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Preface

The investigation of Hyers-Ulam stability of mathematical equations is a fascinating
and developing research area in mathematical analysis. This theory has emerged
from the well-known question raised by S. M. Ulam [30] in the year 1941. His
question is concerned with the existence of approximate solution near to the exact
solution of homomorphisms in group theory. In the subsequent year 1941, D. H.
Hyers [40] provided a partial response to the question of Ulam by considering Cauchy
functional equation in Banach spaces and the result obtained by Hyers-Ulam stability
of functional equations and the method adopted in proving this result is called as
the direct method. The approximate solution is obtained directly from the given
inequality in direct method.

In the year 1978, T. M. Rassias [83] further generalized Hyer’s result by consid-
ering the upper bound as a sum of the power of norms. Later, in the year 2002, C.
Park [68] proved the stability of linear mappings in the spirit of Hyers, Ulam and
Rassias in Banach modules. There are several different versions in the stability results
obtained by many mathematicians, viz, Aoki [5], Gavruta [34] J. M. Rassias [84].
There are various techniques applied to prove the stabilities of functional equations.
Some of them are fixed point technique [12—18], stability on restricted domains [10],
stability in dislocated metric spaces [74]. The direct method has influenced many
mathematicians to obtain stabilities of mathematical equations as it is simple and
easy when compared to other methods.

The foremost reply presented by Hyers [40] considered Banach spaces to achieve
the stability results. Later, this research work is carried out by many mathematicians in
different normed spaces. Further, the results of this research field from the beginning
to the latest results motivated us to deal with a few different functional equations to
determine their stabilities in modern normed spaces.

The fundamental aim of this book is to present several new results concerning
solution and various stabilities of some functional equations in different spaces such
as Banach space, Banach algebra, fuzzy normed space, intuitionistic fuzzy normed
space, random normed space, quasi-Banach algebra, random 2-normed space, and
generalized 2-normed space.
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In particular, fuzzy type normed spaces are considered in this book, as these
normed spaces find many significant roles in solving problems with uncertainties.
These stability results obtained in various fuzzy settings could be implemented to
solve problems with inexactness and vagueness. We do hope these results would pave
a different direction to analyze approximate solutions to a given equation whenever
uncertainty occurs. The results gained in this book can help readers learn about
proving stabilities in advanced normed spaces.

We dealt with functional equations derived from additive, quadratic, and other
higher-order functions in this book. We achieved their general solutions and estab-
lished their stabilities in various spaces using direct and fixed point approaches. It
has been attempted to offer this book in such a way that postgraduate students and
research scholars can gain some useful ideas for studying novel functional equations.
However, readers may want to go into additional sources to learn the fundamentals
of functional equations and how they develop in different directions.

The contributions of numerous researchers in the field of functional equations
have benefited the authors, and also sincerely acknowledge the suggestions and ideas
received from many colleagues, including P. Narasimman, B. V. Senthil Kumar, and
others. The first author gratefully acknowledges the SERB, India grant (F. No.: MTR/
2020/000534).

Guwabhati, India Hemen Dutta
Malawi, Central African Republic Vediyappan Govindan
Seoul, Korea (Republic of) Choonkil Park
Phuket, Thailand R. Vadivel

April, 2023
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Chapter 1 ®)
Functional Equations oo

1.1 Fundamentals of Functional Equation

Functional equations are one of the most interesting topics in the field of mathematics.
A functional equation is much like a regular algebraic equation, though instead of
unknown elements in some set, we are interested in finding a function satisfying our
equation.

Functional equations arose concurrently with the definition of function and flour-
ished at all levels of mathematics. The most fundamental functional equations include
the definition of an even function f(x) = f(—x), for all x, the definition of an
odd function f(x) = — f(—x), for all x, and the definition of a periodic function
f(x+T)= f(x), forall x, where T > 0.

Despite the fact that functional equations had been known since the 16th century,
it took another two centuries for mathematicians to attempt to organize the notations
and theory. The work of Grégoire de Saint-Vincent (1584-1667) is a good place
to start. He discovered that the area under hyperbolic graphs can be described by a
function f(x) with the property f(x) 4+ f(y) = f(xy). This property is possessed by
logarithmic functions, which are easily shown by modern calculus, but at that time,
Grégoire used a geometric argument to obtain a functional equation, which would
ultimately have a logarithmic solution [62, 91].

1.2 Definition of Functional Equations

The following definition is due to Acz€l [1, 2], a renowned specialist in the field of
functional equations.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
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2 1 Functional Equations

Definition 1.1 Functional equations are equations in which both sides are terms
constructed from a finite number of unknown functions and a finite number of inde-
pendent variables.

That is, functional equations are equations in which the unknown functions of
their variables are range over functions.

The following is an useful example (see also, [35, 45, 46]).

Example 1.2 (i) A(x 4+ y) = A(x) + A(y); (Cauchy’s Additive Functional Equa-
tion)

(i) E(x +y) = E(x)E(y); (Cauchy’s Exponential Functional Equation)

(i) M(xy) = M(x)M (y); (Cauchy’s Multiplicative Functional Equation)

(iv) L(xy) = L(x) + L(y); (Cauchy’s Logarithmic Functional Equation)

The field of functional equations includes differential equations, difference equa-
tions, and integral equations.

Definition 1.3 An algebroid functional equation for the unknown function f(x) is
an equation of the form

F(x, f(x)) =0, (1.1)

for all x € D, where F is a known function of two variables and D is a given set.
Unfortunately, Eq. (1.1) hides some important aspects of functional equations. The
function F' may contain parameters. These parameters are frequently assumed in the
form of variables in the functional equation with values in D. For example,

F(x,y, f(x), f(») =0, (1.2)

for all x, y € D is a functional equation of f(x) with y and f(y) appearing as
parameters. The fact that we permit parameters to enter in ways similar to this allows
a functional equation to have an endless number of possibilities. For convenience’s
sake, we shall assume that Eq. (1.1) is a shorthand notation for all such possibilities.
Furthermore, f(x) is a one-variable function, but it can satisfy the two-variable
functional equation, f(x 4+ y) = f(x) + f(»).

1.3 Solution of Functional Equations

A solution of a functional equation is a function which satisfies the given condition
of the functional equation.

Example 1.4 The functions A(x) = kx, E(x) =e*, M(x) = x“and L(x) = logx
are solutions of the Cauchy additive, exponential, multiplicative and logarithmic
functional equations respectively.
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Example 1.5 f(x) = cx + a is the solution of the functional equation

f<x+y) _f)+ f)
2 - 2 '

Particular Solution of Functional Equation: A function (or) set of functions is
said to be a particular solution of a functional equation (or) system of functional
equations if it satisfies the functional equation.

Example 1.6 The functional equation f(x 4+ y) = g(x) + h(y) hassolution f(x) =
2x +3; g(x) = 2x + 1; h(x) = 2x + 2 respectively.

General Solution of Functional Equation: The general solution of a functional
equation (or) system is the totality of particular solutions.

Example 1.7 f(x) =cx +a + b; g(x) = cx + a; h(x) = cx + b are solutions of
the functional equation f(x 4+ y) = g(x) + h(y).

1.4 Applications of Functional Equations

Functional equations arise not only in mathematics but also in many other areas of
science, engineering, and social sciences. On the research front, the functional equa-
tions have been at the heart of many different areas of mathematics and theoretical
physics, such as lattice integrable systems, factorized scattering in quantum field
theory, Braid and Knot theory, and quantum groups.

The sum of the kth powers of the first n natural numbers is calculated using the
additive Cauchy functional equation fork = 1,2, 3,...We can show that the number of
possible pairs among n things can be determined using the additive Cauchy functional
equation. Furthermore, the additive Cauchy functional equation can be used to find
the sum of certain finite series.

Using the properties of the integrals and the nth logarithmic function, we can
derive f lx }dt, for all x € (0, 00). In elementary calculus, the Cauchy functional
equation is used to define natural logarithm. For example, they may be used in the
continuation of functions into the complex plane. The Gamma function’s functional
equation, I'(z + 1) = zI['(z), for example, allows us to understand the function’s
continuation to the left of the line Re(z) = 0.

1.5 Stability of Functional Equations

One can ask the following question in general for functional equations. Whether it
is true, that the solution of an equation differing slightly from a given one, should be
close to the solution of the given equation? or, if we replace a functional equation
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with a functional inequality, when can one assert that the solutions of the inequality
lie near to the solutions of the equation?

The stability of the functional equation has been a hot topic over the last seven
decades. Initially, it sustained on the question of Ulam [92] and several unsolved
problems proposed by him. This was the starting point of the stability theory of
functional equations [10].

Ulam Problem: Suppose G is a group, H (d) is a metric group and f : G — H.For
any € > 0, does there exist § > 0 such that

d(fxy), fx)f() <38,

holds for all x, y € G and implies there is a unique homomorphism M : G - H
such that

d(f(x), M(x)) <e,

forall x € G.
If the answer is affirmative, we can say that the Cauchy equation

fxy) = f&x)f(y)

is stable. This question forms the basis of stability theory.

Hyers [40] in 1941 answered S.M. Ulam’s question affirmatively by considering
Banach spaces in places of the group G and metric group H (d) in the form of the
following theorem.

Theorem 1.8 ([40]) Let X, Y be Banach spaces and let f : X — Y be a mapping
satisfying

I fx+y) = f)=f)II=e, (1.3)

for some € > 0 and for all x,y € X. Then the limit

a(x) = lim L&)

n— 00 o

exists forall x € X and a : X — Y is the unique additive mapping satisfying

I f(x) —alx) lI<e,

forall x € X.

The above stability is known as Hyers-Ulam stability of the additive functional
equation for any pair of Banach spaces. In the preceding theorem, the method for
constructing the additive function a(x) is direct. This method is an important and
powerful tool for studying the stability of various functional equations [80].
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In 1950, Aoki [4] generalized the Hyers theorem for additive mappings involving
normed spaces X and Y as follows.

Theorem 1.9 ([4]) Let the transformation f (x) from X to Y be approximately linear,
i.e., there existk > 0 and 0 < p < 1 such that

| Fea+=F@ = I=k(1x 17 +1y 1), (1:4)

forallx,yin X.
Then there is a linear transformation 7 (x) from X to Y near f(x), i.e., there exist
k>0and0 < p < 1 such that

I fe) —m@) <kl x|”, (1.5)

forall x in X.
Such (x) is unique.

The above stability is called Hyers-Ulam-Aoki Stability of the additive func-
tional equation. Rassias [83], re-modified Aoki’s theorem, and proved the following
theorem.

Theorem 1.10 (Hyers-Ulam-Rassias Stability) Let X and Y be two Banach spaces.
Let6 > 0and p € [0, 1). If a function f : X — Y satisfies the inequality

| fa+ = f@ = I=o(1x 17+ 1y 1), (1.6)

forall x,y € X, then there exists a unique additive mapping T : X — Y such that

| F@) =T = 7=

Ix 117, (1.7)
forall x in X. Moreover, if f(tx) is continuous in t for each fixed x € X, then the
function T is linear.

Th.M. Rassias during the 27th international symposium on functional equations
asked the question of whether such a Hyers-Ulam-Rassias theorem can also be proved
for a value of p greater or equal to 1 after noticing that the above theorem also works
for p < 0.1In 1991, Gajda [32] provided an affirmative solution to Th.M. Rassiass’s
question for p strictly greater than one. In fact, he established the following result.

Theorem 1.11 ([32]) Let X and Y be two (real) normed linear spaces and assume
that X is complete. Let f : X — Y be a mapping for which there exists two constants
€ > 0and p € R/{1} such that

| e+ —f@—fol=e(lxl+1y1), (1.8)
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forall x,y € X, then there exists a unique additive mapping T : X — Y such that
I fx)—Tx) <4, (1.9)

forall x in X, where

2
5 (2_62,,) forp <1
o 2% forp>1
-2 p=4

moreover, for each x € X, the transformation t — f(tx) is continuous, then the
mapping T is linear.

It turns out that 1 is the only critical value of p to which the Theorem 1.10 cannot
be extended. Z. Gajda showed that this theorem is false for p = 1 by constructing a
counterexample (see, [32]).

Rassias [78] replaced the factor (sum of norms) || x ||” + || y ||¢ by (product
norms) || x [|” - || y ||? for p,q € R, p + g # 1 and proved the following theorem.

Theorem 1.12 Let (X, ||.|l1) be a normed linear space and (Y, ||.||2) be a Banach
space. Assume in addition that f : X — Y is a mapping such that f(t.x) is con-
tinuous in t for each fixed x. If there exists p,q, 0 < p+q < 1, and 0 > 0 such
that

I f+y) =@+ O =0 lx 171yl (1.10)

forall x,y € X, then there exists a unique linear mapping T : X — Y such that

I f(x)=T) l2= Ix 17, (1.11)

T 2-—-2rt4
forallx in X.

Theorem 1.13 Let (E, +) be an abelian group, F be a Banach space and let ¢ :
E x E — [0, 00) be a function satisfying

o0

Py =) z—lkn(zkx, 2¢y) < oo, (1.12)
k=0

forallx,y € E. Assume that a mapping f : E — F satisfies the functional inequal-
ity

I fx+y) = f)—=f) = ox,y),

for all x,y € E. Then there exists a unique additive mapping T : E — F which
satisfies
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¢ (x,x)

I fx) =T = >

forall x € E. If moreover f(tx) is continuous in t for fixed x € E, then T is linear.

This stability result, proved by Gavruta’s [34] is a generalisation of the Hyers-
Ulam-Rassias stability of approximately additive mappings.

K. Ravi obtained a special case of Gavruta’s theorem for the unbounded Cauchy
difference in 2008 by considering the summation

Ix 170y 19 + 11 x (1P + )y P

introduced by J. M. Rassias.

Theorem 1.14 Let (E, L) denote an orthogonality normed space with norm || . ||g
and (F, | . ||F) is a Banach space and f : E — F be a mapping which satisfying
the inequality

| FOmx 4 3) + fmx = y) =2/ (x4 3) =2/ (x = y) = 20n° = D f () +2 ) I
= el s 1By 1% + 01 121y 1)), (1.13)

forallx,y € Ewithx L y,wheree, p > Oandeitherm > 1;p < lorm <1; p >
Lwithm #0; m # +1; m # +v2 and —1 # |m|P~" < 1. Then the limit

00 = 1im £ (m;x),
m

n—o00

exists for all x € E and q : E — F is the unique orthogonality Euler-Lagrange
quadratic mapping, such that

| f@) = Q@) llr< ﬁ Ix 13

2p|

forall x € E.

1.6 Fixed Point Theory on Stability of Functional
Equations

In Theorem 1.8, the additive function a is explicitly constructed by Hyers [40],
directly from the given function f as

a(x) = lim f2")

n—o00 on

: (1.14)

This is considered a very powerful method to study the stability of functional
equations of several types.
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Cuadariu and Radu [17, 18] used the fixed point approach for studying the stability
of Jensen’s functional equation and the Cauchy functional equation.

Now, we recall some basic definitions and theorems on fixed point theory that
will be required in the sequel [22, 76].

Definition 1.15 (Metric) Let X be a set, A functiond : X x X — [0, 00) is called
a metric on X if d satisfies

(i) d(x,y)=0ifandonlyifx =y

@) d(x,y)=d(y,x),forallx,y € X
(iii) d(x,z) <d(x,y)+d(y,z),forall x,y,z € X.

Definition 1.16 (Generalized Metric) Let X be a set. A function d : X x X —
[0, oo] is called a generalized metric on X if d satisfies

(i) d(x,y)=0ifandonlyifx =y

(i) d(x,y)=d(y,x),forallx,y € X
(i) d(x,z) <d(x,y)+d(y,z),forallx,y,z € X.

The distinction between the generalized metric and the usual metric is that the
range of the former includes infinity.

Theorem 1.17 Let (X, d) be a complete metric space, and consider a mapping
A : X — X, which is strictly contractive, that is

d(Ax, Ay) < Ld(x,y), Vx,y € X

for some (Lipschitz constant) L < 1. Then
(i) The mapping A has one and only one, fixed point x* = A(x*)
(ii) The fixed point x* is globally attractive, that is lim A"x = x*, for any starting
n—00
point x € X
(iii) One has the following estimation inequalities:

d(A"x,x*) < L"d(x,x*),Vn > 0and x € X
d(A"x,x*) < +Ld(A”, A", Yn>0and x € X
d(x,x*) < ﬁd(x, Ax), Vx € X.

Theorem 1.18 Let (X, d) be a complete generalized metric space and a strictly
contractive mapping A : X — X , with the Lipschitz constant L. Then, for each
fixed element x € X , either

(al) d(A"x, A""'x) =400, Vn >0 or

(a2) There exists a natural number ny such that

(bl) d(A"x, A" 'x) < 400, Vn > ny

(b2) the sequence {A"x} is convergent to a fixed point y* of A
(b3) y* is the unique fixed point of A in the set

Y ={yeX, dA"x, y)}
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(b4) d(y,y*) < Ti7d(y, Ay), forallx,y € Y.

The fixed point y*, if it exists, is not necessarily unique in the whole space X.
In fact, if (a2) is true, then (Y, d) is a complete metric space and A(Y) C Y. As a
result, the properties (b1) — (b3) are easily deduced from Theorem 1.17 (see also
[17, 18, 21, 64]).

Example 1.19 LetA:{O,Z},B:{% :ne N}, X=AUB.Definedon X x X

as follows:

1. dix,y)=0ifx =y
2. dx,y)=1ifx #y
3. {x,y}CAor{x,y} € B,d(x,y)=d(y,x) =yifx € Aand y € B.

Then it is easy to show (X, d) is a generalized metric space but (X, d) is not a
standard metric space because it lacks the triangular property:

1=d L1 d 10 +d|0 ! l-l-1 >
== = > -, , = = — _—= -,
2°3 2 3 2 3 6

In this g.m.s, the sequence {%} converges to both 0 and 2 and it is not a Cauchy

sequence. (X, d) is not a Hausdorff space and d is not continuous distance in a sense

lim d L1 #d |0 !
im i =
n—00 n 2 2



Chapter 2 ®)
Additive Functional Equations oo

2.1 Additive Functional Equation

One of the most famous additive functional equation is

Ja+y) =fx)+ ). 2.1)

It was first solved by A. L. Cauchy in the class of continuous real-valued functions.
The theory of additive functional equations is frequently applied to the development
of theories of other functional equations. Moreover, the properties of additive func-
tional equations are powerful tools in almost every field of the natural and social
sciences. Every solution of the additive functional equation (2.1) is called an addi-
tive function.

It is well known that if an additive function f : R — R satisfies one of the fol-
lowing conditions.

(a) f is continuous at a point

(b) f is monotonic on an interval of positive length
(c) f is bounded on an interval of positive length
(d) f isintegrable

(e) f is measurable.

Then f is of the form f(x) = cx with a real constant c. That is to say f has the
linearity. That is, if a solution of the additive Eq. (2.1) satisfies one of the very weak
conditions (a) to (e), then it does have the linearity. But every additive functional
which is not linear displays a very strange behavior.

The stability of the additive functional equation (2.1) was discussed by Hyers
[40], Aoki [4], Rassias [83], Gajda [32], Rassias [77], Gavruta [34].
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12 2 Additive Functional Equations
The solution and stability of the following additive functional equations

FQx—y)+ fx —2y) =3f(x) —3f() (2.2)
fO+y =20+ fQx+2y —2)=3fx)+3f() —3f() (2.3)
Fx+ky)+ fx —ky) = f(x +y) + 2 f(x — y) +2(1 — kD) f(x) (2.4)

f(ka,») +y f( —kxj + ka,-) — (n— 1)[2(21' - l)f(x,-)] 2.5)
i=l j=1 ;;} i=1

f(nx; + n’xy +ndxy + ntxg + n5x5) + f(—nx; + n’xy + nxs 4+ n*xg + ndxs)
+ f(nx, — n’x, + n3X3 +ntxq + n5x5) + f(nx; + n’x, — n3X3 +ntxs + n5x5)
+ f(nx; + n’xy +nixy; — ntxs + nsxS) + f(nx; + n2xy +n’xy +ntxg — I’lS)C5)
=2[f (nx1 +n’xp) + f(nxi +n'x3) + f(nxy 4+ n*xq) + f(nx) 4 nxs)

+ f(n*x2 + 1nx3) + f(nPxa + n*xg) + f(Px0 4+ 0xs) + f (x5 + n'xa)

+ fx3 4+ nxs) + f(n*x, +n’xs)] = 2n[f (x1) — f(=x1)]

—20%[f (02) = f(=x2)] = 20°[f (x3) = f(=x3)] = 20°[ f (xa) — f(=x4)]

= 20°[f (x5) = f(=x5)] = n?[f (x1) + f(=xD)] = n*[f (x2) + [ (=x2)

= n°Lf (13) + f(=x)] = n°Lf (x) + f(=x)] = n°Lf (x5) + f(=x5)]. (2.6)
were discussed by Lee [59], Gordji and Parviz [23].

In this chapter, we discuss the solution and stability of the additive functional

equation in Banach space with the help of direct and fixed point methods (see [3, 11,
33, 55]).

2.2 General Solution of Additive Functional Equation

Theorem 2.1 An odd mapping f : X — Y satisfies the functional equation (2.1)
forallx,y € X, ifand only if f : X — Y satisfies the functional equation (2.6) for
all x, x2, x3, x4, x5 € X.

Proof Let f : X — Y satisfies the functional equation (2.1). Setting (x, y) by (0, 0)

in(2.1), we get £ (0) = 0.Replacing (x, y) by (x, x) and (x, 2x) respectively in (2.1),
we obtain

fQ2x)=2f(x)and f(3x) =3f(x), 2.7
for all x € X. In general for any positive integer a, we have

flax) = af (x), (2.8)
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for all x € X. It is easy to verify from (2.8) that
f@x) =a’f(x) and f(a’x) =a’f(x), (2.9)
for all x € X. Replacing (x, y) by (nx;, n’x;) in (2.1), we get
fxi +n’x) = f(x) + f(nPx), (2.10)

for all x;, x, € X. Replacing (x, y) by (nx; + n’x,, n°x3) in (2.1) and using (2.10),
we obtain

fnxi 4+ nx; +1x3) = f(nxy) + f(nx2) + f(n’x3), 2.11)

for all xy, x5, x3 € X. Replacing (x, y) by (nx; + nxy + n’xs, n*x4) in (2.1) and
using (2.11), we get

f(nxi 4+ nx; 4+ nx3 + n'xy) = f(xy) + f(nPx0) + f(’x3)
+f(n*xy),  (2.12)

for all x|, x, x3, x4 € X. Replacing (x, y) by (nx; + n’x; + n’x3 + n*x4, n°xs) in
(2.1) and using (2.12), we attain

fnx; +n’xs +nxs +ntx, +0°xs) = f(nx) + f(n’x2) + f(n'x3)
+f(n*xs) + fF(n’xs), (2.13)

for all xy, x2, x3, x4, x5 € X. Replacing x; by — x; in (2.13) and using oddness of
f, we obtain

f(=nxi 4+ n*xz + n’xy 4+ n'x, +nxs) = — f(nx1) + f(n’x2)
+f () + f(n'xy),  (2.14)

forall x, x7, x3, x4, x5 € X. Againreplacing x, by — x; in (2.13) and using oddness
of f, we obtain

fnxy —n*xy 4+ nxs + n'x, +nxs) = f(nxy) — f(n*x2) + f(n’x3)
+f(n*xy) + f(n’xs), (2.15)

for all xy, x2, x3, x4, x5 € X. Letting x3 by — x3 in (2.13) and using oddness of f,
we have

f(nx; + n’x, — n’xy 4+ ntx, +n’xs) = fnxy) + f(nzxz) — f(n3x3)
+f(n*xs) + fF(n’xs), (2.16)
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for all xy, x», x3, x4, Xs € X. Replacing x4 by — x4 in (2.13) and using oddness of
f, we get

fnx; +n?xs +n'xs — n*x, +0°xs5) = f(nx) + f(nx2) + f(nx3)
—f(n*xy) + f(’xs), (2.17)

for all xy, x2, x3, x4, x5 € X. Replacing x5 by — x5 in (2.13) and using oddness of
f, we have

fxy +n’xy +nx3 + ntx, —n’xs) = f(nx) + f(n°x2) + f(n°x3)
+f(nxy) — f(n'x5), (2.18)

for all x1, x2, x3, X4, x5 € X. Adding the Egs. (2.13), (2.14), (2.15), (2.16), (2.17)
and (2.18), we have

f(nx; + n2x2 + n3x3 +ntxy +1°xs5) + f(=nx; + n2x2 + n3x3 + n4x4 + n’xs)
+f(nx; — n2xy +nix; + ntxs + n5x5) + f(nx; + n’xy — ndxs +n*xg + n5x5)
+ f(nx; + n’x, + n3x3 —ntxy + n5x5) + f(nx, + n’x, + n3x3 +n*xy — n5x5)
= 4f(x1) +4f (1x2) + 4f (0Px3) + 4 (nxa) + 4 (0xs), (2.19)

forall x, x5, x3, x4, xs € X.Using oddness of f in (2.19) and rearranging, we obtain

f(nx; + n’xy +n’xs +ntxq +ndxs) + f(—=nx; + n’x, 4+ nixs + n4x4 + n’xs)
+f(nx; — n’xy + ndxs + n*xg + nsxs) + f(nx; + n’xy — n3xs +n*xg + n5x5)
+ f(nx; + n’x, + n3x3 —ntx + n5x5) + f(nx, + n’x, + n3x3 +n*xy — n5x5)
= 2[f(nx1 + n’x2) + f(nx; + nx3) + f(nx; +n'xs) + f(nx; +n’xs)
+f(n*x2 + 1x3) + f(nPx2 4+ n*xa) + fF(Px2 + n'x5) + f(n'x3 +n'xy)

+f (x5 +107xs) + f(n'xs + 0x5)] = 200 f (x1) = f(=x1)]

—2n*[f(x2) — f(—=x2)] = 2n°[ f (x3) — f(—x3)]

—2n*[f (xa) = f(=x)] = 2°[ f (x5) = f(=x3)], (2.20)

for all x1, x7, X3, x4, x5 € X.

Adding —n? f(x1) — n* f(x2) — n® f(x3) — n® f(x4) — n'° f(x5) on both sides,
rearranging and using oddness of f, we reach (2.6) as desired.

Conversely, assume that f : X — Y satisfies the functional equation (2.2). Using
oddness of f in (2.10), we have

fnx; + nzxz + n3X3 + n4X4 + n5x5) + f(—nx; + nzxz + n3X3 + I’Z4X4 + nsxs)
+f(nx; — n’x, + n3x3 +ntxs + n5x5) + f(nx; + n’x, — n3x3 +n*xg + n5x5)
+f(nx; + n2x2 + n3x3 — n4x4 +nxs) + f(nx; + n2x2 + n3x3 + n4x4 — n5x5)
= dnf (x1) +4n® £ (x2) +4n3 £ (x3) + 4n’ f (xg) + 4n° f (x5), (2:21)
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for all xy, x5, x3, x4, x5 € X.

Replacing (x1, x2, x3, x4, X5) by (x, 0, 0, 0, 0), (0, x, 0, 0, 0), (0, 0, x, 0, 0), (0, O,
0, x,0) and (0, 0, 0, 0, x) respectively in (2.21), we obtain

fnx) =nfx), f*x) =n’fx), f’x) =n’fx), f'x)=n"f(x),
and f(n’x) =n’ f(x), (2.22)

for all x € X. One can easy to verify from (2.22) that
X 1 .
f<—,> =—fx); i=1,2,3,4,5 (2.23)
n' n'

forall x € X.
Replacing (x1, x2, X3, x4, X5) by (3,
and (2.23), we obtain our result.

0,0, 0) in (2.21) and using oddness of f

n’ r12’

2.3 Additive Functional Equation: Odd Case—Direct
Method

Theorem 2.2 Let j € {—1,1}. Let o : X° — [0, 00) be a function such that

. ) ) ) ) .
Z a(n¥ xy, n% xy, nM x5, % x4, 1% x5)

T (2.24)

k=0

converges in R, for all x|, x,, x3, x4, x5 € X. Let f, : X — Y be an odd mapping
satisfying the inequality

| Dfa(x1, x2, x3, x4, x5) [|< (X1, X2, X3, X4, X5), (2.25)

forall x1, x5, X3, x4, x5 € X (Df—Domain of a function). Then there exists a unique
additive mapping A : X — Y which satisfies the functional equation (2.6) and

oo

kj
| ful) —sA@) 1< 41 Z e 000, (2.26)

for all x € X. The mapping A(x) is defined by

Ja (I’lij)

nki

A(x) = lim (2.27)

forall x € X.
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Proof Assume that j = 1. Setting (x, x3, X3, X4, X5) by (x, 0, 0, 0, 0) in (2.25) and
using oddness of f,, we get

I 4nfa(x) — 4 fa(nx) | < a(x,0,0,0,0), (2.28)

for all x € X. It follows from (2.28) that

|

for all x € X. Now replacing x by nx and dividing by n in (2.29), we get

for all x € X. Adding (2.29) and (2.30), we have

for all x € X. In general for any positive integer i one can easy to verify that

Janx) fa(x)H <L 0x.0.0.0.0), (2.29)
n 4n

fa?x)  fa (nx) H

2

a(nx 0,0,0,0), (2.30)

n

Ja (n x)

’

10| = 5 r.0.0,0,0p 4 2020000

fa(nx)_fa( )H %Z (nxOOOO)

n'

2.31)

fa(nx) - )H 4iZ:Ot(n x,0,0,0,0)

nk ’

for all x € X. In order to prove the convergence of the sequence { L'x) (” %) } replacing

nt
=0

x by nix and dividing n' in (2.31), fori,l > 0, we get

— 0asl— oo, (2.32)

[l falroy L 3o @ *x,0.00.0
nitl nk+l

for all x € X. Hence the sequence {@ }, is Cauchy sequence. Since Y is com-

plete, there exists amapping A : X — Y suchthat A(x) = lim %ii"),forallx € X.
1—> 00

Letting i — oo in (2.31) we see that (2.26) holds for x € X. To prove that A satis-

fies (2.6), replacing (xy, X2, X3, X4, X5) by (n'x, n'x, n'x, n'x, n'x) and dividing n'

in (2.25), we get
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||Df(l [ B B | < 1 T SR SO DU
] (n'x,n'x,n'x,n'x,n'x) ||_; |a(m'x,n'x,n'x,n'x,n'x) |,

for all xy, x,, x3, ..., x, € X. Letting I — 00 in above inequality and using the defi-
nition of A(x), we see that A(xy, x, X3, X4, x5) = 0. Hence A satisfies (2.6), for all
X1, X2, X3, X4, X5 € X. To show that A is unique. Let B be another additive mapping
satisfying (2.6) and (2.26), then

1
IAG) =B || < ;{ ‘(A(nlx) - fa(n’x>)H + H(fa(n’x) - B(nlx)>H}
1 < a(n*tx,0,0,0,0)
< — — 0 asl — oo,
4n nk+l
k=0
forall x € X.Hence A is unique. For j = —1, we can prove a similar stability result.

