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KEYWORDS Abstract When a consistent transverse magnetic field and heat radiation are present, the flow of
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Response surface method;
Radiation;

Hybrid nanofluid;

Ternary hybrid nanofluid;
Lie group transformations;
Sensitivity analysis;
Machine learning with sim-
ple linear regression;
Gradient descent method

have been studied., Water as base fluid, Hybrid nanofluid, Ternary Hybrid nanofluid, and nanofluid
cases containing Case-1 Polyethylene Glycol-Water + AA7072, Case-2 Zirconium oxide + A
A7072 + Polyethylene Glycol-Water Case-3 Magnesium oxide + Polyethylene Glycol-Water +
AA7072 + Zirconium oxide is taken into consideration. Runge-Kutta (4th order) with the Shoot-
ing technique is used to solve the governing equations expressed in terms of Odes. For various val-
ues of the relevant parameters, the approximate relationship between temperature, velocity, rate of
heat transfer, and shear stress at the wedge is depicted visually. It is found that the Nusselt number
transfer rate is more in Ternary hybrid nanofluids than Hybrid and Nanofluids and the Skin friction
rate is more in Hybrid nanofluids than in Ternary and Nanofluids. Table 9 shows the comparative
study with recently published paper numerically having a good agreement of results. RSM method
is useful to find the optimization conditions values based on the key factors that impact the
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Response Function. Simple linear regression machine learning with the Gradient descent method
has been applied to some of the dimensionless parameters this method predicts the truth values

accurately.

© 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org;

licenses/by-nc-nd/4.0/).

1. Introduction

A series of ongoing alterations and transformations occurring
on the expanded space of dependent and non-dependent vari-
ables and the equation parameters is referred to as a Transfor-
mation of a partial differential equation using a Lie group. The
Lie group approach using infinitesimal changes is a traditional
technique to reduce the similarity of non-linear differential
equations. After similarity analysis, fewer variables govern
PDE, which converts them to ODE. In dynamical systems
without linearity, mainly when it manifests as deterministic
done by chaos, a particular type of the most effective, complex,
and systematic method for creating similarity transforms is the
Lie group transformation, called the scaling group transforma-
tion as well. The group-invariant starting and boundary value
problem solutions are the widely used solutions for similarity
for the scaling group of changes. Numerous studies have used
scaling group techniques [1-3]. The mixture of a single
nanoparticle with a base fluid is known as a Nanofluid;
Nanoparticle size is less than 100 nm; Hybrid nanofluid is a
mixture of more than one nano properties with a base fluid.
Due to these fluids’ enhancement of heat transfer rate, it will
be helpful for industrial purposes by using the study of [4-5].
The conclusion is that the thermophoresis, Lewis, and Brown-
ian motion numbers considerably flow field effects of the
nanoparticle volume fraction and temperature profiles studied
by Abdul et al. [6] through crossing a porous, vertically
stretched surface with a nanofluid’s boundary-layer flow with
a scaling group transformation. Marangoni convection flow
and heat transport are impacted by radiation. in non-
Newtonian pseudo-plastic nanofluids with variable thermal
conductivity. Lin et al. [7] analyze and discuss temperature
and velocity fields’ effects on the precise power-law number,
radiation number, and solid volume fraction. Bilal Ahmad
et al. [8], Maxwell nanoparticles with different flow character-
istics were studied for thermal diffusion. The findings of Lie
group simulations demonstrate how the mass transfer param-
eter and buoyancy constant predict a reduction in velocity
while the opposite acceleration pattern is observed. Entropy
production in a combining suction and injection, boundary
layer flow with triple diffusive convective heating, and multi-
linear regression of a hybrid Eyring-Powell nanofluid flow that
is erratic over a permeable surface. This invention, Lie group
transformations, was created by the researchers listed below
[9-10]. A Lie group analysis of the effects of nanofluids with
embedded carbon nanotubes on the free convective radiative
flow, the magnetic field, and Navier slip this investigation
has been done by Sreenivasulu al. [11]. It is discovered that
the nanofluid velocity falls as the slip factor increases. The
temperature rises with improved thermal energy generation,
but the heat flux falls. and storage. Biglarian et al. [12] investi-
gated heat transport in permeable channels using various
water-based nanofluids under unstable conditions. When the

