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1 | INTRODUCTION

The aim of this paper is to study the regularity theory for minimizers of the nonlocal variational functional

_ p(x.y)
Fu) = / / [ul) — uy)l dy dx (L1)
e Jrn p(x, y)|x — y|rHspy)

and for weak solutions to the corresponding Euler-Lagrange equation, where n € N, s € (0,1), and p : R" X R" —» R is
a continuous function such that

p(x,y) = p(y,x) (1.2)
and
1< inf p(x,y) < sup p(x,y) < +oo. (1.3)
x,yeR? x,yeRn
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This functional is a nonlocal analog of a local variational functional

Froe(u) = /Q ﬁwu(x)ww dx, 04)

where Q is a bounded domain in R"” and p : Q — R is a measurable function such that 1 < inf ¢ p(x) < sup, ., p(x) <
+00. The functional in (1.4) was first considered by Zhikov [51, 52]. The regularity properties for minimizers of (1.4) or
more general local variational functionals have been established in several works. See, for instance, [2, 3, 5, 17, 20, 21, 32,
34, 37, 38, 46-48, 53, 54] and the references therein.

A function u € WSPG)(R") is said to be a minimizer of F in Q if

Fu) < F(u+¢)

for any measurable function ¢ : R"” — R supported inside Q. See Section 2.2 for the definition of the function space
wsPC)(R™), Tt is standard to show that minimizers of F in Q are weak solutions to the Euler-Lagrange equation

in Q, where (—A); ) is the fractional p(-, -)-Laplacian defined by

(—A)

_ (x,y)— _
(. H(X) =P.V. / |u(x) = u@IPED 2 ) —u))

Ix — y[rspCey) Y, xR
See Section 3 for the precise definition of weak solution.

Before we formulate the assumptions on p and the main results of this paper, let us recall the regularity results for
local variational functionals and the corresponding local operators. It is known [34] that minimizers of (1.4) in Q and
weak solutions to the corresponding Euler-Lagrange equation —A,yu = 0 in Q are locally bounded in Q, provided that
p : Q — R is continuous on Q. Moreover, if the modulus of continuity w of p satisfies

lim sup w(R) log 1 < 400, (1.6)
R—0 R

then the minimizers and weak solutions are locally Holder continuous. The log-Holder continuity (1.6) is sharp in the
sense that regularity properties such as Holder continuity and even higher integrability fail to hold if the condition (1.6)
is violated (see [54]). Moreover, it is proved [54] that the functional (1.4) exhibits the Lavrentiev phenomenon if and only
if the condition (1.6) is dropped. Furthermore, the singular part of the measure representation of relaxed integrals with
variable exponent disappears if and only if (1.6) holds (see [1]).

The log-Holder-type condition (1.6) is equivalent to the condition that there exists a constant L > 0 such that

Rp—(BR(XO))_p+(BR(xO)) S L for all BR(XO) C Q’
where
p+(E) :=supp(x) and p_(E) :=inf p(x),
x€E X€EE

see [29]. It is natural to expect that a similar condition on p is required to obtain Holder regularity results for the nonlocal
variational functional (1.1) and the nonlocal equation (1.5). We introduce the following condition on p.

Definition 1.1. We say that a function p : R"” X R"” — R satisfies the condition (P1) in Q if there exists a constant L > 0
such that

RP-(BxB)=p+(BxB) < I, for all B = Bg(x,) C Q, (P1)
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where

DP+(EXF)= sup p(x,y) and p_(EXF)= inf p(x,y).
X€E,yeF X€E,yeF

Since we are concerned with nonlocal problems, we also need the information of p outside the domain.

Definition 1.2. We say that a function p : R"” x R" — R satisfies the condition (P2) in Q if

p+(BXB)<p,(BXxB) and p_(BXB)<p_(BxB) for all B = By(x,) C Q. (P2)
Let us make some comments on the conditions (P1) and (P2).
Remark 1.3.

(i) Note that condition (P1) does not imply that p is log-H6lder continuous as a 2n-variable function, since B X B in (P1) is
not a ball with respect to the Euclidean metric in R?". The condition (P1) is actually weaker than the log-Hélder con-
tinuity of p. Let us first prove that the log-Holder continuity of p implies (P1). If p is log-Holder continuous, that is,

C
—log \/|x1 —X2|2 + [y1 = »2l?

[p(x1,y1) — p(x2,¥2)| <

for all (x;, y1), (x2,¥2) € Q X Qwith \/|x; — x,]2 + |y; — 2] < 1/2, then
C

[p~-(BXB)—py(BXB)| < —————
P P —log(2\/§R)

for any B = Bg(x,) C Q with R < 1/8. Thus,

RP-(BXB)—p..(BXB) < RC/log(2V2R) — exp( € logR ) < oC.
log(21/2R)

If R > 1/8, then RP-(BXB)—p+(BXB) < gp+(BxB)-p_(BxB) < gliPllw Therefore, (P1) is proved for any R > 0.

Let us next provide an example of p that is not log-Ho6lder continuous, but satisfies the condition (P1). The example
will be given in R X R, but it can be easily extended to R" X R". Let w be a modulus of continuity that is smooth,
bounded, concave, increasing, and satisfies

1 1

Define p(x,y) = |x|w(|y|), then p is clearly not log-Ho6lder continuous by (1.7). To show that p satisfies (P1)in (-1, 1),
letx,y € B :=(xy — R,xy + R) with R < 1. Then,

D+ = p+(BXB) = (|xo| + R)w(|x9| + R) and

0 if |x9] <R,
p- = p_(B X B) = (.X'O - R)CU(XO - R) ifxo >R,
(xO + R)C()(XO + R) if X0 < —R.

When |x(| < R, we have

RP-=P+ = R=(IXol+R)a(x0|+R) < R=2R0(2R) < R=2I@leR < 3wl

If x, > R, then by the mean value theorem,

p+ —P- =2Rf"(x,)
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FIGURE 1 Visualization of an example.

for some x, € B, where f(t) = tw(t). Since f is concave and bounded, we have f’(t) = w(t) + te'(t) < 200(t) <

2||w|| - Thus,
RP-"P+ < R™2R(0) < R=4elloR < 4)|w|| .

The case x, < —R can be treated in the same way. Therefore, p satisfies (P1) in (-1, 1).

For an explicit example of such p, one can consider a modulus of continuity w that behaves like 1/ log(— log R) or

log(log(1/R))/(—log R) near zero.

(ii) Let us provide a nontrivial example of a function p : R" x R" — R satisfying (P1) and (P2) in B;. Let w be given by

1

w(r) = 3 log(1/r)
wo(r) ifr >

(e

r<-,

Q=0

’

where wj, is any nonincreasing function such that wy(1/e) = 2 and lim,_, ., @y(r) > 1, and define p : R” X R" — R
by p(x,y) = w(]x — y|) (see Figure 1). Then, p satisfies (P1) because p is log-Ho6lder continuous as a 2n-variable

function. Moreover, for any B = By(x,) C By, we have
p+(BXB)=3=p,(BXxB) and p_(BXB‘ =2<w(R)=p_(BXB).

Therefore, p also satisfies (P2).

(iii) The conditions (P1) and (P2) do not restrict p on Q¢ X Q€. In fact, for the local regularity results, we do not need any
information about p on Q¢ x Q¢ except for the global bound (1.3). This is because the double integral over Q¢ x Q¢

vanishes whenever we use a cutoff function.

Let us now present the main results of this paper. The first result is the local boundedness of weak solutions to (1.5).
Throughout the paper, we always assume that p : R"” x R" — R is a continuous function satisfying (1.2) and (1.3). Note

that the following theorem does not require the conditions (P1) and (P2).