This completes the proof of Theorem 2.2.

Proposition 2.3 Let j € {—1,1}. Let o : X — [0, 00) be a function such that

. ) ) ) . )
Z a(n®x;, n® xy, n% x5, 0% x4, n% x5)
2k

k]

k=(

(=}

convergesinR, forall x|, x,, x3, x4, xs € X. Let f, : X — Y be amapping satisfying
the inequality (2.25) forall x|, X, x3, X4, x5 € X. Then there exists a unique mapping
A 1 X — Y which satisfies the functional equation (2.6) and

«(0,n*ix,0,0,0)
2kj

)

1 o0
| far) = AG) 1= Z
k=151

forall x € X. The mapping A(x) is defined by

fa(m?ix)

Al) = klin;o n2ki 7

forall x € X.

Remark: Let j € {—1,1}. Leta : X° — [0, 00) be a function such that

. , . ) ) )
Z (2% x|, 2%k xy, 22K x5, 2%Ki x4, 22K x5)

22kj ’
k=0

convergesinRR, forall x;, x;, x3, x4, xs € X.Let f, : X — Y beamapping satisfying
the inequality (2.25) for all x;, x», x3, x4, x5 € X.Then there exists a unique mapping
A : X — Y which satisfies the functional equation (2.6) and
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1 i (0,2%ix, 0,0, 0)

I fae) = AG) = 7¢ | ki ;
k=1L

for all x € X. The mapping A(x) is defined by

o fa@%)
A= "

forall x € X.

Proposition 2.4 Let j € {—1,1}. Leta : X° — [0, 00) be a function such that

’

i (i xy, 1n3 xy, 03 x5, 03 x4, 13 x5)
3kj

k=0 n

converges in R, for all x|, x,, x3, x4, x5 € X. Let f, : X — Y be an odd mapping

satisfying the inequality (2.25) for all xi, x3, x3, X4, X5 € X. Then there exists a

unique additive mapping A : X — Y which satisfies the functional equation (2.6)

and

(0,0, n%% x, 0, 0)
ki

)

1 oo
I falx) = Ax) [|< e Z

for all x € X. The mapping A(x) is defined by

o fax)
A= T

9

forall x € X.

Remark: Let j € {—1,1}. Leta : X° — [0, 00) be a function such that

. . . ) ) )
Z (23K x 1, 23K xy, 23K x5, 23K x4, 23K 1)

23kj ’
k=0

converges in R, for all x;, x», x3, x4, xs € X.Let f, : X — Y be an odd mapping sat-
isfying the inequality (2.25) for all x1, x2, x3, x4, x5 € X. Then there exists a unique
additive mapping A : X — Y which satisfies the functional equation (2.6) and

1 < «(0,0,2%x,0,0)
I falx) = ACx) ||s—2 Z 0 ,

)

for all x € X. The mapping A(x) is defined by
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e fa@Vx)
A = o

forall x € X.

Proposition 2.5 Let j € {—1,1}. Let o : X° — [0, 00) be a function such that

o . . . ‘ ‘
)3 a (M, n*™xy, nxg, 0 xy, nxs)
n4kj

3

k=0

convergesinR, forall x|, x,, x3, x4, xs € X. Let f, : X — Y be amapping satisfying
the inequality (2.25) for all x1, x2, X3, X4, X5 € X. Then there exists a unique additive
mapping A : X — Y which satisfies the functional equation (2.6) and

1 & «(0,0,0,n%x,0)

ant 4k ’
k=151
2

I fa(x) — A(x) [I<

forall x € X. The mapping A(x) is defined by

Ja (n4ij)

- VxeX
nki ’

A(x) = lim
k—o00

Proposition 2.6 Let j € {—1,1}. Leta : X — [0, 00) be a function such that

. ) ) ) ) )
Z (M x;, n3% xy, 0% x5, 05 x4, 1 x5)

5kj ’
nk,
k=0

converges in R forall x\, x, x3, x4, x5 € X. Let f, : X — Y be an odd mapping sat-
isfying the inequality (2.25) for all x1, x», x3, x4, x5 € X. Then there exists a unique
additive mapping A : X — Y which satisfies the functional equation (2.6) and

«(0,0,0,0,n)

1 oo
| o) =A@ NI = 3 —— o
k=121

2

forall x € X. The mapping A(x) is defined by

fa(mix)

ki

A = Jim,
forall x € X.

The following corollaries are immediate consequences of Theorem 2.2, Proposi-
tions 2.3-2.6 respectively.
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Corollary 2.7 Let € and s be non-negative real numbers. If a mapping f, : X - Y
satisfies the inequality

67
| Do, 2, 23, xa06) 1< el S5, 0w 19, (2.33)
{ Ty i I+ 0 W 117 )

forall xy, x», x3, X4, x5 € X, then there exists a unique additive mapping A : X — Y
such that

_e
An—-1)°

I falx) — AQx) < {220 g 21 (2.34)

4ln—ns|’

ellx | 1
4ln—n>|° § # 5

forall x € X.

Example 2.8 Let € and s be non-negative real numbers. If a mapping f, : X — Y
satisfies the inequality (2.33), for all x, x», x3, X4, x5 € X, then there exists a unique
additive mapping A : X — Y such that

£

4]
I ful) = AQ) <} g2t 58 # 1 (2.35)

elxl® . 1
4|2725J| ’ s # 57

forall x € X.

Corollary 2.9 Let € and s be non-negative real numbers. If a mapping f, : X — Y
satisfies the inequality (2.33), then there exists a unique additive mapping A : X — Y
such that

e
=]

€llx]®

I fu0) = A@) 1< | gt 55 #1 (2.36)
€llx Ss
Ty 38 # 3
forall x € X.
Example 2.10 Let € and s be non-negative real numbers. If a mapping f, : X — Y

satisfies the inequality (2.33), then there exists a unique additive mapping A : X — Y
such that
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€
4112|

I fo) — AG) 1< | g5y 15 # 1

ellx|>
4‘22 210\| , 8 75 5

forall x € X.

Corollary 2.11 Let € and s be non-negative real numbers. If a mapping f,

satisfies the inequality (2.33), then there exists a unique additive mapping A
such that
€
IPERY
[lx|I*
Il fa(x) = A(x) I 4‘; fn?v‘ ;s £ 1
Ss
T 58 # 5
forall x € X.

Corollary 2.12 Let € and s be non-negative real numbers. If a mapping f,
satisfies the inequality (2.33), then there exists a unique additive mapping A
such that
€
Ty
| fal0) = A 1< | ki 15 # 1

el I
i) S F 50

forall x € X.

Corollary 2.13 Let € and s be non-negative real numbers. If a mapping f,
satisfies the inequality (2.33), then there exists a unique additive mapping A
such that

€
4nS—1|
I fu@) = A@) < ] gty s # 1
€ Ss
FE s IEKECE &

forall x € X.

21

(2.37)

X —>Y

X—->Y

(2.38)

X —>Y
X —>Y

(2.39)

X —>Y
X —>Y

(2.40)
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2.4 Functional Equation: Odd Case—Fixed Point Method

Theorem 2.14 Let f : X — Y be a mapping for which there exists a function « :
X° — [0, 00) with the condition

k k k k k
o (1 X1, 1 X2, 17 X3, 0; X4, 1) X5)

klin;o 0 0, (2.41)
ni=_0; . . . .
where 77,»:{ 1i—1 satisfying the functional inequality
Il Dfa(x1, X2, x3, X4, X5) [|< c(x1, X2, X3, X4, X5), (2.42)

forall x1, x2, x3, x4, xs € X and n > 1 and assume that there exists L = L(i) such
that the function

1 X
x*V(X)ZZOl ;,0,0,0,0 s

has the property

_V(”fx) — Ly, (2.43)

1

for all x € X. Then there exists a unique additive mapping A : X — Y satisfying
the functional equation (2.6) and

1—i

1-L

I fa(x) — A(x) |I=< y (), (2.44)

forall x € X.

Proof Let us consider the set @ = {p|p : U?> — V, p(0) = 0} and d be a general-
ized metric on €2, such that

d(p,q) = inf{k € (0,00) :|| p(x) — g(x) |< ky (x), x € X}.

It is easy to see that (€2, d) is complete. Define 7 : Q2 — Q by Tg(x) = nig(nix),
forall x € X. For p,q € Q and x € X, we have

d(p,.q) =k =] p(x) —qx) < ky(x),

N pmix) — q(nix) ‘ < lk)/(n,-x),
ni ni ni
1
= ||Tp(x) —=Tqg(x)|| < ;ky(nix),
= ||Tp(x) = Tq(x)|| < Lky(x) = d(Tp(x), Tg(x) < KL.
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That is, d(Tp(x), Tq(x) < Ld(p, q). Therefore T is strictly contractive mapping
on 2 with Lipschitz constant L. It follows from (2.28) that

[ 4nfa(x) —4fa(nx) |< a(x,0,0,0,0), (2.45)
for all x € X. It follows from (2.45) that

«(x,0,0,0,0)

Fnfa@) = farx) | ———— (2.46)

for all x € X. Using the definition of y (x) in the above equation for i = 0, we get

for all x € X. Hence, we obtain

fa(nx)

Ja(x) — = LV( )= fa(x) = Tfa(x) = Ly (x),

d(Tfo(x) = falx) < L=L"", (2.47)

for all x € X. Replacing x by = in (2.46), we have

nfo(>) =t

-a(f,oxonﬂ, (2.48)
n
for all x € X. Using the definition of y (x) in the above equation for i = 0, we have

- fa(x)

"f‘;fx) < 7@ > ThHGE) = £ 1< 700,

for all x € X. Hence we get
d(fa(x) = Tfa(x)) <n=L"", (2.49)
for all x € X. From (2.47) and (2.49), we can conclude
d(fux) = Tf.(x)) <n=L"" < oo, (2.50)

for all x € X. Now from the fixed point alternative in both cases, it follows that there
exists a fixed point A of T in €2 such that

ﬁm)
00 r)l

Alx) = kli 2.51)
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for all x € X. In order to prove A : X — Y satisfies the functional equation (2.6),
the proof is similar to that of Theorem 2.2. Since A is unique fixed point of 7 in the
set A ={f, € Q/d(f., A) < oo}. Therefore, A is an unique mapping such that

1 L]—i
d(fa, A) = T Ld(fa, Tfa) = d(fa, A) < A
1—i
e, |l fa(x) —Ax) ||< IL_ LJ/(X),

for all x € X. This completes the proof of the theorem.

Example 2.15 Let f : X — Y be a mapping for which there exists a
. . .. 2i=0; .
function « : X — [0, co) with the condition (2.41), where 1; = { 1 ll _ (1) satis-
2 - 9
fying the functional inequality (2.42), for all xy, x,, x3, x4, x5 € X and n > 1 and
assume that there exists L = L(i) such that the function

1 /x
x> y(x) = Z“(E’ 0,0,0, 0)

has the property (2.43), for all x € X. Then there exists a unique additive mapping
A : X — Y satisfying the functional equations (2.6) and (2.44), for all x € X.

Proposition 2.16 Let f : X — Y be a mapping for which there exists a function
25 _

o X° — [0, 00) with the condition (2.41), where n; = {nl z B (1)’ satisfying the

n2 — 1

functional inequality (2.42), for all xy, X, x3, X4, x5 € X andn > 1 and assume that
there exists L = L(i) such that the function

x> y(x) = ia(O, %,0, 0, 0)

has the property (2.43), for all x € X. Then there exists a unique additive mapping
A : X — Y satisfying the functional equations (2.6) and (2.44).

Example 2.17 Let f: X — Y be a mapping for which there exists a function
. .. 22i=0; . _.
o : X° — [0, co) with the condition (2.41), where n; = { 1 i (1) satisfying the
» =1
functional inequality (2.42), for all x;, x5, x3, x4, x5 € X and n > 1 and assume that
there exists L = L(i) such that the function

— Le(0.0. % 0.0
x—>y(x)—1a(, ' 53 )



2.4 Functional Equation: Odd Case—Fixed Point Method 25

has the property (2.43), for all x € X. Then there exists a unique additive mapping
A : X — Y satisfying the functional equations (2.6) and (2.44), for all x € X.

Proposition 2.18 Ler f : X — Y be a mapping for which there exists a function
o X° — [0, 00) with the condition (2.41), where n; = {

ni=0;
Li=1
functional inequality (2.42), for all xy, x,, x3, X4, x5 € X andn > 1 and assume that
there exists L = L(i) such that the function

satisfying the

x = yx) = %oz((), 0, 5—3, 0, 0)

has the property (2.43), forall x € X. Then there exists a unique mapping A : X — Y
satisfying the functional equations (2.6) and (2.44), for all x € X.

Proposition 2.19 Ler f : X — Y be a mapping for which there exists a function

4 _ 0.
o X — [0, 00) with the condition (2.41), where n; = {’i ; B (1)’ satisfying the
functional inequality (2.42), for all x1, X2, x3, X4, x5 € X an’ZIn > 1 and assume that
there exists L = L(i) such that the function

1 X
x> y(x) = Za(O, 0,0, n—4,o)

has the property (2.43), for all x € X. Then there exists a unique additive mapping
A 1 X — Y satisfying the functional equations (2.6) and (2.44).

Proposition 2.20 Let f : X — Y be a mapping for which there exists a function
n i=0; o
L satisfying the
s i=1

functional inequality (2.42), for all x|, x2, X3, X4, X5 € X anréln > 1 and assume that
there exists L = L(i) such that the function

o X° — [0, 00) with the condition (2.41), where n; =

x = yx) = %a(O, 0,0,0, %)

has the property (2.43), for all x € X. Then there exists a unique additive mapping
A : X — Y satisfying the functional equations (2.6) and (2.44), for all x € X.

The following corollary is an immediate consequence of Theorem 2.14, Proposi-
tion 2.16, and Propositions 2.18-2.20 respectively.

Corollary 2.21 Let € and s be a non-negative real numbers. If a mapping f, :
X — Y satisfies the inequality (2.33), then there exists an unique additive mapping
A : X — Y satisfying (2.34) for all x € X.
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Proof Set

E’
5
a(x1, X2, X3, X4, X5) < el Ilx I},

5 5
e TTicy v 1P+ 200 I 1

for all x1, x7, x3, X4, x5 € X. Now

€

{fﬂ

k k k k k n}
oa(nfxy, n¥x0, N¥x3, n¥x4, N¥x
(m; x1, n; x2 ’7,k3 1; X4, 0 X5) _ %{Ziﬁ:l I i | ).
n; X
l L Ty Wi 1+ 320 1 mexe 1 ),
— 0 ask —> o©
=1 >0ask— 0
— 0 as k — o0,
i.e., (2.45) holds. So we have
1 /x
y(x) = 70(*,0.0,0,0)
4 \n
€
7
v =
€llx|>
4nss *
Also,
1le |
1 | 4|| Il ni_ V(X)
ellx|®n? _
Y o) = T =T v @)
1 —
1 el iy (x)
ni 4}15“

for all x € X. Hence the inequality (2.6) holds for following cases:
L=n"'if i=0and L=nif i=1.

=n""! for s<1lif i=0and L=n"" fors>1if i=1.
=n>"! for s<1if i=0and L=n"" fors>1if i=1.

Now, from (2.45), we prove the following cases.
Casel.L=n""'if i=0

1—i -1

n €
S —

€ _
4 4n—-1)

ful) = A 12—
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Case2. L=n if i=1

1—i

fu®) = AG) 1€y = ——E = €
alX VT Y T T s T sa =y
Case3. L =n""! for s<1ifi=0
1 e x |If ellx |
a — A < = = .
fax) — A(x) |I< 1_LJ/(x) Tt 2 20— )
Cased. L=n'"" for s>1ifi=1
L' Loellxl®  ellx|®
_A < = = .
Ja¥) = AX) lI= 77y = 75— py—

Case5.L =n>"! for s<1ifi=0

Ll*i nszl € ” X ||5S € ” X ”5&

1-— LY(X) T 15 dns 4(n —ns)’

Ja(x) = Alx) |=

Case6. L =n'™ for s>1ifi=1

L' @) 1oel x| ellx|*
X) = = .
- I—n'=>  dn>  4@> —n)

Ja(x) = Alx) |=
Hence the proof is complete.
Proposition 2.22 Let € and s be non-negative real numbers. If a mapping f, : X —

Y satisfies the inequality (2.33), for all xy, x», x3, X4, X5 € X, then there exists an
unique mapping satisfying the inequality

) El’h

Iful) = AN < { 53555 s # 1

ellxl® . 1
4|2_255|1 s 75 5

forall x € X.

Corollary 2.23 Let € and s be non-negative real numbers. If amapping f, : X — Y
satisfies the inequality (2.33), forall xy, x, x3, X4, X5 € X, then there exists an unique
mapping satisfying the inequality (2.36) for all x € X.
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Proposition 2.24 Let € and s be non-negative real numbers. If a mapping f, : X —
Y satisfies the inequality (2.33), for all xy, x2, x3, X4, X5 € X, then there exists an
unique mapping satisfying the inequality

2
I fux) — A < { 7550575 s #1
forall x € X.

Corollary 2.25 Let € and s be non-negative real numbers. If amapping f, : X — Y
satisfies the inequality (2.33), forall xy, x3, x3, X4, X5 € X, then there exists an unique
additive mapping satisfying the inequality (2.38) for all x € X.

Corollary 2.26 Let € and s be non-negative real numbers. If amapping f, : X — Y
satisfies the inequality (2.33), forall xy, x, X3, X4, X5 € X, then there exists an unique
mapping satisfying the inequality (2.39) for all x € X.

Corollary 2.27 Let € and s be non-negative real numbers. If a mapping f, : X — Y
satisfies the inequality (2.33), forall xy, x3, X3, X4, X5 € X, then there exists an unique
additive mapping satisfying the inequality (2.40) for all x € X.

2.5 Examples

In this section, the counterexample for non stable cases is discussed. Now, we will
provide an example to illustrate that the functional equation (2.6) is not stable for
x=1.

Example 2.28 Let T : R — R be a function defined by

T() vx if x| < 1
X) =
v otherwise,

where v > 0 is a constant and define a function f : R — R by

N(f(x),u) = Z T(::x), forall x € R.

m=0

Then f satisfies the functional inequality
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N nx :l:A Xi | — + i < w i
(f( 0 ; ) ;f(xo x>,u> < —— ;nx I

(2.52)
for all xo, xy, ..., x, € R and u € R. But there does not exist any additive mapping
A : R — R and any constant § > 0 such that

N(f(x) — A(x),u) <4|x|, forall x € R. (2.53)
Proof Now
> YT (n"x)
N(f(x),u) < ,,,2 T
2 v n
= Z —_— = V.
nm  n—1

Il
S

n

Therefore, we see that f is bounded. We are going to prove that f satisfies (2.52).
Ifx, =0,i =0,1,2, ..., n, then (2.52) is trivial.
If >, llxi|l > 1, then the left hand side of (2.52) is less than %v.
Now suppose that 0 < )", _ ||lx;[| < 1. Then there exists a positive integer k such
that

1 1
=D Ml < ——. (2.54)
i=0

Son* x|l <1, i =0,1,2, ..., n and consequently
nk1 (nxo + Zx,-) C Y o £ x) € (—1, D).
i=1 i=1
Therefore, foreachm =0, 1, ..., kK — 1, we have
n" (nxo + in) . "y (xoEx) e (=1, 1)
i=1 i=1

and

N ('r (n'" (nxo + Zx,»)) =Y X" (xo £ x)), u) =0
i=1

i=1
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form =0, 1, ..., k — 1. From the definition of f and (2.54), we obtain that

n n
N (f (nm (nxoini)) - Zf(nm(x() ixi)),u)
i=1 i=1
1 n n
On—mN 1| " nxozt;x,- 72}Y(nm(xo +xi),u
N (T (nm (nxo :I:ZX,')) - ZT(nm(xo ixi)),u)
i=1 i=1

(n+ v

2

=

3
Il

IA
gk
S
Y| -

3
1
kad

1

nm

ot

3
L

nx(m+ v
(n — Dnk

nx (n+ 1) —
s — > Il

n—
i=0

Thus f satisfies (2.52), forallx; e R, i =0, 1,2, ...,n with0 < Z?:o x|l < 1.
We claim that the additive functional equation (2.6) is not stable for x = 1.
Suppose on the contrary that there exist an additive mapping A : R — R and a

constant § > 0 satisfying (2.53). Since f is bounded and continuous for all x € R,

A is bounded on any open interval containing the origin and continuous at the origin.

Then, A must have the form A(x) = cx, for any x in R. Thus we obtain that

N(f(x),u) = G+ llclDlix]l. (2.55)

But we can choose a positive integer [ with [v > 8 + ||c]|.
Ifx € (0, n,%l), then n"x € (0, 1), forallm = 0, 1, ..., — 1. For this x, we get

o0 T m
NG@.w =Y (:m al
m=0
oy
zmg T
= lvx
> (8 + lleiDllx]]

which contradicts to (2.55). Therefore, the additive functional equation (2.6) is not
stable in sense of Hyers-Ulam if s = 1.

Now we will provide an example to illustrate that the functional equation (2.6) is

not stable for x = ﬁ
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Example 2.29 Let Y : R — R be a function defined by

: 1
vx if x| < T

T(x) =
(x) = otherwise,

where v > 0 is a constant and define a function f : R — R by

NG@.0 =D forallx e R

m=0

Then f satisfies the functional inequality

R n n + 1 n i n
N (f (nxo :I:A,Zx,-) - Zf(xo + x;), u) < ((”n = 1))” {1—[ llx: || #+7 + Z x
i=1 i=1 i=0 i=0
(2.56)
for all xg, xy, ..., x, € R and u € R. Then there do not exist any additive mapping
A : R — R and any constant § > 0 such that

N(f(x) — A(x),u) <8|x]|, forallx € R. (2.57)



Chapter 3
Additive Functional Equations in Banach | ¢
Algebras

3.1 Banach Algebra—Additive Functional Equation

In 1982, Rassias [77] replaced the factor || x || + ||y |? by | x ||?]| ¥ |4 for
P, q € R. Gavruta [34] obtained a generalisation of stability results in 1994 by
replacing the unbounded Cauchy difference with a general control function ¢ (x, y).
In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference
was obtained by Ravi, considering the summation of both the sum and the product of
two p-norms. The stability problems of several functional equations have been exten-
sively investigated by a number of authors, and there are many interesting results
concerning this problem (see [52]) and the references cited therein. In 1951, Bourgin
[9] treated the Ulam stability problem for additive mappings. In 1978, Rassias [83]
proved a generalised stability theorem for the linear mapping by applying Hyers’
direct method.

In this chapter, we will show the stability of the additive functional equation (2.6)
by using the direct and fixed point methods in Banach algebra.

3.2 Additive Functional Equation: Odd Case—Direct
Method

In this section, we discussed the Hyers-Ulam stability of additive functional equation
in Banach Algebra using direct and fixed point methods.

Definition 3.1 Let X be a Banach algebra. An additive mapping A : X — X is said
to be an additive derivation if the additive mapping A satisfies,

A(x1x2) = A(xp)xy + x1A(xp), 3.1

for all x1, x, € X. Also the additive derivation for five variables satisfies

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 33
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A(x1x2x3%4X5) = A(X1)X2X3X4X5 + X1 A(X2)X3X4X5 4+ X1 X2 A(X3)X4X5
+x1x2x3A(X4) X5 + x1x2X3X4 A (X5), (3.2)

for five variables in the benefits of spectra operator theory in additive functional
equation.

Theorem 3.2 Let j = +1. Let f, : X — X be a mapping for which there exist
Sfunctions o, 3 : X — [0, 00) such that

. ) ) ) . )
Z a(n® xy, 0% xy, n¥ x5, 0% x4, n¥ xs)

s (3.3)
k=0
converges in R and
- ﬁ(nijl,nijz,nij_%,nijmnijs)
> - (3.4)
n>kJ
0
converges in R and the functional inequalities
Il Dfa(x1, X2, X3, X4, x5) | < a(x1, X2, X3, X4, X5), 3.5)

and

| fa(x1x2x3x4%5) — fa(x1)x2X3X4X5 — X1 fo(X2)X3X4X5 — X1 X2 fo (X3)XaX5

—x122X3 fa (X4) x5 — X1 X2X3%4 fa (X5) [|< B(x1, X2, X3, X4, X5), (3.6)

forall x1, x5, x3, x4, X5 € X. Then there exists a unique derivation A : X — X sat-
isfying the functional equation (2.6) and

1 i a(nk/x 0 0 0, 0)

I fa(x) — A(x) |I< 4— (3.7
forall x € X. The mapping A(x) is defined by
nki
AQ) = Tim 227 (3.8)
n—o0o nkJ

forall x € X.

Proof 1t follows from Theorem 2.2 that A is a unique additive mapping satisfying
(2.6), for all x1, x7, x3, x4, x5 € X. It follows from (3.6) that
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| fa(x1x2x3x4x5) — fa(x1)X2X3X4X5 — X1 fa(X2)X3X4X5 — X1X2 [ (X3)X4X5

—x1x2x3fa(x4)x5 — X1 X2x3%4 fo (x5) ||

= —||fa(n (x1x2x3x4%5))
kxgnkx4nkx5) — nkxlfa (i’lk)C2)l1kX3nkX4l’lk)C5
k

— fa(n*x)) (n*xon

—nkxlnkxzfa (nkx3)nkx4nkx5 —nfxn xznkx3nkfa (nkm)nkxs
ky k. k. k k

—n xn“xon“xsn"“ x4 f,(n x5)H

< 5(nkx1, nkxz, }’lkX3, nk)C4, nkx5) — 0 as k— oo,

for all x1, x;, x3, x4, x5 € X. Hence, the mapping A : X — X is a unique additive
derivation satisfying (3.7). O

Example 3.3 Letj = +£1.Let f, : X — Y be amapping for which there exist func-
tions v, 5 : X°> — [0, oo) with condition

. . ) ) . .
Z a(Q¥x;, 2K xy, 2% x5, 2K x4, 25 x5)

2kj
k=0

converges in R and

00 iy ki, ki yn ki, ki
D B2V x1, 2V xp, 2 x3, 2V x4, 2V x5)
5k

’

=~

=0

converges in R such that the functional inequalities (3.5) and (3.6) for all xy, x», x3,
X4, X5 € X.

Then there exists a unique additive derivation A : X — X satisfying the functional
equation (2.6) and for all x € X,

1 o a(zkx0000)

I falx) — A) [|< 5 Z —

The mapping A(x) is defined by A(x) = lim %ﬁ”‘), forall x € X.
n— 00

Proposition 3.4 Let j = £1. Let f, : X — X be a mapping for which there exist
Sfunctions a, 3 : X° — [0, 0o) with condition

. . ) ) ) .
Z a(n®ixy, n?* xy, 1% x5, 1% x4, 0?4 x5)

2k
k=0

converges in R and
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- . . . . ‘
B xy, n* xy, n?* x5, n?M x4, n?* x5)
) 1 10k]

k=0

converges in R such that the functional inequalities (3.5) and (3.6), for all x1, x3, X3,
X4, X5 € X.
Then there exists aunique additive derivation A : X — X satisfying the functional
equation (2.6) and for all x € X
oo

2kj
I fulx) — AG) || 4L Z a(0,n%/x,0,0,0)

n2ki
k=

The mapping A(x) is defined by A(x) = hm L %) e ) ,forallx € X.

Example 3.5 Let j = +1. Let f, : X — X be a mapping for which there exist
functions a, 3 : X° — [0, co) with condition

o A A . . A
a(2Mxy, 22K, 2293, 2% xy, 22M xs)
Z 22kj ’

>~

=0

converges in R and

oo 2kj 2kj 2kj 2kj 2kj
Zﬂ(z jxl’z jx292 jx372 jx472 st)

2 10kj ’
k=

(=]

converges in R such that the inequalities (3.5) and (3.6), for all xi, x», x3,
X4, X5 € X.

Then there exists a unique additive derivation A : X — X satisfying the functional
equation (2.6) and for all x € X

a(0,2%x,0,0,0)
2k :

1 o0
I fal0) = A 1= ¢ Z

k=1

=L

The mapping A(x) is defined by A(x) = lim %, forall x € X.
n—00

Proposition 3.6 Let j = £1. Let f, : X — X be a mapping for which there exist
Sfunctions a, 3 : X3 — [0, 00) with condition

o ) ) ) ) .
Z am xy, 13 xy, 3% x5, 13 x4, 03 x5)

3kj
n
k=0
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converges in R and

- . . . ‘ .
B xy, ¥ xy, 03 x5, n3% x4, 3 x5)
) 15k

k=0

converges in R such that the inequalities (3.5) and (3.6), for all xi, x3, X3,
X4, X5 € X.

Then there exists aunique additive derivation A : X — X satisfying the functional
equation (2.6) and for all x € X

1 & «a0,0,n%%x,0,0)
I falx) = AX) 1= — e

1
k= 2

ki

The mapping A(x) is defined by A(x) = lim /f”(,lrf;;zjx),for all x € X.
n—o00o

Proposition 3.7 Let j = +1. Let f, : X — X be a mapping for which there exist
functions o, 3 : X> — [0, 00) with condition

. . ) ) . )

Z o™ xy, n* xy, n* x5, n* x4, n* x5)
ki

0

converges in R and

- . . . 4 .
> Bn* xy, n* xy, 0™ x5, n™I x4, n* x5)
1120k]

converges in R such that the functional inequalities (3.5) and (3.6), for all x1, x5, x3,
X4, X5 € X.

