤ Sc ≤ 4 1  

Table 4 
Validation of GDQNRM results in the case where {H = 0,Q = 0 & Bi → ∞}.  

K {ρr = μr = σr = (ρCP)r = kr = 1,Pr = 7,n = 0.5, γ = 1,NT = 0.4,NB = 0.8 & Sc = 1.1}

Source − f ′′(0) − g′

(0) − θ
′

(0) χ′

(0)

1 Wakif et al. [44] 0.81649659 0.33333333 1.81001326 0.90500663 
Present results 0.8164965948 0.3333333333 1.8100132656 0.9050066328 

2 Wakif et al. [44] 0.70710689 0.25000000 1.83475632 0.91737816 
Present results 0.7071068906 0.2500000000 1.8347563230 0.9173781615 

3 Wakif et al. [44] 0.63245596 0.20000000 1.85158577 0.92579288 
Present results 0.6324559672 0.2000000000 1.8515857762 0.9257928881 

4 Wakif et al. [44] 0.57735146 0.16666666 1.86397804 0.93198902 
Present results 0.5773514600 0.1666666666 1.8639780421 0.9319890210 

5 Wakif et al. [44] 0.53452506 0.14285714 1.87359062 0.93679531 
Present results 0.5345250684 0.1428571428 1.8735906211 0.9367953105  
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algorithm [55–59] (i.e., generalized differential quadrature Newton-Raphson method) is developed properly to generate GDQNRM 
solutions discretely on the Chebyshev-Gauss-Lobatto collocation points [60,61], which should be involved in the computational 
domain [0, η∞]. For this purpose, several computational assessments are done with the help of Matlab software to generate the 
GDQNRM datasets for the dimensionless quantities 

{
f ’(η), g(η), θ(η), χ(η),Cf ,Cn, Nu, θw & C*

w
}

as illustrated in Figs. 2–10 and 
Tables 4–9. Besides, the multiple comparisons performed in Tables 4 and 5 prove the validity of the executed GDQNRM code, whose 
quantitative results are found to be in a higher order of harmony with those published recently by Wakif et al. [44]. This agreement 
ascertains the robustness of the executed GDQNRM code and its numerical capability of providing faultless results for the present 
nanofluid flow problem. 

By making use of the trapezoidal integration method, the involved square residual errors {Δf ,Δg,Δθ&Δχ} are computed as follows: 

Δf =
∫η∞

0

{(
μr + K

ρr

)

f ′′′

(η) + K
ρr

g′

(η) + f (η)f ′′(η) − f
′ 2
(η) + H

ρr
exp(− λη)

}2

dη, (15)  

Δg=
∫η∞

0

{

−
γK
ρr

f ′′(η) +
(

2μr + K
2ρr

)

g′′(η) − 2Kγ
ρr

g(η) +
⃒
⃒
⃒
⃒
f (η) g(η)
f ′

(η) g′

(η)

⃒
⃒
⃒
⃒

}2

dη, (16)  

Δθ=
∫η∞

0

{

θ′′(η) + (ρCP)rPr
kr

f (η)θ′

(η) + Pr
kr

⃒
⃒
⃒
⃒
NBθ

′

(η) − θ
′

(η)
NT θ

′

(η) χ ′

(η)

⃒
⃒
⃒
⃒+

PrQ
kr

exp(− δη)θ(η)
}2

dη, (17)  

Table 5 
Validation of GDQNRM results for Nu when {K = 0, γ = 0,H = 0,Q = 0 & Bi → ∞}.  

NT {ρr = μr = σr = (ρCP)r = kr = 1,NB = 0.1 & Sc = 10}

Source Pr = 6.2 Pr = 14.2 

0.1 Ishfaq et al. [62] 1.6198 2.4835 
Wakif et al. [44] 1.61980791 2.48355126 
Present results 1.6198079185 2.4835512644 

0.2 Ishfaq et al. [62] 1.4749 2.1815 
Wakif et al. [44] 1.47492523 2.18148324 
Present results 1.4749252363 2.1814832490 

0.3 Ishfaq et al. [62] 1.3381 1.8959 
Wakif et al. [44] 1.33812561 1.89589112 
Present results 1.338125615 1.8958911266 

0.4 Ishfaq et al. [62] 1.2110 1.6371 
Wakif et al. [44] 1.21099539 1.63719091 
Present results 1.2109953930 1.6371909195 

0.5 Ishfaq et al. [62] 1.0947 1.4126 
Wakif et al. [44] 1.09469797 1.41254319 
Present results 1.0946979758 1.4125431904  

Table 6 
GDQNRM estimation of Δf and Δg in different situations.  