Theorem 1.4. Let Q be a bounded domain in R™. Ifu € WSPC)(R") satisfies

u p(x,y)—1
u / +(0) s dy < +oo

xeO Jmn 1+ |y|n+sp(x,y

(1.8)
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and is a weak subsolution to (1.5) in Q, then u is locally bounded from above in Q. Furthermore, for each x, € Q with
p(xg, xo) < n/s, thereis a radius R € (0,1) such that By = Br(xg) C Q, p, < p* := nii;} , and
1
Pt u+(y)p(x’y)_1 1/(p+—1)
supu <C / uﬁ* (x)dx +( sup / — —dy +1 (1.9)
Br/2 B xeBg JrRn\By, |V — Xo|m+sp(x.y)

forany o € (0,s) and q € (max{p,, ni}, DpX), where p, = p,(Br X Bg). The constant C depends on n, s, o, p,(Bgr X R"),
- + +
p_(Bgr X Bg), q, and R.

Remark 1.5. If u € WSPC)(R™) is a weak supersolution to (1.5) in Q satisfying (1.8) with u, replaced by u_, then u is
locally bounded from below in Q and (1.9) holds with u replaced by —u.

As a consequence of Theorem 1.4, we know that every minimizer of (1.1) in Q is locally bounded in Q since it is a weak
solution to (1.5) in Q.

The strategy for the proof of Theorem 1.4 is to develop the De Giorgi theory for the nonlocal functional 7 with vari-
able exponent. This approach for nonlocal functionals with constant exponent has been studied extensively in the last
few years. See, for instance, [18, 33, 36, 41, 42] for the case p = 2, and [16, 22, 26, 27, 45] for p > 1. For a deeper discus-
sion on fractional De Giorgi classes and their applications for the regularity of nonlocal problems, we refer the reader to
[23] and the references therein. Analogously, we obtain the Caccioppoli-type estimate that contains terms with variable
exponents, and then use the De Giorgi iteration technique to establish Theorem 1.4. Due to the variable exponent in the
Caccioppoli-type estimate, an additional difficulty arises in the De Giorgi iteration that does not occur in the case of the
constant exponent. That is, different exponents involving p, and p_ come into play in the iteration. Thus, the supremum
of u is controlled by a maximum of two LP+-norms of u with different powers, and the nonlocal tail term having the
variable exponent.

Let us mention that local boundedness of weak solutions to more general problems involving subcritical nonlinearity
has been recently settled by Ho and Kim [39]. However, their result requires an additional log-Holder-type assumption
on p to cover the subcritical nonlinearity with a variable exponent. For Equation (1.5), this type of additional regularity
on p is not necessary.

The second main result is the Holder continuity of bounded weak solutions to (1.5).

Theorem 1.6. Let Q be a bounded domain in R". Assume that p satisfies (P1) and (P2)in Q. Ifu € wePG)(RM) is a weak
solution to (1.5) in Q satisfying (1.8), then u is locally Holder continuous in Q. Furthermore, for each x, € Q with p(xy, Xg) <
n/s, there exists R € (0, 1) such that By = Br(x,) € Q and p,(Bg X Bg) < p*(Bg X Bg), and

1

. u p(x,y)—1 Dp4+(xopxBy)-1
[t cary) < Clltllzoga + RS + 1+ ( RPHEPE sup / TP, (1.10)
R/2 x€Bsr/s JRn\By |V — Xo|+sP(xY)

forany o € (0, s), where the constants a and C depend on n, s, o, p,(Q X R"), p_(Q X R"), R, and L.

The Holder estimate for the fractional p-Laplacian-type equations was first established by Di Castro-Kuusi-Palatucci
[27]. Theorem 1.6 generalizes their result to the case of variable exponents.

Theorem 1.6 follows from the so-called growth lemma (Lemma 5.2), which provides the control of oscillation of super-
solutions. In order to prove the growth lemma, we need two ingredients: an improved Caccioppoli-type estimate and a
fractional De Giorgi isoperimetric-type inequality. When p is constant, the Caccioppoli-type estimate was first established
in [27] and improved in [22] (see also [18]). The Caccioppoli-type estimate we establish to prove Theorem 1.4 is an improved
version. Our Caccioppoli-type estimate not only makes it possible to use the fractional De Giorgi isoperimetric-type
inequality as in [22], but also takes variable exponents into account.

The proof of Theorem 1.6 is significantly different in the De Giorgi iteration from the one for the case of the constant
exponent. As in the proof of Theorem 1.4, we also encounter different exponents involving p, and p_ in the De Giorgi iter-
ation. However, this mismatch of exponents causes a more serious problem when we investigate the modulus of continuity
of weak solutions. We will see that the assumption (P1) on p solves this problem.
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Another difference is that the variable exponent in the nonlocal tail term affects the iteration as well. This difficulty does
not exist in the local variational problems with variable exponent as well as the nonlocal problem with constant exponent.
The variable exponent in mixed regions, which appears in the nonlocal tail, interacts with the variable exponent in local
terms. With this regard, the assumption (P2) on p is required.

After finishing our work, we have learned from [49] that similar results to ours can be obtained by using a different
iteration method. By introducing a nonstandard nonlocal tail term, which involves L*-norm of u inside, he was able to
obtain the Holder estimate without assuming (P2) on p. However, in order to get a standard nonlocal tail term in the
Holder estimates as in (1.10), it is inevitable to impose an additional assumption on p in mixed regions.

The authors wish to thank Moritz Kassmann from Bielefeld University for stimulating discussions.

1.1 | Outline

The paper is organized as follows. In Section 2, we recall the variable exponents Lebesgue spaces, fractional Sobolev spaces
with variable exponents, and fractional Sobolev embedding theorems. Section 3 is devoted to the proof of the improved
Caccioppoli-type estimate with variable exponent, which will be used in the proofs of local boundedness and Holder
regularity for weak solutions. In Section 4, we prove Theorem 1.4, which provides a quantitative local estimate on the

supremum of weak subsolutions. Finally, we prove Theorem 1.6 in Section 5 by establishing a growth lemma. This is
proved by using the improved Caccioppoli-type estimate and the isoperimetric-type inequality.

2 | PRELIMINARIES

In this section, we briefly review the variable exponent Lebesgue spaces and fractional Sobolev spaces with variable
exponents. Furthermore, we recall the fractional Sobolev embedding theorems for the constant exponent case.

2.1 | Variable exponents Lebesgue spaces

Let Q ¢ R" be an open set and let p : QO — R be a measurable function satisfying

1 < inf p(x) < sup p(x) < +c0.
xeQ xeQ

We define the variable exponent Lebesgue spaces
LPO(Q) = {u : Q - R measurable : o100y (U/A) < +oo for some 2 > 0}
endowed with the norm
lull Loy = inf {2 >0 : g p0yqy(m/2) < 1},
where

oL )W) = / |u(x)|P™) dx.
Q

It is well known that LP()(Q) is a Banach space, see [31, 35, 44] for instance. Let us collect some useful inequalities for
later use.

Lemma 2.1. [35, Theorem 1.3] Let u € LPO)(Q) and D+ = p+(Q), then

(i) ”u”LP(‘)(Q) >1(=1;< 1) ifand only if?LP(‘)(Q) >1(=1<1);
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Ly p- p )
(@D) i lull oo 2 L then lullly, o < 0o < lullfy, o
veey s p p-
(i) if oy < L then ull} s, < eppoan(@) < lully, )

Lemma 2.2. [44, Theorem 2.1] For every u € LPO)(Q) and v € LP,(')(Q), it holds that
/Q GO dx < 2lull oo V1o

where1/p(x) +1/p'(x) = 1.

See [24, 31, 35, 44] for more properties of the variable exponent Lebesgue spaces.

2.2 | Fractional Sobolev spaces with variable exponents

The fractional Sobolev spaces with variable exponents were first introduced recently by Kaufmann, Rossi, and Vidal
[43], and have been studied in different contexts. See [4, 6-15, 19, 25, 39, 40, 50, 55] and references therein. Note that the
Triebel-Lizorkin spaces with variable smoothness and integrability have been introduced in [30], which are isomorphic
to WEPO(R™) if k € N U {0}, respectively, the variable exponent Bessel potential space £L%PO)(R") for a > 0 under suit-
able assumptions on p. In the scope of this paper, we will focus on the fractional Sobolev spaces with variable exponents
introduced in [43].