Then there exists a unique additive derivation mapping A : X — X satisfying the
Sfunctional equation (2.6) and for all x € X

2. a(0,0,0,n*% x, 0)
Z naki :

1
I faG) =AM 1= 3

Ll

k=13

The mapping A(x) is defined by A(x) = hm Lo x) e ox) ,forall x € X.

Proposition 3.8 Let j = £1. Let f, : X — X be a mapping for which there exist
functions a, 3 : X° — [0, 0o) with condition

- . . ‘ . .
a(m™xy, 3% xy, n% x5, 0% x4, 13 x5)
) 3k

’

k=0
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converges in R and

~ 4 . . . 4
B xy, n% xp, 0% x5, 0% x4, 15 x5)
Z 25k ’

k=0

converges in R such that the functional inequalities (3.5) and (3.6), for all x1, x3, X3,
X4, X5 € X.

Then there exists aunique additive derivation A : X — X satisfying the functional
equation (2.6) and for all x € X

1 & «0,0,0,0,n%x)

4n’ ~ nki
k="

I fa(x) — A(x) [I=<

The mapping A(x) is defined by A(x) = lim f“(lfs—?}jx),for all x € X.
n—o0

The following corollaries are the immediate consequence of Theorem 3.2, Propo-
sition 3.4-3.8 respectively, concerning the stability of (2.6).

Corollary 3.9 Let f, : X — X be a mapping and assume that there exist real num-
bers € and s such that (2.33) and

| fa(x1x2x3x4%5) — fa(x1)x2X3X4X5 — X1 fo(X2)X3X4X5 — X1 X2 fo (X3)XaX5
—X1X2X3 fa (X4) X5 — X1X2X3X4 f4 (X5) ||

67

- e{zf_l [N } s#1 3.9
e{ o P+ x I } s # 1

forall xy, x5, x3, x4, x5 € X. Then there exists a unique additive derivation A : X —
Y such that

_€e
=]

| fal) =A@ IS Ty (3.10)
ellx|>*
4|n—n5-‘\ )

forall x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers
€ and s such that (2.33) and (3.9), for all xy, x», x3, x4, x5 € X. Then there exists a
unique additive derivation A : X — X such that
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|

\
6\’ II*
I fa(x) — A(X) 1< { =77
ellx ]

-5

= B

forall x € X.

Corollary 3.10 Ler f, : X — X be a mapping and assume that there exist real
numbers € and s such that (2.33) and (3.9), for all x1, x2, X3, x4, X5 € X. Then there
exists a unique additive derivation A : X — X such that

_e
A=

I fu) — AG) 1< § mte (3.11)
5.
M;Qill,l()sl ’

forall x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers
€ and s such that (2.33) and (3.9), for all x{, x5, x3, x4, x5 € X. Then there exists a
unique additive derivation A : X — X such that

_£_
]
ellx|l®
I fa(x) — A(X) =) 72257
ellx|>
4‘227”10” ’

forall x € X.

Corollary 3.11 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that (2.33) and (3.9), for all x, x2, X3, x4, X5 € X. Then there
exists a unique additive derivation A : X — X such that

e
1]

| fut0) = AG) 1= | s (3.12)
4|;!1|L15v| )

forall x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers
€ and s such that (2.33) and (3.9), for all xy, x5, x3, x4, x5 € X. Then there exists a
unique additive derivation A : X — X such that

_€_
[
€
| fa(x) — Ax) [I< B
ellx ]
4‘237”]55‘ ’

forall x € X.
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Corollary 3.12 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that (2.33) and (3.9), for all x1, x5, x3, x4, x5 € X. Then there
exists a unique additive derivation A : X — X such that

_e
Tn? 1]

o) — A 1< 7 (3.13)

ellx|)*
Hnd—n205) 0

forall x € X.

Corollary 3.13 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that (2.33) and (3.9), for all x, x2, X3, x4, X5 € X. Then there
exists a unique additive derivation A : X — X such that

—€&
4n3—1|

I fu@) = AQ) < { gty foll (3.14)

ISA

€llx|
4|n5_,125.r| ’

forall x € X.

3.3 Additive Functional Equation: Odd Case—Fixed Point
Method

Theorem 3.14 Let j = +1. Let f, : X — X be a mapping for which there exist
functions o, 3+ X° — [0, 00) with condition

. ) ) ) . )
Z a(n® xy, 0% xy, n¥ x5, 0% x4, n¥ xs)

- 3.15
- vy (3.15)
converges in R and
- 5(nij1,nijz,nij3,nij4,nkfx5)
> = (3.16)
k=0 e

. ni=0; L . ; .
converges in R, where n; = { L satisfying the functional inequalities

n
| Dfa(x1, x2, X3, X4, X5) ||< cu(x1, X2, X3, X4, X5) (3.17)

and
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| fa(rixaxaxaxs) — fa(x1)x2x3xax5 — X1 fu(X2)X3%4%5 — X1%2 fo (X3)X4X5
—X1X2X3 fa (X4)X5 — X1 X2X3%4 fa (x5) [|< B(xy, X2, X3, X4, X5), (3.18)

for all xy, xp, x3, x4, x5 € X. Assume that there exists L = L(i) < 1 such that the

Sfunction x — (B(x) = %a(" 0,0,0, O) has the property

n’

1
;ﬂ(nix) = LBx). (3.19)

Then there exists a unique additive derivative A : X — X satisfying the functional
equation (2.6) and

1—i

I a0~ A 1=

B(x), (3.20)
forall x € X.

Proof Ttfollows from Theorem 2.14 that A is a unique additive mapping and satisfies
(2.6), for all x € X. It follows from (3.15), (3.16) and (3.18) that

I A(x1x2x3x4%5) — A(X1)X2X3X4X5 — X1 A(X2)X3X4X5 — X1 X2 A(X3)X4X5

—X1X2X3A(X4)X5 — X1 X2X3X4A(X5) ||

1 I k ko ko ok k

< n_kaa(ni (x1X2x3x4%5)) — fo (0 x1) (0 X2m; X37); X47); X5)
i
—nx1 fa (o X2y X1 xamf X5 — mfxin o fu (nf X)) xanf xs
=X xan xs fa (0 x4y xs — nixan xanf xanf xa fa (f xs)| |,
1

< —BOfxy, mfxa, mfxz, fxa, nfxs) — 0 as k — oo, (3.21)
i

Thus the mapping A : X — X unique additive derivation satisfying (2.6). ]

Example 3.15 Let j = £1. Let f, : X — X be a mapping for which there exist
functions «, §: X> — [0,00) with conditions (3.15) and (3.16), where

_f2ifi=0;
m_{%ui=n
X1, X2, X3, X4, X5 € X. Then there exists L = L(i) < 1 such that the function x —

satisfying the functional inequalities (3.17) and (3.18) for all

Bx) = ia(%, 0,0,0, 0) has the property (3.19), for all x € X. Then there exists a

unique additive derivation A : X — X satisfying the functional equations (2.6) and
(3.20), for all x € X.

Proposition 3.16 Let j = +1. Let f,: X — X be a mapping for which there
exist functions o, (3 : X3 — [0, 00) with conditions (3.15) and (3.16), where N =
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2 5 0:
{nl i B 1f satisfying the functional inequalities (3.17) and (3.18) for all x,, x,, x3,
nZ — 1,

x4,1 xs € X. Assume that there exists L = L(i) < 1 such that the function x —

Bx) = %a((), n%’ 0,0, 0) has the property (3.19), for all x € X. Then there exists

a unique additive derivation A : X — X satisfying the functional equations (2.6)
and (3.20), for all x € X.

Example 3.17 Let j = £1. Let f, : X — X be a mapping for which there exist
functions «, B: X°> — [0, 00) with conditions (3.15) and (3.16), where

2.0+ _ 0.
n = {i ijfc i : (1)’ satisfying the functional inequalities (3.17) and (3.18) for all
X1, X2, Xz;, ’

X4, X5 € X. Assume that there exists L = L(i) < 1 such that the function x —
Bx) = }Ta 0, %, 0, 0, 0 ) has the property (3.19), for all x € X. Then there exists a

unique additive derivation A : X — X satisfying the functional equations (2.6) and
(3.20), for all x € X.

Proposition 3.18 Ler j = £1. Let f,: X — X be a mapping for which there

exist functions «, 3 : X° — [0, 00) with conditions (3.15) and (3.16), where n; =
35 _ 0.

{nl i B (1) satisfying the functional inequalities (3.17) and (3.18) for all x,, x,, x3,
wt= 5

X4, X5 € X. Assume that there exists L = L(i) < 1 such that the function x —

Bx) = ia(O, 0, n%, 0, 0) has the property (3.19), for all x € X. Then there exists

a unique additive derivation A : X — X satisfying the functional equations (2.6)
and (3.20), for all x € X.

Proposition 3.19 Let j = 1. Let f,: X — X be a mapping for which there

exist functions o, (3 : X3 — [0, 00) with conditions (3.15) and (3.16), where N =
47 _ 0.

{nl i _ ?’ satisfying the functional inequalities (3.17) and (3.18), for all x, x,, X3,
n_4 — 1y

X4, X5 € X. Assume that there exists L = L(i) < 1 such that the function x —
Bx) = %a(O, 0, 0;—4, O,) has the property (3.19), for all x € X. Then there exists

a unique additive derivation A : X — X satisfying the functional equations (2.6)
and (3.20), forall x € X.

Proposition 3.20 Letr j = +1. Let f, : X — X be a mapping for which there
exist functions o, 3 : X°> — [0, o) with conditions (3.15) and (3.16), where 1n; =
55 _ 0.
{nl i B (1)’ satisfying the functional inequalities (3.17) and (3.18), for all x, x», x3,
s i=1
x4tlx5 € X. Assume that there exists L = L(i) < 1 such that the function x —
Bx) = ia((), 0,0,0, rf—5> has the property (3.19), for all x € X. Then there exists

a unique additive derivation A : X — X satisfying the functional equations (2.6)
and (3.20), for all x € X.
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This following corollaries are the immediate consequences of Theorems 3.14—
3.20 respectively, concerning the stability of (2.6).

Corollary 3.21 Let f, : X — X be a mapping and assume that there exist real
numbers € and s, such that the inequalities (2.33) and (3.9), for all x1, x, x3, X4, X5 €
X. Then there exists a unique additive derivation A : X — X satisfying the functional
inequality (3.10), for all x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers
€ and s such that the inequalities (2.33) and (3.9), for all xy, x7, x3, x4, x5 € X.
Then there exists a unique additive derivation A : X — X satisfying the functional
inequality

£
P

1fax) — A < § 7555

ellx|)**
42=2%|°

forall x € X.

Corollary 3.22 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that the inequalities (2.33) and (3.9), for all x1, x3, x3, X4, X5 €
X. Then there exists a unique additive derivation A : X — X satisfying the functional
inequality (3.11), forall x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers
€ and s such that the inequalities (2.33) and (3.9), for all xi, x7, x3, x4, x5 € X.
Then there exists a unique additive derivation A : X — X satisfying the functional
inequality

1fa0) = AN < § 2523

forall x € X.

Corollary 3.23 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that the inequalities (2.33) and (3.9), for all x1, X2, x3, X4, X5 €
X. Then there exists a unique additive derivation A : X — X satisfying the functional
inequality (3.12), for all x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers
e and s such that the inequalities (2.33) and (3.9), for all xi, x2, x3, x4, x5 € X.
Then there exists a unique additive derivation A : X — X satisfying the functional
inequality
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€

28
1fax) = A < { 7580

ellx[)**
4‘23_215.\" ’

forall x € X.

Corollary 3.24 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that the inequalities (2.33) and (3.9), for all x1, X2, x3, X4, X5 €
X. Then there exists a unique additive derivation A : X — X satisfying the functional
inequality (3.13), for all x € X.

Corollary 3.25 Let f, : X — X be a mapping and assume that there exist real
numbers € and s such that the inequalities (2.33) and (3.9), for all xy, X3, x3, X4, X5 €
X. Then there exists a unique additive derivation A : X — X satisfying the functional
inequality (3.14), for all x € X.



Chapter 4 ®
n-Dimensional Additive Functional ez
Equations in Random 2-Normed Spaces

4.1 n-Dimensional Additive Functional Equation

Let V be a commutative group, W be a linear space, n be a positive integer and
ke0,1,2,...,n. Amapping f : V" — W is called k-additive and n — k-quadratic
(briefly, multi-additive quadratic) if f is a additive in each of some work k variables
and is quadratic in each of the other variables, but one can obtain analog our results
without this assumption. Let us note that for k = n the above definition leads to the so
called multi-additive mappings (some basic facts on such mappings can be found for
instance in [57], where their application of polynomial functions is also presented),
for k = 0 we obtain the notion of multi-quadratic function (see [8]), 1-additive and
1-quadratic mapping is just an additive-quadratic mapping defined by Park et al. [67].

A function f : R — R is called a biadditive function if it is additive in each
variable, that is,

fx+y,2=f&x 2+ f(y,2),

and

f,y+2)=fx,y)+ fx, 2,

for all x, y, z € R. It is well known that every continuous biadditive function f :
R — R is of the form

f(x,y) =mxy,

for all x, y, z € R, where m is a constant.

f(Zx,-)+Zf —xj+ Y x|=0-DY f), @D
i=1 j=1 i=1

i=liisj

where n is a positive integer with n > 3.
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In this chapter, we discuss about the general solution and stability of the n-
dimensional additive functional equation (4.1) in random 2-normed space with the
help of direct and fixed point method.

4.2 Solutions of n-Dimensional Additive Functional
Equation

Theorem 4.1 Let X and Y be real vector spaces. Then a mapping f : X — Y
satisfies the functional equation (2.1), for all x,y € X ifand only if f : X — Y
satisfies the functional equation (4.1), for all x1, x3,...,x, € X.

Proof Assume that f : X — Y satisfies the functional equation (2.1). Letting x =
y =0in(2.1),we get f(0) = 0.Replacing y by —xin(2.1), we get f(—x) = — f(x),

for all x € X. Hence f is an odd mapping. Replacing (x, y) by (x, x) and (2x, x) in
(2.1), we have

fQ@2x)=2f(x) and f(3x) =3f(x), (4.2)
for all x € X. In general in any positive integer a, we obtain
flax) =af(x), (4.3)

for all x € X. Replacing x by 7 in (4.3), we get f(3) = %, for all x € X. One can
easy to verify from (4.2) that

fr+xa+- 4 x) = f)+ f2) + -+ fx), 4.4)

for all x|, x,,...,x, € X. Replacing x; by —x, and using oddness of f in (4.4),
we obtain

fl=x1+x2+--+x)=—=fx) + f(x2) + -+ fxn), 4.5)

forall xi, x3, ..., x, € X,. Again setting x, by —x,, and using oddness of f in (4.4),
we obtain

fi—x2+ - +x) = fx) = fx2) +---+ f(x0), (4.6)

for all x, x,,...,x, € X. Replacing x, by —x,, and using oddness of f in (4.4),
we obtain

Jor+x+-—x) = f) + fO) + - = fl), 4.7)

for all x, x,...,x, € X. Adding the above n equations, we obtain
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fr+xa+-+x) + fxi+xa++x) + x4 —xp)
=m-=DIfG&)+ f)+---+ f)].

Conversely, let f : X — Y satisfies the functional equation (4.1). Replacing (x;, x2,
.oy xy)by (0,0, ...,0)in(4.1), weobtain f(0) = 0.Nowreplacing (x;, x2, ..., Xx,)
by (x, x,...,0)in (4.1), we get the desired result. O

4.3 n-Dimensional Additive Functional Equation—Direct
Method

Definition 4.2 A distribution function is an element of AT, where AT =
{f:R—[0,1]; f is left-continuous, non decreasing, f(0) =0 and f(4+00)}and
the subset D™ C AT is the set

DY ={f e A" 7f(+o0) =1}.

Here, 7 f (+00) denotes the left limit of the function f at the point x. The space
A is partially ordered by the usual pointwise ordering of functions, i.e., f < g if
and only if f(x) < g(x), for all x € R. For any a € R, H, is a distribution function
defined by

Oif x<a
H“(x):{lifx>a.
The set A, as well as its subsets, can be partially ordered by the usual pointwise
order: in this order, Hy is the maximal element in A™. A triangle function is a
binary operation on A", namely, a function p: AT x AT — AT is associative,
commutative, non decreasing and which has € as unit, that is, for all f, g, h € AT,
we obtain:

@) p(ulf, 9), ) = u(f, ug, h)),

() u(f, 9 = plg, f)
(i) w(f, g9) = p(g, f) whenever f < g,
(iv) p(f, Ho) = f.

A t—norm is continuous mapping * : [0, 1] x [0, 1] — [0, 1] such that ([0, 1], @) is
abelian monoid withunitoneandc *d > a x bifc > aandd > b,foralla, b, c,d €
[0, 1].

Example 4.3 Let (X, ||., .||) be a2-normed space with || x, z|| = ||x1z2 — X221, x =
(x1,x2),z2=(z1,z2) anda xb = ab fora, b € [0, 1]. For all x € X, ¢ > 0 and non
zero z € X, consider
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t .
Foaty = {7 o 1=0
' 0 if t<0.
Then (X, F, *) is a random 2-normed space.
Definition 4.4 Let X be a linear space dimension greater than 1. Suppose ||., .|| is a

real-valued function on X x X satisfying the following conditions:

i ||x, y|| = 0if and only if x, y are linearly depended vectors,
i |lx,yll=Ily,x]||, forallx,y € X.

i ||\, y|l = |Al ||y, x]|, forall A € R, forall x, y € X.

llx 4y, zll =[x, Il + |ly + z||, forall x, y, z € X.

=l

i
i

<

Then ||., .|| is called a 2-norm linear space. Some of the basic properties of 2-norm
are that they are non-negative and ||x, y + Ax|| = ||x, y]|, for all A € R and for all
x,y € X.

Remark: Every 2-normed space (X, |., .||) can be made a random 2-normed space
in natural way, by setting Fy ,(t) = Ho(t — ||x, y||), for every x,y € X, ¢ > 0 and
a * b = min{a, b}, a *x b = min{a, b}, a, b € [0, 1].

Definition 4.5 A sequence x = (x;) is convergent in (X, F,*) or simply
F-convergent to [ if for every € > 0 and 6 € (0, 1) there exists ky € N such that
Fy—1.(e) > 1 — 6 whenever k > ko and non zero z € X. In this case, we write
F— klglgo xr =l and [ is called the F-limit of x = (xy).

Remark: Let (X, ||.||) be a normed linear space. Then

——.t >0, IlxeX
NG, 1) = | > for all x
0, t <0, for all x e X,

is a fuzzy norm on X.

Definition 4.6 A sequence x = x; is said to be a Cauchy sequence in (X, F, %) if
for every € > 0, 6 > 0 and non-zero z € X, there exist a number N = N (¢, z) such
that lim F,,_,, .(e) > 1 —6, for all n, m > N. RTN-space (X, F, %) is said to be
complete if every F-Cauchy is F-convergent. In this case, (X, F, *) is called random
2-Banach space.

Note: All through this part, let X be a linear space Y, i, T be a complete RN-space.
Let us define a mapping Df : X — Y by

Df(x1,x2,..., %) = f (in) +Y f (—x./ + ) xi) —( =D flx),
i=1 j=1 i=1

i=Lli#j

forall x{, x5, ...,x, € X.
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Theorem 4.7 Let j = 1, f : X — Y be a mapping for which there exists a func-
tion with the conditionn : X" — D™

lim T2 (g susvn stson_saemy - BEHHI1)) = 1, 4.8)
k—o0 77(3%(1 BKixg, 3K, 3’<fx,l),z(3kj')
satisfying f(0) = 0 and
,LLDf(x],xz,...,x,l).z(t) > 77(xl,x2 _____ xn),z(t)’ (410)

forall x\,x2,...,x, € X and all t > 0. Then there exists an additive mapping C :
X — Y satisfying the functional equation (4.1) and

He)—fo),z(8) = T,O:O (77(3(i+1)J'X_3(i+l)/'xy3(i+1)ixyx()my0)!z (3(k+i+l)jt)) , 4.11)

forall x € X and all t > 0. The mapping C(x) is defined by

pew )= fim i () ©. 4.12)

3kj
forallx € X andallt > 0.

Proof Assume that j = 1. Replacing (x1, x3, X3, X4 ..., X,) by (x,x,x,0,...,0)
in (4.8), we have

H(n—2) £ 3x)=3(1—2) £ 0.z () = Nx,x.x,0,...,0),2 ()5 (4.13)

for all x € X and all r > 0. It follows from (4.12) and (RN2), that

'u@—f(x)wl(t) == n(x,x,x,O,...,O),z (3(1’! a 2)3t)7 (414)

for all x € X and all # > 0. Replacing x by 3*x in (4.13), we obtain

th3k+lx>_“/(3kk.r) 7(t) > 77(3"x,3"x,3"x,x,0,...,O),z(3k(n - 2)3t) (4-15)

3(k+1)
3k — 2)3t)

> T(x,x,x,0,...,0),z < ak

forall x € X and all r > 0. It follows from

f(3"x) o fGx)  f(3kx)
311 - f(x) = ; 3k+1 - 3k
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and (4.15) that

n—1 k
o}
t — ) >T1") 1),
Mf'(S".r) —f(x),z( kX:(; 3k (n — 2)3) = Tk=0 77()c,x,x,o,...,o),z( )

37

= n(x,x,x,O,...,O),z(t)’ (416)
t
©o(, (1) =n <1—ak) 4.17)
Lo (roer0-0) A\ ol st

for all x € X and all + > 0. Replacing x by 3" x in (4.17), we obtain

t
/‘L/-(jnerx) fv(3mx) (t) 2 n(x,x,x,o,...,o),z <W)7 (418)

k=m 3k(n—2)3

i T2

£(3)

. ‘ .
Since n(x,x,x,o....,o),z<—;_+rg 3’<(ka2>3> — 1 as m,n —> o0, + } is a Cauchy
sequence in (Y, u, T). Since (Y, u, T) is a complete random 2-normed space, this
sequence converges to some point C(x) € Y. Fixing x € X and putting m = 0 in

(4.18), we have

t
K fg"ZX) —f0).z (t) = n(x,x,x,O,...,O),z <W) ’ (4 19)
k=0 3k(n—2)3

and so, for every 6 > 0, we get

e 1.2 (0 +0) = T(HC(X)f%’:”,z(é‘)’ Wﬁ#%(x),z(ﬂ)

t
> T(“C(x)f%':“),z(é)’ n(x,x,X,O,...,O),z( n—1 ok ))7 (420)
k=0 3F(n—2)3

for all x € X, ¢t > 0. Taking the limit as n — oo and using (4.20), we have
Be—foz(t +6) = N O)’Z((n -2)3 — 1), (4.21)
forall x € X, ¢ > 0. Since § was arbitrary, by taking § — 0 in (4.21), we have

pew-rwe(0) 20, o g) (0= DG =), (4.22)
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for all x € X,t > 0. Replacing x;, x2,...,x, € X by (3"xy,3"x,...,3"%x,) in
(4.10) respectively, we acquire

KDfGrx) 3. 3"xn),z(t)277(3,,xl’3”)52 3,,Xn)!z(3"l), (4.23)

.....

forall xy, x»,...,x, € X and for all r > 0. So

lim 7% (n (3*H*VIg) ) = 1.
k—o0 ' (3(k+i)xl,3(k+i)xZ ,,,, 3‘k+i)xn),z

We conclude that C fulfills (4.1). To prove the uniqueness of the additive mapping
C, assume that there exists another additive mapping D from X to Y, which satisfies
(4.22). Fixx € X.Clearly, C(3"x) = 3"C(x) and D(3"x) = 3"D(x), forall x € X.
It follows from (4.22) that

pew-pe.(1) = nli)rgo NC“;‘“—%;’”J(I)

3

) t t
pega_ogma (1) 2 min { pegn g (5). nog s (3) 1

= 77(3")«,3"x,3nx,om,o),z(3"(n ~2)(3 - a)t)

- 3*"(n—2)3 — )t
- n(x,x,x,O,...,O),z ot ’

SinCe hmn—>oo (3”(’1721(370[)1) = OO, we get 1imil—>00 77()L x.x.0....0 Z(Sn(niza')”aia)t) =
1. Thus uc(x)_f(x),z(t) =1, forall # > 0 and so C(x) = D(x). This completes the
proof. (]

Corollary 4.8 Let € and s be non-negative real numbers. Let an additive mapping
f : X — Y satisfies the inequality

Ne,z (1)
KDf (xy,x2,x3,.00,x,),20 = e Z?:] ”xi”s(t)’ s 75 1 (424)
Ne ([T Nl + D00 [ l1™)(), s # 1

forall xy, x5, x3, ..., x, € X and all# > 0. Then there exists a unique additive map-
ping C : X — Y such that

nm,z(t)

fry-ce(0) = 4 1o () (4.25)
1) __cix|s Z(l)
n-2)3—35]°

forall x € X and all t > O.
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4.4 n-Dimensional Additive Functional Equation—Fixed
Point Method

Theorem 4.9 Let f : X — Y be a mapping for which there exists a function 7 :
X" — D™ with the condition

lim o) =1, 4.26
k— 00 <6fx1,6fxz,6l’fX3 ..... 5:‘)(,1) z( ! ) ( )
forall xi,x3,x3,...,%x, € X and all t > 0, where
5i = {31’ l - 07
3 1 = 1,
satisfying the functional inequality
HDf (X] s X2, X3, o vy xn)(t) 2 77()6],X2,X3,...,X,,),2’,(t)a (427)
for all x1,x3,x3,...,%x, € X and all t > 0. If there exists L = L(i) such that the
function
1) = _ —2)1), 4.28
X B D=0 ) (=20 (4.28)
has the property
1
B(x,t) < L(S—ﬂ(éix, 1), 4.29)

forall x € X and t > 0, then there exists a unique additive mapping C : X — Y
satisfying the functional equation (4.1) and

Ll—i

MC(x>—f(x),z<1 — Lt) > f(x, 1), (4.30)

forallx € X andt > 0.

Proof Let us consider the set @ = {p|p : U?> — V, p(0) = 0} and d be a general-
ized metric on €2, such that

d(g, h) = inf{k € (0, 00)/ ttg(x)—nx).- (kt) = B(x, 1), x € X, t > 0}.

Itis easy to see that (€2, d) is complete. Define 7' : 2 — Qby Tg(x),z = %((5ix), Z,
forall x € X. Now for g, h € Q, we have d(g, h) < K.

Hg)—h(x),z (kt) = B(x, 1),
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Kt

5_3> > ﬂ(-x’ t)7

= :u‘(Tg(X)—Th(X)),z(
= d(Tg(x), Th(x)) <KL,

= d(Tg,Th) < Ld(g, h), (4.31)

for all g, h € Q. Therefore T is strictly contractive mapping on w with Lipschitz
constant L. It follows from (4.13) that

Hn=2) F3x)=3(1=2) ),z (1) = N(x,x,x,0,...,0),z (), (4.32)

for all x € X. It follows from (4.32) that

;myﬁmAnzmm%mwMOM—abQ, (4.33)
for all x € X. Using (4.29) for the case i = 0, we get

.uf(%_f(x),z(t) > LB(x, 1),

for all x € X. Hence, we obtain
d(:“Tf(x)f(X),z> >L=L"<oo0, (4.34)
for all x € X. Replacing x by 7 in (4.33), we get

B @ Z (s o) (0= 231), (4.35)

walx

X ox
31373

for all x € X. Using (4.29) for the case i = 1, we get
W3-, (1) = B, 1) = prfe-re,:() = Blx, 1),
for all x € X. Hence we get
d(prs-fe ) = L=L" < oo, (4.36)
for all x € X. From (4.34) and (4.36), we can conclude

d(pirfe-f.:) = L=L"" < o0, (4.37)



54 4 n-Dimensional Additive Functional Equations in Random 2-Normed Spaces

forall x € X.Inordertoprove C : X — Y satisfies the functional equation (4.1), the
remaining proof is similar to the proof of Theorem 12.6. Thus C is unique fixed point
of Tintheset A = f € Q/d(f, C) < oo. Thus, C is aunique additive mapping such
that

1—i

Mf(x)cm,z(l — Lt> > B(x, 1),

forall x € X and ¢ > 0. This completes the proof of the theorem. g
Remark: Let (X, ||.||) be a normed linear space. We define a function N by
2—|lx|?

NG, p) = | e i 0>l
’ 0, if t=|xl.

Then N defines a fuzzy norm on X.

Corollary 4.10 If a mapping [ : X — Y satisfies the inequality (4.24), for all
X1, X2,X3,...,%X, € Xand allt > 0, where €, s are constants with ¢ > 0, then there
exists a unique cubic additive mapping C : X — Y, such that (4.25), forall x € X
andallt > 0.

Proof Set

Ne,2 (1)
IDf ey st e (8) = 4 Te Sy bl 0,2 (F)
Te(TTs et o).
for all xy, x2, x3,...,x, € X and all t > 0. Then
Neot 2 (1)

Nes st =% 2 (0

-
~

~—
I

5t0,0 52,8823 5.kx,,),z(§'

! ,
e Ty bl g = 0 bl ™ ) 2

—>1as k— o
={—>1as k—>

— 1 as k— oo.
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But we have that 5(x, 1) = n¢x,%.0,..,0 ((n — 2)1) has the property L%ﬂ(éix, 1), for
allx € X andt > 0. Now

nﬁ,z(t) 775;15()()(1‘)

1
CEMER RTINSO NE & L5 B@ix. 1) = 4 5 iy (1)
n%’z(t), 776;”"[}()()([)

By Proposition 12.8, we prove the following six cases:

L=3"ifi=0and L =3ifi=1.
L=3'fors <1lifi =0and L =3"fors > 1ifi = 1.
L=3""fors <lifi=0and L =3"" fors> Lifi=1.