expansion ratio was increased, the heat transfer rate fell but
The Hartmann number, Reynolds number, and volume per-
centage of nanofluids all rose. when there was an external mag-
netic field. Hamid Maleki et al. [13], according to research on
the flow and heat transmission in Nanofluids over porous sur-
faces, non-Newtonian, the non-Newtonian nanofluid performs
better at heat transfer versus the impermeable plate and the
Newtonian nanofluid for injection. According to Uddin et al.
[14], magnetic field effects minimize skin friction and increase
the heat transfer rate in a computational simulation of the
Newtonian fluid on a heating surface and the Slip flow of a
nanofluid in MHD across a radiating plate. According to a
study by Mahabaleshwar et al. [15], the flow’s effects happen
faster and accelerated with a decrease in the inverse Darcy
number due to Mass transfer and hydromagnetic hybrid nano-
fluid flow created by porous stretching sheets, Navier’s slip and
chemical reaction and more potent suction, which directly
reduces skin friction. According to a study by Haffez et al.
[16] on dual solutions for convergent channels with dissipative
heat transport and water-based hybrid nanofluids, current
findings will be used in the polymer industry, biomedical
research, petroleum science, and other fields. According to
Ahmad et al. [17], Fluid movement near a hyperbolic tangent
in the presence of heat was studied using Lie groups; the local
Nousselt area value decreases as the thermal radiation parame-
ter is raised, it is concluded by Researchers [18-19] have exam-
ined the results of heat transmission, the flow of hybrid
nanofluids across a sheet that is contracting and expanding
with the consistent shear flow, and the flow on a stretching
sheet. Bhattacharya et al. [20] created a statistical and numer-
ical approach to describe the flow properties of a copper and
graphene nanoparticle-containing Maxwell hybrid nanofluid.
Exact multiple solutions of 2-D bidirectional moving plate
micropolar hybrid nanofluid flow with heat transfer, Exact
multiple solutions of second-degree nanofluid slip flow and
heat transport in the porous medium, and Exact multiple solu-
tions for micropolar slip flow and heat transfer of a bidirec-
tional moving plate investigation have all been studied by
the researchers [21-25].Ternary hybrid nanofluids flow on a
spinning disc with nonlinear thermal radiation, Ternary hybrid
nanoparticles simultaneously on thermal radiative flow config-
ured by Darcy-Forchheimer porous surface, and thermal char-
acteristics of nonlinear convection and radiation for the flow
of tri-hybrid nanofluids over stretchable surface with energy
source [26-28].An Eigenvalues Approach for a Two-
Dimensional Porous Medium Based Upon Weak, Normal,
and Strong Thermal Conductivities was explored by the
researchers [29-30] as well as the exponential type decay for
solutions in a dipolar elastic body.

The flow regulating equations are subjected to a scaling
group transformation method in the current research, and
the resulting ODEs are subsequently numerically solved using
the shooting technique (RK-4thorder). Graphs are used to dis-
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play the results of simulations. The validity of computational
results is confirmed by existing research. The use of RSM to
optimise the rate of heat transfer and machine learning with
the gradient approach is another innovative aspect of this
study.

2. Mathematical Formulation:

In a two-dimensional, MHD unstable environment, the Darcy
flow of an incompressible nanofluid across a porous wedge
sheet (see Fig. 1).The temperature becomes constant both
within and outside the wedge..T,, and T in relation to mag-
netic strength B, applied in a straight line to the y-axis. The
following three cases involved the Ternary Hybrid Nanofluid
of Polyethylene Glycol and Water into Nanoparticles of
AA7072, Zirconium Oxide, and Magnesium Oxide. case-1
Base fluid containing nanoparticle AA7072, case-2 Base fluid
containing ternary hybrid nanoparticles AA7072, zirconium
oxide, and magnesium oxide, and case-3 Base fluid containing
ternary hybrid nanoparticles AA7072. The suspended
nanoparticles and the base fluid (Polyethylene Glycol-Water)
are in thermal equilibrium. The study’s [31-32], Table 1 lists
the thermophysical characteristics of the nanofluids. The por-
ous wedge is assumed to be transparent and in thermal equilib-
rium with the nanofluids. A wedge sheet that is non-reflecting,
absorbent, and preferably transparent detects an intensity flux
of incident radiation ¢/, The thermal flux passes through the
plate and is absorbed in a fluid with a nearby high absorption
coefficient. The justification for the induced magnetic field cre-
ated by fluid motion is B = (0, By, 0) by Kandasamy et al. [33—
34] findings used to define the momentum and energy equa-
tions on the premise that the influence of fluid polarisation is
insignificant.

ov  Ou

oy T ox =0 (1)

aT T oT 1 T dq,

I g, L Y o T—T

T T T T
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A constitutive equation known as Darcy’s law explains how
a nanofluid flows through a porous wedge. The term
0y(T» — T) is used to calculate the heat source to heat sink
ratio for a specific volume., QO is considered to be a constant
indicating the amount of heat produced. (Q, > 0) /absorbed

(Qy < 0) per unit volume. Use the Roseland approximation

_ 4o, o1
3K oy

constant, k* average ratio of absorption.u and v-velocity a
component on the x- and y-axes, respectively, 7-Base fluid’s
temperature. f3,, -The thermal expansion coefficient of the
hybrid nanofluid, the p,, Density of hybrid nanofluids, kj,,
Kinematic viscosity of the hybrid nanofluid,o,,r Heat conduc-
tion properties of the hybrid nanofluid.

Thermophysical properties are as follows:

The ternary hybrid nanofluid viscosity model by [35-36].

127
4
1= 0) (1= ) (1 — 03)** &

for thermal radiation. ¢/ = o1 Stefan-Boltzmann
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Fig. 1

Ternary hybrid nano particles with uniform shapes

Flow model porous wedge.
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Table 1 Thermophysical properties of Ternary hybrid nanofluid, Nanoparticles with a uniform shape by using the study of [31-32].

Nomenclature of nano-particles p Cp K
and base fluid (kg/m?) (J/kgK) (W/mK)
Base fluid Polyethylene Glycol-Water 1110 3354 0.3712
Ternary hybrid Nanofluid AA7072 2720 893 222
Zirconium oxide 5680 502 1.7
Magnesium oxide 3560 955 45
The ternary hybrid nanofluid density model by [35-36]. 0= TT TTx U= ?)‘ and y= - (1())

Prin P3Pp3 ?2py
2o 1 {1 o) [(1 - ) + 222 4 2P}
Pr Pr Py
[¢ .
+ plpJpZ. (5)
Py

The specific heat model for the ternary hybrid nanofluid is
as follows: [35-36].
(pCI’)T/m}‘ o

(pcp)xpl _
o), " o), T
x [(1 - «az){(l )+ 01 (pc”)“} + ¢ (pc‘”)m] G
(pey), (pey),

The ternary hybrid nanofluid thermal conduction model by
[35-36].