In this section, let Q be a bounded Lipschitz domain in R" or Q = R". Let p € C(ﬁ X 5) be such that p(x,y) = p(y, x)
and

1<p_(OAXQ)<p, (QXQ)< 400,
and define p(x) = p(x, x). For s € (0, 1), the fractional Sobolev space with variable exponents is defined as
WPEI(Q) 1= {u € LPO(Q) 1 gpysptr(q)U/2) < +oo for some 4 > 0},

where

[uG) = u ()P
QWS»p(uJ(Q)(u):// Y dy dx.
QJQ

|x — y|n+sp(x,y)
We define a seminorm
[ulyyspcoqqy = Inf {4 >0 & @y @/A) < 1}.
It is well known [43] that W*P(-)(Q) is a Banach space with the norm
”u”WSvP(w')(Q) = ”u”Li’(‘)(Q) + [U]Ws.p(-.»)(gy
Let us also define
éWlP(w')(Q)(u) = E’Lﬁ(-)(g)(u) + QWSYP(‘»')(Q)(u)
and a norm
IulWS,p(.y.)(Q) = inf {/1 >0: éws,p(-,.)(g)(u//‘l) < 1}

Then, itis clear that two norms ||ul|yys.p¢.)(q) and |ulys.pc.q) are comparable, see [39]. It is also easy to obtain the following
lemma from the definitions of the norms.
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Lemma 2.3. Letu € W5P(:)(Q) and p, = p.(Q x Q), then

@ if [ulyspeo = 1 then [u]’
(i) if [ulyspeoqy < 1, then [u]’*
(ii)) if [ulyspeo) = 1, then [ul?
() if [ulyspeoq) < L then [ul?*

< Qws.nC, )(Q)(u) < [u]Ws i )(Q);

wspGI(Q)
ws.p(-s )(Q) —= QWSP( )(Q)(u) = [ ]Wsp( )(Q),

< Sws.pt )(Q)(u) < |u|

WSp( Q) ws-p( )(Q)

ws.pC, )(Q) = QWSP( )(Q)(u) < |u|WS (-, )(Q)
Recently, the fractional Sobolevembeddings with variable exponents have been studied in [39, 40, 43]. However, the frac-
tional Sobolev embeddings with constant exponents are sufficient for the local regularity theory with variable exponents.

Let us recall the following embedding theorems for constant exponent fractional Sobolev spaces.

Theorem 2.4. [28, Theorem 6.7] Let Q C R" be a bounded Lipschitz domain. Let s € (0,1) and p € [1,n/s). Then, there
exists a constant C = C(n, s, p, Q) > 0 such that, for any u € WP(Q), we have

lluellLacq) < Cllullwsp)

foranyq € [1,np/(n — sp)].

Theorem 2.5. [22, Corollary 4.9] Let s € (0,1), p € [1,n/s),and R > 0. Letu € W(S)’p(BR) and suppose that u = 0 on a set
Qg C By with |Qq| > y|Bg| for somey € (0,1]. Then,

flull

S Clu s,
2 ) [ulws.psp)

forsome C = C(n,s, p,y) > 0.

Theorem 2.6. [28, Theorem 8.2] Let Q C R" be a bounded Lipschitz domain. Let s € (0,1) and p > n/s. Then there exists
a constant C = C(n, s, p, Q) > 0 such that, for any u € LP(Q), we have

el ey < Cllttllwscr.

wherea = (sp —n)/p.

3 | CACCIOPPOLI-TYPE ESTIMATE

This section is devoted to the Caccioppoli-type estimate for weak subsolutions and supersolutions to (1.5). Let us first
provide the definitions of weak subsolutions and supersolutions.

Definition 3.1. A function u € WSP(~)(R") is a weak subsolution (weak supersolution, respectively) to (1.5) in Q if

/ / |u(x) = u@) P2 (u(x) = u@))(e(x) = ¢(») dydx <0 (>0, respectively)
Rn

|x — y|”+SP(X,y)

for every nonnegative ¢ € WP(-)(R") such that ¢ = 0 a.e. outside Q. A function u € WPC)(R") is a weak solution to
(1.5) in Q if it is a weak subsolution and supersolution.

The Caccioppoli-type estimate is a key ingredient for the local regularity results. This type of estimate has been estab-
lished by many authors (see, for instance, [16, 22, 27, 45]) for the case of the fractional p-Laplacian with a constant
p > 1. The main difference between Caccioppoli-type estimates for the local and nonlocal operators is that the esti-
mate for the nonlocal operator involves a nonlocal tail term. Moreover, in [22], Cozzi improved the estimate to take an
isoperimetric-type inequality into account. In this section, we generalize Cozzi’s estimate to the fractional p(-, -)-Laplacian.
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Theorem 3.2. Let Q C R" be a bounded domain. Let u € W5PC)(R™) be a weak subsolution to (1.5) in Q. Then, for any
B,(x) € Br(xp) C Qandanyk € R,

w_(y)P(X,y)—l
Owsp()(B, (xo)) (W) + / w+(x)/ ——————dydx
#(x0) B

B < (x0) |x — y|n+sp(x,y)
< C/ /
Bgr(xg) ¢ Br(xg)

w p(x.y)—1 2R n+sp(x.y)
+C sup / +0) ( ) dy / w, (x)dx,
XEB par (x0) J RM\Bg(xg) 1Y — Xo|"HSPEN \R—T Br(x0)

2

p(x.y) dy dx
Ix — y|n—(1—s)p(x,y) (3.1)

w, (x)
R—r

where w,. := (u — k). The constant C depends only on p, (Br(x() X Bg(xp)).

Remark 3.3. Ifu € WSPG:)(R") is a weak supersolution to (1.5) in Q, then (3.1) holds with w, and w_ replaced by w_ and
w, , respectively.

In order to prove Theorem 3.2, we need an algebraic inequality. Recall that, in the case of p(-)-Laplacian with1 < p_ <
p(x) £ p; < o, the inequalities

|Dw|P(x)‘2Dw - D(wnP+) > |Dw|p(X),7p+ — p+|Dw|P(x)—1nP+‘1w|Dn|

p(x)
Vo1 — CwPX|Dy|P) (3.2)

v

|Dw|p(x);7p+ — %llep(x)n(p+_1

\Y

% |Dw|PX)pP+ — CwP) | Dy|PE)

for some C > 0, play a crucial role for establishing Caccioppoli-type estimates (see, e.g., [34]). The following lemma is a
discrete version of (3.2).

Lemma 3.4. Leta,b >0,71,7, €[0,1], and 1 < p_ < p(x,y) < p; < . Then,
ja = bIP2(a — b) (atl* ~ beh*) 2 3la — b|PE (max{r, P+ — Clmax{a, bHPED|r, P09, (33)
forsome C = C(p,,p_) > 0.

Proof. Since
(a—Db)(ar* —=brl*) > (a = b)*ri* —bla—b||z)* — 7| and
(a— b)(arf* — brf*) >(a— b)zrf+ —ala - b||rf+ — T§+|,
we have
(a—Db)(ar}* = brl*) > (a — b)*(max{r,, 7,})P+ — max{a, b}la — b||r}* — 757]. (3.4)

By convexity of the function f(7) = 7P+,

o =257 < max{f'(z), f'(@)}|71 = 75| < pylry — Tyl(max{ry, T,})P+ 3.5)
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Thus, it follows from (3.4), (3.5), and Young’s inequality that

la — b|P&¥)=2(a — b)(at}* — bty )

, -1 p(x.y) PGy
> |a — b|P®Y)(max{r;, T,)P+ — p N pxy) =~ (x( y) ) greey-1|g — b|p(x,y)(max{fl,72})(p + D et
p(x,y
__P+ e~ POV (max{a, b})PCY)| 1, — 7, [PV
p(x,y)

> (1 -p +5p+/(p+—1)) la — b|P®Y)(max{r;, T,})P+ — §—+5‘P+ (max{a, b})PCY) |7y — 1, | POV,