Case: 1L =31ifi=0

1
Hf)—Co,z (1) = Lgﬁ(&'x’ He) = 77( ) ®).
! T |-

Case:2 L =3ifi =1

1
Hf)—C),z () > Lgﬁ(fsix, () > 77( ) ®.
! o |2

Case:3L =3 !fors <1ifi =0

1
IU/f(x)fC(x),z(t) > Lé_ﬁ(6ix7 t)(l) = 77( ) (t)
i ellx|I$
w263 |*

Case:4L =3"fors > 1ifi=0

1
Hfo)—C),z () > L(s—ﬁ(&‘x,l‘)(f) > 77( ) ®).
i e||x|I$ z

(n=2)(3-3)

Case: 5L =3""'fors < lifi=0

1
Pf)—C).z (1) = L6—5(6ix, NH(t) > 77( ) ().
i ellx||"$ ~
(n—2)(3-375) sZ
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Case: 6 L =3'"" fors > Lifi =1

1
Hry—Cco),z (1) = Lgﬂ((;iX, Hn)=n ) ().
! < (n—tzu)':,‘z‘:s =) ) »Z

Hence the proof is complete. (]



Chapter 5 ®)
Quadratic Functional Equations Gzt

5.1 Quadratic Functional Equation

The next famous functional equation in the field of stability of functional equations
is the quadratic functional equation

S+ + flx=y) =2f0)+2f(). (5.1

The solution f(x) = x? of the functional equation (5.1) is the function. Hence, it is
called the quadratic functional equation (or) “Euler-Lagrange functional equation”,
introduced by Rassias [79].

Note that this equation is sometimes called the “Euler-Lagrange-Rassias func-
tional equation”. Every solution of the quadratic functional equation (5.1) is called
a quadratic function [9, 20, 48, 49].

A mapping f : E; — E, between two vector spaces is quadratic.

The solution and stability of following quadratic functional equations

fFO+y+D)+fO)+fOM+f@Q=fx++fO+2)+f(x+2) (5.2)

f=y—-+fO+fM+f@Q=fc-+fO+2)+ fz—x) (3.3

f+y+)+fax—-—+fO—-+flz—x)=3fx)+3f»)+3f ()
(5.4)

F(Xw)+ X fa—xp=ndfG, (1= 2). (5.5)

i=1 I<i<j<n i=1

was investigated by Kannappan [52], Jung [48, 49]. The Eq. (2.6) is an quadratic
functional equation.

In this chapter, we discuss about the general solution and stability of the quadratic
functional equation (2.6) for even case in Banach space with the help of direct and
fixed point methods (see [3, 14, 19, 54, 81, 87]).
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5.2 General Solution of Quadratic Functional Equation

Theorem 5.1 An even mapping f : X — Y satisfies the functional equation (5.1)
forallx,y € X ifand only if f : X — Y satisfies the functional equation (2.6), for
all xy, x2, X3, X4, Xs.

Proof Let f : X — Y satisfies the functional equation (5.1). Setting x = y = 0 in
(5.1), we get f(0) = 0. Replacing y by x and y by 2x in (5.1), we obtain

fQ@x) =4f(x)and f(3x) =9f(x), (5.6)

for all x € X. In general for any positive integer b, we get
fbx) =b*f(x), (5.7)
for all x € X. It easy to verify from (5.7) that
f@Px) = 0" f(x) and f(bx) = b°f (x), (5.8)

for all x € X. Replacing (x, y) by (n%xs + n’x3 + n*x4 4+ n’xs, nx;) in (5.1), we
get

fnx + n2xy + nixs + ntxy +ndxs) + f(—nx; + n%x, + nix3
+ntxy +1xs5) = 2f (nPxo + nPx3 + ntxy + 1xs5) + 2 f (nxy). 5.9

2

forall x;, x, X3, x4, X5 € X. Replacing (x, y) by (nx; + n*x4 + n’xs, n’x, — n3x3)

in (5.1), we obtain

Ffnxy +n2xy — n3x3 + n*x4 +1x5) + f(nx; —n’x, +nx3
+ntxs +nxs5) = 2f (nxy + ntxs + 1xs5) + 2 f (n%xy — n3x3), (5.10)

for all x1, x,, X3, x4, X5 € X. Replacing (x, y) by (nx; + n?x; + n3x3, n*x4 — n’xs)
in (5.1), we obtain

f(nx; + n2xy + nixs + ntxy — ndxs) + f(nx; + nx,
+n3x3 — n*xy + n’xs) = 2 f(nx) + n’x; + n’x3)
+2 f(n*xy — nxs), (5.11)

for all x1, x», x3, x4, x5 € X. Adding Egs. (5.9), (5.10) and (5.11), we get
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fnxy +n%xy +n3x3 + ntxq + ndxs) + f(—nx; +n’xy +n’x3
+ntxs +1xs5) + f(nxy +n’xy —ndx3 +ntxy +00xs) + f(nx
—n?xy +nlx3 +ntxy + nsxs)f(nxl + n%xy + n3x; 4+ n*xq — nxs)
+ f(nx; + n%xy + nixs — n*xs + ndxs) = 2f(nxy) + 2f(n2x2 + n3x;
+ntxs + nxs) + 2f(nx; + n*xs + n’xs) + 2f(n2x2 —n3x3) + 2f(nx;
+n2xy +n3x3) + 2 f (ntxy — nxs), (5.12)

for all xi, x», x3, X4, x5 € X. Replacing (x, y) by (n’x, — n’x3, n*x4 — n’xs) in

(5.1), we get

F(2x2 —n3x3 +n*x4 —ndxs) + f(n%x2 — n¥x3 — n*x4 + 1'xs)

=2f(n’x; — n’x3) + 2f (n*x4 — ndxs), (5.13)
for all xy, x2, x3, x4, xs € X. Using (5.13) in (5.12), we have

fnx; + n2x; + n3x3 + n*xs + ndxs) + f(—nx; + n%x, + nx3
+ntxs +1x5) + f(nxy +n’xy, —ndxs +ntxy +00xs) + fnx
—n%xy + n3x3 + ntxg +nxs) + f(nx; + n%xy + n3x3 + ntxs — ndxs)
+ f(nx; + n2xy + nixy — n*xs +ndxs) = 2f(nx)) + 2f(n2x2 + n3x;
+ntxy + ndxs) + 2f (nx) + nxq +ndxs) + 2 f (nx; +nxy + nxz)
+ f(n%xy — nix3 +ntxy — ndxs) + F(n’xy — ndxs
—n*xy + ndxs), (5.14)

for all x1, X2, X3, X4, x5 € X. Adding 2 f (n>x,) on both sides of (5.14), we obtain

f(nx; + n%xy + nixs + ntxy 4+ ndxs) + f(—nx; + n%xy 4+ n3xy + ntxy
+nxs5) + f(nx; +n’xy — n3x3 + n*xs + ndxs) + f (nx; — n?x2 + n’x;
+ 4+ ntxy +10x5) f(nxy + n’xy +n3x3 +ntxy — 02xs) + f(nx) +n’x;
+n3x;3 — nxy + nxs5) = 2f(nx;) + Zf(nzxz + n3x3 + ntx4 + ndxs)
+2f(nx; 4+ n*xy + nxs) + 2.f (n%x2) + 2f (nx; + n’x; 4+ n’x3)
+f(n’xy — nix3 + n*xy — ndxs) + f(n’xy — nixz — n*xs + n°xs)
—2f(n*xy), (5.15)

forallx;, x5, X3, X4, X5 € X.Replacing (x, y) by (nx; + n*x4 + n’xs, n’x,) in (5.1),
we obtain

Fnxy +n*x4 + x5 +n2x2) + f(nxy — n*xy + n*x4 + nxs)
= 2f(nx; + n*x4 + ndxs) + 2 f (n’xy), (5.16)

for all xy, x2, x3, x4, xs € X. Using (5.16) in (5.15), we obtain
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f(nxy +n2xy + n’x3 + n*xg + ndxs) + f(—nx; +n’x; +n’x; +ntxy
+1°x5) + f(nx) +n’xy, —ndx3 +ntxy + n0x5) + f(nxg — n’xy + nixs
+ntxy +nxs) + fnx; + n%xy + nixs + ntxs — ndxs) + fnx; + n%x,
+ndx3 — ntxy 4+ noxs) = 2 (nxy) + 2f (n®xy + ndx3 + n*xy + nxs)
+f(nx; + n%x; + n*xq + n'xs) + fnx; —nx; + n*xs + n°xs)
2 f(nx; 4+ n’xy +03x3) + f(n2x2 — n3x3 + nxq — ndxs) + f(n’x,
—ndx3 — ntxg + ndxs) — 2F(n%xy), 5.17)

for all xy, x2, x3, x4, x5 € X. Adding 2 f (n*x4) on both sides of (5.17), we get

f(nxy +n2xs + n’x3 + n*xg + ndxs) + f(—nx; +n’x; +n’x; + n*xy
+1°x5) + f(nx; +n’xy, —ndx3 +ntxy +00x5) + f(nx) — n’x, + n’xs
+ntxs +1x5) + f(nx; +n’xy +n3x3 +ntxy —0’xs) + f(nx) +n’x
+ndx3 — ntxy + noxs) = 2f (nxy) + 2f (n®xy 4+ ndx3 + n*xy + nxs)
+ f(nxy + n’xz + n*xq + nxs) + f(nx) — nx; + n'xy 4+ n’xs) + 2 f (nxy
+12x0 +13x3) + 2 F (n*x4) + fF(Pxy — n3x3 +ntxy — 0xs5) + f(n%x,
—n3x3 — n*xs +1x5) — 2F (02x2) — 21 (n*x4), (5.18)

forallx;, x2, X3, X4, X5 € X.Replacing (x, y) by (nx; + n’x, + n3x3, n*x4)in (5.1),
we have

fnx; + n%xy +nxs + ntxy) + fnx; + n%xy + nixy — ntxs)
=2f(nx; + n%xy + n’x3) +2f(n4x4), (5.19)

for all xy, x2, x3, X4, xs € X. Using (5.19) in (5.18), we get

f(nxy +n2xy + n’x3 + n*xg + ndxs) + f(—nx; +n’x; +nx; +ntxy
+1°x5) + f(nx) +n’xy, —ndx3 + ntxy + 00x5) + f(nx) — n’xp + nixs
+ntxy +nxs) + fnx; + n%xy + nixs + ntxs — ndxs) + fnx; + n%x,
+n3x3 — n*xy +noxs) = 2 f (nx1) + 2 f (n*x2 4+ n’x3 + n*xs + nxs)
+f(nx) +n’xy + n*xy + ndxs) + fnx) —n’xy + n*x4 +nxs) + f(nx,
+n2xs + n3x3 + ntxy) + f(nx) +n’xy +ndx3 — ntxy) + fF(nPx — ndxs
+ntxs — nxs) + +F(n2x2 — n3x3 — n¥xs + nxs5) — 2 £ (02x2)
—2f(n4x4), (5.20)

for all xy, x;, x3, x4, x5 € X. Replacing (x, y) by (n%xy + n*xq, n3x3 + noxs) in
(5.1), we obtain



5.2 General Solution of Quadratic Functional Equation 61

f(n2x2 +n?x; + ntxs +nxs) + f(n2x2 —m3x3 4+ n*xq — nxs)

=21 (n%xy +n*xy) + 2f (n3x3 + nxs), 5.21)

for all x1, x,, x3, x4, x5 € X. Using (5.21) in (5.20), we obtain

fnx; + n%xy + nixs + ntxs 4+ ndxs) + f(—nx; + n%x, + ndxs + nxy
+nxs5) + f(nx; + n2xy — mixs + ntxs + ndxs) + fnx, — n2x; + nixs
+ntxs +nxs5) + f(nx, + n2xy + nixs + ntxy — ndxs) + f(nx; + n2x,
+n3x3 — ntxy +1x5) = 2F (nx)) + f(nx; +n’xy + ntxy +nxs)
+ f(nx; — n%xy + n*xq + nxs) + fnx; + n%xy + ndxs + ntxy)
+f(nx; 4+ n’xy + n’x3 — nt*xy) + 2f (n%xy + n*xy) + 2f (Px3 + ndxs)
+2f(n*x2 +n°x5) + 2 f (nx3 + n'xq) — 2 f(n?x2) — 2 f (nxs), (5.22)

forall x1, x, x3, x4, x5 € X.Replacing (x, y) by (nx; + n*x4 + nxs, n?x)in (5.1),

we get
fnxy +n2xs + n*xq +1x5) + f(nx; — n’xy + n*x4 + nxs)

=2f(nx; + n*xy +n°xs) + 2 f (n%x,), (5.23)

forallx;, x2, X3, X4, X5 € X.Replacing (x, y) by (nx; + n?x, + n3x3, n*x4)in (5.1),

we have

fnx; + n%xy +nxs + ntxy) + fnx; — n%xy + nixy — ntxs)

=2f(nx; + n’x; +nx3) + 2f(n4x4), (5.24)

for all xy, x2, x3, x4, xs € X. Using (5.23) and (5.24) in (5.22), we have

f(nxy +n2xy + n’x3 + nxg + ndxs) + f(—nx; +n’x; +nx; +ntxy

+1°x5) + f(nx) +n’xy, —ndx3 + ntxy + 00x5) + f(nx) — n’xp + nixs

+ntxy +nxs) + fnx; + n%xy + nixs + ntxs — ndxs) + fnx; + n%x,
+n3x3 — n*xs 4+ ndxs) = 2f(nx1) + 2f (nx; + n*xg + nxs) + 2.f (n%xz)
+2f (nx1 + n*xy 4+ n3x3) + 2f (n*xs) + 2 f (n%x2 + n*xs) + 2 f (0P x4n7xs)
+2f (n%xz + nxs) + 2 f (WPx3 + ntxy) — 2f(nx) —2f(n*xy), (5.25)

for all xy, x5, x3, x4, x5 € X. Replacing (x, y) by (nx; + n*xs + n’xs, nx;) in (5.1),

we get
Ffnxy +nxy +n*xq +1x5) + f(n*xq +1x5) = 2f (nx; + n*x4 + nxs)
+2 f(nxy), (5.26)
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forallx;, x5, X3, X4, X5 € X.Replacing (x, y) by (nx; + n’x, 4+ n’x3, n’x,) in (5.1),
we obtain

fnxy 4+ n’xy + n’x; + n’x3) + f(nxy + n’x3)
=2f(nx; + n’x; + n3x3) + 2f(n2x2), 5.27)

for all xy, x2, x3, x4, xs € X. Using (5.26) and (5.27) in (5.25), we have

f(nxy +n2xy + n’x3 4+ nxg + ndxs) + f(—nx; +n’x; +n’x; + ntxy
+1°x5) + f(nx) +n’xy, — ndx3 +ntxy +n0x5) + f(nx) — n’xy + nixs
+ntxy +nxs) + fnx; + n%xy + nixs + ntxs — ndxs) + fnx; + n%x,
+n3x3 — ntxq + noxs) = f(nxy +nx; + n*xs + ndxs) + f(}’l4X4 + noxs)
+ f(nxy 4+ n’xy 4+ n*xz + nx3) + f(nxy +nx3) + 2 f (n*xg) + 2 (n°x2
+ntxy) +2F (Px3 + 1x5) + 2f (Pxy + 1nxs) + 2 f (n3x3 + ntxy)
—2f(n2x2) — 2f(n4X4), YV x1, X2, X3, X4, X5 € X (5.28)

Replacing (x, y) by (nx; + n*xy, nx; + n’xs) in (5.1), we get

f(nx) +nx; + n*xy + ndxs) = 2f(nx; + n*xs) + 2f(nx; + n3xs)
—f(n4x4 —ndxs), Vxi, x4, x5 € X (5.29)

Replacing (x, y) by (nx; + n%xy, n*x, + nx3) in (5.1), we have

Fnxy +nx2 +n%x: + n3x3) = 2f (nx; + n’x,)
+2F(n%xy + n’x3) — fnx) — n’x3), (5.30)

for all xy, x», x3 € X. Using (5.29) and (5.30) in (5.28), we get

f(nx; + n’x; + n3x3 +ntx, + n5x5) + f(—nx; + n’x, + HSX3 +n*xy

+ nsxS) + f(nx; + n’xy —nixy + ntxs + n5x5) + f(nx, — n’x; 4+ n’x;
+n*xg + n5x5) + f(nx; + n’x; + I’Z3X3 +n*xy — n5x5) + f(nx; + n’x,
+nix; —ntxs + nSX5) =2f(nx; + I’l4)C4) +2f(nx; + n5x5) — f(n4X4
—mx5) + f(n*xg 4+ nxs) + 2 £ (nx) 4 n’x2) + 2f (nPxy + nx3) — f(nx
—x3) + f(nxy +n’x3) +2f (0 xg) + 2f (nPxy +n'xg) + 2 (P

+1xs) + 2f (0xy + n’xs) + 2f (nPxs + n'xg) — 2f (nPx2)

—2f(n4x4), V x1, X2, X3, X4, X5 € X (5.31)

Replacing (x, y) by (nx;, n’x3) in (5.1), we get

fnxy +n’x3) = 2f(nx)) — 2f(n’x3) = — f (nx; — n’x3), (5.32)
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for all x1, x3 € X. Replacing (x, y) by (n*x4, n’xs) in (5.1), we obtain

ftxs+n°xs) = 2f (n*xy) = 2f (n’x5) = — f(n*xs —n’xs5),  (5.33)
for all x4, x5 € X. Using (5.32) and (5.33) in (5.31), we obtain

f(nx; + n’x; + n3x3 +ntx, + n5x5) + f(—nx; + n’x, + n3x3 +n*xy

+ nsxs) + f(nx; + n’xy —nixy + ntxs + nsxs) + f(nx, — n’xy +n’xs

+ ntxy + 1°xs) + f(nx; 4 nPxy + n’xz 4+ ntxy — n’xs) + f(nx; 4 n’xs
+ndx; —ntxy + nsxs) =2f(nx; + I’l4X4) +2f(nx; + n5x5) + f(n4X4

+nxs) — 2 f (n*xg) — 2f (Wxs) + f(n*xq + nxs) + 2 f (nx1 + n’x2)
+2f(n*x2 +1’x3) + fnx) + n’x3) — 2f (nxy) — 2f (0x3) + f(nx; + n’xs)
+2f(n*xa) + 2f (P20 4+ n'xa) + 2f (P03 + 10°x5) + 2f (nPx2 + 1xs)

+ 2 (x5 + ntxy) — 2f (nPxy) — 2f (n*xy), (5.34)

for all xy, x5, x3, x4, x5 € X. It follows from (5.34) that

fnx; + n’x, + n3X3 +ntxs + n5x5) + f(—nx; + n’x, + n3x3 +n*xy
+nxs) + fnx + n’xy — n’xs +n*xq +ndxs) + fnx; — n’xy + n’x;
+ntxs + n5x5) + f(nx; + n’x, + n3x3 +ntxy — n5x5) + f(nx; + n’x,
+n’x; —ntxs + n5x5) =2f(nx; + nzxz) +2f(nx; + n3x3) + 2 f(nx,
+n*xg) + 2f (nx1 4+ nxs) + 2 f (n*x2 + n’x3) + 2 f (n*x2 + n'xy)

+ 2 (n%x2 + n’xs) + 2 f (nPx3 + n'xs) + 2f (P x3 + ndxs)

+2f(n*xs +n’xs) — 2f (nx1) — 2 (n*xz) — 2 (n’x3)

—2f(n*xs) = 2f (nxs), (5.35)

for all x1, x,, x3, x4, x5 € X. Using evenness of f in (5.35), we have

f(nx; + n’x, + n3x3 +ntxs + n5x5) + f(—nx; + n’x, + n3x3 +n*xy

+1°x5) + f(nx) 4+ n*xy — n’x3 +ntxy +1xs) + f(nx) —n’x; +n'x;

+ntx, + n5x5) + f(nx; + n’xy +nixs +ntxg — n5x5) + f(nx; + n’xy

+n’x3 — n'xg 4+ nxs) = 2[ f (nxy + n’x2) + f(nxy +n’x3) + f(nx) +n'xs)
+f(nx1 +n°xs) + f(0°xy + n’x3) + f(0°xy + n'x4) + f(0°xy + n7x5)
+f(Pxs +ntxg) + f(nPxs +n7xs) + f(ntxs +n'xs)] — n?[f () + f(—x))]
—n*[f (x2) + f(=x2)] = n°[f (x3) + f(—x3)] = n®[f (x4) + [ (—x4)]
—n'"[f(xs) + f(—x5)], (5.36)

for all x, x — 2, x3, x4, x5 € X. Using evenness of f in (5.36) we get
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fnxy +n*xy 4+ nxs + ntxy +ndxs) + f(—nx; +n*xa +nx; +ntxy

+n5x5) + f(nx; + n’xy — nixs + n*xg + n5x5) + f(nx; — n’xy 4+ n’x;

+n4X4 + nSX5) + f(nx; + nzxz + n3X3 + n4X4 — n5x5) + f(nx; + nzxz

+n’x3 — n'xs + n7xs) = 2L f (nx1 + n’xp) + f(nxy + nx3) + f(nxy + n'xy)

+f(nxy +n3xs) + f(xy 4+ nx3) + f(n*x2 + n*xg) + f(n*x2 + nxs)

+f x5 +ntxg) + f (x5 +n0xs) + f(n'xa + 0 xs)] = 20l f (x) = f(=xp)]

—2n°[f (x2) = f(=x2)] = 20°[ f (x3) = f(=x3)] = 2n*[ f (x4) — f(=xa)]

—20°[f (x5) = f(=x5)] = n*[f (x1) + f(=x0)] = n*[f(x2) + f(=x2)]

—n®Lf (x3) + f(=x3)] = n®[f (xa) + f(=x)] = n'°[f (x5) + f(=x5)].  (5.37)
Conversely, f : X — Y satisfies the functional equation (2.6). Using evenness of f
in (5.2), we get (2.6), for all x1, x5, x3, x4, x5 € X. Replacing (xi, x3, x3, X4, X5) by

(x,0,0,0,0),(0,x,0,0,0), (0,0, x,0,0), (0,0, 0, x,0) and (0, 0, 0, 0, x) in (2.6),
we obtain

fnx) =n’f(x), fnPx) =n*f(x) f(’x) =n® f(x),
Ffn*x) = nd f(x) and fm’x) =n' f(x), (5.38)

for all x € X. It is easy to verify from (5.38), we have

X 1\2 .
fl=1=|—=);i=1,..5 VxeX. (5.39)
n' n'

Replacing (x1, x3, x3, x4, X5) by (%, n’—;, 0, 0, 0) and using evenness of f and (5.39),
we conclude our result. O

5.3 Quadratic Functional Equation: Even Case—Direct
Method

Theorem 5.2 Let j € {—1,1}. Let o : X° — [0, 00) be a function such that

o0 kj kj kj kj kj
a(n™ x1, n" xy, n" x3, n" x4, 1" x5)
E . . ’ . (5.40)

2k
k=0

converges in R, for all xy, x2, x3, x4, x5 € X. Let f, : X — Y be an even mapping
satisfying the inequality

| Dfy(x1, X2, X3, X, X5) || < alxy, X2, X3, X4, X5), (5.41)
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forall xy, x3, x3, x4, x5 € X (Df—Domain of a function). Then there exists a unique
quadratic mapping Q : X — Y which satisfies the functional equation (2.6) and

— kix,0,0,0,0
| £, = Q@) 1= 5. v )

, (5.42)

v n2ki
e
for all x € X. The mapping Q(x) is defined by
— fim L2 5.43
0 = lim L5, (5.43)

forall x € X.

Proof Assume that j = 1. Replacing (x;, x7, x3, x4, x5) by (x,0,0,0,0) in (5.41)
and using evenness of f;, we get

I 202 f,(x) — 2.f,(nx) | < a(x,0,0,0,0), (5.44)

for all x € X. It follows from (5.44) that

1
’ fq,(l’;x) - fq(x)H < 5,70(x.0.0,0,0). (5.45)

for all x € X. Now replacing x by nx and dividing by n? in (5.45), we get

Hf"(n all f"(nx) H a(nx 0.0,0.0), (5.46)

for all x € X. Adding (5.45) and (5.46), we have

fy(n*x) 1 a(nx, 0,0,0,0)
‘ qn4 - fq(x)H =< 2_;12[a(x’0’0’0’0)+ T}

for all x € X. In general for any positive integer i one can easily verify that

i—1

[E A E %;M
| f",(ﬁfx) 10| = 5 3 M’ o

k=0

forall x € X.In order to prove the convergence of the sequence { L0r0) } replacing

x by n'x and dividing n? in (5.46), fori,l > 0, we get
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i+l I i—1 k+l
’ Jg ™ x) _ fgln X)H < L n7x.0,0,0.0 —0asl— oo (5.48)

226D n2(k+1)

fq( x)

for all x € X. Hence the sequence { } is Cauchy sequence. Since Y is com-

plete, there exists amapping Q : X — Y suchthat Q(x) = lim fqi’;:x),forallx € X.
1—> 00

Letting i — oo in (5.46), we see that (5.42) holds for x € X. To prove that Q satis-
fies (2.6), replacing (x1, x3, X3, X4, Xs5) by (n'x,n'x,n'x, n'x, n'x) and dividing n2

in (2.25), we get

1
— II qu(nlx,nlx,nlx,nlx,nlx) < — | a(m'x, n'x, n'x, n'x, n'x) |
n n

forall xy, x», x3, ..., x, € X.Letting the limitas! — oo in above inequality and using
the definition of Q(x), we see that Q (x;, x2, X3, X4, X5) = 0. Hence Q satisfies (2.6),
for all xy, x», x3, x4, xs € X. To show that Q is unique, let B be another quadratic
mapping satisfying (2.6) and (5.42). Then

I Q) = B(x) |l <—{H<Q(HX) fq(HX))H H(fq(nJC) B(ﬂX))H}

1 & amftx,0,0,0,0)

< 2_112 26D — 0 asl — oo,
k=0
forall x € X.Hence Q is unique. For j = —1, we can prove a similar stability result.
This completes the proof of the theorem. (I

Example 5.3 Let j € {—1, 1}. Leta: X° — [0, 0o) be a function such that

oo ) . ) ) )
Z (¥ xy, 2K xy, 2K x5, 2K xy, 2K x5)

22kj ’
k=0

convergesinR, forall x, x, x3, x4, x5 € X.Let f; : X — Y be aneven mapping sat-
isfying the inequality (5.41) for all x;, x», x3, x4, x5 € X. Then there exists a unique
quadratic mapping Q : X — Y, which satisfies the functional equation (2.6) and
. )
a(2¥x,0,0,0,0)
I £y — Q) Il Z —

ool»—

for all x € X. The mapping Q(x) is defined by

. f.(28x)
o) = k]LrIgo T%
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forall x € X.

Proposition 5.4 Let j € {—1,1}. Let a : X> — [0, 00) be a function such that

o0 . ) ) ) )
Z a(n®xy, n? xy, n?4 x5, n2*i x4, %% x5)
4kj
n
k

converges in R, for all xy, x2, x3, x4, x5 € X. Let f, : X — Y be an even mapping
satisfying the inequality (5.41) for all xi, xy, x3, X4, x5 € X. Then there exists a
unique mapping Q : X — Y which satisfies the functional equation (2.6) and

a(0,n%*ix,0,0,0)

1 oo
I fy(x) = Q(x) II< —42

ki ’
forall x € X. The mapping Q(x) is defined by
o fyx)
Q(x) = klig;lo T, VxeX

Example 5.5 Let j € {—1,1}. Let a : X° — [0, 00) be a function such that

o ) ) . ) )
Z (%9 xy, 2%k xy, 22K x5, 22K x4, 22K )

4kj ?
k=0

convergesinR, forall x, x;, x3, x4, x5 € X.Let f; : X — Y be aneven mapping sat-
isfying the inequality (5.41) for all x, x», x3, x4, xs € X. Then there exists a unique
mapping Q : X — Y which satisfies the functional equation (2.6) and

1 & a0,2%x,0,0,0
| 40 - Q) I1< —ZZ 2D,

for all x € X. The mapping Q(x) is defined by

o f,0%)
0 = fim g

forall x € X.

Proposition 5.6 Let j € {—1,1}. Leta : X° — [0, 00) be a function such that

o ) ) ) ) .
Z a@ xy, 13 xy, 134 x5, 03 x4, 03 x5)
6kj
n
k
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converges in R, for all xy, x2, x3, x4, x5 € X. Let f;, : X — Y be an even mapping
satisfying the inequality (5.41) for all xi, x2, x3, x4, x5 € X. Then there exists a
unique quadratic mapping Q : X — Y which satisfies the functional equation (2.6)
and

a(0,0,nx, 0,0)
16k

’

1
| £y (0 — 000 lI< o

i M8

forall x € X. The mapping Q(x) is defined by

_ o Ja@)
Qx) = klggo Ttk

forall x € X.

Example 5.7 Let j € {—1,1}. Let o : X°> — [0, 0o) be a function such that

0 ) ) . . .
Z (23 x, 23K xy, 23K x5, 23K x4, 23K x5)

96k ’
k=0

convergesinR, forall x, x;, x3, x4, x5 € X.Let f, : X — Y be aneven mapping sat-
isfying the inequality (5.41) for all x1, x2, x3, x4, x5 € X. Then there exists a unique
quadratic mapping Q : X — Y which satisfies the functional equation (2.6) and

I fe(x) = Q) [I= ﬁ

. «(0,0,2%ix,0,0)
Z 26kj ’

for all x € X. The mapping Q(x) is defined by

. 2'§k]
0w = lim 0 e x

Proposition 5.8 Let j € {—1,1}. Let o : X°> — [0, 00) be a function such that

. . ) ) ) )
Z a(n™ xy, n*% xy, 1% x5, 1% x4, 1% x5)
118kj

k=0

converges in R, for all xy, x2, x3, x4, x5 € X. Let f, : X — Y be an even mapping
satisfying the inequality (5.41) for all x, x3, x3, X4, x5 € X. Then there exists a
unique mapping Q : X — Y which satisfies the functional equation (2.6) and
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1 & a0,0,0,n%x,0)
I fo) = Q) 1= 5 Z 5 :
=5+
forall x € X. The mapping Q(x) is defined by
Ja(™x)

000 = Jim #52.
forall x € X.