Ky~ (/n+2k/m,+<pz(/c/m, M))
Ky ("2‘*'2"7'/ 2‘/’2( nf— ’tz))
kg ™ (ky+ 2kt 02 (Kng—k2 ) )
kg (/‘I‘*'Z/*/ Z(Pl(kr —k ))
Ky (/(1+2/t/+<,01(k/ k|))

™)

The ternary hybrid nanofluid thermal expansion coefficient
model by [35-36].

3 (PB)sp3 ?2(pB)y (B2
(0B) s _ (1- (Pl){(l - (/’2){(1 —p3) + % ‘p, ”] +7 ‘p, IZ} +7 /p/ g
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Pr Py

(®)

Fluid’s kinematic viscosity v, ¢ percentage of hybrid
nanoparticles in volume, (pcp) nf Hybrid Nanoparticles’ actual
thermal capacity, kj,, hybrid nano fluid’s thermal conductivity,
ki and k; Basic fluid thermal conductivities and hybrid
nanoparticles, p,. and p, base fluid and hybrid nanoparticle
densities The following are the related boundary conditions:

v=0u=0,T=T,+c;x" at y =0.

u— U= (x™) (6™ )T — T, as y — .

¢; and n; (Power Index) are fixed values, and v, for the suc-
tion (vy > 0) and for injection (vy < 0) fluid’s flow rate at the

wedge. The expression of potential flow velocity is
U(x,t) = o.n+1,/31 7o (see in Sattar [37]) & time-varying

length scale, which is thought to be § = d(t) and f8; Typically,
the Hartree pressure gradient parameter 5, = % for the overall
angle Q within the wedge. By Kifissia and Nanoose’s [3§],
stream function is described as

0 +m) [xm-t vfxz /
C*y 2 5m+l 7‘//7 m+1 1+ (9

~

Equation (2),3 become
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Boundary conditions.
=02 =0 T=T, aty=0; (13).

FJ\’ >0y
& meHTaWHmﬂm

Cr = T_“ — Toc
definition, it is
Ty — T >> To.

It is given the value in this study C7 = 0.1, Murthy et al.
[39].

Using traditional Lie group analysis, the Eqs’ symmetry
groups. (11) and (12) are determined and are defined as

X' = 851()(7 Y l//7 9) + X, y* = 852()(7 Y; l//7 9) + Y,

lp* = w + 8“1(X7Y7l//70)70* = 0+ 8”2(X7Y7!p70)7

It is possible to wuse algebraic methods
infinitesimals.

& = taxé =g(x),u =c+cyand p, = csl.

g(x)-The infinitesimal generators and arbitrary function are
defined as

— where the temperature ratio Cr as per its

based on a very small constant

to create

X3 = %Jrg( )6
1o} ad

One-parameter minuscule The specified PDEs are trans-
formed into a system of ODES using Lie group transformation
as a specific illustration of Lie group symmetry group
transformation.

The defining characteristic equations are

@_dy_dx_ﬂ

0 0 x
We obtain by resolving the equations.

Y =xf({), { =y, and 6 = x0({) where { = {(x,1).
Equations (11), 12 result as follows
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Conditions at the boundaries are as follows.
F=0lmedymlf—0,0=1at{=0(7.
and%: 1,0 — 0 as { — oo (18).

Pr:';—;- is the Prandtl number, /=

(;m+ 1
Kk?

Porous media

3
N = 4‘”0”1-thermal

parameter, radiation parameter,

0y =71—y= M is the natural convention parameter or
w b U-kl B

buoyancy, 6, = ffjg AT is the parameter for the heat source/

n

B2 sm+1
o " the magnetic parameter and ¢ = kX =

sink and M =

By Kifissia and Nanoose s [38] the dimensionless wedge along
(¢ > 0) .The terms in this system of equations that have partial
derivatives with respect to clearly represent the non-similarity
aspects of the situation. &. This issue forbids similarity-based
solutions. Thus, with & - In order to solve the system of equa-
tions with the derivative terms still present, it is necessary to
use a numerical method appropriate for partial differential
equations. We will now talk about how to formulate the sys-
tem of equations for the local similarity model with regard
to the current issue. The terms accompanied by are truncated
at the first level by % are small. This is especially accurate when

(¢ <<1) .Thus the term with &% right-handed side of Egs.

(15) and (16) the following system of equations results after
the deletion

DD (=24 +2) 44+ (1= ) }+

(19)
o [{(DsD)} x ysin20 — (DM + 2)(f — )] =
0’ +3imN{(CT+9)39’}I
_ (P]r)l?z;){ 2n, f’F) (0 4 200+ 1 } o o)

Boundary circumstance are as follows.
f=0f=0,0=1at{=0(21).
andf’:l@aOas{eoo(ZZ).

— — 9%
Let Ay = wer.Where =

6 = [vste(m + 1)}W.When m=1 and c¢c=2 in f;,we get
0 = 2,/vet that acquires the parameter that acquires the
parameter § can be compared to the recognised scaling param-
eter for problems with unstable boundary layers (see Schlicht-

ing [40]). The skin friction coefficient and Nusselt number are
defined as

¢ = (@) HThnt _ iu/mf(
0/ o psU? Ky

Nu. — thnf (a_T)
* kf(waToo) ay y=0

are integrating,

Rex)/'(0)
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Similarity transformations used in Eqs (19) and (20).
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Reynolds’s local number is Re, =
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7D3:

2.1. Principle of Homogeneity.

2 4 2u — 0 (Continuity equation)
52', + Sf, =0
1 1
s +5 s =0
(Momentum equation)
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This helps us continue with the further investigation of cur-
rent study and the all the results are discussed in section 3.