Parameters Values Δf Δg 

φ0 0.010 2.96× 10− 21 7.63× 10− 26 

0.025 2.93× 10− 22 4.82× 10− 26 

0.045 1.42× 10− 20 7.13× 10− 26 

0.060 3.19× 10− 21 1.37× 10− 26 

n 0.0 4.22× 10− 22 5.32× 10− 26 

0.3 7.26× 10− 23 1.52× 10− 26 

0.6 2.96× 10− 21 7.63× 10− 26 

0.9 6.02× 10− 22 3.19× 10− 26 

K 2 2.96× 10− 21 7.63× 10− 26 

4 5.15× 10− 21 4.36× 10− 25 

6 2.71× 10− 20 4.17× 10− 25 

8 3.37× 10− 20 1.41× 10− 24 

H 0.0 9.48× 10− 22 6.77× 10− 26 

0.5 2.96× 10− 21 7.63× 10− 26 

1.0 2.75× 10− 20 4.86× 10− 25 

1.5 3.93× 10− 21 4.23× 10− 26  
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Δχ =
∫η∞

0

{
NT

NB
θ′′(η) + χ′′(η) + Scf (η)χ ′

(η)
}2

dη. (18) 

Technically, the convergence of the local results {f ’’(0), g’(0), θ’(0) & χ’(0) } is achieved once the absolute difference between two 
successive iterations satisfies the following criterion: 

Max
{⃒
⃒f ′′i+1(0) − f ′′i (0)

⃒
⃒ ,

⃒
⃒g′

i+1(0) − g
′

i(0)
⃒
⃒ ,

⃒
⃒θ

′

i+1(0) − θ
′

i(0)
⃒
⃒ ,

⃒
⃒χ ′

i+1(0) − χ ′

i(0)
⃒
⃒
}
< 10− 10. (19) 

Quantitatively, the application of the above convergence condition leads to very low square residual errors as demonstrated in 
Tables 6 and 7, which confirm again the reliability of the presented numerical results. Computationally, it is more recommended to fix 
the infinite boundary condition at the value η∞ = 8 along with seventy collocation points to attain the necessary GDQNRM accuracy. 

4. Discussion of results 

To reach the emphasized objectives successfully, several graphical illustrations and tabular demonstrations are provided in the 
ongoing section as displayed in Figs. 2–10, Table 8, and Table 9, in which conclusive physical explanations can be constructed for each 
observed occurrence by scrutinizing numerically the resulting micro-rotation motion of the existing micro-structures as well as the 
prominent thermal and mass features characterizing the transport phenomena that can be happened effectively during the steady 
convective flow of the micropolar nanofluid CuO − [(60%) − C2H6O2 +(40%) − H2O] over a horizontal stretching Riga plate. Besides, 
these GDQNRM demonstrations are presented accordingly with a higher level of precision in terms of the unitless streamwise velocity 
function f ′

(η), the dimensionless micro-rotation velocity function g(η), the dimensionless temperature function θ(η), the dimensionless 
concentration function χ(η), the reduced skin-friction factor Cf , the reduced couple-stress coefficient Cn, the reduced Nusselt number 
Nu, the unitless wall temperature θw, and the rescaled wall concentration C*

w. In this respect, the involved parameters {φ0, n,K,H,Q,

Bi,NT,NB & Sc} are adjusted in different scenarios in the vicinity of their default values highlighted in Table 3. However, the other flow 
parameters are kept constant at the values {Pr = 33.64, γ = 1, λ = 5 & δ = 1} during the present GDQNRM examination. According to 
Animasaun et al. [63], the demeanor of each embedded parameter and its impact degree on the reduced quantities 

{
Cf ,Cn,Nu, θw & 

C*
w
}

can be assessed statistically using the method of linear regression slope via Microsoft Excel software as exposed in Tables 8 and 9, 
in which the control parameter has an enhancing aspect on the evolution of an engineering quantity of interest when its corresponding 
linear regression slope is positive. Contrariwise, a declining consequence is depicted for the negative linear regression slopes. 

The sways of the micro-gyration constraint n on the velocity profiles {f ’(η) & g(η) } are delineated graphically in Fig.2 (a) and Fig.2 
(b), respectively. As indicated in Fig. 2 (a), the progressing input of the parameter n dampers the streamwise velocity profile f ′

(η), 

Table 7 
GDQNRM estimation of Δθ and Δχ in different situations.  