Proposition 5.9 Let j € {—1, 1}. Let a X’ — [0, 00) be a function such that

am M xy, 1% xy, 1% x5, 134 x4, 139 x5)
Z 11067 J

o0

k=0

converges in R, for all xy, x2, x3, x4, xs € X. Let f, : X — Y be an even mapping
satisfying the inequality (5.41) for all xi, x3, x3, X4, x5 € X. Then there exists a
unique quadratic mapping Q : X — Y which satisfies the functional equation (2.6)
and

I @(0,0,0,0,n%)
| fy0 = QW IS 55 D~
=

forall x € X. The mapping Q(x) is defined by

fam*ix)

x) = lim —
Q( ) k— 00 n10kj

forall x € X.

The following corollaries are the immediate consequence of Theorem 5.2, and
Propositions 5.4-5.9 respectively, concerning the stability of (2.6).

Corollary 5.10 Let A and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality

A,
| Dfy(x1, X2, X3, X4, X5) || < A{Zle I xi 17}, (5.49)
AT 0 12+ 50 0 1%7

forall x1, x5, X3, X4, X5 € X, then there exists a unique quadratic mapping Q : X —
Y such that
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A
6ln2—1|
Allx |17
I f ) — 00 1< s lL,,‘ p# 1 (5.50)
Allx|°?
8|n— nipl ’ # 5a

forall x € X.

Remark: Let A and p be non-negative real numbers and f, : X — Y satisfy the
inequality (5.49), for all x1, x7, x3, X4, x5. Then there exists a unique quadratic map-
ping Q : X — Y such that

A
(6]

I £y ) = Q) 1< | spidm sp #1

X[
2‘22 2]0s| ’p # 57

forall x € X.

Corollary 5.11 Let \and p be non-negative real numbers. Ifamapping f, : X — Y

satisfies the inequality (5.49), for all xy, x», x3, X4, X5, then there exists a unique
mapping Q : X — Y such that

A
8|n*—1|

I f,00 = Q) < 1 st 5P #1 (5.51)

Allx ][>
Sz —ntr] 5 P # 1,

forall x € X.

Remark: Let A and p be non-negative real numbers and f; : X — Y satisfy the
inequality (5.49), for all x;, x7, x3, x4, x5. Then there exists a unique quadratic map-
ping O : X — Y such that, forall x € X

A
130]

| f30) = Q) 1= { sptmy P # 1

Allx |7
2|24 2103| 7p 75 g

Corollary 5.12 Let A and p be non-negative real numbers. Ifamapping f, : X — Y

satisfies the inequality (5.49), then there exists a unique quadratic mapping Q : X —
Y such that, forall x € X
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#
A=
Allx]?

I £, = Q) < ] ptwm 5P # 1 (5.52)

_Alxl’?
4‘,[3,”15;;' ’ p 7& 5-

Corollary 5.13 Let ) and p be non-negative real numbers. If a mapping f, : X —
Y satisfying the inequality (5.49), then there exists a unique quadratic mapping
Q0 : X — Y such that, forall x € X

A
4ln*—1|

I £, = Q) < | e P # 1 (5.53)

_ellxlP?
Int—nrs P 75 5

Corollary 5.14 Let A and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality (2.33), then there exists a unique quadratic mapping Q : X —
Y such that, forall x € X

#
e
Allx]l”

I fo() = Q) IS | a5 7L (5.54)

RYEY R
4‘}15_”25]1' ’ p # 5'

5.4 Stability Quadratic Functional Equation: Even
Case—Fixed Point Method

Theorem 5.15 Let f : X — Y be a mapping for which there exists a function « :
X3 — [0, 00) with the condition

k k k k k
a(mi Xy, 17 X, M7 X3, 1); X4, 17 X5)

li = .
i = 0 639
n, 1=o0; P . . .
where n; = { Lo satisfying the functional inequality

| Dfy(x1, X2, X3, X4, X5) ||< a(xy, X2, X3, X4, X5), (5.56)

forall x1, x2, X3, x4, x5 € X and n > 1 and assume that there exists L = L(i) such
that the function x — ~y(x) = %a(’ﬁ, 0,0,0, ()) has the property
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Y (mix)

i

— Ly(x), (5.57)

for all x € X. Then there exists a unique quadratic mapping Q : X — Y satisfying
the functional equation (2.6) and

1—i

L
Ife@) = QW) ll= 77—

~(x), (5.58)

forall x € X.

Proof Let us consider the set Q2 = {p|p : U? - v, p(0) = 0} and d be a general-
ized metric on €2, such that

d(p.q) =inf{k € (0,00) :|| p(x) —q(x) [|I< ky(x), x € X}.

It is easy to see that (€2, d) is complete. Define 7 : @ — Q by Tg(x) = n%g(n,-x),
forall x € X. For p,q € Q and x € X, we have l

d(p,q) =k = p(x) —qx) [|< ky(x),
:>‘ pnix)  q(mix)

AL
= HTp(x) — Tq(x)H < %’W(WC)

1
H < —ky(®ix)
Uh

Un 771'2

= ||Tp() - Tq@)|| = Lky(x) = d(Tp), Tq(x) = kL.

Thatis, d(Tp, Tq) < Ld(p, q). Therefore T is a strictly contractive mapping on 2
with Lipschitz constant L. It follows from (5.44) that

I 2n% £y (x) = 2 fy(nx) 1< a(x,0,0,0,0), (5.59)
for all x € X. It is follows from (5.59) that

a(x,0,0,0,0)

> (5.60)

| n? f,(x) — fy(nx) ||<

for all x € X. Using the definition of y(x) in the above equation and for i = 0, we
get

1
7200 = 2192 | < 1y =1 £y~ Thy0) 12 2700,

for all x € X. Hence, we obtain

d(Tfy(x) = fyx)) <L =L"", (5.61)
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for all x € X. Replacing x by # in (5.60), we have

nzfq(%) - fq(x)H < %a(% 0,0,0, 0), (5.62)

for all x € X. Using the definition of y(x) in the above equation for i = 0, we have

112 (5) = o] =9 =21 710 = £ 1= 7).
for all x € X. Hence we get
d(fyx), Tfy(x)) <n®>=L"", (5.63)
for all x € X. From (5.61) and (5.63), we can conclude
d(f,(x). Tf,(x) < L' < o0, (5.64)

forall x € X. Now from the fixed point alternative in both cases, it follows that there
exists a fixed point Q of T in L such that

k
0(x) = lim / q;z;;x), (5.65)

for all x € X. In order to prove Q : X — Y satisfies the functional equation (2.6),
the proof is similar to that of Theorem (5.2). Since Q is a unique fixed point of 7 in

the set A = [fq € Q/d(fy, Q) < oo], A is a unique mapping such that

1
d(fe: @) = 7—74Ja: TSy

i
d(fy Q) = 7
e £, = 0 | = Ero),
for all x € X. This completes the proof of the theorem. ([

Example 5.16 Let f : X — Y be a mapping for which there exists a

2, ifi=o;

ifi=1

satisfying the functional inequality (5.56), for all x;, x;, x3, x4, x5 € X and n > 1
and assume that there exists L = L(i) such that the function

function « : X°> — [0, co) with the condition (5.55) where N = {

x = y(x) = %a(% 0,0,0, 0)
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has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

Proposition 5.17 Let f : X — Y be a mapping for which there exists a

2 i _ -

function o : X° — [0, 00) with the condition (5.55) where n; = { nl, ll, - 01 sat-
g i=

isfying the functional inequality (5.56), for all xy, x2, x3, X4, x5 € X and n > 1 and

assume that there exists L = L (i) such that the function
1 X
x> y(x) = —a(O, 20,0, 0)
2 n?

has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

Example 5.18 Let f : X — Y be a mapping for which there exists a

2% ifi=0;

%, ifi=1

satisfying the functional inequality (5.56), for all x;, x5, X3, x4, x5 € X and n > 1
and assume that there exists L = L(i) such that the function

function « : X° — [0, oo) with the condition (5.55) where 7; = {

1 X
X = y(x) = EO‘(O’ 50,0, 0)
has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

Proposition 5.19 Letr f : X — Y be a mapping for which there exists a
3 _q

function o : X° — [0, 00) with the condition (5.55) where n; = { nl, ll. - (i’
B b=

isfying the functional inequality (5.56), for all xy, X2, x3, X4, x5 € X and n > 1 and
assume that there exists L = L (i) such that the function

sat-

x = y(x) = %a(O, 0, :—3,0, O)

has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

Example 5.20 Let f : X — Y be a mapping for which there exists a

23 ifi=0;
3. ifi=1

satisfying the functional inequality (5.56), for all x;, x5, x3, x4, x5 € X and n > 1
and assume that there exists L = L(i) such that the function

function « : X3 — [0, co) with the condition (5.55) where 1; = {

— Laf0.0. 0.0
x = () = 30(0.0. 35.0,0)
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has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

Proposition 5.21 Let f : X — Y be a mapping for which there exists a function

4 . _ 0.
a: X3 — [0, 00) with the condition (5.55) where n; = { n, =0 satisfying the

1 .

=, =1
functional inequality (5.56), for all x|, x2, X3, X4, X5 € X a};zdn > 1 and assume that
there exists L = L(i) such that the function

X = y(x) = %a(O, 0,0, % 0)

has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

Proposition 5.22 Let f : X — Y be a mapping for which there exists a function
50
a: X° — [0, 0o) with the condition (5.55) where n; = {nl, '

nd?

i _01; satisfying the

functional inequality (5.56), for all xy, x», x3, X4, xs € X andn > 1 and assume that
there exists L = L(i) such that the function

x — yx) = %OL(O, 0,0,0, ;—5)

has the property (5.57), for all x € X. Then there exists a unique quadratic mapping
0 : X — Y satisfying the Egs. (2.6) and (5.58), for all x € X.

The following corollaries are the immediate consequence of the Theorem 5.15
and Propositions 5.17-5.22, respectively, concerning the stability of (2.6).

Corollary 5.23 Let A and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality (5.49), for all x1, x», x3, X4, x5 € X, then there exists a unique
quadratic mapping Q : X — Y satisfying the inequality (5.50), for all x € X.

Proof Set

A

9
5
a(xy, X2, X3, X4, X5) < )‘i i X 1? }

N EAES w A EA

for all xy, x5, x3, x4, x5 € X. Now
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2
o

o xy, mf xa, 1 X3, 1} X4, 7} X5) ) [ I
o = mT i=1 | mixi |l s
n;

ST W 12+ 0, 1w 7,

"
i

— 0 as k— o0
=1 >0as k—> o©
— 0 as k — oo.

That is, (5.59) holds. Since we have

1 X
1) = 5a(%,0.0,0,0),
2 \n

A
2
() = 3a(%,0,0,0,0) = § A

Allx [P
2n50 °

Also,

-2
llxll ! n’},_;y(x)
2ns = ni 7()5)

Al " P2 x
T no ()

>N|.— §N|.—
> N>~

1
—Y7Mix) = {7
;i

|

for all x € X. Hence the inequality (2.6) holds for following cases:
L=n?if i=0and L=n?if i=1.

L=n"”"% for p<2if i=0and L=n>" for p>2if i=1.
L=n""2 for p<% if i=0and L=n>>" for p>% if i=1.
Now from (5.59), we prove the following cases.

Casel. L=n2if i=0

Li-i n=2 A A
10 =0l = 7= = 7= 57 = 22— 1)
Case2. L=n’>ifi=1
L A A
- 0wl < £ = L2 = oA

Case3. L=n""2 for p<2ifi=1

L' n?2 N x |1 Al x 1P
Y(x) = — =-— .
1-L 1—n? 2n? 2(n* — nP)

| f,(0) — 0| <
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Cased. L=n>" for p>2ifi=1

L' L Afx|? Al x ||”
y(x) = > = .
1—L 1 —n>=7P 2np 2(n* — nP)

| £ — 0W)|| <

Case5. L=n"2 for p<2ifi=1

L7 A A
x) = = .
-’ —nor=2 2050 2(n% —np)

|| f,0) — 0)|| <

Case6. L =n>>" for p>% if i=1

£, — 0| = L ) n2r X x % Ax |

X) — X x) = _ '

q -1 L’y 1 — n2-5p 2ns5p 2(n5p — I’lz)
Hence the proof is complete. 0

Remark: Let A and p be non-negative real numbers and f, : X — Y satisfy the
inequality (5.49), for all xy, x5, x3, x4, x5 € X. Then there exists a unique quadratic
mapping Q : X — Y satisfying the inequality

A

6l

£, () = Q) < | 5557

Allx (1>
2‘22_25” ’

forall x € X.

Corollary 5.24 Let )\ and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality (5.49), for all x|, x5, X3, x4, x5 € X. Then there exists a unique
mapping Q : X — Y satisfying the inequality (5.3), for all x € X.

Remark: Let A and p be non-negative real numbers. If a mapping f, : X — Y
satisfies the inequality (5.49), for all x;, x2, x3, x4, x5 € X. Then there exists a unique
quadratic mapping Q : X — Y satisfying the inequality

A

1301

A P

1£,) = QI < { 53y
Allx[*?

2‘24,210” ’

forall x € X.

Corollary 5.25 Let A and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality (5.49), forall xy, x, x3, X4, X5 € X, then there exists an unique
mapping Q : X — Y satisfying the inequality (5.52), for all x € X.
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Corollary 5.26 Let )\ and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality (5.49), forall x1, x», x3, X4, X5 € X, then there exists an unique
quadratic mapping Q : X — Y satisfying the inequality (5.53), for all x € X.

Corollary 5.27 Let A and p be non-negative real numbers. Ifamapping f, : X — Y
satisfies the inequality (5.49), forall x|, x5, x3, X4, X5 € X, then there exists an unique
quadratic mapping Q : X — Y satisfying the inequality (5.54), for all x € X.

5.5 Applications

Consider the quadratic functional equation

n—1 i

dog (Zx_,-) =D —i+Dglx) = % D =) (80xj +xip) — g —xig1) -
i=1 j=1

i=1 i=1 j=I

Since g(x) = x? is the solution of the functional equation, the above equation can
be rewritten as follows

n i 2 n—1 i n
> (Zx,—) = % Y-y ((x,- +xig)? — () — x,-mz) + ) =i+ D)
i=1 \j=1 i=1 j=1 i=1

Now, let us take the variables as consecutive terms, we arrive that the partial sums
of the consecutive terms is equal to the right hand side terms. Mathematically

Do+ Do +x0]* + -

1 n—1 i
x4 X, = 3 Z(” —i) Z (bxj + X 1P = [xj — xi1 1)

i=1 j=1

+ ([ P+ (0 = DIl + ...+ [x]1%).

Next, we show the following counter example replaced by the well-known counter
example of the functional equation (2.6).

Example 5.28 Let a mapping ¢ : E — F defined by

22m

ey om
o) =Y (5.66)
=0

where
Px?, if —l<x<1

£(x) = (5.67)

P, otherwise,
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where 1 is a constant, then the mapping ¢ : E — F satisfies the inequality

m

64
Do (x1, %2, 43, oy X)| < (= +Tm =T =0 [ 3 12 | (5.68)
j=1

for all xy, x3, x3, ..., x; € E, but there does not exist a quadratic mapping Q; : E —
F with a constant € such that

lp(x) — Q2(x)| < els|?, (5.69)
foralls € E.

Proof 1t is easy to notice that ¢ is bounded by ‘—‘w on E.
If Z |xj > — or 0, then the left side of (5.68) is less than (—m? + 7m —

7) 41p and thus (5.68) is true.
I

l
Assume that 0 < Z |x; |> < —. Then there exists an integer / such that

j=1

I

22(1+2 Z 22(1+1) (5.70)

1 1 1
So that 2% |x;| < ?,22I|x2| <3 o 28 x| < % and 2" x,,2" x5, ..., 2" X,y €

(—1,1),forallm=0,1,2,...,1 — 1.
So, form =0,1,2,....1 —1

Zg (2’” (—Xa + Z )) —m—=4) Y ¢Q"(xa+xp)

b=1;b#a I<a<b<m

— (—m% 4 6m—4) > 62" xq) = 0.

a=1
By the definition of ¢, we obtain

oo
1 . . . .
Do (et 22, 23, s )| = 30 52167 20,202, 2043, 2 )|
/'—1

<Zz2f( m? +Tm — Ty
j=l1
22(1 1)
< (- m?2 +Tm —17)

.
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It follows from (5.70) that

m

64
D1, 32, X3, s )| < (= o T = T) =54 > | (5.71)

j=1

for all xy, x2, x3, ..., x,, € E.

Thus the function ¢ satisfies the inequality (5.68), for all xy, x3, x3, ..., x,, € E.

We propose that there exists an quadratic mapping @, : E — F w1th a constant
€ > 0 satisfying the inequality (5.69).

Since the function ¢ is bounded and continuous, for all s € E, Q> is bounded on
every open interval containing the origin and continuous at the origin. Thus we have
0>(x) = vs%, forally € Q, x € E and

lp(x)] < (e + [yDIs],

for all s € E. However, we can select a non-negative integer / and [1) > € + |v|. If
x € (0,271, then2"x € (0, 1),forallm =0, 1, 2, ..., I — 1 and for this x, we obtain

x E(zm )

) = Z 22mx
w(zm )

- Z 22mx

=11/1x
> (e + [YDIx?],

which is contradictory. ]



Chapter 6 ®)
Quadratic Functional Equations Gzt
in Banach Algebras

6.1 Banach Algebra—Quadratic Functional Equation

In fact, assume that a function satisfies a functional equation approximately according
to some convention. Is it then possible to find near this function a function satisfying
the equation accurately?

In this chapter, we prove the stability of the quadratic functional equation (2.6)
for even cases in Banach algebra with the help of direct and fixed point methods (see
[13, 60, 85, 86]).

6.2 Quadratic Functional Equation: Even Case—Direct
Method

Definition 6.1 Let X be a Banach algebra. A mapping Q : X — X is said to be a
quadratic derivation if the quadratic mapping Q satisfies

0(x12) = Q(x1)x3 + x1 Q(x2), (6.1)

for all x;, x, € X. Also the quadratic derivation for five variables satisfies

2222 2 2.2.2 2.2 2.2
O (x1x2x3x4%5) =0 (x1)x3x5x5%5 + x7 Q(x2)x3x,x5 + x7x5 O (X3) X X5

+ x7x3x3 Q(x4) X2 + x7x3x3x5 Q(x5), (6.2)
for all X1, X2, X3, X4, X5 € X.

Theorem 6.2 Let j = X1. Let f, : X — X be a mapping for which there exist
functions o, 8 : X3 — [0, 00) such that
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o ) ) ) ) )
Z a(n¥ xy, n% xy, nM x5, n% x4, 1M xs)

. 6.3
s 63)

k=0
converges in R and

=\ B(nk xy, nM xa, nM xs, n%xy, n* xs)
2 (6:4)
ntuss
converges in R and satisfying the functional inequalities
| Dfy(x1, x2, X3, X4, x5) [|< oe(x1, X2, X3, X4, X5) (6.5)

and

2.2.2 .2 2 2.2.2 2.2 2.2
I fq(x1x2x3X4xs) - fa(xl)x2x3x4x5 x1fq(x2)x3x4x5 X1Xy q(XS)x4x5

2 2220
—xix3x3 f, (xa)x? — xPxixixd f,(xs) [I< B(x1, X2, X3, X4, X5), (6.6)

for all xi,x3,x3,x4,x5 € X. Then there exists a unique quadratic derivation
0 : X — X satisfying the functional equation (2.6) and

1 & a(nhx,0,0,0,0)
I fi) =W = 5 3 ———— (6.7)
=
6 for all x € X. The mapping Q(x) is defined by
kj
0(x) = lim W (6.8)
n<k;

forall x € X.

Proof Ttfollows from Theorem 5.2 that Q is aunique quadratic mapping and satisfies
(2.6), for all x1, x5, x3, x4, x5 € X. It follows from (6.6) that

2.2.2.2 2 2.2.2 2.2 2.2
| O(x1x2x3x4%5) — Q(xl)x2x3x4x5 X1 Q(x2)x3x4x5 — X1 Xy Q(XS)x4x5

2.2.2 222
—xx3x3 Q(xg)x? — x7x3x3x2 Q(xs), ||

1
P10k ‘ |fq (n* (1 x2X3x4X5))

—fq (nkxl)(nka2n2kx3n2kx4n2kx5) — nkalfq (nkxz)nzkxgnka4n2kx5
—n*xn* xzfq (n X3)n *an®xs — n2kx1n2kx2n2kx3n2qu (nkx4)n2k
2%k 2k

—n“x1n xzn X3I’l x4fq

IA

1
W,B(nkxl, nkxz, nkx3, nkx4, nkx5) — 0 as k— oo,
n
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for all x1, x2, x3, x4, xs € X. Hence, the mapping Q : X — X is a unique quadratic
derivation satisfying (6.7).

Example 6.3 Let j = 1. Let f, : X — X be a mapping for which there exist
functions o, 8 : X° — [0, 0o) such that

o . ) . . .
(28 xy, 2K xy, 2K x5, 2K x4, 2K x5)
§ : 92kj

k=0

converges in R and

>\ BN xy, 2K xy, 2K x5, 2K xy, 2K x5)
Z S10k]

converges in R and satisfying the functional inequalities (6.5) and (6.6), for all
X1, X2, X3, X4, X5 € X. Then there exists a unique quadratic derivation Q : X — X
satisfying the functional equation (2.6), for all x € X and

> a(2¥x,0,0,0,0)
Z g

1
I fg(x) = Q(x) [I= §

The mapping Q(x) is defined by Q(x) = hm % for all x € X.

Proposition 6.4 Let j = £1. Let f, : X — X be a mapping for which there exist
functions o, 8 : X° — [0, 00) such that

. ) ) . ) )
Z a(n®x;, n® xy, n% x5, n% x,, n% x5)

4kj
n
k=0

converges in R and

o A A A A .
B x1, n*x, n?Y x5, n?Y g, 0V xs)
Z 1120kj

converges in R and satisfying the functional inequalities (6.5) and (6.6), for all
X1, X2, X3, X4, X5 € X. Then there exists a unique quadratic derivation Q : X — X
satisfying the functional equation (2.6), for all x € X and

a(0,n%*x,0,0,0)
Ty :

1 o0
| £ = QW) < 5 Z

k=1

L
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The mapping Q(x) is defined by Q(x) = klim f"(n4k/ ) ,forall x € X.
— 00

Example 6.5 Let j = +1. Let f, : X — X be a mapping for which there exist
functions o, 8 : X° — [0, 0o) such that

. ) . ) ) )
Z (2% xy, 22Ki xy, 22Ki x5 22Ki x, 27K x5)

24kj
k=0

converges in R and also

0 Ui A2kj . A2Kj . A2kj. 2k
2/3(2 Tx1, 2 Xy, 27 x3, 27 x4, 27 x5)
220k

converges in R and satisfying the functional inequalities (6.5) and (6.6), for all
X1, X2, X3, X4, X5 € X. Then there exists a unique quadratic derivation Q : X — X
satisfying the functional equation (2.6), for all x € X and

o]

1 Z a(0,2%x,0,0,0)

I fg(x¥) = Q(x) [I= —2 ik

The mapping Q(x) is defined by Q(x) = hm J ’(;kj 2 ,forall x € X.

Proposition 6.6 Let j = £1. Let f, : X — X be a mapping for which there exist
functions o, 8 : X° — [0, 00) such that

(i x;, n3 xy, 03 x5, 03 x4, 13 x5)

’

Nt

116k

converges in R and

- . A A . 4
3 B xy, n3 xy, 0 x5, n3M x4, n3*i x5)
30k;
n
k

converges in R and satisfying the functional inequalities (6.5) and (6.6), for all
X1, X2, X3, X4, X5 € X. Then there exists a unique quadratic derivation Q : X — X
satisfying the functional equation (2.6), for all x € X and

a(0,0,n%% x,0,0)
1,6k :

1 oo
I fy(x) — Q) II< —62

k=1

=L
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P

The mapping Q (x) is defined by Q(x) = lim 2422, for all x € X,
— 00

Proposition 6.7 Let j = £1. Let f, : X — X be a mapping for which there exist
functions o, B : X° — [0, 00) such that

o0 ) ) ) ) )
Z ot(n‘”‘fxl , 0y n® xs % x g, % xs5)
18ki

3

k=0

converges in R and

N . . . . .
B xy, n*i xy, n* x5, 0™ xy, n¥ x5)
1140k] ’

k=0

converges in R and satisfying the functional inequalities (6.5) and (6.6), for all
X1, X2, X3, X4, Xs € X. Then there exists a unique quadratic derivation Q : X — X
satisfying the functional equation (2.6), for all x € X and

1 < «(0,0,0,n*x,0)
| fo(x) —0x) 1< s 2 ey .
k=13

The mapping Q(x) is defined by Q(x) = klim M,for all x € X.
—00

P

Proposition 6.8 Let j = 1. Let f, : X — X be a mapping for which there exist
functions o, 8 : X> — [0, 00) such that

o ) ) ) ) )
Z (M x;, % xy, 0% x5, 0 x4, 1 x5)

10kj ’
n

k=0
converges in R and

. . ‘ A , .
B xy, n* xo, 0% x5, 0% x4, 13 x5)
Z 50kj ’
n
k=0

converges in R and satisfying the functional inequalities (6.5) and (6.6), for all
X1, X2, X3, X4, X5 € X. Then there exists a unique quadratic derivation Q : X — X
satisfying the functional equation (2.6) and

1 < «(0,0,0,0,n%x)
FACENIOIEE =Y o :

=
k="

forall x € X.
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The mapping Q(x) is defined by Q(x) = klim f"r(:fj:jx),for allx € X.
—00

The following corollaries are immediate consequences of Theorem 6.2, Proposi-
tions 6.4-6.8 respectively, concerning the stability (2.6).

Corollary 6.9 Let f, : X — X be a mapping and there exist real numbers { and r
such that

0,
5 r
<>{ 2ot Ihxill } r#2 (6.9)

<>{ [T U 17+, 0 1 } 2

| Dfy(x1, x2, X3, X4, X5) |<

2.2.2.2 2 2.2.2 2.2 2.2
I fq(x1x2X3x4x5) - fq(xl)x2x3x4x5 — X fq(XZ)x3x4x5 - x1x2fq(x3)x4x5

2.2.2 2 2.2.2 .2
—X7X5%3 fg (xa)x5 — x{x3x3x] fy (x5) ||

0,
- <>{ Yo I } r#2 (6.10)

O{l_[le i 7+ 300, 1 1 } r# 3,

for all x1,x2, x3, x4, xs € X. Then there exists a unique quadratic derivation Q :
X — X, such that

0

2In2—1]

| fr0) = Q@) =] sk 6.11)
Qllxl*
2‘}127”5)" bl

forall x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers ¢
and r such that (6.9) and (6.10), for all x € X. Then there exists a unique quadratic
derivation Q : X — X, such that

6l

10 — Q) < 2kl

ox|*
2‘22_25r‘ ’

forall x € X.
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Corollary 6.10 Let f, : X — X be a mapping and assume that there exist real
numbers { and r such that (6.9) and (6.10), for all x € X. Then there exists a unique
quadratic derivation Q : X — X, such that

0

2|n*—1|

I £ = Q) 1= | st (6.12)
Ollx I

2|n4,n10r| ’

forall x € X.

Remark: Let f, : X — X be a mapping and assume that there exist real numbers ¢
and r such that (6.9) and (6.10), for all x € X. Then there exists a unique quadratic
derivation Q : X — X, such that

707
1£,00) = Q) < { 555

5

olx]
2‘2472I0r| .

Corollary 6.11 Let f, : X — X be a mapping and assume that there exist real
numbers ¢ and r such that (6.9) and (6.10), for all x € X. Then there exists a unique
quadratic derivation Q : X — X, such that

%
2|no—1|

I £y — 0 1< { 5ol (6.13)
Ollxl™

Z\nﬁ—n]5'| .

forall x € X.

Corollary 6.12 Let f, : X — X be a mapping and assume that there exist real
numbers { and r such that (6.9) and (6.10), for all x € X. Then there exists a unique
quadratic derivation Q : X — X, such that, forall x € X

2[n8—1|

| £ — Q) < ] 7ol (6.14)
Ollx |

2‘,18,”20»'| M

Corollary 6.13 Let f, : X — X be a mapping and assume that there exist real
numbers { and r such that (6.9) and (6.10), for all x € X. Then there exists a unique
quadratic derivation Q : X — X such that, forall x € X
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_90
2[n0—T|

I £, = Q) 1= ] 5oy (6.15)
Ol

2|n]0,n25r‘ .

Remark: Let f, : X — X be a mapping and assume that there exist real numbers ¢
and r such that (6.9) and (6.10), for all x € X. Then there exists a unique quadratic
derivation Q : X — X such that, for all x € X

<

1126]

& r
1£,0) = QI < | 35wy

oflx [
2‘26_215:-| .

6.3 Quadratic Functional Equation: Even Case—Fixed
Point Method

Theorem 6.14 Let j = *1. Let f, : X — X be an even mapping for which there
exist function a, B : X° — [0, 00) such that

kj kj kj kj kj
o a(n; x1, m X0, x3, 07 xa, ;7 xs)
Z o (6.16)
k=0 n;
converges in R and also
kj kj kj kj kj
o B x1m xa, n x5, 1 x4, 0 xs)
> e (6.17)
k=0 n;
. ni=0; o . ; .
converges in R, where n; = | | i1 and satisfying the functional inequalities

(6.5) and (6.6), for all xy, x3, x;x;;, x5 € X. Assume that there exists L = L(i) < 1

such that the function x — B(x) = %Ot <ﬁ, 0,0,0, O) has the property

1
?ﬁ(mm = LB(x), (6.18)

forall x € X. Then there exists a unique quadratic derivation Q : X — X satisfying
the functional equation (2.6) and
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1—i

| fo(x) — Q) 1= T I

B(x), (6.19)

forall x € X.