3. Results and interpretation

This work reports heat transfer through a moving porous
wedge in the presence of thermal radiation, a heat source or
sink, a magnetic field, a Darcy ternary hybrid nanofluid flow,
and thermal radiation. To examine the impact of different fac-

tors on velocity, simulations are run.f ({) = (%) velocity and

thermal energy 6(() fields. Velocity j—i and thermal energy
0() fields is compared for three cases and is portrayed through
the construction of graphs Figs. 2 to 19. Here

Case:1 Nanofluid (AA7072: Polyethylene Glycol-Water).

Case:2 Hybrid nanofluid (AA7072 + Zirconium oxide:
Polyethylene Glycol-Water).

Case:3 Ternary hybrid nanofluid (AA7072 + Zirconium
oxide + Magnesium oxide: Polyethylene Glycol-Water).

The thermophysical properties of base fluid and nanoparti-
cles are listed in Table 1.

Fig. 2 discloses impact of the Magnetic parameter (M) on
temperature (0(()) profile while other parameters are consid-
ered constant. It is evident that ;—’Z of fluid motion is accelerated
by the fluid profile along the wedge’s wall with an improve-
ment in M Nanofluid, hybrid nanofluid, and ternary hybrid
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1
09t \l: 1
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0.8r . H Nano fluid (Blue lines) 1
H Case-2
0.7+ N M=0.1,0.2,0.3 Hybrid nanofluid (Red 1
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06 I .. Case-3 7
— ) . Ternary hybrid
g 05 LY * .. nanofluid (Green lines) )
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0.4 CY ..
A
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¢

Fig. 2 The impact of M on temperature profile.

1.4
1.2+ Case-1 q
Nano fluid (Blue lines)
Case-2
1 Hybrid nanofluid (Red 1
lines)
Case-3
. 0.8r Ternary hybrid ]
N N=1,3,5 nanofluid (Green lines)
=)
06 b
04 02741V |}
’ 02721\ \ \
027t \ \
0.2 o268 \ V \ 1
o2est 1\ \
0 |24 242 2.44 246 248 | .
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Fig. 3 The impact of N on temperature profile.

nanofluid are all three examples. In Fig. 2 0(() profile was
increasing for a fluid flow over a Wedge. Fig. 3 represents
the impact of Thermal radiation (N) on 0({),The temperature
profile was rising while the velocity profile was falling. Figs. 4

and 5 will represents the impact of Heat source/Sink () on &
and 0({),The temperature profile was falling while the velocity
profile was raising. Fig. 6 will represents the impact of porous
parameter (1) on 0({),The temperature profile dropped as the
porous layers rises. Fig. 7 will represents the impact of Buoy-
ancy/Natural convection (y) on 6({),As the temperature pro-
files rises. The buoyancy generates opposite force on the flow
due to this observed in enhancement. Fig. 8 will represents
the impact of m on 6({),The temperature profile is rising as
m rising due to higher pressure gradient on the system in all
the three cases of the flow.

a

Case-1

08t Nano fluid (Blue lines)
Case-2

Hybrid nanofluid (Red
lines)

0.6 Case-3

Ternary hybrid
nanofluid (Green lines)

0.2

Fig. 4 The impact of 61 on velocity profile.

1.8
16 4
Case-1
141 Nano fluid (Blue lines) 1
Case-2
1.2 Hybrid nanofluid (Red 4
lines)
1 Case-3 4
< Ternary hybrid
ES 08l nanofluid (Green lines) |
0.6 [ ]
04 4,=0.1,0.3,0.5 |
0.2 ]
0 | |
0 1 2 3 4 5

Fig. 5 The impact of 41 on temperature profile.

Figs. 9 and 10 will represents the impact of Temperature
ratio (C7) on Z—é and 0({),The temperature profile dropped as
the velocity profile rise for all the three cases of the flow. As
expected temperature ratio improves the internal pressure this
help move the particles faster, whereas temperature reduces.
Fig. 11 will signifies the impact of Boundary layer thickness
(4,) on 0({),While the temperature profiles are having mixed
nature in all the three cases of the flow.

Figs. 12 and 19 will represents the impact of Power index
parameter (n;) on % and 60((),The temperature profile is rising
as the velocity profile is descending.

Table 2 and 3 represents using a different dimension less
parameters, will represents the Skin friction and Nusselt num-
ber transfer rate. When (M) raises Skn (Skin friction) is
decreasing in all the three cases, when we compared three cases
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2
181 . b
16 : Case-1
L . - - . i
—_ S Nano fluid (Blue lines
RERFES N uid (Blue lines)
.l Y . Case-2
147 "y A Hybrid nanofiuid (Red
lines)
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Fig. 6 The impact of 1 on temperature profile.
3
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251 Nano fluid (Blue lines)
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Hybrid nanofluid (Red
2F lines) J
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Ternary hybrid
= 15 nanofluid (Green lines)
<

05
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Fig. 7 The impact of y on temperature profile.

Case-3 having more Skin friction rate than Case:1&2. When
(N) raises Skn (Skin friction) is increasing in all the three cases,
when we compared three cases Case-1 having more Skin fric-
tion rate than Case:2&3. When 4 raises Skn (Skin friction) is
increasing in all the three cases, when we compared three cases
Case-1 having more Skin friction rate than Case:2&3. When 4,
raises Skn (Skin friction) is increasing in all the three cases,
when we compared three cases Case-1 having more Skin fric-
tion rate than Case:2&3.Table 4. Table 5. Table 6.