Taking ¢ = (1/(2p..))P+~1/P+, we obtain (3.3) with C = 1;—*(2p+)P+_1. O

Proof of Theorem 3.2. In this proof, every ball is centered at x,,. Let 5 be a cut-off function satisfying » € [0, 1], suppn C
Brer CBg,n=1in B, and |Dn| <4/(R—r). Let p, = p,(Bg X Bg). We first assume that u € L*(By), then ¢(x) =

2
w, (x)n(x)P+ € WHPL)(R™) by [49, Lemma 4.1]. Applying the definition of weak subsolutions with the test function ¢,
we have

— (x,)— — —
o> [ [ [40) = U2 ) — u GNP = 90D 4 g
Bg 7 B

|x — y|n+SP(x,y) x
()2 (3.6)
[u(x) — uIP 72 (w(x) — u(y)w, on(x)P+
dydx =: .
2 /BR /R”\BR |x — y|n+sp(x,y) v hrbh
It is easy to see that
|u(x) = u@)PEI 2 (wx) — u)(P(x) — 9())
(3.7

2w, (x0) = wy (MIPEY 2w, (x) = wy (M) INCP+ = w, (I,

as in the proof of [27, Lemma 1.4]. Moreover, by Lemma 3.4 with a = w,(x), b = w,(y), 11 = n(x), and 7, = n(y), we
obtain

|w, (%) = wy MIPEY 2w, (x) = wy (M)W, NP+ = w (PINK)P+)

(3.8)
> 21w, () = w, ()P (maxinCo, HIHP+ — Clmaxiw, (), w, GIPPED ) = )P
for all x,y € By, where C = C(p,, p_) > 0. On the other hand, it is obvious that
[u(x) — u()[PEN2(u(x) — u())(@(x) — p(y)) = 0 (3.9)

when u(x), u(y) < k. Furthermore, if u(x) > k and u(y) < k, then

|u(x) = u@)PEY 2 (w(x) — u@)N(Px) = p(11)) 2 ¢ (x) = w YNPEY + w, (Dw_PEI ) pP+(x)  (3.10)

by a similar argument as in [22, Proposition 8.5], where ¢ = 2P-=2 A 1. Therefore, combining (3.7)-(3.10) and using the
symmetry of p(x,y), we estimate I; by
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_ |u(x) — u() [P 2(u(x) — u(y))(e(x) - qo(y))
I = </A+ /A;’R +2'/AER AR\A;R> |x — y|ntspy)

k,R
W, (x) — w, (y)[PeY) (y)PGen-1
c/ / [ (o) = w. ) dydx + 2c/ w, (x) L dy dx
B |x — y|”+SP(x7y) B, Bg |x — y|n+SP(X,y)

—C/ / w., ()P |5(x) — n(y) [P
Br /By |x — y[n+sptey)

R

dy dx, (3.11)

where A}, = Bg N {u > k}.
For I,, we use the inequalities

Ju(x) — uIPED 2 (ux) — u@Nw, () 2 ~w@) — uE)E  w, () > —w, ()P w, (x)

and

|y — Xl |x — Xl R+r 2R
< <1+ = , € Br+r,y € R"\ By,
xoyl STy St R=r TRy By ERI\

to obtain

|x —y| n+sp(x.y)

w (y)p(xy) 1 /
>-2| su w, (X)n(x)P+ dx
<x€su§pr]/n\BR |x — y|n+SP(Xy) By +(m(x) (3.12)

p(x.y)—1 n+sp(x.y)
> —2| sup / W O) <2R> dy / w, (x)dx.
R R—r B

x€Brer Jrn\By |y — Xo|HSPOEY) N
2

p(x,y)-1 p
L>-2 / / w4 () w, () (x)P+ dy dx
R™\Bg

Therefore, (3.1) follows from (3.6), (3.11), (3.12), and |Dn| < 4/(R —r).
The general case u € WSP(-)(R") follows by using a test function @(x) = (min{u, M} — k), 5(x)P+ instead of p(x) =
w, (x)n(x)P+ and then taking a limit M — oo in the resulting inequality. O

4 | LOCAL BOUNDEDNESS

In this section, we prove Theorem 1.4. The idea of the proof of the local boundedness is to fix a point x, € Q and find
a small ball Bg/,(x) C Q on which u is bounded. We do not only prove the local boundedness of weak subsolutions in
Bg/2(Xo) but also provide a quantitative estimate of their supremum. The proof of Theorem 1.4 is based on the De Giorgi
iteration technique.

The Caccioppoli-type inequality and the fractional Sobolev inequality are crucial tools for the De Giorgi iteration. One
can make use of the fractional Sobolev inequality with variable exponent developed in [39], but it requires the assumption
D+ (Br(xp) X Bgr(xy)) < n/s, which is stronger than the assumption made in Theorem 1.4, namely, p(xy, Xo) < n/s. Thus,
we will use the fractional Sobolev inequality with a constant exponent (Theorem 2.4).

For local variational problems, we have the continuous embedding W'P")(Q) < W-P-(Q) by a simple inequality
f |DulP-dx < f (|IDu|P™ + 1) dx. However, a similar continuous embedding wsP()(Q) & WSP-(Q) is not available.
Instead, we prove the following lemma, which shows a continuous embedding into a larger space with smaller orders of
differentiability o < s and integrability ¢ < p_. This lemma is a generalization of [22, Lemma 4.6].
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Lemma 4.1. Let Q' C Q C R" be two bounded measurable sets with d := diam(Q) < 1. Let 1 < q < p_ < p(x,y) < py
and0 < 0 < s < 1, where p, = p.(QXQ), then WSPC(Q) & W4(Q). In particular, for any u € WSPC)(Q),

b+—4 p——q

1/q 2+7q pP-—q
|u(x) - u(y)lq (s—0o) p*_q P+q (s—0) P+_q P_q
(/ﬂ /Q, —|x —y[rtod dydx < Cmax |Q/|d P+—q , |Q’|d pP+—4q [u]WS’P(u')(Q)’

where C = C(n,s,o,py, p_,q) > 0.

Proof. We define

[u(x) — u(y)|?
Ulx,y) := W,
then
lu(x) — u(y)|? 1
U(x,y) = =: V(x, »W(x,y).
(n+sp(x,y) —— nEEV=1 (o
|x — | ) Ix —y|" e 4
Thus, by Lemma 2.2, we obtain
lu(x) — u(y)|?
———— o Wdx = Ul axa) <20V pen W1l _peo =2[u]? W1l _pco .
/Q o |x—=y|ted (X LS axy LR (axa) W@ T 555 axar)
Using Lemma 2.1, we have
pr=q p-—q
W1l _peo <max< @ peo W) P+ .0 peo W) - ».
LPCI=9(QxQ/) LPCI=q (QxQ) LPCI=9(QxQ/)
Sinced <1,
PGy
|x—y|( )P(Xy) —-q
e o <m=// " dydx
LPCI=4 (QxQ/) o Jao |x —yl
( _ ) P+9q
lx =yl “pea
< // |x yin dy dx
M@n 1||Q’|d =) p+qq_
(s—0o)p.q
Therefore, combining the previous estimates finishes the proof. O

As mentioned before, we will prove Theorem 1.4 by using the De Giorgi iteration technique. For this purpose, we need
the following lemma.

Lemma 4.2. Suppose that a sequence {Y j};‘;o of nonnegative numbers satisfies the recursion relation

Y

41 <CbJ max{ JHﬁl YHﬁ2 ,Y1.+5N}

J
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forsome constantsC > 1, b>1, NeN,andB; >, >+ > x> 0.1If

1 1

Yo<C b Fr, (4.1)

then

1 1

Y;<C Wb W N forallj>o0, (42)
and, consequently, Y; — 0 as j — oo.

Proof. Since Y, < 1, one can easily prove by induction that

A+6n)J -1 _<1+/31\£)j -1 ;
Y;<C # b By 5NY(()1+’6N) <1, forallj>o0,

under the assumption (4.1). This yields (4.2). O
We are now in a position to prove Theorem 1.4 by using Theorem 3.2, Lemma 4.1, and Lemma 4.2.