Parameters Values Δθ Δχ 

φ0 0.010 1.17× 10− 27 5.24× 10− 29 

0.025 3.84× 10− 27 2.23× 10− 29 

0.045 1.30× 10− 28 1.84× 10− 28 

0.060 1.08× 10− 28 2.06× 10− 29 

H 0.0 9.10× 10− 27 3.73× 10− 28 

0.5 1.17× 10− 27 5.24× 10− 29 

1.0 1.06× 10− 27 9.24× 10− 30 

1.5 6.35× 10− 28 6.80× 10− 31 

Q 0.0 6.04× 10− 28 7.26× 10− 29 

0.2 1.17× 10− 27 5.24× 10− 29 

0.4 1.60× 10− 26 4.50× 10− 28 

0.6 2.19× 10− 27 6.56× 10− 28 

Bi 1 3.66× 10− 30 7.06× 10− 31 

2 2.76× 10− 29 2.20× 10− 29 

3 1.43× 10− 27 2.03× 10− 28 

5 1.17× 10− 27 5.24× 10− 29 

NT 0.1 1.17× 10− 27 5.24× 10− 29 

0.2 9.22× 10− 28 1.28× 10− 28 

0.3 7.26× 10− 27 8.46× 10− 28 

NB 0.4 3.46× 10− 27 3.46× 10− 27 

0.4 1.12× 10− 26 6.14× 10− 30 

0.6 7.11× 10− 28 7.21× 10− 28 

0.8 1.17× 10− 27 5.24× 10− 29 

1.0 8.44× 10− 28 7.48× 10− 30 

Sc 1 1.17× 10− 27 5.24× 10− 29 

2 4.32× 10− 27 5.74× 10− 29 

3 1.89× 10− 27 1.58× 10− 28 

4 1.46× 10− 27 2.28× 10− 30  
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whereas an opposite impact is noticed in the case of the micro-rotation velocity profile g(η). As mentioned previously, this control 
parameter reflects the nature of the rotating motion of the existing micro-elements at the electromagnetic surface. It is worth 
mentioning here that the value n = 0 corresponds to the case of a strong concentration of micro-elements, in which the micro-elements 
are incapable to revolve at the wall. Indeed, the micro-rotation motion of the existing micro-structures has an unfavorable influence on 
the dynamics of the micropolar nanofluidic medium. In this situation, the streamwise nanofluid velocity varies decreasingly with the 
micro-gyration parameter n. However, the micro-rotation velocity of micro-elements can be boosted by diminishing their concen-
tration via the higher estimation in the parameter n. In addition, Fig.3 (a) and Fig.3 (b) are plotted to examine the effects of the 
micropolar parameter K on the dimensionless velocity functions {f ’(η) & g(η) }. It can be understood from Fig. 3 (a) that the streamwise 
velocity profile f ′

(η) is advanced everywhere in the momentum boundary layer region with the growing values of the micropolar 
parameter K. This observation indicates obviously that the effective vortex viscosity of the micropolar nanofluid CuO−

[(60%) − C2H6O2 +(40%) − H2O] leads to a hastening impact on the nanofluid motion due to the induced micro-rotational inertial 
moments. On the contrary, a dual behavior is seen in Fig. 3 (b) for the micro-rotation velocity profile g(η) when the micropolar 
parameter K is upsurged gradually. As a result, it is perceived that the micro-rotation velocity profile g(η) declines noticeably near the 
Riga plate with the increase in the micropolar parameter K. This fact can be explained by the weakening in the micro-motion phe-
nomenon that can be happened near the Riga plate. Whilst, a reverse tendency is observed away from the Riga plate. In a particular 
physical scenario, Fig.4 (a) and Fig.4 (b) prove that the streamwise velocity and micro-rotation velocity functions {f ’(η) & g(η) }
exhibit the same aspects towards the strengthening values of the modified Hartman number H like these sketched previously in Fig.3 
(a) and Fig.3 (b) for the micropolar parameter K. It is important to clarify here that the sense of the fashioned Lorentz forces are 
adjusted practically in the Riga plate through the induced electrical current in such a way that the induced electromagnetic forces 
support the nanofluid motion. In this situation, the intensifying values of the electromagnetic parameter H deteriorate considerably the 
occurrence of micro-motion near the Riga plate. 