When 6, raises Skn (Skin friction) is increasing in all the
three cases, when we compared three cases Case-1 having more
Skin friction rate than Case:2&3. When n; raises Skn (Skin
friction) is increasing in all the three cases, when we compared
three cases Case-3 having more Skin friction rate than
Case:1&2. When m raises Skn (Skin friction) is increasing in
all the three cases, when we compared three cases Case-1

1.8
1.6 i
1.4 Case-1 1
Nano fluid (Blue lines)
1.2 e Case-2 4
H : Hybrid nanofluid (Red
1 lines) i
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Fig. 8 The impact of m on temperature profile.
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Fig. 9 The impact of Cy on velocity profile.

having more Skin friction rate than Case:2&3. When Cr raises
Skn (Skin friction) is decreasing in all the three cases, when we
compared three cases Case-1 having more Skin friction rate
than Case:2&3. When 7 raises Skn (Skin friction) is decreasing
in all the three cases, when we compared three cases Case-1
having more Skin friction rate than Case:2&3. From Table 3
When M raises Nus (Nusselt number) is decreasing in all the
three cases, when we compared three cases Case-2 having more
Nusselt number rate than Case:1&3.When N raises Nus (Nus-
selt number) is decreasing in all the three cases, when we com-
pared three cases Case-1 having more Nusselt number rate
than Case:2&3.When / raises Nus (Nusselt number) is increas-
ing in all the three cases, when we compared three cases Case-1
having more Nusselt number rate than Case:2&3.When 4,
raises Nus (Nusselt number) is increasing in all the three cases,
when we compared three cases Case-1 having more Nusselt
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Fig. 10 The impact of Cr on temperature profile.

number rate than Case:2&3.When 0, raises Nus (Nusselt num-
ber) is increasing in all the three cases, when we compared
three cases Case-1 having more Nusselt number rate than
Case:2&3.When #n; raises Nus (Nusselt number) is decreasing
in all the three cases, when we compared three cases Case-1
having more Nusselt number rate than Case:2&3.When m
raises Nus (Nusselt number) is decreasing in all the three cases,
when we compared three cases Case-1 having more Nusselt
number rate than Case:2&3. When Cr raises Nus (Nusselt
number) is decreasing in all the three cases, when we compared
three cases Case-1 having more Nusselt number rate than
Case:2&3. When y raises Nus (Nusselt number) is decreasing
in all the three cases, when we compared three cases Case-1
having more Nusselt number rate than Case:2&3.
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Fig. 11  The impact of 4, on temperature profile.

3.1. Multilinear regression analysis:

By using the study of CSK Raju et al. [41], A regression model
known as multiple linear regression uses a straight line to eval-
uate the connection between a quantitative dependent variable
and two or more independent variables.
e, Z=Po+ P * Y1+ x Yo+ 3% Y3+ .
Multilinear regression (MLR) analyses the correlation
between the different parameters for the resultant solution.
Skin friction for the parameter ¢, ¢, ¢,, @3, 4,,7, M.

1.2 T T T

0.8
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= Nano fluid (Blue lines)
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’ Hybrid nanofluid (Red
lines)
0.2 Case-3 i
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nanofluid (Green lines)
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-0.2 . : . . . . .

Case-1

Fig. 12 The impact of n; on velocity profile MLR Graphs: Case-1 with red colour, Case-2 with Gray colour, Case-3 with blue colour. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 14  Impact of ,, A on Skn.
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The impact of A, and M on Skn

200

20
150
100 15
50 10
o Skn
5
—50
—100 o
—150
-5
—200
—10
—15

4

Fig. 15 Impact of 4,, M on Skn.
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Fig. 16 Impact of ¢, A on Skn.
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The impact of CT and 51 on Nus
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Fig. 19 Impact of Cr,d, on Nus.
Table 2 The physical parameter values for the skin friction coefficient.
Skin friction

M N A Ay o1 n m Cr y Case-1 Case-2 Case-3
0.1 0.276925 0.302120 0.303928
0.2 0.102502 0.133785 0.138419
0.3 0.152924 0.115852 0.103935
1 0.368026 0.345915 0.326587
3 0.369517 0.347168 0.327953
5 0.370666 0.348030 0.328824
0.2 0.326453 0.304919 0.285883
0.4 0.361708 0.341576 0.321492
0.6 0.379699 0.361324 0.341281
0.2 0.278804 0.256854 0.240482
0.5 0.549352 0.526050 0.500567
0.7 0.723548 0.698472 0.667433
0.1 0.311666 0.291475 0.273136
0.3 0.347053 0.326119 0.306376
0.5 0.379250 0.357749 0.337024
0 0.001219 0.140547 0.151985
0.01 0.390827 0.079160 0.099301
0.02 0.069121 0.046816 0.014814
0 0.356916 0.336007 0.317096
0.1 0.368352 0.346189 0.326780
0.2 0.363963 0.340544 0.322202
1.1 0.360982 0.338698 0.318204
3.1 0.359674 0.336305 0.315399
5.1 0.359686 0.335927 0.314894
0.2 0.485893 0.472804 0.455457
0.3 0.467615 0.451741 0.433600