Proof 1t follows from Theorem 5.15 that Q is a quadratic mapping and satisfies
(2.6), for all x € X. It follows from (6.16), (6.17) and (6.6) that

22022 2 2202 22 2.2
I Q(x1x2x3x4X5) — Q(xl)x2x3x4x5 — X1 Q(xz)x3X4X5 — XXy Q(X3)x4x5

220 2 2222
—x7x5x35 Q(xg)x5 — x7x5x5x3 O (x5) ||

1

k k % 2k k. 2k

< —z| [ fa (nf Gerxaxaxaxs)) — fy(nfx) i xan xam; xamixs)

i

% Ko\ 2. 2k 2k 2% 2% Ko\ 2k 2k
=07 X1 fq My x)n; x3m; Xam; x5 — i xn; X2 fg (0 x3)0;" Xan;" X5

2k 2k 2k k 2k 2k 2k 2k 2k k
—n; X1n; x2n; x3fq(’7ix4)77i X5 — ;X0 Xen; X3n; x4fq(n,-x5)||

1
< 7,3(775161, nixa, nfxs, n¥xa, nixs) — 0 as k — oo. (6.20)

l

Thus the mapping Q : X — X is a unique quadratic derivation satisfying (2.6).

Example 6.15 Let j = £1. Let f;, : X — X be a mapping for which there exist
functions «, 8 : X° — [0, oo) with the conditions (6.16) and (6.17), where n; =

2ifi=0;
{ lifi=1
X1, X2, X3, X4, X5 € X, and assume that there exists L = L(i) < 1 such that the func-

and satisfying the functional inequalities (6.5) and (6.6), for all

tionx — B(x) = %a %, 0,0, 0, 0 ) has the property (6.18), forall x € X.Then there

exists a unique quadratic derivation Q : X — X satisfying the functional equations
(2.6) and (6.19), for all x € X.

Proposition 6.16 Let j = +£1. Let f, : X — X be a mapping for which there

exist functions «, B : X°> — [0, 00) with the conditions (6.16) and (6.17), where
2 _ 0.

ni = { nl li __01’ and satisfying the functional inequalities (6.5) and (6.6), for all

n
X1, X2, X3, X4, X5 € X, and assume that there exists L = L(i) < 1 such that the func-

tion x — Bx) = %a (0, -,0,0, O) has property (6.18), for all x € X. Then there

exists a unique quadratic derivation Q : X — X satisfying the functional equations
(2.6) and (6.19), for all x € X.

Example 6.17 Let j = £1. Let f;, : X — X be a mapping for which there exist
functions «, 8 : X° — [0, oo) with the conditions (6.16) and (6.17), where n; =
{ 2%ifi=0;

ziz ifi=1 and satisfying the functional inequalities (6.5) and (6.6), for all
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X1, X2, X3, X4, X5 € X, and assume that there exists L = L(i) < 1 such that the func-

tion x — B(x) = %a (0, 2)‘—2 0,0, 0) has the property (6.18), for all x € X. Then

there exists a unique quadratic derivation Q : X — X satisfying the functional equa-
tions (2.6) and (6.19), for all x € X.

Proposition 6.18 Let j = *1. Let f, : X — X be a mapping for which there

exists functions o, B : X3 — [0, 00) with the conditions (6.16) and (6.17), where
3 _ 0

ni = { nl li __01’ and satisfying the functional inequalities (6.5) and (6.6), for all
&=

X1, X2, X3, X4, X5 € X, and assume that there exists L = L(i) < 1 such that the func-

tionx — B(x) = %oz (O, 0, 5,0, 0) has property (6.18), for all x € X. Then there

exists a unique quadratic derivation Q : X — X satisfying the functional equations
(2.6) and (6.19), for all x € X.

Proposition 6.19 Let j ==+£1. Let f,: X — X be a mapping for which there

exists functions «, 8 : X°> — [0, 00) with the conditions (6.16) and (6.17), where
4 - _ 0.

N = { nl li o (i’ and satisfying the functional inequalities (6.5) and (6.6), for all

e =

X1, X2, X3, X4, X5 € X, and assume that there exists L = L(i) < 1 such that the func-

tion x — B(x) = %a (0, 0,0, ’f—4, 0 ) has property (6.18), for all x € X. Then there

exists a unique quadratic derivation Q : X — X satisfying the functional equations
(2.6) and (6.19), for all x € X.

Proposition 6.20 Let j = +£1. Let f, : X — X be a mapping for which there
exists functions «, B : X> — [0, 00) with the conditions (6.16) and (6.17), where

55 _0
N = { nl i=0 and satisfying the functional inequalities (6.5) and (6.6), for all

n_slzl

X1, X2, X3, X4, X5 € X, and assume that there exists L = L(i) < 1 such that the func-
tionx — Bx) = %a (O, 0,0,0, n%) has property (6.18), for all x € X. Then there

exists a unique quadratic derivation Q : X — X satisfying the functional equations
(2.6) and (6.19), for all x € X.

This following corollaries are the immediate consequences of Theorem 6.14,
Propositions 6.16-6.20 respectively, concerning the stability of (2.6).

Corollary 6.21 Let f, : X — X be a mapping and there exist real numbers { and
r such that the inequalities (6.9) and (6.10), for all x1, X3, x3, X4, x5 € X. Then there
exists a unique quadratic derivation Q : X — X such that the functional inequality

(6.11), forall x € X.

Remark: Let f, : X — X be a mapping and there exist real numbers ¢ and r such
that the inequalities (6.9) and (6.10), for all x, x3, x3, x4, X5 € X. Then there exists
a unique quadratic derivation Q : X — X such that the functional inequality
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T
10 — Q) < 2kl

x|l
2‘22_25r‘ ’

forall x € X.

Corollary 6.22 Let f, : X — X be a mapping and there exist real numbers { and
r such that the inequalities (6.9) and (6.10), for all x1, X3, x3, X4, x5 € X. Then there
exists a unique quadratic derivation Q : X — X such that the functional inequality
(6.12), forall x € X.

Remark: Let f, : X — X be a mapping and there exist real numbers ¢ and r such
that the inequalities (6.9) and (6.10), for all x;, x3, x3, x4, X5 € X. Then there exists
a unique quadratic derivation Q : X — X such that the functional inequality

<
130
1fy () = A < § 55855

ollx|
2|24_2]0r| ’

forall x € X.

Corollary 6.23 Let f, : X — X be a mapping and there exist real numbers { and
r such that the inequalities (6.9) and (6.10), for all xy, x,, X3, x4, x5 € X. Then there
exists a unique quadratic derivation Q : X — X such that the functional inequality
(6.13), forall x € X.

Corollary 6.24 Let f, : X — X be a mapping and there exist real numbers { and
r such that the inequalities (6.9) and (6.10), for all x1, x5, x3, X4, x5 € X. Then there
exists a unique quadratic derivation Q : X — X such that the functional inequality
(6.14), forall x € X.

Remark: Let f, : X — X be a mapping and there exist real numbers ¢ and r such
that the inequalities (6.9) and (6.10), for all x;, x3, x3, x4, X5 € X. Then there exists
a unique quadratic derivation Q : X — X such that the functional inequality

<
28]
1f,(0) = A < § 5555

ellx]>
2|26_215r| ’

forall x € X.
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Corollary 6.25 Let f, : X — X be a mapping and there exist real numbers { and
r such that the inequalities (6.9) and (6.10), for all x1, X3, x3, X4, x5 € X. Then there
exists a unique quadratic derivation Q : X — X such that the functional inequality
(6.15), forall x € X.



Chapter 7 ®)
n-Dimensional Quadratic Functional Cecte
Equations in Generalized 2-Normed

Spaces

7.1 n-Dimensional Quadratic Functional Equation

A Hyers-Ulam stability problem for the above quadratic functional equation was
proved by Skof for mapping f : E; — E, , where E| is a normed space and E; a
Banach space (see [90]). Cholewa [15] noticed that the theorem of Skof is still true
if the relevant domain E; is replaced by an abelian group. The quadratic functional
equation and several other functional equations are useful to characteristic inner
product space.

n n

f(in>+Zf(—xj+ Z x,»):(n—s) > feitx)

i=1 j=1 i=1,i#j I<i<j<n

H(=nP+5n=2) > f(x) (7.1)

i=l1

where 7 is a positive integer with n > 3.
In this chapter, we discuss about the general solution and stability of the n-
dimensional quadratic functional equation (7.1) in generalized 2-normed space.

Theorem 7.1 Let X and Y be real vector spaces. A mapping f : X — Y satisfies
the functional equation (5.1), for all x, y € X ifand only if f : X — Y satisfies the
functional equation (7.1), for all x1, x5, ...x, € X.

Proof Let f : X — Y satisfy the functional equation (7.1). Replacing (x1, x2, . . . x,)
by (0,0, ...0)in(7.1), we get £ (0) = 0. Now replacing (x1, x3, ...x,) by (0,0, ...0)
in (7.1), we obtain
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Fxr+x2) 4+ f(=x1 +x2) + fx1 —x2) + f(x1 +x2) + f(x1 +x2)
=2f(x1+x2) +2f(x2) +2f(x1) +2f(x1) +2f(x2)
F2f (2 —2f(x2) —2f(x2) +2f(x2), (7.2)

for all x € X. It follows from (7.2) that

fi+x)+ fx-x)+m—Df(xi+x2) =0 —=3)[f(x1 +x2)

0 =2) (1) + (1= 2) f ()] + (=n® +5n —2)

+[f (x1) + (2], (7.3)
for all x;, x, € X. Replacing (x1, x2) by (x, y) in (7.1) and using evenness of f and
rearranging, our result is obtained.

Conversely, assume that f : X — Y satisfies (5.1) and using evenness of f we get
f(0) =0.Letting y =0in (5.1), we obtain f (—x) = f(x) forall x € X. Therefore
f is an even mapping. Replacing y by x and 2x respectively in (5.1), we get f(2x) =
4f(x) and f(3x) = 9f(x). In general for any positive integer a, we have f(ax) =
azf(x) for all x € X. Replacing (x, y) by (x1, x2) in (5.1) and using (5.1) we get,

Fr+x2) + fx —x2) =21 () +2f(x2), (7.4)
for all x1, x, € X. Replacing (X, X3) by (x; + x2, x3) in (7.4), we obtain
fr+xa+x3) + fx +x2—x3) =2f(x1 +x2) +2f(x3), (71.5)
for all x1, x», x3 € X. Replacing x; by —x; in (7.5), we get
fOr—xa+x3) + fx1 —x2 —x3) = 2f(x1 —x2) +2f(x3), (7.6)
for all xy, x», x3 € X. Using evenness in (7.6), we get
Fxr—xa4x3) + f=x1 +x2+x3) =2f(x1 —x2) +2f(x3), (1.7)
for all x1, x,, x3 € X. Adding (7.5), (7.7) and using (7.4), we obtain

fOr+x2+x3) + f(=x1+x2+x3) + f(x1 — x2 + x3)
+f (1 +x2—x3) =4f(x1) +4f(x2) +4f(x3), (7.8)

for all x1, x», x3 € X. Replacing (x, y) by (x| + x4, x2 + x3) in (5.1), we get

FOr+x+x34+x)+ fxr —xo+x3+x1) =2f(x1 + x4)
+f (2 + x3), (7.9)
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for all xy, x5, x3, x4 € X. Adding f(x; + x2 + x3 + x4) on both sides in (7.9), we
get

2f(x1 +x2+x34xs) + (1 —x2 —x3+x4) = 1 +x2 4+ x3 + x4)
+2f(x1 + x4) + f(x2 + x3), (7.10)

for all xy, x5, x3, x4 € X. Adding f(x; — x2 + x3 — x4) on both sides in (7.10), we
get

2f(x1+x24+x3+x4) + f(x1 —x2 —x3+x4) + fF(x1 —x2 + X3 — x4)
= f(x1 +x2+x3+x4) + f(x1 —x2 +x3 — x4)
F2f(x1 +x4) + f(x2 +x3), (7.11)

for all x1, x,, x3, x4 € X. Using (7.10) in (7.11) and rearranging, we get

2f(x1+x2+x3+x4) +2F(x1 —x2) +2f(x3 — x4) =2 (x1 + x3)
F2f (02 + x4) +2f (x1 + x4) + 21 (x2 + x3), (7.12)

for all x1, x», x3, x4 € X. Dividing by 2 in (7.12) on both sides, we have

SO +xo+x3+x) + O —x2) + f(x3 —x4) = fx1 +x3)
+f 00+ x4) + g +x4) + f(x2 4+ x3), (7.13)

forall x1, x5, x3, x4 € X.Adding f(x; + x2) + f(x3 + x4) on both sides, we obtain

o +x2+x3+x4) + f(x1 +x2) + a3 +x4) + fx1 — x2)
+f(x3 —x4) = f(x1 +x2) + fxs +x4) + fOor +x3) + f (2 +x3)
+f 01+ x4) + f 2+ x3), (7.14)

for all x1, x», x3, x4 € X. Using (5.1) in (7.14) and rearranging, we have

fr+xa+x3+x) +2F(x1) +2f(x2) +2f(x3) +2f(xa) = f(x1 + x2)
+f (34 x4) 4+ fxr+x3) + fOo+xa) + f(x1 +x4) + fl2+x3), (7.15)

for all xy, x2, x3, x4 € X. Adding 2f(x1) +2f(x2) +2f(x3) + 2f(x4) on both
sides in (7.15), we have

fr4+xa+x3+x4) +4fF(x) +4f(x0) +4f(03) +4f(xs) = o +x2)
+ 3+ x4) + fx1 +x3) + O+ x4) + O +x4) + f(x2 + x3)
F21(x1) +2f(x2) +2f(x3) +2f(x4), (7.16)

for all x1, x,, x3, x4 € X. Using (7.8) and rearranging, we obtain
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fOr+x+x3+x4) +2[f(x) + fO)] +2[f(x3) + fF(x)] = fx1 +x2)
Ff3+xa) + fx1+x3) + O+ x4) + O +x4) + f(x2 + x3)
F2f(x1) +2f(x2) +2f(x3) +2f(x4), (7.17)

for all x1, x,, x3, x4 € X. Using (5.1) in (7.17), we get

Sx1+x2 + x5+ x4) +2[f (x1 +x2) + f(x1 — x2)] + 2[f (x3 + x4)
+f( —x4)] = Qe +x2) + fx3+x4) + f(x1 +x3) + fx2 + x4)

+ (1 + x4) + f2+x3) +2F(x1) + 21 (x2)

+2f(x3) + 2 f(x4), (7.18)

for all x1, x,, x3, x4 € X. Using (7.10) and remodifying, we get

FOr+x2+x34+x) +2f 0 +x2) +2f1(x1 —x2) +2F(x3 +x4) +
2f(x3 —x4) = fOxr +x2) + fz +x4) + f(x1 +x3) + f(x2 4+ x4)
+f+xg) + fl+x3) +2f() +2F(x2) +2f(x3) +2f(xs), (7.19)

for all x1, x,, x3, x4 € X. Using (5.1) in (7.19), we obtain

SO +xa+x3+x4) + f(=x1 +x20+x3+x9) + fx1 —x2+x3
+x4) + f(x1 +x2 —x3 +x4) + f(x1 +x2+x3 —x3) = f(x1 +x2)
+f(x1+x3) + fx1 +x4) + fe2+x3) + f(x2+x3)

+f (3 +xa) +2F(x1) +21(x2) +2f(x3) + 21 (xa), (7.20)

for all x1, x,, x3, x4, x5 € X. Similarly, one can easily verify for five variables that

S+ x4 x3+ x4+ x5) + f(—x1 + x2+ x3 + x4 + x5)
+f (e —x2+ x5+ x4+ x5) + f (1 +x2 — X3 + x4+ x5)
+ G Fx2+x3—x4+x5)+ flxg Fx2+x3+x48—x5) =(05—3)

5
D fGit )+ (=5 +55-2) " fx), (7.21)

1<i<j<5 i=1

for all xy, x», x3, x4, xs € X. Extending this result, for any positive n, we can get
(7.1), for all x{, xp, x3,...,x, € X.

Remark: Every normed space (X, ||.]|) defines a random normed space (X, i, Ty),

where ;
)= ——,
My () P

and T, is the minimum #- norm. This space is called the induced random normed
space.
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7.2 Solution of n-Dimensional Quadratic Functional
Equation

Definition 7.2 Let X be a linear space. A function N(.,.): X x X — [0, 00) is
called a generalized 2-normed space if it satisfies the following.

(Gl) N(x,y)=0if and only if x and y are linearly independent vectors.

(G2) N(x,y)=N(y,x),forallx,y € X.

(G3) N(Ax,y) =|A|N(x,y) forall x,y € X and X = ¢, ¢ is a real or complex
field.

(G4) Nx+y,z) <Nx,2)+ N(y,z),forallx, y,z € X.

The generalized 2- normed space is denoted by (X, N(., .)).

Remark: If (X, u, T) is an RN-space and {x,} is a sequence in X such that x, — x,
then lim,, o ty, () = (1, (t) almost everywhere.

Definition 7.3 A sequence {x,} in a generalized 2-normed space (X, N(.,.)) is
called convergent if there exists x € X such that klim N(x, —x,y) = 0and we will
—00

denote klim N(x,,y) =N(x,y), forallx,y € X.
—00

Definition 7.4 A sequence {x,} in a generalized 2-normed linear space (X, N (., .))
is called a Cauchy sequence if there exist two linearly independent elements y and
zin X, such that {N (x, y)} and {N (x,,, z)} are real Cauchy sequences.

Remark: Let (X, ||.]|) be anormed space. Let T (a, b) = (a, b, min(a, + by, 1)), for
all a = (a1, ap), b = (b1, bp) € L* and u, v be membership and non - membership
degree of an intuitionistic fuzzy set defined by

Pm(x,o:(ux)(t),vx(r):( r Il )AﬁeR*.
’ PPy

Then (X, P, ,, T) is an IFN—space.

Definition 7.5 A generalized 2-normed space (X, N(.,.)) is called generalized
2-Banach space if every Cauchy sequence is convergent.

Theorem 7.6 Let j € {—1,1}. Let 6 : X" — [0, 00) be a function such that

i 024 xy, 24 x5, 2 x5, ..., 24 x,)

i (7.22)

=0

converges for all xy, x», X3, X4, ..., X, € X. Suppose that a mapping f : X — Y
satisfies the inequality



98 7 n-Dimensional Quadratic Functional Equations in Generalized 2-Normed Spaces

N( (Z ) Zf(—x]+ Z xl>—(n—3) S feit)

i=1 i=l,i#j i,j=1, 1<i<j<n
—(n® +5n +2>Zf<x,~>,r) < O(x1.X2, X3, 24, Xn), (7.23)
i=1
for all xy, x3, X3, x4, ...,%, € X and t € X. Then there exists a unique quadratic

mapping Q : X — Y such that

oo

1 OQlix, —2Ux,2lix, —2lx 2x,0,...,0,1)
N@ =00 s goms 37 277 ’
=5
(7.24)
forall x € X and allt € X. The mapping Q(x) is defined by
. Q) N
ll_lgloN(Q(x) — W’t =0, (7.25)
forallx € X andallt € X.
Proof Assume that j = —1. Replacing (x1, x2, X3, X4, X5, Xg, - - - , Xp) DY
(x,—x,x,—x,x,—x,0,.,0,1) in (7.23), we get
f( x) 9(x9_-xv-xy_-xv-xv_-xv()’“vo’t)
_ , 7.26
( JON. T (7.26)

forall x € X and all t € X. Replacing x by 2x and dividing by 22 in (7.26), we get

N(f(22x) e t) 6(2x, —2x,2x, —2x,2x, —2x,0,...,0,1)

24 22 8(n — 5)24 (7.27)

for all x € X and all + € X. Combining (7.26) and (7.27) and using (G4), we get

f(2%x) FQ%x)  fQx) f2x)
N( o _f()t> ( T ’[>+N( 2 _f(x)”)

1
< W[G(.}C, —X, X, —X, X, —X,O, .. .,0, f)

n 0(2x, —2x,2x, —2x,2x, —2x,0,..., 0, t)]

2 (7.28)

forall x € X and all ¢+ € X. In general, for any positive integer /, we have



7.2 Solution of n-Dimensional Quadratic Functional Equation 99

N(f(Z’"X) —f(x),t)

22m

1 92k x, —2kx, 2kx, —2kx, 2kx, —2kx,0,...,0,1)
- _ 2 2k ’
8(n — 5)22 £ 2
00 k. ok ky _nk k, ok
- 1 Z@(Zx, 2%x, 2%x, —2%x, 2% x, 2x,0,...,0,t)’
= 8(n—5)22 & 2%

(7.29)

for all x € X and all r € X. In order to prove the convergence of the sequence
{% } replace x by 2"x and divide by 2% in (7.29), for any m, [ > 0. Then we

obtain

N < f@*7x) fQ2) ’ t)

22(+r) 22r
1 F(2L.27x) ,
~ 8- 5)22rN< i —S@0t),
- 1 >, Q2K x, =2kt kT Dkt 2Ky 0,00, 1)
~ 8(n —5)22 ps 22(k+r)
—0as r— o0, (7.30)
forall x € X and all r € X. So
fQ*x)  f@Q2'x) .
2an g
1 F(2l.27x) ,
T 80— 5)22rN< . —S@0t),
- 1 2 Q2K x, 2kt x Dkt _ktry Dktrx 0, ..., 0,1)
~ 8(n —5)22 — 22(k+r)
—>0as r— o0, (7.31)

forall x € X and all i € X. Hence, there exist two linearly independent elements ¢

and i in X such that {N <%2[,"), t) } and {N(f(zz;,") , i) } are real Cauchy sequences.

" . . .
Thus the sequence i (222,)‘) is a Cauchy sequence. Since Y is complete, there exists

amapping Q : X — Y such that

. f@x N\
lim N(Q(x) - ,r) =0, (7.32)
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for all x € X and all # € X. Now we need to prove that Q satisfies (5.1). Replacing
(x1, X2, X3, X4, X5, X6, - - - » X) DY (2’x, —2lx, 2lx, —2lx 2x.0,..., 0)in (7.23), we

get
Mol C(B)+ 2o 2 )
i=1 = i=li#j
Y. fQi+x)) = (=n +5n+2) Z f(z’(xi»], t)
i,j=1,1<i<j<n i=1
< ie(zlx 2%y, 2lx3, 2! 2! 7.33
= 1,2 X2, 23, 2 X4, ..., 2 %), (7.33)
for all xy, x2, x3, x4, X5, X6, ..., X, € X and all t € X. Now
( (Z))JrZQ(—x,Jr Z x,)—(n—s)
i=1,i#j
> QGitx) - +5n+2) Z Q(xi), r)
i,j=1,1<i<j<n i=l1

“r(o(S) o (2(350)0)

+N(ZQ(—x1+ > %))~ 22129(21(—xf+ > x)))
i=li#j i=1,i#j
1
+N(<n—3) D QUitx =y =3) Y7 f(z’(x,-+x,>>,r>
I<i<j<n I<i<j<n
+N<( n +5n+2)ZQ(x, 221( n +5n+2)2f(21(x,)) t)

i=1 i=1

2 (zlo((X0) 2 e((-0+ 2 1))

i=li#j

—n=3 > f(2’(xi+x,~))—(—n2+5n+2)2f(2’xi)],t>, (7.34)

I<i<j<n i=1

for all xy, x,, x3, x4, x5, X¢, ..., X, € X and all t € X. Hence it follows from (7.32),
(7.33) and (7.34) that
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N(Q(éj)) ZQ(—xj+ Z x,>—(n—3)

i=li#j
Y. QW@itx)— (P +5n+2) Z Q(xi), r)
i,j=1,1<i<j<n i=1
=04+0+0+0+ ﬁ0(21x1,21x2,2x3,...,21x,1), (7.35)
for all xy, x», x3, X4, X5, X6, ..., X, € X and all € X. Letting ! — oo in (7.35) and

using (7.22), we see that

(Z)x,) ZQ(—x]+Zx,>=(n—3) Y 0Gi+x))

i=1i#j i,j=1,1<i<j<n

+n? +5n+2) Z Q(xi),

i=1

Using (G1), we see that Q satisfies (7.1). In order to prove that Q(x) is unique, let
R(x) be another quadratic mapping satisfying (7.1) and (7.24). We get

N(Q(x) — R(x),u) = N(Q(z’x) R(2'x), u)

<= 22, LN - f(z’x), W)+ N(f2'x) — R2'x), u)}

202 %1, 2%, 2 x3, ..., 2'x,)
Z 22(k+1)

— 0 as [ — oo,

k=0

for all x € X and all # € X. Hence Q is unique. For j = —1, we can prove that the
similar stability result. This completes the proof of the theorem.

The following Corollary is an immediate consequence of Theorem 7.6
concerning the stability of (7.1).

Corollary 7.7 Let A and s be positive real numbers and suppose that a mapping
f : X — Y satisfies the inequality

N( (ixl)-i-Zf(—xj-i- Zx) =3 Y feitx)

i=1,i#j i,j=1, 1<i<j<n

—(n*+5n+2) Z fx), z),
i=1
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)"7
A x|, s #E2
A{ [T i 1P+ 300 x| } S#E

forall xi, x, X3, X4, ..., %, € X and allt € X. Then there exists a unique quadratic
mapping Q : X — Y such that

A
[I(n=5)
Allx]l*

N(f(x) = Q). 1) = 35—

Alx]™
2(m—5)27 2"

forallx € X andt € X.



Chapter 8 ®)
Additive-Quadratic Functional Guca i
Equations

8.1 Additive Quadratic Functional Equation

The Hyers-Ulam stability of mappings is an interesting application of this theory
to various mathematical problems. The Hyers-Ulam stability has been mainly used
to study problems concerning approximate isometries or quasi-isometries, and the
stability of Lorentz and conformal mappings, the stability of stationary points, the
stability of convex mappings, or homogeneous mappings, etc [3, 15, 41, 43, 93].
In this chapter, we discuss the stability of the quadratic functional equation (2.6)
for mixed cases in Banach space with the help of direct and fixed point methods.

8.2 Additive Quadratic Functional Equation: Mixed
Case—Direct Method

Theorem 8.1 Let j € {—1, 1} and o : X° — [0, 00) be a function satisfying (2.24)
and (5.40), for all xy, x3, x3, X4, x5 € X. Let f : X — Y be a mapping satisfying the
inequality

| Df (x1, x2, X3, X4, x5) |< a(x1, X2, X3, X4, X5). 8.1)

Then there exist a unique additive mapping A : X — Y and a unique quadratic
mapping Q : X — Y which satisfies the functional equation (2.6) and

kix,0,0,0,0 ~*ix,0,0,0,0
| f(x) — AR) — Q(x) || < %[ﬁ ST (ot(n £00.00) | wtn tx >)

1 00 i x,0,0,0,0 ~*ix,0,0,0,0
o T (goen 4+ agesn ) | g
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forall x € X. The mappings A(x) and Q(x) are defined in (2.27) and (5.43) respec-
tively, for all x € X.

Proof Let fo(x) = L20=JC0 Then f3(0) =0 and fo(—x) = — fo(x), for all
x € X. Then
1
I Dfolx,y,2) | < 5( | Df(x1, x2, x3, x4, x5) |

+ || Df (=x1, —x2, —x3, —x4, —x5) || )

- a(xy, X2, X3, X4, X5)  a(—xy, —x2, —X3, —X4, —X5)

< 5 3 (8.3)
for all x, y, z € X. By Theorem 2.2, we have
A - 1 <& /am¥x,0,0,0,00 a®m™x,0,0,0,0) 84
I = A = g0 30 (T o2 w4
k==
Moreover f,(—x) = f.(x), for all x € X. Hence,
1
| Dfe(x,y,2) I < 5( | Dfe(x1, x2, X3, X4, x5) ||
+ || Dfe(_XI, —X2, —X3, —X4, _XS) ” }
- a(xi, x2, X3, X4, X5) n a(—xy, =Xz, —X3, —X4, —X5)’ 8.5)
- 2 2
for all x, y, z € X. By Theorem 5.2, we have
1 < /a(m¥x,0,0,0,00 a(mr™*x,0,0,0,0)
| £ =0 1= 75 D (T + i ). ®6)
=i
for all x € X. Define
) = fe(x) + folx), (8.7)
for all x € X. It follows from (8.4), (8.6) and (8.7) that
I f(x) =AW — Q) I = fe(x) + falx) — A(x) — Q(x) ||
<l fox) =A@ | + | fe(x) — Q) |l
1 & /a@¥x,0,0,0,00 a(r*x,0,0,0,0)
=3 21; ( g + k7 )
k=5t
1 & /a(mx,0,0,0,00 «a®*x,0,0,0,0)
+W Z( n2kj + n2ki )’ (8.8)

.

T~
k="
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for all x € X. Hence the theorem is proved.