Proof of Theorem 1.4. Suppose that u € WP(-)(R") is a weak subsolution to (1.5) in Q satisfying (1.8). Let us fix x, € Q.

We distinguish two different cases.

If p(x,, Xo) > n/s, then the fact that u € W5P(~)(Q) implies that u is bounded in a neighborhood of x,. Indeed, by the
continuity of p, we can take R > 0 such that Bp(x,) C Q and

n
p— 1= p_(Br(xq) X Br(xq)) > >
for o € (0, s) sufficiently close to s. Let ¢ € (n/o, p_), then by Theorem 2.6,

1l o gy < Ntllweacsg o)
Moreover, by Lemma 4.1 and Lemma 2.2, we obtain

lullwea(Bgxg) < C”“”ws,p(-,»)(BR(xo)) < +co.

Therefore,
Nl LooBrxg)) < Nl o gy < Fo0-

It remains to study the case p(xy, x) < n/s. By the continuity of p, we can take R € (0, 1/2) sufficiently small such that
BR(xo) C Qand

np_

e (43)

py <pl:=

where p, = p,(Br(xg) X Br(xy)). Note thatop_ < sp_ < n.
We fix k € R and k € R*. In order to use the De Giorgi iteration, we set for each j € N U {0}

rj +rj+1
2 9

ki +k;
2 9

1 X B i
rj:§(1+2—J)R, Fi= ki=k+1-27)k, and k;=
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and define
wj=w—kj; and w;=u—k),.

For simplicity, we write B; = B(x,,r;) and Bj = B(xo, F}).
By (4.3), we can choose a constant g such that

max{ L} <q<pt

L q<p-.

Then,q =t* = n—tt for some 1 <t < p_ < n/o. By applying Theorem 2.4 to 1; in Bj, we have
n—ao.

1W;llLas;) < CllW;llwer))

(4.4)

for some C > 0 depending on 7;. Since 7; € [R/2, R], we may assume that C depends on R, but not on j, with a possibly
larger constant C. Since the quantities n, s, o, p,(Bg X R™), p_(Bg X Bg), g, and R are not important for the iteration, we

will absorb these quantities into constants C. Moreover, using Lemma 4.1 and Lemma 2.2, we have
1 llwecay < CNBslysotos,)

for some C = C(n,s,o, py, p—,q,R) > 0. By Lemma 2.3,
|lw; “WS»P(‘,‘)(BJ-) < 2|wj|Wssp(-,<)(Bj) < 2max {éws,p(‘.d(gj)(wj)l/p‘, éWSvP('r)(Bj)(wj)l/p+ }

Weset AT =B, N {u> h}and

Yj:/ wf*(x)dx,

B;

and estimate éWs,p(.,.)(Bj)(u”) j) in terms of j and Y;.
By Theorem 3.2, we have

§.(x)PCy)
BuysinCog (W) < C2Jp+ Lp{ _y|p(x,y) dy dx
WsPGA(BH\ )/ = 5, /3, |x_y|n+5p(x,y)

w;(y)Pxy)-1 Ar. n+sp(x.y)
+C sup / Y < ! ) dy / wj(x)dx
R ,

— xp|ntsPGeY) \ 1 — 1
x€B(xg,5 (rj+7) Y R™\Bj 1y = xol J B;

+ / wf(")(x) dx
B

J

= Il +12+I3

Since w; = 0 on B; \Al‘gj,rj, W <wj,and R < 1/2, we estimate I; as follows:

|x — y|0-9P-

(4.5)

ip . p xX=yr ip ) D + jp . +
I, <C2 +/Air /B_(wj(x)J“i_l) FEE dydx < C2/P+ /A+ wj(x)+dx+|AEj,rj| <C2 +<YJ+|AIEJ~,rj|>'

kj,rj kj,rj
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Similarly, I is estimated as

+
I < c(yj + |AEJ_JJ_|>.

For I,, we use p(x,y) < p,(Bgr X R") and (lEj - kj)P+‘1u7j < wf*. Then,

§.(v)Px.y)—1 wh (x
IZ S C2j(n+sp+(BRXRn)) Sup / L dy / # dx
R B; (kj —kjp+~1

XEBR n\BR/Z |y - x0|n+sp(x,y)
p(x.y)-1 j+2\ P+~1

< C2j(l’l+Sp+(BRXRn)) Sup/ wo(y) dy <2J~ > / wl.)+ dx

XEBg Rn\BR/Z |y - x0|n+sp(x,y) k A; !

Jr
< Coini2p, B _ Ty
- fp+—17
where
u P(X,Y)—l
x€Br JR"\Bp ), [y = xo|"+sptey)

Combining the estimates above and using

i\ P+
j
|A* |5~;/ w‘.’+dxsc<27> Y;,
kj’rj (kj — kj)p+ A J k

kjorj

yield that
S s,)(W)) < sz<"+2P+<BRxR">—D<1 bt = T_ - >Yj.
kP+ kP+
Assuming
k> T1V/@D 41, (4.6)
we arrive at
@WS,F(,,_)(Bj)(wj) < Czj(n+2p+(BRxR"))yj. (4.7)

On the other hand, recalling that (4.4) holds, we have qu. > (kjy1 — 1}}.)q—p+ wfj:l, and hence

2 Wl g, ) 2 c@IRIPHY 4. 4.8)

~ nd
il acs,) L9(Bj4

Therefore, from (4.5), (4.7), and (4.8), we deduce
Y, < CkP+=9b/ max {Y?*ﬁl ,yitR }
= J J

J

where 8, = q/p_ —1>0, 8, = q/py — 1> 0, b = 24-P++(n+2p+BrxR™)a/p- and C > 0 is a constant depending only on
n,s,o, py, P—,q,and R.
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By Lemma 4.2, if

1 1

Y, < (CkP+~9) & b_g, (4.9)
thenY; — 0as j — oco. Thus, if we take
L
5 1 iz P+
k>[crbr2y, ) , (4.10)
then (4.9) is satisfied, and hence
supu < k + k.
Br/2

Note that the choice

1 1

~ 1 iz ; P+
k= CPhb" /wé”(x)dx + TP+~ 41
Br

is in accordance with (4.6) and (4.10). The constant C depends on n, s, g, p,(Bg X R"), p_(Br X Bg), q, and R. We finish
the proof by choosing k = 0. O

5 | HOLDER ESTIMATE

This section is devoted to the proof of the local Holder regularity of weak solutions to (1.5). In this part of the paper, the
assumptions (P1) and (P2) on p take an important role for our analysis. The key step in establishing the local Holder
regularity is a growth lemma, see Lemma 5.2. We start with an auxiliary result that is needed in the proof of the growth
lemma.

Lemma 5.1. Let By = Br(xy) C R” with R € (0,1). Let H > 0, § € (0,1/8] and 0 < 0 < s < 1. Assume that p satisfies
(P1) and (P2) in By, HP+7P- <2, and p, < pX, where p, = p,.(Bgr X Bg) and p* = L= Letu € WHPC)(R™) be a weak
= = p

supersolution to (1.5) in By such that
0<u<2H inBg and |Bg;;N{u2H}| >y|Bg:l (5.1)

or somey € (0,1). Assume R* < 8H and
f Y

u_(y)py-1
su / —— dy < RSP+(SH)P+~1 + R~P-(SH)P-~1. (5.2)
X€E€B3gr/4 J R\ By ly — x0|n+sp(x,y)

Let 1 <q < p_. Then, there is a constant C = C(n,s,o, p,(Bg X R"), p_(Bg X R"),q,L) > 0 such that for any ¢ €
[26H, H],

q gp—og _ S [T SRS K VPR B
[(u - f)—]wcr,q(BR/z) S Cf R max |A€,R|’ |AL0,R P— Pt ’ |A€,R P+ P- )

where A;’R =BrNn{u <t}
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Proof. Let¢ € [26H, H]. The idea of the proof is to estimate [(u — ¢ )_]gvg,q By using Lemma 4.1 and then applying the