0.4 0.434492 0.414836 0.395802
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Table 3 The physical parameter values for the local Nusselt number.
Nusselt number
M N A Ay o1 n m Cr Y Case-1 Case-2 Case-3
0.1 0.907888 0.943149 0.981598
0.2 0.793416 0.831977 0.865409
0.3 0.530928 0.580329 0.605897
1 1.001836 0.848556 0.817154
3 0.857369 0.699077 0.668218
5 0.777857 0.620899 0.590477
0.2 0.715954 0.602065 0.584403
0.4 2.106886 1.796687 1.735133
0.6 4.505998 3.780014 3.605518
0.2 0.555227 0.456246 0.430706
0.5 1.977464 1.733487 1.691692
0.7 2.786261 2.443205 2.383802
0.1 1.244530 1.076671 1.059010
0.3 1.314884 1.123577 1.089856
0.5 1.371258 1.154316 1.102158
0 0.527757 0.525579 0.540261
0.01 0.567344 0.534721 0.548689
0.02 0.547407 0.552880 0.562730
0 1.853137 1.580080 1.498079
0.1 1.028943 0.880377 0.849208
0.2 0.383085 0.300532 0.292930
1.1 1.160093 1.005312 0.976612
3.1 1.149258 1.016495 0.988483
5.1 1.137177 1.011060 0.983514
0.2 15.80462 13.95406 13.639348
0.3 4.110194 3.662373 3.591247
0.4 1.609842 1.423502 1.390867
Table 4 Multilinear regression of Skin friction for @, @, ¢,, @3, M, 4, 4,.
Case-1 Coefficients Standard 10} o (o ?3 A A M Skn Probability
Error Percentage
Intercept —5.57784 0 —5.57784
@ 1.492138 0 0.01 0.01 0 0 0.2 0.2 0.9 0.50722 1.492138
on —42.1104 0 0.02 0.02 0 0 0.5 0.4 0.6 0.664038 —42.1104
o 0 0 0.03 0.03 0 0 0.7 0.6 0.1 0.819304 0
03 0 0 0.04 0.04 0 0 0.9 0.8 0.2 2.830464 0
Ay 8.489935 0 0.05 0.05 0 0 0.6 1 0.3 0.644405 8.489935
A 2.155894 0 0.009 0.009 0 0 0.2 0.1 1.4 0.279208 2.155894
M 3.045906 0 0.008 0.008 0 0 0.1 1.4 0.7 3.045906
Case-2 Coefficients Standard 10} o (o ®3 Ay A M Skn Probability
Error Percentage
Intercept 0.962093 0 0.019 0.01 0.009 0 0.2 0.2 0.9 0.496504 0.962093
@ 1.030526 0 0.07 0.02 0.05 0 0.5 0.4 0.6 0.538189 1.030526
(on 0 0 0.07 0.03 0.04 0 0.7 0.6 0.1 0.708119 0
(0% —1.87223 0 0.07 0.04 0.03 0 0.9 0.8 0.2 0.605985 —1.87223
03 0 0 0.07 0.05 0.02 0 0.6 1 0.3 0.53315 0
A 0.007356 0 0.019 0.009 0.01 0 0.2 0.1 1.4 0.268185 0.007356
A —0.36345 0 0.009 0.008 0.001 0 0.1 1.4 0.7 0.162374 —0.36345
M —0.48607 0 0.019 0.01 0.009 0 0.2 0.2 0.9 0.496504 —0.48607
Case-3 Coefficients Standard ® o o 03 Ay A M Skn Probability
Error Percentage
Intercept 1.163712 0 0.069 0.01 0.009 0.05 0.2 0.2 0.9 0.420412 1.163712
® 0.261267 0 0.1 0.02 0.05 0.03 0.5 0.4 0.6 0.464692 0.261267
0N 0 0 0.08 0.03 0.04 0.01 0.7 0.6 0.1 0.676067 0
102 —3.15028 0 0.079 0.04 0.03 0.009 0.9 0.8 0.2 0.54547 —3.15028
05 0 0 0.11 0.05 0.02 0.04 0.6 1 0.3 0.486561 0
A —0.12665 0 0.039 0.009 0.01 0.02 0.2 0.1 1.4 0.268208 —0.12665
A —0.39342 0 0.049 0.008 0.001 0.004 0.1 1.4 0.7 0.205146 —0.39342
M —0.57823 0 0.069 0.01 0.009 0.05 0.2 0.2 0.9 0.420412 —0.57823
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Table 5 Multilinear regression of Nusselt number for ¢, ¢,, ¢,, @5, N, Cr, d;.