Sequel to the afore-mentioned dynamical results, it is found that the electromagnetic parameter H shows a slightly declining trend 
against the temperature and concentration distributions {θ(η) & χ(η) } as revealed in Fig.5 (a) and Fig.5 (b). Mechanically, the induced 
Lorentz forces exhibit a higher strength when these electromagnetic actions are evaluated at the Riga plate. Keeping in mind the driven 
impact of the electromagnetic parameter H, the Lorentz forces will strongly hinder the thermal transmission between the convectively 
heated Riga plate and the surrounding nanofluidic medium by hastening superficially the nanofluid motion. For this reason, the 

Fig. 2. Sway of n on (a) − f ′

(η) and (b) − g(η).  
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Fig. 3. Sway of K on (a) − f ′

(η) and (b) − g(η).  
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Fig. 4. Sway of H on (a) − f ′

(η) and (b) − g(η).  
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Fig. 5. Evolutions of (a) − θ(η) and (b) − χ(η) with the increase in the parameter H.  
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Fig. 6. Evolutions of (a) − θ(η) and (b) − χ(η) with the increase in the parameter Q.  
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Fig. 7. Evolutions of (a) − θ(η) and (b) − χ(η) with the increase in the parameter Bi.  
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Fig. 8. Evolutions of (a) − θ(η) and (b) − χ(η) with the increase in the parameter NT.  
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Fig. 9. Evolutions of (a) − θ(η) and (b) − χ(η) with the increase in the parameter NB.  
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temperature distribution θ(η) gets dropped throughout the thermal boundary layer region. As a result of this cooling effect, a certain 
number of nanoparticles migrate from the concentration boundary layer region to the free-stream region, which leads to diminishment 
in the concentration distribution χ(η) with a thinning in its corresponding boundary layer region. An important thermal enhancement 
is viewed in Fig. 6 (a) for the temperature distribution θ(η) in response to the continuous increment in the magnitude of the heating 
source parameter Q. This thermal improvement can be explicated by the extra amount of thermal energy supplied internally within the 
nanofluidic medium by the variable heat source. Besides, the curves of Fig. 6 (b) demonstrate that the concentration distribution χ(η)
shows a double aspect towards the higher values of the heating source parameter Q due to the partial migration of nanoparticles from 

Fig. 10. Evolutions of (a) − θ(η) and (b) − χ(η) with the increase in the parameter Sc.  

Table 8 
Accurate values of Cf and Cn in different situations.  

Parameters Values Cf Cn 

φ0 0.010 1.1028266729 0.5910191917 
0.025 1.3069656817 0.6383362830 
0.045 1.6624657893 0.7023942713 
0.060 2.0092993734 0.7519111298 

Linear regression slopes 18,0805645438 3,2157781624 
n 0.0 1.3127481476 − 0.4947394236 

0.3 1.2232613405 − 0.0325405054 
0.6 1.1028266729 0.5910191917 
0.9 0.9316589158 1.4810508277 

Linear regression slopes ¡0.4212341210 2.1836434837 
K 2 1.1028266729 0.5910191917 

4 1.3674858638 0.7003390963 
6 1.6028206952 0.7951051122 
8 1.8186505062 0.8801173006 

Linear regression slopes 0.1191403166 0.0481030171 
H 0.0 1.4486517774 0.8251534355 

0.5 1.1028266729 0.5910191917 
1.0 0.7755594134 0.3587122317 
1.5 0.4609737738 0.1273756422 

Linear regression slopes ¡0.6580602541 ¡0.4651280680  
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the heated Riga plate to the cold region to reach the top-heavy configuration. Due to the minimization in the thermal resistance at the 
fluid-solid interface, the temperature distribution θ(η) increases with the augmenting values of the thermal Biot number Bi as 
underlined graphically in Fig. 7 (a). This thermal amelioration constitutes a fundamental energetical source for the nanoparticles to 
move from the hot region to the cold one as pointed out in Fig. 7 (b). Similarly, the results of Fig.8 (a) and Fig.8 (b) ascertain that the 
upward thermo-migration of nanoparticles from the heated surface to the cold zone heightens somewhat the temperature of the 
nanofluidic medium due to the intensification in the thermophoresis diffusive process through the higher values of the nanofluid 
parameter NT . On the contrary, it is demonstrated from Fig.9 (a) and Fig.9 (b) that the nanofluid temperature is unaffected by the 
downward nanoparticles’ migration from the cold region to the hot zone (i.e., Brownian diffusive mechanism) when the Brownian 
motion parameter NB is significant. Furthermore, Fig.10 (a) and Fig.10 (b) attest undoubtedly that the enormous values of the Schmidt 
number tend to increase sensitively the nanofluid temperature and suppress the concentration boundary layer region by regularizing 
the nanoparticles’ distribution throughout the nanofluidic medium. 