Caccioppoli-type inequality to estimate QWs,p(.,)(BR/Z)((u — ¢)_). In the following, C > 0 denotes a constant depending on
n,s, g, p4(Bgr X R"), p_(Bg X R"), q, and L whose exact value is not important and might change from line to line.
Letr = R/2. First, by Lemma 4.1,

() = €)= (u(y) = £)_|9
-0 ! <C dxd
(=6)] /B/B xdy

Wo4(B,) — [x — y|n+c7q

r r

cof [lD=0-—G01=01,,,
A B

;r : Ix_y|n+crq

o (s—o) LN py o (s—o) LN o
< cmax] (1az K755 ) 7 (1 K7 e 01

P+—9q =4 (s5—0) P+9(p——q)

£+74 p——q
<Cmax{ |A; | »+ RIG=9 |A7 | »- R (+—Dp— }
- tr 10

o { <QWSYP(';)(B’)((M - f)')> i <9Ws,p(-,->(3,)((u - f)_)> - }

By Theorem 3.2, we can estimate QWS,p(.,.)(Br)((u —¢)_) as follows:

-7 p(x,y)—-1
ouestorgs (@ —€)) + / (w—6)_(x) / W=Dy~ 44
B, B

|x — y|n+sp(x,y)
<C / /
B /' Bg

_ p;\pey)-1 n+sp(x,y)
+C| sup / (uy) = )- < 2R > dy /(u(x)—f)_dx
R R B

xeBryr JR\By ly — x0|”+SP(X,y) -r N
2

r

p(x,y) dy dx
|x — y|r=(=9)p(x.y)

(u(x)—©¢)_
R-—r

= Il +Iz

First, we consider I;. By the nonnegativity of u in Bg,

I C/ / (u(x)—=¢)_ PCxy) dy dx
1:
_ R — — y|n—1=s)p(x.,y)
A7 o I By r |x — | U=piey
200 CARN R W e (1-9)
- —S —S)p—
<ClA,; ('R—r +‘R—r‘ )(R P+ + R1=9P-)

S ClA, LI(RTP+EP+ + RTP-€P-),
where we used (P1) in the last inequality. Next, we study I,. Note that by the assumption RS < §H < ¢ and (P2), we have

R—5P=(BrXBy) p P+ (BrXBy) < RSP+ {P=x, (5.3)
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Using the nonnegativity of u in By, the tail estimate (5.2), and (5.3):

I, <C sup

XEBR+r
2

p(x.y)—-1 p(x.y) 1
con ([ MO (),
x€Brir \JRn\By |y — Xo|"+$PCEY) rr\Bp \ 1Y = Xol*® |y — xo|" :
2

< cg|Ath| (R—SP+(5H)P+—1 + R™SP-(SH)P-"1 + £P+(BrXBy)—1 p—sp. (BrxBp) gp_(BRxng)—lR—sp_(BRxB}‘;)>

/ W) — O
R

mBg |y = Xo|rsPCey)

dy/ (u(x)—¢)_dx
Br

< C|A;,R|(R_SP+ P+ + R™5P-¢P-),
Hence, since R < 1,

t 4 (u(y)_f)ﬁ(x,y)_ld dx < C|A; |(R™SP+¢P+ 4 R™SP-¢£P-
@uwar(Bry) (4 = 0)-) + B,(u_ -0 5, -yl NS A4 &lC + )

(5.4)
< ClA; (IRTP+(£P + €P-).

Combining the previous estimates, we get

q pP+—9q pP——q (S_U)pw(p——q)
RO = OBy < R { a7, 70 R0, a1 R

q/p+ q/p-
xmax{<|A;R|R_SP+(fP+ +€p—)) ,(IAER|R_SP+(€P+ +€p‘)> }
=: CR% maX{Yl, Yz} maX{CDI, (Pz}

We need to check the four possible cases for that inequality. Before doing that, note that since ¢ € [26H, H] and R® < 8H,
there is a constant C > 0 such that

1+ ¢P-"P+ <1+RP-"P+) <14 LS <C, (5.5)

where we used (P1).
Case 1: We have by (5.5),

g
ROIY @) = |A7 [(€P+ + £P-)Pr < ClA7 |¢9.

Case 2: By ¢ € [26H, H] and the assumptions HP+~P- < 2 and (P1), we get

_ 1+i_i ﬂ(p__p ) 4 _ 1+i_i
R9Y,®, = |A€’R p— P+ Rp- T(EP+ 4 ¢P-)- < C|A€’R p— P+ 4,

Case 3: Using (5.5) together with (P1), we get

2
a“(p——p+) q 9.4
— 1—
=) s —pe (€P+ 4+ €P-)r+ < ClA; oo ry

-4 49
Ranzq)1 = |A;R p— P+ R
Case 4: By HP+7P- < 2, and (P1), we get

(sp+=99)q
RUquq)z = |AE,R|R p—(p+—q)

_ a
(p- P+)(€p++gp—)p— §C|A;R|€q~

Combining the estimates from the previous four cases proves the assertion of the lemma. O
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We are now in a position to prove the growth lemma. It is the main ingredient for the proof of the local Holder regularity
estimate.

Lemma 5.2. Let By = Bg(xy) C R" with R € (0,1). Let H > 0, and 0 < g < s < 1. Assume that p satisfies (P1) and (P2)
in By, HP+7P- <2, and p, < pZ, where p, = p.(Bg X Bg) and p* = 2= Letu € WSPC)(R™) be a weak supersolution

to (1.5) in By, such that (5.1) is satisfied for some y € (0,1). Then, there exlsts 6 €(0,1/8], such that, if R® < 6H and (5.2) is
satisfied, then

u>d6H in Bg /4. (5.6)
The constant § depends on n, s, o, p,(Bg X R™), p_(Br X R"), and L.

Proof. The proof follows the ideas of [22, Proof of Lemma 6.3]. Let 0 < § < 1/8 and 0 < 7 < 27! to be specified later. We
first suppose

|BR/2 N {u < 25H}| < TIBR/2| (57)

and prove the assertion of the lemma under this additional assumption. Afterwards we prove that this precondition (5.7)
is indeed a consequence of the given assumptions of the lemma.

Weuse C > 0for aconstant dependingonn, s, g, p,(Bg X R"), p_(Bz X R"), g, and L whose exact value is not important
and that might change from line to line.

The idea to prove the assertion of the lemma is by iteration and the use of Lemma 4.2. For this purpose, we need to
establish some auxiliary results. Let §H < h < k < 26H and g <p<r< g . Note that by (5.7),

IB, n{(u—k)_ =0} =|B, \ {u <k}| > |By| — [Bg/> N{u < 26H}|
R/2\" 1 (5.8)
2 |Bo| —=7|Brpal = | 1 —T<T> |Bol = (1 —2"7)|B,| 2 §|Bp|-

Using (5.8), Theorem 2.5, and Lemma 5.1, we have

(k= mla; | < / (k—u(o)me dx| < ( / (u(x) - k)= dx)
AP_l,p B,
—k)_ - —k)_ 5.9
cof [0 600y, (59)
Bp B |x - yl
+L L 14—
< Ckr—° max{|Ak B |A Lo b |A Lo b },
where A/ = B, n{u < r}. In the proceeding, we use (5.9) to prove the assertion of the lemma by iteration. We define for
jeNu {O}
Al
1 _j —j kjor
ri=-(1+27)R, k;=(01+27/)5H, andy;= .
4 B, |

Then, r; € (iR, %R] and k; € (6H, 26H]. Choosing k = kj,h=Kkjs1,p=rjs1,andr =r;, we get from (5.9)

SH ? ~ 14 PP 14 P==P+
ﬁ(yj+1|3rj+1|) SC(5H)VijaX{V?Yj,(V;J’j) b=, (rlyy) P }’
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which leads to

n

. 14 B2+7P= 14 B="P+ n—o
Yji+1 < C<2Jrj‘” max {r?yj,(r}lyj) pep=, (Kiyy) P }) . (5.10)

If we prove that there are 3, 35, 83 > 0 such that

Vi1 < C2i-2' max {y}w Ly Ry } (5.11)

and y, is sufficiently small, then we can apply Lemma 4.2, which would prove (5.6). We have three cases for the maximum
in (5.10):
Case 1: In the first case, we have