Case-1 Coefficients Standard @ o8 [0 ®3 N Cr 0 Nus Probability
Error Percentage
Intercept —5.57605 0 —5.57605
[0) 35.89214 0 0.01 0.01 0 0 0.2 0.2 0.9 16.11139 35.89214
0N 441.2306 0 0.02 0.02 0 0 0.5 0.4 0.6 2.644826 441.2306
(o3 0 0 0.03 0.03 0 0 0.7 0.6 0.1 3.474855 0
03 0 0 0.04 0.04 0 0 0.9 0.8 0.2 10.56416 0
N 1.037022 0 0.05 0.05 0 0 0.6 1 0.3 4.548002 1.037022
Cr —2.44285 0 0.009 0.009 0 0 0.2 0.1 1.4 0.209796 —2.44285
o1 —0.26385 0 0.008 0.008 0 0 0.1 1.4 0.7 1.130892 —0.26385
Case-2 Coeflicients Standard ® 8 [0 ®3 N Cr 0 Nus Probability
Error Percentage
Intercept Coefficients 0 0.019 0.01 0.009 0 0.2 0.2 0.9 15.11986 —0.86988
[0) —0.86988 0 0.07 0.02 0.05 0 0.5 0.4 0.6 1.644674 11.45916
oy 11.45916 0 0.07 0.03 0.04 0 0.7 0.6 0.1 2.300181 6.133779
o 6.133779 0 0.07 0.04 0.03 0 0.9 0.8 0.2 1.455225 0
03 0 0 0.07 0.05 0.02 0 0.6 1 0.3 3.16391 0
N 0 0 0.019 0.009 0.01 0 0.2 0.1 1.4 0.201777 0.109368
Cr 0.109368 0 0.009 0.008 0.001 0 0.1 1.4 0.7 1.135358 0.203646
o1 0.203646 0 0.019 0.01 0.009 0 0.2 0.2 0.9 15.11986 0.986619
Case-3 Coeflicients Standard ® [N [0 ?3 N Cr 0 Nus Probability
Error Percentage
Intercept —0.05048 0 0.069 0.01 0.009 0.05 0.2 0.2 0.9 14.4933 —0.05048
1) 14.72721 0 0.1 0.02 0.05 0.03 0.5 0.4 0.6 1.4486 14.72721
oy 0 0 0.08 0.03 0.04 0.01 0.7 0.6 0.1 2.19993 0
(o 0 0 0.079 0.04 0.03 0.009 0.9 0.8 0.2 1.8844 0
03 —25.5694 0 0.11 0.05 0.02 0.04 0.6 1 0.3 3.02548 —25.5694
N —0.08292 0 0.039 0.009 0.01 0.02 0.2 0.1 1.4 0.1769 —0.08292
Cr 0.278303 0 0.049 0.008 0.001 0.004 0.1 1.4 0.7 1.19443 0.278303
| 0.718559 0 0.069 0.01 0.009 0.05 0.2 0.2 0.9 14.4933 0.718559
Table 6 The regression statistics for Skin friction and Nusselt number.
Regression Statistics Skin friction Nusselt number
Case-1 Case-2 Case-3 Case-1 Case-2 Case-3
Multiple R 1 1 1 1 1 1
R Square 1 1 1 1 1 1
Adjusted R Square 65,535 65,535 65,535 65,535 65,535 65,535
Standard Error 0 0 0 0 0 0
Observations 6 6 6 6 6 6
Skngaser = - 5.577 4+ @*x1.4921 - @ %42.11 + %0 + ¢3%0 + /,%8.4899 4 yx2.1558 + M * 3.0459
Skngyser = 0.962 + 1.0305%¢p + Ok - 1.872x¢p, + Ox¢p; + 4,%0.0073 - 0.363%y - 0.486 x M (23)

Skncases = 1.1637 + ¢%0.2612 4+ 0x¢, - 3.1502x¢, + @30 - 0.1266%/, - 0.3934xy - 0.578 + M

Nusselt number for the parameters ¢, ¢,, ¢,, @3, N, Cr, 0.

NuSeaser = —5.576 +35.892 % o + ¢, *441.23 + ¢, x 0+ @3 x 0+ N % 1.037 — 2.442 x Cy — 0.263 * 9,
Nuseer = - 0.869 + ¢+11.4591 + ¢,%6.1337 + ¢,%0 + @3%x0 + 0.1093 * N + 0.2036 * Ct + 0.9866%6,
NuSeases = 0.05 + @x14.727 + 0%, + 0x@, - 25.56x¢; - 0.082 « N + 0.2783 %« Cr + 0.7185%9,

(24)



Response surface methodology optimization of dynamical solutions

43

The impact of (S‘l and N on Nus
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The impact of ¢ and CT on Nus

4

Fig. 22

Impact of ¢, Cr on Nus.

The impact of @ and ,51 on Nus

4

Fig. 23

Case-1 with red colour, Case-2 with Gray colour, Case-3
with blue colour.

From Figs. 13-31 with represents the impact of independent
parameters on dependent parameter as follows from Fig. 13 we
can observe that the impact of M,1 on Skn ,Case 2 has a
higher rate of skin friction transfer than Cases 1 and 3.
Fig. 14 we can observe that the impact of 4,, 4 on Skn ,Case
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Impact of ¢, d; on Nus.

1 has a higher rate of skin friction transfer than Cases 2 and
3. Fig. 15 we can observe that the impact of 4,, M on Skn ,Case
2 has a higher rate of skin friction transfer than Cases 1 and 3.
Fig. 16 we can observe that the impact of ¢, 4 on Skn ,Case 2
has a higher rate of skin friction transfer than Cases 1 and 3.
Fig. 17 we can observe that the impact of ¢, 4, on Skn ,When
compared to Cases 1 and 3, Case 2 had a higher rate of skin
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The impact of ¢ and N on Nus
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Fig. 25 Magnetic vs Skin friction coefficient.

friction transmission. Fig. 18 we can observe that the impact of
M, on Skn ,Skin friction transfer rate in Case-2 is higher
than Cases 1 and 3.