5. Concluding remarks 

In the light of the afore numerical deliberation, the following GDQNRM results can be abbreviated:  

- The parameter n shows a favorable impact on the micro-rotation velocity profile, whereas a slowing trend is depicted in the 
streamwise velocity profile.  

- The parameter K exhibits a boosting tendency towards the streamwise velocity profile, whilst, a dual aspect is revealed in the micro- 
rotation velocity profile.  

- The greater values of the electromagnetic parameter H accelerate the nanofluid motion, delay the manifestation of the rotational 
motion of micro-elements near the Riga plate, drop the nanofluid temperature, and diminish the nanoparticles’ molar concen-
tration distribution.  

- The nanofluid temperature can be elevated by strengthening the thermophoresis mechanism via the larger values of the parameters 
{Q,Bi & NT}.  

- A slight increase in the nanofluid temperature can be obtained by uniformizing the nanoparticles’ distribution through the higher 
values of the parameter Sc, whereas the temperature profile remains unchanged by the increase in the parameter NB. 

Table 9 
Accurate values of Nu, θw, and C*

w in different situations.  

Parameters Values Nu θw C*
w 

φ0 0.010 2.2124432352 0.5575113529 0.9438815984 
0.025 2.2414892721 0.5517021455 0.9446338060 
0.045 2.2794619108 0.5441076178 0.9455441709 
0.060 2.3079511276 0.5384097744 0.9461904428 

Linear regression slopes 1.9085680669 ¡0.3817136134 0.0460860407 
H 0.0 2.1952724825 0.5609455034 0.9443688397 

0.5 2.2124432352 0.5575113529 0.9438815984 
1.0 2.2277363761 0.5544527247 0.9436223384 
1.5 2.2416850998 0.5516629800 0.9434764770 

Linear regression slopes 0.0309061986 ¡0.0061812397 ¡0.0005872696 
Q 0.0 2.4275253635 0.5144949272 0.9474362655 

0.2 2.2124432352 0.5575113529 0.9438815984 
0.4 1.9177863247 0.6164427350 0.9391116205 
0.6 1.4771610921 0.7045677815 0.9321430248 

Linear regression slopes ¡1.5728748624 0.3145749725 ¡0.0253248500 
Bi 1 0.7999015388 0.2000984611 0.9798311489 

2 1.3318468009 0.3340765995 0.9663437941 
3 1.7103888408 0.4298703863 0.9567088034 
5 2.2124432352 0.5575113529 0.9438815984 

Linear regression slopes 0.3436436224 0.0869872439 ¡0.0087487496 
NT 0.1 2.2124432352 0.5575113529 0.9438815984 

0.2 2.1979752129 0.5604049574 0.8874261976 
0.3 2.1830259873 0.5633948025 0.8306234533 
0.4 2.1675635912 0.5664872817 0.7734625435 

Linear regression slopes ¡0.1495881576 0.0299176315 ¡0.5680599090 
NB 0.4 2.2124432352 0.5575113529 0.8877631968 

0.6 2.2124432352 0.5575113529 0.9251754645 
0.8 2.2124432352 0.5575113529 0.9438815984 
1.0 2.2124432352 0.5575113529 0.9551052787 

Linear regression slopes 0.0000000000 0.0000000000 0.1103661898 
Sc 1 2.2124432352 0.5575113529 0.9438815984 

2 2.1985987907 0.5602802418 0.9472762494 
3 2.1849384822 0.5630123035 0.9496500042 
4 2.1714720123 0.5657055975 0.9515104766 

Linear regression slopes ¡0.0136573977 0.0027314796 0.0025260389  
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- The magnitude of the frictional drag factor Cf can be weakened significantly either by lessening the parameters {φ0 & K} or by 
amplifying the parameters {n & H}.  

- The couple-stress coefficient Cn can be improved effectively either by augmenting the parameters {φ0, n & K} or by diminishing the 
parameter H.  

- The wall heat transfer rate Nu can be ameliorated considerably either by heightening the parameters {φ0,H & Bi} or by declining 
the parameters {Q,NT & Sc}, whereas the reduced thermal quantity Nu remains uninfluenced by the incrementing values given to 
the parameter NB.  

- The dimensionless wall temperature θw is a decreasing function of the parameters {φ0 & H} and an increasing function of the 
parameters {Q,Bi,NT & Sc}, whilst this unitless local temperature is unaffected by the parameter NB.  

- An upsurge in the rescaled wall concentration C*
w can be achieved successfully via the advanced values of the parameters {φ0,NB & 

Sc} or through the lower values of the parameters {H,Q,Bi & NT}
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