: J,n—o
. < n—o ) .
Yj+1 C2 y}

Since — > 1, this proves the assertion in the first case.
n—o
Case 2: In the second case, using r; < 1 and the fact that its exponent is positive,

o | PezP— mn piop- n n My Pimp- n
yj+l S C2;J,.jP+P— "—Uy;’—U p+p— h—o S Czﬁ]y;l—g P+ p— "—f"
. n p+—D- n n . .
Since — + —&———— > — > 1, we have proven the assertion in the second case.
n—o p+p—- n—o n—o

Case 3: In the third case, using (P1), we have

n 11

n 1 1
i o ——(p-=py) T( +———_> LNy T( +———_>
yj+1 < C2"—Uj}";n_a)p+P_ y;z o b+ P < Czn—crjy; o b+ P .

n

Note that by assumption p, < p*, where p* = —=
n—op

, which is equivalent to

D <p*(:,2>i_i<:, 1 <1+L—i)>1
o n~ p_ ps n—o p+ D- '

This completes the proof in this case.
Hence, we have shown (5.11). Note that by (5.7)
A~ &l

25H,5
yO = — < T.

|Br|
2
Choosing 7 sufficiently small, allows us to apply Lemma 4.2, which yields y; — 0 as j — oo and proves (5.6).
In the remainder of the proof, we show (5.7). We prove this assertion by contradiction. Hence, suppose that (5.7) is not
true, that is,

|BR/2 n {u < 25H}| > TlBR/ZI' (512)
We split the proof into two cases for s € (0,1). First, when s is sufficiently large, we prove the assertion using an

isoperimetric-type inequality by Cozzi [22, Proposition 5.1]. Second, in the case of small s, the assertion follows by a
direct calculation.
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Let § be the constant coming from the isoperimetric-type inequality [22, Proposition 5.1] (applied for the constant
exponent case q and for o) and let s € [§, 1). For given 9§, there is a unique m € N such that

27m-l < § <2m,

We define fori = 0,...,m — 1, k; = 27'H. Note that by definition k; € (26H, H]. In the following, we check the conditions
to apply [22, Proposition 5.1]. By (5.1) and (5.12), we get

|Brya N {(u — ki) <27'HY| = |Bryy 0 {u > ki}l > |Bryy 0 {u > HY > y|Bgys|
and
|Brj2 N{(u —ki_1)- >3- 27" H}| = [Brjp N {u < kij1}| 2 [Bryz N {u < 26H}| > 7|Bg), |
fori =1,...,m — 2. In order to apply [22, Proposition 5.1], it remains to prove that there is a constant C > 0 such that
1t = ki), )+ BT = ki) B, < Clki =i IR™. (513)
Using the nonnegativity of u in By, we get
Nl = ki) ||Lq(B < Ckl R".

Combining this estimate together with Lemma 5.1 for ¢ = k;_;,

R 1441
ll(w = k1) IILq<B + R — ki) ]WW(B )= Ck?‘lmaX{IA b WAl lAk al P} (5.14)

< C(k; — kit1)IR"

for some constant C = C(n, s, o, p,(Bg X R"), p_(Bg X R"),q,L) > 0, where we used (P1) in the last inequality. This
proves (5.13) and therefore, we can apply [22, Proposition 5.1] with h = k;_; — k;, k = k;_1 — k;;1, and the function
(u — k;_1)_, that yields

n—1

(ki = kis1)[1Brya N {u > ki3 [Brjo n{u < ki3]
(5.15)

q-1

< CR"™*[(u — ki_1)lweagsy ,)|Brja N ki <u < kj}|

In the following, we show that this inequality leads to a contradiction. On the one hand, the left-hand side can be estimated
with (5.1) by

-1 n—1

(ki — ki11)[1Brja N {u > ki}[Brz N{u < k1+1}|] " > Ckiy1 [R"|Bg/, N {u < 26H}| o

On the other hand, we can estimate the right-hand side, using (5.14), by

q—1

1

a1 o
R Brpynikipn <u < ki}| “ <Ccr" +qki+1|BR/2 Nikiy <u < ki}| I

(u-— ki—l)—]WUvQ(BR/Z)

Hence, we get from (5.15)

q(n-1)
|Bry, N {u < 26H}| e < CR1 lBR/2 Nk <u <k }|
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Summing up this inequality overi = 1, ..., m — 2 gives us

q(n—1) q(n—1)

n—q
(m — 2)[|Bg/, N {u < 26H}[] @ < CR4 ‘BR/Z‘ =CR &1 ,

which leads to

n(g—1) n(g-1)

|Br2 N{u < 28H}| < CR"m =11 < C|Bg/,||logs| s,

Estimating the left-hand side by (5.12), we get

_n(g-1)
|logs| »-ba >C.

Hence, choosing § sufficiently small results in a contradiction and finishes the proof for the case s € [5, 1).
Now let s € (0, 5). In this case, we get by (5.4), (5.1), and (5.12)

_ p(x,y)-1 _
(SH)P + (4SH)P-IRI—P+ > € / / (u(x) — 48H);, (u(y) —48H)_ dy dx

Bry2 J Br) |x — y|rrsptxy)

> % / (u(x) — 48H)PO-»)-1 dx/ (46H — u(y))dy
RSP J gy ofuzHy Br/an{u<25Hj

p+-1 p-—1
C . H H
ZR,,TSPIBR/ZO{MZH}Imm{<E> ,<E> }25H|BR/20{M<25H}|

> CR"SP-§ min {HP+, HP-}.

Hence, since by RP-7%P+ < L by (P1), we get
((48H)P+ + (48H)P-) > CS min {HP+, HP-}.
Choosing § sufficiently small leads to a contradiction in this inequality and finishes the proof of the lemma. O

We would like to emphasize that we made use of Lemma 4.1 in the foregoing proof. For this reason, we were able to
prove the growth lemma without using the Sobolev inequality for variable exponents. It was sufficient to make use the
fractional Sobolev inequality for constant exponents.

Proof of Theorem 1.6. Let x, € R". If p(xg, xy) > n/s, then we can find R > 0 and a € (0, 1) such that Bg(x,) € Q and
u € C%Bg(xp)) as in the proof of Theorem 1.4. Thus, let us assume p(xy, Xy) < n/s in the rest of the proof. In this case,
for given o € (0, 5), we can find R € (0, 1) such that Br(x,) € Q and p, (Br(x) X Br(xg)) < p*(Br(xy) X Br(xyp)), where
p*(Br(xp) X Br(xp)) = np-(Br(xo)xBr(x0)) By Theorem 1.4, u € L®(Bg(x)).

n—op_(Br(xo)XBr(x))"
Let 6§ € (0, 1) be the constant from Lemma 5.2 and let

. 2 spL(QxR"
0 <o <min{ s,log, , P+ ) (5.16)
2-6/) 2(p,(QxRn)—1)
be chosen such that the following is satisfied:
X (4 —1 D+ (QXR™)—1 X4 —1 p_(QxXR™)—1 P+ (QXR™)—1
(D=1 gy [T @ - L o ’ 1)
1 t1+sp+(Q><R”) 1 t1+sp_(Q><R”) 2p+(QxR")na)n
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where w,, denotes the volume the n-dimensional Euclidean unit ball. We define j, € N to be the smallest natural number
satisfying
s
) sp+({xo} X By) §P+{xoxBR)-1\ | sp_(Q x R™) §P-(OXR™)-1 | log4(5)|
> - A~ .
Jo > max > log, 2C, , > log, ( 3G, ) ol € (5.18)

where C, := max{1, 2P+(@<R"y <% + 1).
Sp_ n

In the following, we show that there is a nonincreasing sequence (M) and a nondecreasing sequence (m;) in R, such
that for all j € Nu {0}

m; <ul Mj in B4—jR(x0) and Mj —m; = Z4_aj, (519)

where

1
[u(y) [P~ )m

Z 1= 2 450 ull e g ay + RS 14+ [ RPC0PBR0)  sup /
Ko R\Bg(xg) 1Y — Xo|"HSPC:Y)

XEB3r/4(X0)

For j € {0, ..., jo}, we define M; :=4"%/Z/2and m; := —4~%/Z /2. Then, (5.19) is clearly satisfied for all j € {0, ..., jo}. It
remains to prove the assertion (5.19) for j > j,. The proof of the assertion follows by induction. Let us fix j > j, and assume
that (5.19) is true for all i € {0, ..., j}. We now construct the elements m;,; and M, of the sequences. We distinguish
between two cases.