Fig. 19 we can observe that the impact of Cr,d; on Nus ,
having a higher Nusselt number transfer rate than Cases 1
and 3, Case-2 has more dominance. Fig. 20 we can observe
that the impact of N, d; on Nus having a higher Nusselt num-
ber transfer rate than Cases 1 and 2, Case 3 has more domi-

nance. Fig. 21 we can observe that the impact of N, Cr on
Nus ,having a higher Nusselt number transfer rate than Cases
1 and 2, Case 3 has more dominance.Fig. 22 we can observe
that the impact of ¢, Cy on Nus ,Case-3 has a higher rate of
Nusselt number transfer than Cases 1 and 2. Fig. 23 we can
observe that the impact of ¢,0; on Nus ,having a higher Nus-
selt number transfer rate than Cases 1 and 2, Case 3 has more
dominance. Fig. 24 we can observe that the impact of ¢, N on
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Fig. 29  Porous vs skin friction coefficient.
Porous parameter,Nus-1 Porous parameter ,Nus-2 Porous parameter ,Nus-3
4.5 A L ] is * 3.5 4
4.0 )
3.0
3.5 3.0 1
ul [7s] %] 25 .
g 3.0 g 2.51 3
S 2.5 2 ©
- = 2.0 = 2.0
2504 ® e * = -
a ¢ 2,5 2 1.5 1
1.5 1
1.0 4 1.0
1.0
0.5 . 05 . 05 T
T T T T T T T T
0.2 0.4 0.6 0.2 0.4 0.6 0.2 0.4
True values True values True values
Fig. 30  Porous vs Nusselt number.
Table 7 Gradient descent Machine learning values for the skin friction coefficient.
Skn-1 Skn-2 Skn-3
M N A True Predicted values True Predicted True Predicted
values values values values values
0.1 0.276925 0.20453875 0.302120 0.277053 0.303928 0.282090
0.2 0.102502 0.1770057 0.133785 0.183919 0.138419 0.182094
0.3 0.152924 0.14947265 0.115852 0.090785 0.103935 0.0820975
1 0.368026 0.36459932 0.345915 0.34270458 0.326587 0.32357745
3 0.369517 0.3683922 0.347168 0.34608725 0.327953 0.32689083
S 0.370666 0.37218508 0.348030 0.34946992 0.328824 0.33020422
0.2 0.326453 0.33037313 0.304919 0.310752 0.285883 0.292118
0.4 0.361708 0.35600005 0.341576 0.33607474 0.321492 0.31637988
0.6 0.379699 0.38162698 0.361324 0.36139748 0.341281 0.34064176
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Table 8 Gradient descent Machine learning values for the local Nusselt number.

Nus-1 Nus-2 Nus-3
M N y) True Predicted True Predicted True Predicted
values values values values values values
0.1 0.907888 0.93255733 0.943149 0.96656167 0.981598 0.98960793
0.2 0.793416 0.74407733 0.831977 0.78515167 0.865409 0.81743246
0.3 0.530928 0.55559733 0.580329 0.60374167 0.605897 0.64525699
1 1.001836 0.98093928 0.848556 0.8280546 0.817154 0.79697094
3 0.857369 0.87609857 0.699077 0.72034351 0.668218 0.6895364
5 0.777857 0.77125787 0.620899 0.61263237 0.590477 0.58210186
0.2 0.715954 0.547924 0.602065 0.47061417 0.584403 0.4644605
0.4 2.106886 2.442946 1.796687 2.05958867 1.735133 1.975018
0.6 4.505998 4.337968 3.780014 3.64856317 3.605518 3.4855755

Table 9 Comparison of study the validity and reliability as
follows.

Kandasamy et al. [33] and Present results

Kandasamy et al. [34]

M=0 0.5911 0.5912
M=0.5 0.6679 0.6680
M=1 0.7504 0.7503

Nus ,Compared to Cases 1 and 2, Case 3 has a higher Nusselt
number transfer rate.

3.2. Results of Machine learning analysis for Skin friction and
Nusselt. number:

By using Gradient descent method along with simple linear
regression analysis, we can see the Figs. 25-30. elucidates com-
parison of testing versus training skin friction and Nusselt
number for (a) Nanofluid case (b) Hybrid nanofluid case (c)
Ternary hybrid nanofluid case for Porous, Thermal and Mag-
netic parameter. The testing data points (red colour) and train-
ing data points (green colour) are along the diagonal line. The
anticipated values are close to the numerical values as well.
Thus, the machine learning algorithms can accurately forecast
physical quantities, we see those resultant comparison of True
and Predicted values from the Tables 7 and 8.

4. Concluding remarks

The numerical investigation of nanofluid flow and heat trans-
fer properties over a porous wedge includes nanofluid
(AA7072: Polyethylene Glycol-Water), hybrid nanofluid
(AA7072 + Zirconium oxide: Polyethylene Glycol-Water),
and ternary hybrid nanofluid (AA7072 + Zirconium
oxide + Magnesium oxide: Polyethylene Glycol-Water). Scal-
ing group transformations were utilised to change dimensional
equations into non-dimensional equations. In terms of the
operational parameters, machine learning using the gradient

descent approach has been employed to create and optimise
a thorough quadratic model for the rate of heat transfer.
The study’s main findings are as follows:

e It is found that the Nusselt number transfer rate is more in
Ternary hybrid nanofluids than Hybrid and Nanofluids and
the Skin friction rate is more in Hybrid nanofluids than in
Ternary and Nanofluids

e Heat source/sink, power index and temperature ratio
improvements for these parameters the profiles of velocity
are increasing.

e Increased Boundary layer thickness having the mixed-
nature temperature profiles.

e Temperature profiles are deteriorating as the parameters for
magnetic, heat source/sink, porous materials, and tempera-
ture ratio are improved.

e The temperature profile is rising due to improvements in the
Power index, Hall effect, buoyancy, and thermal radiation
parameters.

e The fitted MLR for the Nusselt number is accurate with
R?> =1 in all the three cases.

e By using Gradient descent method with Machine learning
approach getting accurate predicted values for Truth
values.
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