Example 8.2 Let j € {—1, 1} and o : X> — [0, 00) be a function satisfying (2.24)
and (5.40), for all xy, x2, x3, x4, xs € X. Let f : X — Y be a mapping satisfying
the inequality (8.1), for all xi, x», x3, x4, xs € X. Then there exist a unique addi-
tive mapping A : X — Y and a quadratic mapping Q : X — Y which satisfies the
functional equation (2.6) and

4 _1 S (a(?¥x,0,0,0,00) «(27%x,0,0,0,0)
I f@-A® -0 =32 Z o - o
k=5t
1 & /a@Hx,0,0,00 o %%, 0,00
+§ 2}; 22kj 22kj >
k=11

2

forall x € X. The mappings A(x) and Q(x) are defined by A(x) = klim fg:x) and
—00

o) = klim f"’(l%:jx), forallx € X.
— 00

Proposition 8.3 Let j € {—1,1} and « : X° — [0, 00) be a function satisfying
(2.24) and (5.40), for all x1, x2, x3, x4, x5 € X. Let f : X — Y be a mapping sat-
isfying the inequality (8.1), for all x1, x», x3, x4, xs € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y which
satisfies the functional equation (2.6) and

IT1 & [a0,r%x,0,0,00 0,1 *ix,0,0,0)
I f@) — A — QW) ||s§[m Z_( s + T )

1=
k==

1 i (a(o,nzkfx,o,o,O)+a(0,n*2kfx,o,o,0)>]

nkj nkj

(nix)

for all x € X. The mappings A(x) and Q(x) are defined by A(x) = klinolo f”,,z—k,

— Tim Je@0)
and Q(x) = khm ,forall x € X.

niki

Example 8.4 Let j € {—1,1}and o : X° — [0, 00) be a function satisfying (2.24)
and (5.40), for all x1, x2, x3, x4, x5 € X. Let f : X — Y be a mapping satisfying
the inequality (8.1), for all xi, x», x3, x4, xs € X. Then there exist a unique addi-
tive mapping A : X — Y and a quadratic mapping Q : X — Y which satisfies the
functional equation (2.6) and
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A _ I . (a(0,2%7x,0,0,0,0) «(27%ix,0,0,0,0)
I /@) =A@ = 0@ I < 5|32 D 5% + 2%

k=1

2
1 & (a®*ix,0,0,0) «(27%x,0,0,0)
33 Z 24kj + 24kj ’

1—J

2

forall x € X. The mappings A(x) and Q(x) are defined by A(x) = klim %ﬁ:)‘) and
—00

y
Ox) = klirn f":jk;x), forall x € X.
— 00

Proposition 8.5 Let j € {—1,1} and a : X°> — [0, 00) be a mapping satisfying
(2.24) and (5.40), for all x1, x», x3, x4, x5 € X. Let f : X — Y be a function sat-
isfying the inequality (8.1), for all x\, x,, X3, X4, xs € X. Then there exist a unique
mapping A : X — Y and a unique mapping Q : X — Y which satisfies the func-
tional equation (2.6) and

IT1 & /a0,0,7%x,0,00  «(0,0,n 3% x,0,0)
I £ — A — Q) | < E[m > ( - + o )
k=151
1 S /a(0,0,7%x,0,00  «(0,0,n 3% x,0,0)
+ﬁ Z ( n6kj + 16kj ) ’
k

1=
=72

(i x)

for all x € X. The mappings A(x) and Q(x) are defined by A(x) = klim f“m—,q
—00

3k,
and Q(x) = klim %,for all x € X.
—00

Proposition 8.6 Let j € {—1,1} and o : X° — [0, 00) be a function satisfying
(2.24) and (5.40), for all x1, x2, X3, X4, x5 € X. Let f : X — Y be a mapping sat-
isfying the inequality (8.1), for all x1, x2, x3, X4, xs € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y which
satisfies the functional equation (2.6) and

IT1 & /a(0,0,0,n%x,00  «0,0,0,n%x,0)
I fx)—Ax)— Q) || < E[m 21;/' ( e + ki )

1 & /a(0,0,0,n%x,0)  «(0,0,0,n%ix,0
o Z ( ( _ ) + ( _ )) ’
8 k) k)

for all x € X. The mappings A(x) and Q(x) are defined by A(x) = kll)n;o %4:”

4kj
and Q(x) = lim f"("gk,/x),for all x € X.
k—oo "
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Proposition 8.7 Let j € {—1,1} and « : X° — [0, 00) be a function satisfying
(2.24) and (5.40), for all x1, x2, x3, x4, x5 € X. Let f : X — Y be a mapping sat-
isfying the inequality (8.1), for all x\, x2, X3, X4, xs € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y which
satisfies the functional equation (2.6) and

1M1 & /a0,0,0,0,72%x)  «(0,0,0,0, n=*x)
I f(x)—A®x) — Q) || < E[ﬁ Z ( 5k + ndkj )
k=g
1 & 0,0,0,0,n5% 0,0,0,0,n7k
51 (a( lOk'n al + « 10k'n X)ﬂ’
on n10kj n'oxJ

1—

3

I~.

forall x € X. The mapping A(x) and Q(x) is defined by A(x) = klim %S:X) and

5kj
Ox) = klirglo %,forallx e X.

Using Theorem 8.1 and Propositions 8.3—8.7 respectively, we have the following
corollaries, concerning the stability of (2.6).

Corollary 8.8 Let 0 andt be non-negative real numbers. Let f : X — Y be a map-
ping satisfying the inequality

0,
9{25;1 Il xi Il } t£1,2 ©9)

5 5 12
9{1_[,:1 o 122 X 1P } 35

| Df (x1, x2, X3, X4, x5) |<

forall xy, x5, x3, X4, x5 € X. Then there exist a unique additive mapping A : X — Y
and a unique quadratic mapping Q : X — Y such that

b+ )
I F@) = AW) = Q(x) II< %[2,; + 4} (8.10)

ollx|* 1 1
2 2|ln—n| + [n2—nd| |°

forall x € X.

Remark: Let 6 and ¢ be non-negative real numbers. Let f : X — Y be a mapping
satisfying the inequality (8.9), for all x;, x;, x3, x4, x5 € X. Then there exist a unique
additive mapping A : X — Y and aunique quadratic mapping Q : X — Y such that
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1 1
[+ ]

! 1 1
1) = A@) = 0l = { B [ + ]

olx|> 1 1
2 212—2%] + [4=257 | »

9
2
0

forall x € X.

Corollary 8.9 Let 6 and t be non-negative real numbers. Let f : X — Y be a map-
ping satisfying the inequality (8.9), for all x1, x3, X3, x4, X5 € X. Then there exist a
unique additive mapping A : X — Y and a unique quadratic mapping Q : X — Y
such that

SRS
1

1 1
ey n41|]’

2\n217n2’| + ﬁ] (8.11)

t

1—

I f(x) — A@) — Q@) [l< { 2L

]l
2

1 1
2|n27n10r| + |n47nl(]r| i| ’

forall x € X.

Remark: Let 6 and ¢ be non-negative real numbers. Let f : X — Y be a mapping
satisfying the inequality (8.9) ,for all x;, x;, x3, x4, x5 € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y such that

¢ [+ i)
1) = A = 0@l = {45 [ by + ol |

ollx(* 1 1
2 2|22_251| + |24_25!| ’

forall x € X.

Corollary 8.10 Let 0 and t be non-negative real numbers. Let f : X — Y be a
mapping satisfying the inequality (8.9), for all xy, x>, x3, X4, x5 € X. Then there exist
a unique additive mapping A : X — Y and a unique quadratic mapping Q : X — Y
such that, for all x € X

0 1 1
2| o t n°1|:|’

t

| £ =A@ - 00 1= | |l ﬁ] (5.12)

1—

Ollx|> 1 1
2 2‘n3_n15r| + |n6_n151| .
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Corollary 8.11 Let 0 and t be non-negative real numbers. Let f : X — Y be a
mapping satisfying the inequality (8.9), for all x, x, x3, x4, x5 € X. Then there exist
a unique additive mapping A : X — Y and a unique quadratic mapping Q : X — Y

such that, for all x € X
0 1 1
§[2n4—1 + n8—1|]’

I F() = A@) — Q@) < %[ﬁ + ﬁ] (8.13)
9“2”5’ |:2n41n201| + nxln2m|i|-

Corollary 8.12 Let 0 and t be a non-negative real numbers. Let f : X — Y be a
mapping satisfying the inequality (8.9), for all x|, x;, x3, x4, x5 € X. Then there exist
a unique additive mapping A : X — Y and a unique quadratic mapping Q : X — Y
such that, for all x € X

o 1 1
2 |:2n5—1| + |n101i|’

| £G) = A@) - Q) 1< %[ﬁ + +} (8.14)

0 x| 1 1
2 2‘n5,n251| + |n10,n251| .

8.3 Additive Quadratic Functional Equation: Mixed
Case—Fixed Point Method

Theorem 8.13 Let f : X — Y be a mapping for which there exists a function o :
X — [0, 00) with the conditions (2.41) and (5.55)

n, i =0;

where n; = { Lo satisfying the functional inequality

| Df (x1, x2, X3, X4, x5) |< a(x1, X2, X3, X4, X5), (8.15)

for all x1, x2, x3, X4, X5 € X. If there exists L = L(i) such that the function x —
B(x) = %a(’r—i, 0,0,0,0 ), has the properties (2.43) and (5.57), for all x € X, then

there exist a unique additive function A : X — Y and a unique quadratic mapping
0 : X — Y satisfying the equation (2.6) and

1—i

L
I f(x) =AM —QKx) = [B(x) + B(=x)], (8.16)

1-L
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forall x € X.
Proof 1t follows from (8.3) and Theorem 2.14 that
1 Llfi

o) =AM 1= 57—

[B(x) 4+ B(=x)]. (8.17)

Similarly, it follows from (8.5) and Theorem 5.15 that

1-i

1L
Ife@) = QW) lI= 57—

[B(x) + B(=x)], (8.18)
for all x € X. Define

fx) = folx) + felx) (8.19)

for all x € X. From (8.17), (8.18) and (8.19), we have

I f(x) =AM = QW) || Il fe(x) + folx) — A(x) — Q(x) | (8.20)
=l fox) = AQ) | + 1 fe(x) = Q) Il (8.21)

1-i

<
“1-L

[B(x) + B(=x)], (8.22)

for all x € X. Hence the theorem is proved.

Example 8.14 Let f : X — Y be a mapping for which there exists a function « :
X’ — [0, oo) with the conditions (2.41) and (5.55), where

o 2,ifi=0;

TELifi=1;
satisfying (8.15) for all x1, x3, x3, X4, x5 € X. If there exists L = L(i) such that the
function x — B(x) = %a % 0,0, 0,0 ), has the properties (2.43) and (5.57), for all

x € X, then there exist a unique additive mapping A : X — Y and a unique quadratic
mapping Q : X — Y satisfying the equations (2.6) and (8.16), for all x € X.

Proposition 8.15 Ler f : X — Y be a mapping for which there exists a function
o : X — [0, 0o) with the conditions (2.41) and (5.55) where

n%, i=0;
Ni=131 : .
2o l:1,

satisfying (8.15), for all x, x5, X3, x4, x5 € X. If there exists L = L(i) such that the
function x — B(x) = %Ot (O, 2,0,0, O>, has the properties (2.43) and (5.57), for
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all x € X, then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y satisfying the equations (2.6) and (8.16), for all
x e X.

Example 8.16 Let f : X — Y be a mapping for which there exists a function « :
X’ — [0, oo) with the conditions (2.41) and (5.55), where

{22, ifi=0;
=311 :r:_ 1.
7, ifi=1

satisfying (8.15) for all x1, x3, x3, X4, x5 € X. If there exists L = L(i) such that the

functionx — B(x) = %a 0, ;—2 0, 0, 0 ), has the properties (2.43) and (5.57), for all

x € X, then there exist a unique additive mapping A : X — Y and a unique quadratic
mapping Q : X — Y satisfying the equations (2.6) and (8.16), for all x € X.

Proposition 8.17 Let f : X — Y be a mapping for which there exists a function
37 _
o X° — [0, 00) with the conditions (2.41) and (5.55) where n; = nl ’ i _ (l)’
3 — 1,

satisfying (8.15) for all x1, x5, X3, X4, x5 € X. If there exists L = L(i) such that the
function x — B(x) = %oz <O, 0, ;—3, 0, O), has the properties (2.43) and (5.57), for

all x € X, then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y satisfying the equations (2.6) and (8.16), for all
x e X.

Proposition 8.18 Ler f : X — Y be a mapping for which there exists a function

4 0.
o X° — [0, 00) with the conditions (2.41) and (5.55) where 1; = {nl ’ i _ (1)’
nE — 1

satisfying (8.15) for all x1, x5, X3, x4, x5 € X. If there exists L = L(i) such that the
function x — B(x) = %a (0, 0,0, r’l‘—4, 0), has the properties (2.43) and (5.57), for

all x € X, then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q : X — Y satisfying the equations (2.6) and (8.16), for all
x e X.

Proposition 8.19 Ler f : X — Y be a mapping for which there exists a function

57 _ 0
o X° — [0, 00) with the conditions (2.41) and (5.55) where 1; = {nl ’ i B (1)’
n_59 =1,

satisfying (8.15) for all x1, x2, X3, X4, X5 € X. If there exists L = L(i) such that the
function x — B(x) = %Ot <O, 0,0,0, ,f—5> has the properties (2.43) and (5.57), for

all x € X, then there exist a unique additive function A : X — Y and a unique
quadratic mapping Q : X — Y satisfying the equations (2.6) and (8.16), for all
x € X.
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Using Theorem 8.13, Propositions 8.15, and 8.17-8.19 respectively, we have the
following corollaries, concerning the stability of (2.6).

Corollary 8.20 Let f : X — Y be a mapping and assume that there exist real num-
bers 0 and t satisfying (8.9), for all x1, x3, X3, x4, xs € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfy-
ing (8.10), for all x € X.

Remark: Let f : X — Y be a mapping and assume that there exist real numbers 0
and 7 satisfying (8.9), for all x|, x5, x3, x4, x5 € X. Then there exist a unique additive
mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfying

1) = A = 0@l = {5 [ pbsr + ]

Ollx|> 1 1
2 2225 + [4=257 | »

forall x € X.

Corollary 8.21 Let f : X — Y be a mapping and assume that there exist real num-
bers 0 and t satisfying (8.9), for all x1, x2, X3, X4, X5 € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfy-
ing (8.11), for all x € X.

Remark: Let f : X — Y be a mapping and assume that there exist real numbers 0
and ¢ satisfying (8.9), for all x1, x», x3, x4, xs € X. Then there exist a unique additive
mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfying

2 [ + )
1) = A = 0@ = {5 [ sl + it |

1 1
2 2‘227220)" + |24722Oz‘i| ’
forallx € X.

Corollary 8.22 Let f : X — Y be a mapping and assume that there exist real num-
bers 0 and t satisfying (8.9), for all x1, x2, X3, x4, X5 € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfy-
ing (8.12), forall x € X.

Corollary 8.23 Let f : X — Y be a mapping and assume that there exist real num-
bers 0 and t satisfying (8.9), for all x1, x2, X3, x4, x5 € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfy-
ing (8.13), forall x € X.
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Corollary 8.24 Let f : X — Y be a mapping and assume that there exist real num-
bers 0 and t satisfying (8.9), for all x1, x2, x3, x4, xs € X. Then there exist a unique
additive mapping A : X — Y and a unique quadratic mapping Q : X — Y satisfy-
ing (8.14), for all x € X.



Chapter 9 ®)
Additive-Quadratic Functional Gouck ko
Equations in Banach Algebras

9.1 Banach Algebra—Additive Quadratic Functional
Equation

Gavruta [34] obtained a generalisation of Rassias theorem by replacing the bound
€ (Il x I” + Il y II”) with a general control function e (x, y). The stability problems
of several functional equations have been extensively investigated by a number of
authors, and there are many interesting results concerning this problem [23, 26, 34,
57, 63, 69, 70, 83].

Let I'" denote the set of all probability distribution functions F : R U [—00, +00]
— [0, 1] such that F is left-continuous and non decreasing on R and F(0) =0,
F(+o00) = 1.

Itisclearthattheset D™ = {F € I'" : [~ F(—o00) = 1}, where!™ f(x) = lim,_, .-
f(@),isasubsetof I'". The set ['* is partially ordered by the usual point wise ordering
of functions, thatis, F/ < G if and only if F(t) < G(t), forallr € R. For any a > 0,
the element H,(r) of D is defined by

0, if t<a,
Ha(t) = { 1, if t>a.
We show that the maximal element in I'* is the distribution function Hy(t).
we establish stability of the additive quadratic functional equation (2.6) for mixed
case in Banach algebra with the help of direct and fixed point method.
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9.2 Additive Quadratic Functional Equation: Mixed
Case—Direct Method

Proposition 9.1 Let j = £1. Let f : X — X be a mapping for which there exist
functions «, B : X° — [0, 00) with the conditions (3.3),(3.4) and (6.3), (6.4) such
that the functional inequalities,

| Df (x1, x2, x3, X4, x5) | < alxq, X2, X3, X4, X5), ©.1
and (3.6) and satisfying the inequality (6.6), for all x|, X, x3, x4, x5 € X. Then there

exist a unique additive derivation A : X — X and unique quadratic derivation Q :
X — X which satisfies the functional equation (2.6) and

1IT1 & /am¥x,0,0,0,00 a(-n*x,0,0,0,0)
| ()= AG) = 0@) || = 5[4— (g + e )
=15
- a(nk/x 0 o 0,0) a(—nk-fx,o, 0,0,0)
72 Z ( n2ki ) K

_1-j

2

(¥ x)

forall x € X. The mappings A(x) and Q(x) are defined by A(x) = limy_, Joln ) T

and Q(x) = limy_, f”(:;k,x),for allx € X.

Proof The proof follows from Theorems 8.1, 3.2, and 6.2. O

Example 9.2 Letj = £1.Let f : X — X be amapping for which there exist func-
tions o, 3 : X° — [0, oo) with condition

i a2 xy, 2K xy, 2K x5, 2K xy, 2K x5)

okj
k=0

converges in R,

= B2Mxy, 28 xy, 2K x5, 2K xy, 299 x5)
Z 25kj

converges in R,
. ) . ) . )
(¥ xy, 2K xy, 2K xs, 2K xy, 2K x5)
> 5

k=0

converges in R and also

N\ BN xy, 2K xy, 2K x5, 2K x4, 2K x5)
Z 10k]

)
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converges in R, for all xy, x,, x3, x4, x5 € X such that the functional inequality (3.5)
and satisfying the inequalities (3.6), (6.5) and (6.6), for all xy, x7, x3, x4, x5 € X.
Then there exist a unique additive derivation A : X — X and a unique quadratic
derivation Q : X — X satisfying the functional equation (2.6) and

> a(2k/x o 0,0,0) a(—zkfx,o, 0,0,0,)
> )

I f(x) —AX) — QW) |l < f[g
=1

2 /a%x,0,0,0,0) a(—2%x,0,0,0,0)

Z ( 22kj 22kj ) ’

00\»—

1-j

2

for all x € X. The mappings A(x) and Q(x) are defined by A(x) = limy_ %ﬁ’x)

f

and Q(x) = limy o, 2% forall x € X.

Proposition 9.3 Let j = £1. Let f : X — X be a mapping for which there exist
functions o, 3 : X> — [0, 00) with condition

. . ) ) ) )
Z a(n®xy, n? xy, 1% x5, 1?4 x4, %4 x5)
n2ki

’

k=0

converges in R and also

N . . . . .
3 B> xy, n® xy, % x5, 0% x4, n?* x5)

10kj ’
n
k=0

converges in R and also

’

- . ‘ ‘ . .
)3 a(m®xy, n® xy, n* x5, 0% x4, n?M x5)

4kj
n
k=0

converges in R and also

- A A A . .
B xy, n xp, n? x3, n?M x4, n?M x5)
1120k] ’

>~

(=]

converges in R for all x|, x2, X3, X4, xs € X such that the functional inequality (3.5)
and satisfying the inequalities (3.6), (6.5) and (6.6) for all x1, x5, X3, X4, X5 € X.
Then there exist a unique additive derivation A : X — X and a unique quadratic
derivation Q : X — X satisfying the functional equation (2.6) and
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IT1 & /a0,n%x,0,0,00 a0, —n?*/x,0,0,0,)
I £00) = A — Q@) | 55[—2 > ( o + =5 )

k=5t

1 & /a0,n%%,0,0,0) a0, —n%ix,0,0,0)
57 2 + )]

nékj nkj

_i=i
k==~

forall x € X. The mappings A(x) and Q(x) are defined by A(x) = limy_, o, £ (n";k];jx)

and Q(x) = limy_; o fq(;,,q %) ,forall x € X.

Example 9.4 Letj = £1.Let f : X — X be amapping for which there exist func-
tions o, 3 : X° — [0, oo) with condition

. ) ) ) . )
(2% x 1, 2%k xy, 22K x5, 22K x4, 22K x)
§ : 22kj

>~

=0

converges in R,

~ ‘ : . . ‘
B(2%Hixy, 22K xy, 2%k x5, 2% x4, 22K x5)
E : 210k]

converges in R,

. ) ) ) . )
Z (2% xy, 2%k xy, 22K x5, 22K x4, 22K x)

94kj
k=0

converges in R and also

~ . . . . ‘
B(2%K xy, 2% xy, 2% x5, 2%k x4, 27K x5)
Z 20k] )

converges in R, for all xy, x,, x3, x4, x5 € X such that the functional inequality (3.5)
and satisfying the inequalities (3.6), (6.5) and (6.6), for all xi, x2, x3, x4, x5 € X.
Then there exist a unique additive derivation A : X — X and a unique quadratic
derivation Q : X — X satisfying the functional equation (2.6) and

1 i (a(o,22k-/x,0,0,0) a(o,—22k-fx,0,o,0,))

| F@) = AG) = Q) || < 2[16 i 75

—J
k===

I & /a0,2%%x,0,0,0) a0, —2%ix,0,0,0)
7 2 ( 24kj 24kj ) :

forall x € X. The mappings A(x) and Q(x) are defined by A(x) = lim;_, Ja (2222:]»/“

and Q(x) = limy_ o, 2% forall x € X.
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Proposition 9.5 Let j = 1. Let f : X — X be a mapping for which there exist
functions o, 3 : X° — [0, 00) with condition

. ) ) ) ) )
Z am xy, 13 xy, 134 x5, 3% x4, 03 x5)
3kj ’
n
k=0
converges in R and also
. ) ) ) ) )
3 B xy, n¥ xy, 03 x5, n3% x4, 3 x5)
15kj
n
k=0

converges in R and

s

o ) ) ) ) )
Z am xy, 13 xy, 134 x5, 3% x4, 039 x5)

6kj
n
k=0

converges in R and also

o . A . . A
B xy, nxa, 0 xs, 0 xy, 0 xs)
1130k) ’

>~
[=}

converges in R for all x|, x2, X3, X4, xs € X such that the functional inequality (3.5)
and satisfying the inequalities (3.6), (6.5) and (6.6) for all x1, x2, X3, x4, X5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X satisfying the functional equation (2.6), forall xy, x», x3, X4, x5 € X
and

& 3kj 5, 3kj
170 =AW = 0 = 5| 3 3 (MR SRR R0))

an3 123k] 113k]
=t
- 0,0,n%x,0,0 0,0, —n**ix,0,0
+7Z<a( nlx )+a( n'x ))’
2n6 n6kj nokj
=
3kj
forallx € X. The mappings A(x) and Q(x) are defined by A(x) = limy_, oo %
fo ™ x)

and Q(x) = limy oo L a7, forall x € X.

Proposition 9.6 Let j = £1, f : X — X be a mapping for which there exist func-
tions o, B 1 X° — [0, 00) with condition

o . ) ) ) )
Z am™® xy, n* xy, 1% x5, n* x4, 1% x5)

4kj
n
k=0
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converges in R and also

o . . . ‘ ‘
3 B xi, n*™ xy, n* oz, n* xy, n*xs)

20kj
n

k=0
converges in R and also

. . . . . .

Z a(™ xy, n*% xy, 1% x5, 1% x4, n*i xs)

8kj
n
k=0

converges in R and also

N . . . 4 .
Bn*ixy, n* xy, 0™ x5, n* x4, n* x5)
1140k]

k=0

converges in R for all x;, x5, x3, x4, x5 € X such that the functional inequality (3.5)
and satisfying the inequalities (3.6), (6.5) and (6.6) for all x|, x2, X3, X4, x5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X satisfying the functional equation (2.6), forall x1, X2, x3, X4, x5 € X
and

IT1 & /a00,0,0,7%x,0)  (0,0,0, —n*ix, 0)
I f) = A®) = Q@) | < i[m > ( i + o )

_1-j
k==~

1 S /a0,0,0,2%x,0)  a(0,0,0, —n*ix, 0)
+ wms Zl ( n8kj + n8kj ) ’
k=151

forall x € X. The mappings A(x) and Q (x) are defined by A(x) = limy_, o, L)
and Q(x) = limg_s %,for all x € X.

Proposition 9.7 Let j = £1. Let f : X — X be a mapping for which there exist
functions o, 3 : X3 — [0, 00) with condition

00 ) ) ) . .
Z am xy, 1% xy, 134 x5, 134 x4, 199 x5)

Skj
n
k=0

converges in R and also

~ . . . ‘ .
B xy, % xp, 0% x5, n3% x4, 15 x5)
125k

k=0

converges in R and also
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. . ) ) . .
Z a(m xy, 1% xy, 1% x5, 9% x4, 199 x5)

10k;j
n
k=0

converges in R and also

. A A . A A

> B xy, n%% xp, 0% x3, 1% x4, 1M x5)
1150k

k=0

converges in R for all x, x2, X3, X4, xs € X such that the functional inequality (3.5)
and satisfying the inequalities (3.6), (6.5) and (6.6) for all x, x2, x3, x4, X5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X satisfying the functional equation (2.6), forall xy, x», x3, X4, x5 € X
and

IT1 & /a0,0,0,0,7%x,)  «(0,0,0,0, —n3*ix)
I fG) =A@ — Q@) | < E{ﬁ > ( e + e )
1 & /a(0,0,0,0,n°%x)  (0,0,0,0, —nkix
510 ( ( 10k;j )+ ( 10kj ))]
2n ntO% n10kj
k=131

forallx € X. The mappings A(x) and Q(x) are defined by A(x) = limy_, oo %ﬁm

k)
and Q(x) = limg_, %,for all x € X.

Using Propositions 9.1-9.7 respectively, we have the following corollaries con-
cerning the stability of (2.6).

Corollary 9.8 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that,

S’
s{Z;Ll i I } r# 1,2 ©2)
s{Hle i 7+ 300 i 11 } r# .3

| Df (x1, x2, X3, X4, x5) |<

and (3.9), (6.10), for all xy, x2, x3, X4, x5 € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X such that

SIEY

1 1
ST n21i|

Ife) —A® - QW) 1< B 5hs + b 9.3)

sl 14

2 2|n—n|

‘nz_nSrl ’

forall x € X.
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Remark: Let f : X — X be a mapping and assume that there exist real numbers s
and r such that (9.2) and (3.9), (6.10), for all x;, x», x3, x4, x5 € X. Then there exist
a unique quadratic derivation Q : X — X such that

<
|6‘II I
Ol X
”fq(x) - Q(-x)” = 2122=27]
x|
2‘22_25r‘ ’

forall x € X.

Corollary 9.9 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that (9.2) and (3.9), (6.10), for all x1, x3, X3, X4, x5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X such that
%|:2|n2 TR 1|i|
X

| fG) = A@) - Q@) f1= | Bl it |+} 9.4)

sl 1 1
2 2|n2_n10r| + |n4—n10’\ ’

forall x € X.

Remark: Let f : X — X be a mapping and assume that there exist real numbers s
and r such that (9.2) and (3.9), (6.10), for all x;, x», x3, x4, x5 € X. Then there exist
a unique additive derivation A : X — X such that

£y () = A < { 555

oflx |
2|24_2]0r| )

forall x € X.

Corollary 9.10 Let f : X — X be a mapping and assume that there exist real num-
bers s andr suchthat (9.2) and (3.9), (6.10), for all x1, x», X3, X4, X5 € X. Then there
exist a unique additive derivation A : X — X and a unique quadratic derivation
Q: X — X, such that forall x € X
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s 1 1
§[2n31| + n(‘ll]
" 1 1
I f0) =AM = Q) 1= § B sk + |_—} ©.5)

sllxlPr 1 1
2 2|n3—n‘5"| + |n6_nlSr‘ .

Remark: Let f : X — X be a mapping and assume that there exist real numbers s
and r such that (9.2) and (3.9), (6.10), for all x;, x,, x3, x4, x5 € X. Then there exist
a unique additive derivation A : X — X such that

i
1/ () = A < § 55855

ellx |
21262157 »

forall x € X.

Corollary 9.11 Let f : X — X be a mapping and assume that there exist real num-
bers s andr suchthat (9.2) and (3.9), (6.10), for all x1, x», X3, X4, x5 € X. Then there
exist a unique additive derivation A : X — X and a unique quadratic derivation
0 : X - X, such that

s 1 1
2 |:2|n41| + |n81|i|

I f) =AM = 0() 1= { Bl st + |+] 9.6)

sllx])®" 1 1
5 2F | + = |

forallx € X

Corollary 9.12 Let f : X — X be a mapping and assume that there exist real num-
bers s andr suchthat (9.2) and (3.9), (6.10), for all x|, x2, x3, X4, x5 € X. Then there
exist a unique additive derivation A : X — X and a unique quadratic derivation

0 : X — X, such that
K 1 1
E|:2|n5—1| + |n10—1|]

| £ — A — 000 1= | | L |+} ©.7)

shall™ 1 + 1
2 2[5 —n2| n0—p25r] |°

forall x € X.
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9.3 Additive Quadratic Functional Equation: Mixed
Case—Fixed Point Method

Proposition 9.13 Ler j = £1. Let f : X — X be a mapping for which there exist
functions o, 3 : X3 — [0, 00) with conditions (3.15) and (3.16), (6.16) and (6.17),
where 1; = { nl ll.z_ol; and satisfying the functional inequalities (9.1) and (3.18),
(6.]9),f07'all)?1,)€2,X3,)C4, x5 € X.

Assume that there exists L = L(i) < 1 such that the function

1 X
x—>ﬂ(x)=1a ;,0,0,0,0

and
1 X
x = [x) = —a(—,O, 0,0, 0>
2 n

has properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
functional equation (2.6), for all x € X and

1—i

L
I f(x) =AM — Q) 1=

[ [P+ B(=x)]. 9.8)

Example 9.14 Let j = £1. Let f, : X — X be a mapping for which there exist
functions a, 3 : X°> — [0, co) with conditions (3.15) and (3.16), (6.16) and (6.17),
2ifi=0;
{ yifi=1
(619), for all X1, X2, X3, X4, X5 € X.
assume that there exists L = L(i) < 1 such that the function

1 X
=-a|=,0,0,0,0
x — [(x) 4a<2 >

where 7; = and satisfying the functional inequalities (9.1) and (3.18),

and

1 X
x—>ﬁ(x)=§a 5,0,0,0,0

have properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
functional equation (2.6) and

1—i

£ = AC) - Q00 1= -

[B(x) + B(=x)], 9.9)

forall x € X.
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Proposition 9.15 Ler j = £1. Let f : X — X be a mapping for which there exist
functions o, 3 : X3 — [0, 00) with conditions (3.15) and (3.16), (6.16) and (6.17),
25 _ 0
where 1; = n1 ll. __01’ and satisfying the functional inequalities (9.1) and (3.18),
Li=
(6.]9),f0rall;1,xz,x3,x4, x5 € X.
assume that there exists L = L(i) < 1 such that the function

1 X
x—>ﬁ(x)=1a 0,;,0,0,0

and
1 X
x— [fkx)=-al0,—,0,0,0
2 n?

have properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
functional equation (2.6) and the inequality (9.8), for all x € X.