First, we assume

M} —mj
Bﬂ(xo)n u>m;+ — . (5.20)
2

1
> 5 Bﬂ(xo)
2

Mj—mj

In this case, we definev :(=u—m i H 1= ,and R := 47JR. The main idea for constructing m i+ and M j+1 is to

apply Lemma 5.2 for the function v and the radius R. Hence, we need to verify the requirements of the lemma. Note that

by assumption we have 0 < v < 2H in Bg(xo) and |Bg/,(xo) N{v > H}| > %|B§/2(x0)|. It remains to prove R® < §H and

(5.2). First we show R® < §H. Note that 2H = M;—m; = Z4~% > RS4~%J Since j > j,, we can use (5.18), which leads to
RS = 47JSRS < 4@ < §H.

It remains to prove (5.2). We split R" \ Bz(x,) as follows:

j-1
R"™ \ Bz(xp) = (R" \ Br(xp)) U <U By-1r(xp) \ B4—(z+1)R(x0)).

1=0
If x € By-1g(x0) \ By-wsnr(Xo), then |x — xo| > 47'~1R and therefore

. 4|x — X, *
v(x) = u(x) —m; > m; — M, + 2H = 2H(-4"HD* 4 1) > —2H<<%> - 1).

On the other hand, if x € R" \ Bg(x,), we have v(x) > —|u(x)| — Z /2. Now we are in a position to finalize the verification
of (5.2). By the previous estimates on v in R" \ Bz(x,), we have
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. « pley)—-1
2H (M) ~1
v_(y)Py)-1 R
sup ————— dy < sup dy
x€Bjz4(x0) JRM\By(xy) |V — Xo|HPEY) XE€Byz/4(x0) J R\ Bg(x0) ly — Xo|"Fsp@xy)

+ max{1, 2P+BrRE)RD)-11 gyp
XEB3p/4(Xo)

pxy)=1 4 zp(xy)—-1
/ ju)| dy
R™M\Bg(xo)

1y — Xo|+sp0s)
=: Jl + Jz.
First note, that we can estimate J; as follows:
a
<2H < (—‘”y?“)' ) 1
R

<2H<(@)a_l dy+ dy

> >P+(B§(XO)XBE(XO)C)—1
J; < - y
R\Bx(xo) ly — x0|"+SP+(BE(X0)XB§(Xo)‘) R7\Bg(xo) ly — x0|n+sp_(B§(x0)><B§(xo)°)

) > P—(Bg(x0)XBg(xp)*)—1

) &0 (4% — 1)P+(BR‘(X0)><B§(XO)C)—1

= nw, (2H)P+Brx0)xBr(x0)*)—1 R=sP+(Br(x0)xBg(x0)* dt

1 1+3p+ (Br(x0)XBg(x0))

) ® ((41)* — 1)P-Br(x0)xBr(x0))~1

+ nw, (ZH)P— (Bﬁ(X())XBﬁ(Xo)C)—IE—Sp, (Br(xg)xBg(xp)* dr.

) ¢ 1+sp—(Br(xo)XBg(x)°)
Using p_(Q X R") < p, (Bz(xo) X Bg(xp)°) < p4+(Q x R"™) and (5.17), we get

* (4% — 1)P-(>RD-1 §P+(QXRM)-1

o0 o _ 1)P+Bgr(xo)xBg(x)*)—-1 oo a _ 1\p+(QxXRM)—1
(407 — 1)P=Prbeos B AN dit
1

< .
t1+spi(BR~(xo)><B§(x0)C) t1+sp (QXR") t1+sp_(QXR") - 2p+(QxR")nwn

1 1

Combing the previous two estimates, we arrive at

Ty < S EP+ Bl xBr(xo))—1 R-sp+ (Br(xo)<Br(x)) 5P+ (XR-1 o L pyp_ (Blxo)xBi(x0))—1 Rsp-(Br(o)xBa(xo)) gp+ (OxR™)-1
=2 2

< L8P+ (Brx0)xBr(x0) )1 R5p+ (Brlxo)<Br(x0)) 4 L (817)P-(Brlxo)xBr(x0))~1 g-sp- (Brlro)xBy(x0))
=2 2

< 1(5H)P+(B§(xo)><B§(xo))—IR'—SP+(B§(xo)><B§(Xo)) + l(6H)p_(BE(XQ)XBﬁ(Xo))—lﬁ—Sp_(Bﬁ(XO)XBR—(xo)).
-2 2

In the last inequality, we used that by (P2) and R® < 6H,
R_Spt(BR(xO)XBR(xo)c)(6H)pi(BR(x0)><BR(x0)c) < R_Spi(BR(XO)XBR(xo))(5H)p¢(BR(XO)XBR(x0))‘

Next, we estimate J, as follows:

J, < max{1, 2P+ @xR)-11p=sp. ({xo}xBr(x0)*) Z P+ (xXo}xBr(xo))—1

(Bg(x0)xBg(x0))—1 —(Br(x0)XBg(x0)*)—1
+ max{l, 2P+(QXR")—1}/ it i > y
R

"\Bg(xo) < |y = xo| 5P+ BrCx0)xBr(x0)) * |y = xo|"+5P-BrCx0)xBr(x0))
< CuR=P+Br0)xBr(x0)) Zp+Br(x0)xBr(x0))~1 4 €, R=P-(Br(x0)xBx(x0)) zp-(Br(x0)xBg(x0))-1
= Co(4/R) P+ Br(x0)xBr(x0)) (4] 2 )P+ Br(x0)xBr(x0))—1 € (4] R)~sP-BrCxo)xBg(x0)*) (4 2 [y )P~ (Br(x0)xB(x0))—1

—sp4+(Bg(x0)xBg(x0)°) . "
< C04 > JOHp+(Bﬁ(xo)XBE(xo)c)—lR—Sp+(BE(XO)XBﬁ(xo)C)

=sp—(B(x0)xBg(x)) . NP 4
AT 0 - (Brlxo)xBR(x0)*)—1 Rsp- (Br(xo)xBg(x0))
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< L (5 Er)P+ Brleo)xBrx0))~1 R-sp+ (Br(xo)xBr(x0)) 4 L (5pr)p- (Brro)xBa(xo))—1 R-sp-(B(x)xB(o)")
=2 2

< l(5H)p+(Bﬁ(XO)XB§(XO))—1E—Sp+(B§(X0)XB§(x0)) + l(5H)p_(BE(XO)XBﬁ(xo))—lﬁ'—sp_(Bﬁ(xo)XBﬁ(xo)) (5.21)
-2 2 > .

where we used the definition of Z, (P2), (5.16), and (5.18). Note that the constant C, comes from (5.18). Combining the
estimates of J; and J,, proves (5.2).
Hence, we can apply Lemma 5.2, which leads to

M;—m, 54~z
uij+5H=mj+5%=mj+T

>mj+474(1—47)Z in Bg,(xo),
where we used (5.16) in the last inequality. Hence, choosing M;,; = M; and mj; = m; + 47%I(1 — 47%)Z proves (5.19)
for the case (5.20).

In the second case

<1
2

k]

M]—m]
Bﬂ(xo)n uij+T
2

Bﬂ(xo)
2

we can proceed similarly and consider the function v := M — u. In this case, we can choose the members of the sequences

to be of the form M, = M; — 47%(1-4"%)Z and m j+1 = m;j. This completes the construction of the sequences (M)
and (m;) and completes the proof of (5.19). Now the local Holder regularity follows in a standard way. O
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