Example 9.16 Let j = +1. Let f : X — X be a mapping for which there exist
functions a, 3 : X°> — [0, oo) with conditions (3.15) and (3.16), (6.16) and (6.17),
22ifi=0;
»ifi=1
(6.19), for all x1, x7, x3, X4, x5 € X.

assume that there exists L = L(i) < 1 such that the function

wheren; = { and satisfying the functional inequalities (9.1) and (3.18),

1
X — B(x) = Za(o, %,0, 0, 0)

and

1 X
x — [x) = 5@(0, ?,O, 0, 0)

have properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
functional equation (2.6) and the inequality (9.8), for all x € X.

Proposition 9.17 Let j = &1, f : X — X be a mapping for which there exist func-
tionsa, B2 X° — [0, 00) with conditions (3.15) and (3.16), (6.16) and (6.17), where
3 _ 0
= { n] li - 01’ and satisfying the functional inequalities (9.1) and (3.18), (6.19),
w3 =
forall x, x», x3, x4, x5 € X.
assume that there exists L = L(i) < 1 such that the function

1
x = [Bx) = Za(O, 0, %, 0, O)
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and

x = [Bx) = (0 0, —,0, 0>

have properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
functional equation (2.6) and the inequality (9.8), for all x € X.

Proposition 9.18 Ler j = +1, f : X — X be a mapping for which there exist func-
tions a, B : X° — [0, 00) with conditions (3.15) and (3.16), (6.16) and (6.17), where

4 - _ 0.
= { nl i 01’ and satisfying the functional inequalities (9.1) and (3.18), (6.19),

forallxl,xz,X3,X4,xS € X.
assume that there exists L = L(i) < 1 such that the function

x = [x) = <0 0,0, — 0>

and

x = [x) = 1 <000 0)

have properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
Sfunctional equation (2.6) and the inequality (9.8), for all x € X.

Proposition 9.19 Ler j = £1, f : X — X be a mapping for which there exist func-
tions o, 3 : X° — [0, 00) with conditions (3.15) and (3.16), (6.16) and (6.17), where
5:_ 0
N = { nl ll, __01’ and satisfying the functional inequalities (9.1) and (3.18), (6.19),
xi=
forall xi, x3, X3, x4, X5 € X.
assume that there exists L = L(i) < 1 such that the function

x = [x) = <0000 )

and

x = [x) = 1 (0000 >

have properties (3.19) and (6.18), for all x € X. Then there exist a unique additive
derivation A : X — X and a unique quadratic derivation Q : X — X satisfying the
Sfunctional equation (2.6) and the inequality (9.8), for all x € X.

The following corollaries are the immediate consequence of Propositions 9.13—
9.19 respectively, concerning the stability of (2.6).
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Corollary 9.20 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that (9.2) and (3.18), (6.19), for all x1, x2, X3, x4, xs € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X such that (9.3), for all x € X.

Remark: Let f : X — X be a mapping and assume that there exist real numbers
s and r such that (9.2) and (3.18), (6.19), for all x;, x5, x3, x4, x5 € X. Then there
exist a unique additive derivation A : X — X and a unique quadratic derivation

0 : X — X such that
> 1 1
5[m+m]

1f () — AG) — Q) < {5 2,212r‘+‘4,'2,‘]

oflx |l 1 1
2 21225 + [4=257 |

forall x € X.

Corollary 9.21 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that (9.2) and (3.18), (6.19), for all x1, x5, X3, X4, X5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X, such that (9.4), forall x € X.

Remark: Let f : X — X be a mapping and assume that there exist real numbers
s and r such that (9.2) and (3.18), (6.19), for all x;, x5, x3, x4, x5 € X. Then there
exist a unique additive derivation A : X — X and a unique quadratic derivation
0 : X — X such that
[+
6 15
I 1

I () = A — 0 < { 2 m—i-mlm]

ol 1
2 2|272|0r| + |2472]0r‘

(SR

forall x € X.

Corollary 9.22 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that (9.2) and (3.18), (6.19), for all x1, x2, X3, X4, X5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X, such that (9.5), forall x € X.

Remark: Let f : X — X be a mapping and assume that there exist real numbers
s and r such that (9.2) and (3.18), (6.19), for all x;, x5, x3, x4, x5 € X. Then there
exist a unique additive derivation A : X — X and a unique quadratic derivation
Q : X — X such that
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3 [t + ]
”f(x) - A(X) - Q(x)” =< QII;H' 2‘231723»'| + ‘26,12%‘]

ollx|’ 1 1
2 2‘2372]5/" + |267215r‘ k]

forall x € X.

Corollary 9.23 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that (9.2) and (3.18), (6.19), for all x1, x2, X3, X4, X5 € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X, such that (9.6), forall x € X.

Corollary 9.24 Let f : X — X be a mapping and assume that there exist real num-
bers s and r such that (9.2) and (3.18), (6.19), for all x1, x2, X3, X4, xs € X. Then
there exist a unique additive derivation A : X — X and a unique quadratic deriva-
tion Q : X — X, such that (9.7), forall x € X.



Chapter 10 ®)
3-Dimensional Cubic Functional Geda
Equations

10.1 3-Dimensional Cubic Functional Equation

Rassias [82] introduced the new cubic functional equation.
Cx+2y)+3C(x)=3Cx+y)+Cx—y)+6C(), (10.1)

and investigated Ulam stability problem.
Sahoo [88] determined the general solution of the functional equation

20+ fx=2)+6f(x) =4f(x+y)+4f(x —y), (10.2)

forall x, y € R without assuming any regularity conditions on the unknown function
f. The Eq. (10.2) characterizes polynomials of degree three. The method used for
solving this functional equation is the Frechet functional equation [36].

Also, the solution and stability of the following cubic functional equations

fRx4+y)+fQ2x—y)=2f(x+y) +2f(x —y) +12f(x), (10.3)
fx+y+2)+fx+y -2+ fQx)+ fQy) =2[f(x +y) +2f(x +2)
2f(y+2)+2f(x—2)+2f(y—2)], (10.4)

n—1

n—1 n—1 n—1
f<2xj +2xn> + f(ij - 2x,,> +Y f@xp) = 2f<22xj)
Jj=1 j=1 Jj=1 j=1

n—1
4 T (F G+ x) + Fxg — x), (10.5)
j=1
fOx+y)+ fBx—y)=3f(x+y)+3f(x—y) +48f(x), (10.6)
f+y+2)+ fx+y -2+ f2x)+ fQ2y) =2f(x+ )
+4fx+2)+4fx—2)+4f(y+2)+4f0Q —2), (10.7)
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were argued by Jun and Kim [47], Jung and Chang [51], Park and Jung [72], Baak
and Moslenian [7]

3f(nx; + n’xy + nS)C3) + f(—nx; + n’xy + n3x3) + f(nx; — n’x; + n3X3)
+f(nxy 4+ n’xy — n’x3) =4[ f (nx; + n’xz) + f(nx) + n’x3)
+f x4+ n'x3) —n® f (1) = nC f(x2) — n° £ (x3)] (10.8)

In this chapter, we discuss the solution and stability of the 3-dimensional cubic
functional equation for (10.8) (with 3 variables) in fuzzy Banach space with the help
of the direct and fixed point methods (see [6, 24, 56, 89]).

10.2 General Solution of 3-Dimensional Cubic Functional
Equation

Theorem 10.1 Anodd mapping f : X — Y satisfies the functional equation (10.3),
forall x,y € X, if and only if f : X — Y satisfies the functional equation (10.8),
forall x1, x;,x3 € X.

Proof Let f : X — Y satisfies the functional equation (10.3). Replacing (x, y) by
(0,0) in (10.3), we get f(0) = 0. Replacing (x, y) by (x,0), (x,x) and (x, 2x)
respectively in (10.3), we obtain

fQx)=2f(), fOx)=3f(x) and fAx)=4f().  (10.9)
for all x € X. In general for any positive integer a, we have
flax) =’ f (), (10.10)
for all x € X. Itis easy to verify from (10.10) that,
f@®x) =a®f(x) and f(a’x) =a’f(x), (10.11)
for all x € X. Replacing (x, y) by (nx; 4+ n’x,, n’x3) in (10.3), we get

fQnx; + 2n%x, + n’x3) + fQ2nx; + 2m%x, — n’x3) + 2f(—nx; — n’x,
—n°x3) + 2 f(—nx; — n’xy + n’x3) = 12 f (nx; + n’xy), (10.12)

for all xy, x», x3 € X. Again replacing (x, y) by (n%x» + n’x3, nx;) in (10.3), we
have

fnx; + 2n2x2 +n3) + f(—nx; + 2n2xz + 21’13)(3) +2f(—nx; — nzxz
—n3x3) + 2f (nx) — n’xy — n’x3) = 12.f (n*x2 + n’x3), (10.13)
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for all x1, x2, x3 € X. Again replacing (x, y) by (nx; + n’x3, n?x,) in (10.3), we
arrive

fQnx; + n’xy + 2n3x3) + f(2nx; — n’xy + 2n3X3) +2f(—nx; — n’x,
—n3x3) + 2f (—nx; + n’x, — n’x3) = 12f (nx; + n’x3), (10.14)

for all xy, x», x3 € X. Adding (10.12), (10.13) and (10.14), we obtain

12 f (nx1 + n%x2) + 12 £ (n%x> + n°x3) + 12.f (nx; + n’x3)

= fQnx, 4 2n°x, + n’x3) + fQ2nx, + 2n°x, — n’x3)

+2f(—nx; — n’x, — n’x3) + 2f (—nx; — n’xy + n’x3)

+ f(nx; + 2n%x, + 2n3x3) + f(—nx; — 2n%x, + 2n3x3)

+2f(—nx; — nzxz — n3x3) +2f(nx; — nzxz — n3x3)

+f(2nx; + n’xy + 2n’x3) + fQ2nx; — n’xy + 2n3x3)

42 f(—nx; — n’xy — n’x3) 4+ 2f (—nx; + n’x; — n’x3), (10.15)

for all x1, x», x3 € X. Replacing (x, y) by (nx;, 2n%x, + n3x3) in (10.3), we reach

fQ@2nx; + 2n’xy + n3x3) = f(—2nx; + 2n’xy + n3x3) +2f(nx; + 2n%x,
+n3x3) + 2 f (nx) — 2n%x, — n’x3) 4+ 12 f (nxy), (10.16)

forall x, x2, x3 € X. Adding f(2nx; + 2n’x; — n*x3) on both sides of (10.16) and
using (10.3), we get

fQnx; + 2n’x, + n3x3) + f(2nx; + 2n’x, — n3x3) =2f(nx; + 2n’x,
+n3)C3) +2f(nx; — 2m%x, — n3x3) + 12 f(nxy) + 2f(—2nx; + n’xy + n3x3)
+212nxy 4+ n*xy — n’x3) + 12 (n*xy), (10.17)

forall x|, x,, x3 € X.Interchanging (x, y) by (n?x,, nx; + 2n°x3) in (10.3), we have

f(nxy 4 2n%x; + 2n°x3) = f(nx; + 2n%xy + 2n3x3) + 2 f (—nx; + n’x,
—2n°x3) + 12 f (n®°x2) + f(nx) — 2n°xy + 2n°x3), (10.18)

for all xy, x, x3 € X. Adding f(—nx; + 2n2x, + 2n3x3) on both sides of (10.18),
we have

fnx; + 21%x, 4 2n3x3) + f(—nx; + 2n’x, + 2n3x3) =2f(nx; + n’x,
+2n3x3) +2f(—nx; + n’x, — 2n3X3) + 12f(n2x2) +2f(nx; — 2n%x,
+1°x3) 4+ 2f (—nx; +2n%x; + n’x3) + 12 f (n°x3), (10.19)

for all xy, x5, x3 € X. Replacing (x, y) by (n*x3, 2nx; + nx;) in (10.3), we obtain
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fQnx; + n’x, + 2n3x3) =2fQ2nx; + n’x, + n3x3)1 +2f(—2nx; — n’x,
+nx3) + 12f(n3x3) + f2nx; + n’xy — 2n3x3), (10.20)

for all x;, x5, x3 € X. Adding f(2nx; — n’x, 4 2n3x3) on both sides of (10.20), we
have

fQnx; + n’x, + 2n3x3) + f(2nx; — n’x, + 2n3x3)

=2fQ2nx; + n’xy + n’x3) + 2f (=2nx; — n*xy + n°x3) + 12 f (1 x3)
+2f(nx; + n2x2 — 2n3x3) +2f(nx; — n2x2 + 2n3x3)

+12 f (nxy), (10.21)

for all x1, x, x3 € X. Using (10.17), (10.19) and (10.21) in (10.15), we get

12 f(nx; + nzxz) + 12f(n2x2 + n3x3) + 12 f(nx; + n3x3)

=2f(nx; + 2n%x, + n3x3) +2f(nx; — 2n’xy — n3x3)

H12f (nx1) + 2f (—2nx; + n’xy + nx3) + 2 Qnxy 4+ nxy — n'x3)
+12f(n2x2) +2f(—nx; — n’xy — nx3) + 2f(—nx; — n’x,

+nSX3) +2f(nx; + n’xy + 2n3)C3) +2f(—nx; + n’x, — 2n3x3)

+12f (n%x2) + 2f (nx; — 2n% x5 + n’x3) + 2f (—nx) + 2n%x; + n’x3)

12f (nPx3) + 2f (—nxy — n’xy — n°x3) + 2f (nx; — n’x, — n’x3)
+2F2nx; 4+ n*xs 4+ n°x3) + 2 (—2nx; — n’xy + n’x3) + 12 f(n’x3)
+2f(nx; + n’xy — 2n3X3) +2f(nx; — n’x, + 2n3X3) + 12 f(nx;)

+2f (—nx; — n’xy — nx3) + 2 f (—nx; + n’x, — n’x3), (10.22)

for all x|, x2, x3 € X. Replacing (x, y) by (n’x3, 2nx; + nx3) in (10.3), we get

fQ2nx; + 2n’xy +n’x3) = 2f(2nx; + n’x, +nx3) + 2f(—2nx; + n’x,
—nSX3) + 12f(n2x2) + f(2nx; — 2n’x, + n3x3), (10.23)

for all x;, x5, x3 € X. Adding f(2nx; + 2n?x, — n3x3) on both sides of (10.23), we
obtain

fQnx; + 2m%x, + nSX3) + f@2nx; + 2n%x, — n3)C3)

=2f@2nx; + n’xy + n’x3) + 2f (=2nx; — n*xy — n°x3) + 12f (n*x2)
+2f (nx; — 2n°xy + n3x3) + 2f (nxy + 2n’xy — n’x3)

+12f (nxy), (10.24)

for all x, x5, x3 € X. Replacing (x, y) by (nx3, nx; + 2n%x,) in (10.3), we obtain
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fnx; +2n%x, + 2n°x3) = 2.f (nxy + 2n°xs + n°x3) + 2f (—nx; — 2n’x,
+nSX3) + 12f(n3x3) + f(nx; + 2n%x, — 2n3x3), (10.25)

for all x1, X2, x3 € X. Adding f(—nx; + 2n’x, 4+ 2n3x3) on both sides of (10.25),
we attain

f(nx; + 2n%x, + 2n3x3) + f(—nx; + 2n’x, + 2n3x3)

= 2f2nx; + 2n%xs + n’x3) + 2 f (—nx; — 2n°x, + nx3) + 12 f (nx3)
+2f(nx; + n2x2 — ZHSX3) +2f(—nx; + n2x2 + 2n3x3)

+12f (n°xy), (10.26)

for all x1, x, x3 € X. Replacing (x, y) by (nxy, n2xs + 2n3x3) in (10.3), we get

fQ@nx; + n’xy + 2n3x3) =2f(nx; + n’xy + 2n3x3) +2f(nx; — n’x,
—2n3x3) + 12f (nx1) + f(=2nx; + n’xs + 2n°x3), (10.27)

for all x, x2, x3 € X. Adding f(2nx; — n?x; + 2n°x3) on both sides of (10.27), we
obtain

fQ@Qnx; + n’x, + 2n3x3) + f(2nx; — n’x, + 2n3x3)

=2f(2nx; + n’x; + n3x3) +2f(nx; — n’x, — 2n3x3) + 12 f(nx;)
+2f(—2nx; + n’x, +n’xs) + 2f(2nx; — n*x; + n’x3)

+12f (P x3), (10.28)

for all x;, x2, x3 € X. Using (10.24), (10.26) and (10.28) in (10.15), we have

12f (nxy + n%xy) + 12 £ (n*x5 + n’x3) + 12.f (nx; 4+ n’x3)

= 2f(nx; — 2n%x; + n’x3) + 2f (nx; + 2n%x; — n’x3)

+12 f(nxy) + 2 f(2nx; + n’x; + I’LS)C3) 4+ 2f(—2nx; + n’xy — n’xs3)
+12f(n2x2) +2f(—nx; — n2x2 — n3X3) +2f(—nx; — nzxz

+n3x3) +2f(nx; + n’x, — ZHSX3) +2f(—nx; + n’x; + 2n3x3)
+12f(n2x2) +2f(nx; + 2n2x2 + n3x3) +2f(—nx; — 2n2x2 + n3x3)
12f (0P x3) + 2 f (—nx; — n’xs — n’x3) + 2f (nx) — n’xp — n’x3)
+2F(=2nx1 + n’xs + n’x3) + 2 f Qnxy — n’xs + n’x3) + 12 f(n’x3)

+2f (nxy + n*xy 4+ 2n3x3) + 2f (nx; — n*x; — 2n°x3) + 12 f (nx))
+2f(—nx; — n’xy —nx3) + 2f(—nx; + n’xy — n3x3), (10.29)

for all x1, x, x3 € X. Adding (10.22) and (10.29), we get
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48 f (nx; + n’x;) + 48f(n2x2 +nx3) + 48 f (nx; + n’x3)

—48 f(nx;) — 48 f (n*x2) — 48 f (n®x3) = 36 f (nxy + n’xs + n’x3)

+12f(—nx; + nzxz + n3X3) + 12 f(nx; — nzxz + n3x3)
+12 f (nx; + n’x, — n3x3),

for all xy, x», x3 € X. Remodifying (10.30), we obtain

3f(nx; + n2x2 + n3x3) + f(—nx; + nzxz + n3x3)
+f(nx; —nxy +n’x3) + f(nxy +n’xy — n’x3)

=4 f(nx, 4+ n’xy) + 4f(nx; + n’x3) + 4 (n*x; + n’x3)
—4nf (x1) — 4n° f (x2) — 4n” f (x3),

for all x1, xp, x3 € X.

(10.30)

(10.31)

Conversely, assume that f : X — Y satisfies the functional equation (10.8).
Replacing (x1, x2, x3) by (x,0,0), (0, x,0) and (0, 0, x) respectively in (10.31),

we obtain

fx)=n'fx), fm*x)=nf(x) and fn’x)=n’fx),

for all x € X. One can easy to verify from (10.32) that

X 1\’
f<—i) = (7) f ),
n n

for all x, y € X. Replacing (x1, x2, x3) by (’r—i, %, n%) in (10.8), we get

3fQx+ )+ fQRx —y) =24f(x) =6f(y) +8f(x + ),

for all x, y € X. Interchanging y by —y in (10.34), we have

3fRx =)+ fQRx+y) =24f(x) +6f(y) +8f(x —y).

Adding the Egs. (10.34) and (10.35), we obtain

fFCx++fCx—y)=2fx+»+2f(x—y)+12f(x).

(10.32)

(10.33)

(10.34)

(10.35)
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Define a mapping Df : X — y by

Df(x1, X2, x3) = 3f (nx; + n’xs + n’x3) + f(—nx; + n’x; + n’x3)
+f(nx; — n’xy +n’x3) + f(nx; +n’xs — n’x3)

—4fLf (nx1 + n’x2) + f(nx; +n’x3) + f(n’x, + n’x3)

—n’ f(nx1) = n° f (x2) = n’ f (x3)], (10.36)

forallxl,xz,xgeX. U

10.3 3-Dimensional Cubic Functional Equation—Direct
Method

Definition 10.2 Let x be a real linear space. A function F : X — R U [0, 1] is said
to be a fuzzy normon X if forall x, y € X and all p,g € R

(N1) F(x,c)=0 for ¢ <0
(N2) x =0ifandonly if F(x,c) =1 for all ¢ >0

(N3) F(cx,q):F(x,%) if ¢c#0

(N4) F(x+y,p+q) =min{F(x, p), F(y,q)}
(N5) F(x,.)is a non-decreasing function on R and lim F(x,q) = 1;
q—>x0

(N6) for x # 0, F(x,.) is continuous on R.

The pair (X, F) is called fuzzy normed linear space one may regard F(x, g) as the
truth value of the statement the norm of x is less than or equal to the real number g
[58].

Definition 10.3 Let (X, F) be a fuzzy normed linear space. Let {x,,} be a sequence in
X. Then x,, is said to be convergent if there exists x € X such that lim (x, — x, g) =
n—oo

1, for all # > 0. In that case x is called the limit of the sequence x,, and we denote it
by F — lim x, = x.

n—oo
Definition 10.4 A sequence {x,} be in x called Cauchy if for each € > 0 and each
q > 0 there exists ny such that for all n > ng and all » > 0, we have F(x,, —
Xn,q) > 1—¢€.

Definition 10.5 Every convergent sequence in fuzzy normed space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and
fuzzy normed space is called a fuzzy Banach space.

Note: Assume that X, (Z, F’) and (Y, F) are linear space, fuzzy normed space and
fuzzy Banach space respectively.
We define a mapping Df¢c : X — Y by



136 10 3-Dimensional Cubic Functional Equations

Df.(x1, X2, x3) = 3 f (nx; + n’xy + n’x3) + f(—nx; + n’x + n’x3)
+f(nx; — n’xy +n’x3) + f(nx, +n’x; — n’xz) — 4[f(nx1 +n’x,)
+f(nxy +n’x3) + f(Pxin’xs) —n’ f(x) — n® f(x2) — 1’ £ (x3)].

for all X1, X2, X3 € X.

Theorem 10.6 Let B € {—1,1}. Let x : X* — Z be a mapping with 0 < (’%) <1
F'(x 0P x1, n* x5, n*x3), r) = F'(dPx (x,0,0), r), (10.37)
forallx € X andallr > 0,d > 0 and

klim F'(x nP*x1, nP* x5, nP*x3), n®Pkr) = 1, (10.38)
— 00

for all x € X and all r > 0. Suppose that a function Dfc : X — Y satisfies the
inequality

F(DfC(xls X2, -x3)a r) 2 F/(X(-xlv-XZa x3)9 r)v (1039)
forallr > 0 and x1, xp, x3 € X. Then the limit

f(nPkx)

— (10.40)

Gx)y=F — klim

exists for all x € X and the mapping G : X — Y is a unique cubic mapping such
that

F(f(x) — G(x),r) > F'(x(x,0,0), 4r|n* — d|), (10.41)

forall x € X and forallr > 0.

Proof First assume that 8 = 1. Replacing (x1, x2, x3) by (x, 0, 0), in (10.39), we
have

F(Af(nx) —4n f(x)),r) = F'(x(x,0,0),r), (10.42)

for all x € X and for all » > 0. Replacing x by n*x in (10.42), we obtain
k+1
P(L D b, L) 2 Pt 0,000, (10.43)
n3 4n3
for all x € X and for all » > 0. Using (10.37), (N3) in (10.43), we have

k+1
%% — Ft), #) > FOn'x, 0,00, 2). (1044
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for all x € X and for all » > 0. It is easy to verify from (10.44), that

PR w3k And3ndk

k+1 k
F<f(n x)  f@fx) r )ZF/(X(nkX’O»O)’%)’ (10.45)

holds for all x € X and for all » > 0. Replacing r by d*r in (10.45)

F(f(n"“x) A

ey o 4n3n3k> > F'(x(n*x,0,0),r),  (10.46)

for all x € X and for all » > 0, it is easy to see that

k—1

f(nkJrlx) f(n“rlx) f(nix)
PECE f) = Z [ TR ], (10.47)
i=0

for all x € X. From the Egs. (10.46) and (10.47), we get

k—1

k i i+1 i i
F<f(nkX)—f()C),Z d'r )Zmll’lufz_ll{f(n+X)_f(nX) d'r }
i=0

n3 4n3n3 n3a+h n3 7 4n3p3

> min UZ| F'(x(x,0,0), )
> F'(x(x,0,0),7), (10.48)

for all x € X and for all » > 0. Replacing x by n"x in (10.48) and using (10.37) and
(N3), we obtain

m+k—1

k+m m
F(f(n T fr 5

n3k+m) n3m

d'r
An3n3i

-
) > F(x(x,0,0), d—m), (10.49)

i=m

forall x € X and for all » > 0. And all m, k > 0. Replacing r by d™r in (10.49), we
get

m+k—1

F(f(nk+mx) f(n™x) Z dir

Andndi

n3(k+m) n3m

) > F(x(x,O, O),r), (10.50)

i=m

for all x € X and for all r > 0. And all m, k > 0. Using (N3) in (10.49), we have

F

k+m m
<fr(l?(k+mf) - f:;mX)’r) = F(X(X,O, 0), W’)’ (10.51)

i=m An3n3i
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for all x € X and for all » > 0. The Cauchy criterion for convergence and (N5)
imply that { A (" £2 } which is a Cauchy sequence in (Y, F) is a fuzzy Banach space.

This sequence converges to some point G(x) € Y. So one can define the mapping
G:X — Yby
f@Px)

G ==

forall x € X. Letting m = 0in (10.51), we get

(f;” Y _ f, ) ’(x(x,o,m,

for all x € X. Letting k — oo in (10.52) and using (N6), we have

(10.52)

r
>iso g/
i=0 4n3p30

F(f(x)— Gx),r) > F'(x(x,0,0),4r(n* — d)),

for all x € X and for all r > 0. To prove G satisfies (10.8), replacing (x1, x», x3) by
(n*x1, n*xy, n*x3) in (10.39), we get

1
F(Tkch(nkxl, n‘xy, n'x3), r) > F'(x(nxi, n"xy, n'x3), n¥r), (10.53)
e

for all » > 0 and all x;, x, x3 € X. Now

F(3G(nx1 + n2x2 + n3x3) + G(—nx; + nzxz + nSX3)

+G(nx; — nzxz + n3x3) + G(nx| + n2x2 — n3x3) — 4[G(nx1 + nzxz)
+G(nx; + n3X3) + G(n2x+n3)C3) — n3G(x1) — n6G(x2) — n9G(x3)], r)
> min{F((3G(nx1 + n2x2 + n3x3) + G(—nx; + nzxz + n3x3)

+G(nx; — n*x; + n3X3) + G(nx; + n’x, — n3x3)))

—% <3f(nk(nx1 + n%xy + 13x3)) + f (@ (—nxy + n’x; 4 n’x3))

+f(n* (nx; — n’xy + n’x3)) + f(n* (nx) + n’xy — n3x3)))

F<4[G(nx1 +n°x2) + G(nxy + nx3) + G(n°x4n’x3) — 0’ G(x1)
—n®G(x2) — n’G(x3)] — i( [f (¥ (nx1 + n*x2) + f(nF (nx) + n’x3))

+f (0" (Px2 4+ nPx3)) — 0 £ (0" (x1)) — n® f (0¥ (x2)) — n9f(n"(X3))])>
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1 k 2 3 k 2 3
F\ = | 3/ (0" (nx1 + n"xz + n7x3)) + f(n"(—nx; +n"x +n°x3))
+f(n* (nxy — n’xy 4+ n°x3)) + £ (" (nx) + n*xy — n’x3))

—n% <4[f(nk(nx1 +n%x2)) + f (0" (nx; +nx3)) + f (1 (n*x2 + n’x3))

) — n® f () — f(nk<x3))]>>, al (10.54)

for all xy, xp, x3 € X and all r > 0. Using (10.43) and (N5) in (10.54), we see that

F(3G(nx1 + nzxg + n3x3) + G(—nx; + n2x2 + n3x3)

+G (nx; — n*xy + n’x3) + G(nx) 4+ n’x; — n’x3) — 4[G(nx; + n’xy)

+G(nx; +n’x3) + G(n2x+n3x3) —n’G(x)) — n6G(x2) — ngG(x3)], r)
> min{l, 1, F'(x(n*x1, n*x2, n*x3), n*r)},

> F'(x (n*x1, n*xa, n*x3), n¥r), (10.55)

for all x;, x», x3 € X and all » > 0. Letting k — oo in (10.55) and using (10.38), we
have
F(3G(nx1 + n2x2 + n3x3) + G(—nx1 + n2x2 + n3x3) + G(nx; — nzxg
+n3x3) + G(nx; + n’x; — n3x3) — 4[G(nx1 + nzxz) + G(nx; + n3x3)
+G(n*x n’x3) —n’G(x)) —n°G(x2) —n’G(x3)].r) = 1,
for all x1, x», x3 € X and all » > 0. Using (N2), we get
F(3G(nx1 + nzxz + n3X3) + G(—nx; + n2x2 + n3X3) + G(nxy — nzxz

+n3xs) + G(nx; + n’x, — n3x3) = 4[G(nx1 + nzxz) + G(nx; + n3x3)
+G(n*xin’x3) — n’G(x)) — n°G(xy) — n’G(x3)]),

forall x1, x5, x3 € X. Hence G satisfies the cubic functional equation (10.8). In order
to prove G (x) is unique. We let G’ (x) be another cubic functional equation satisfying

(10.8) and (10.41). Then

G(nF G (n*
= (22 022)
n n 2 n3k n3k 2

an¥r(n —
> F’(x(x,o, 0), W)
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4n3kr (3 — d))

> F/(x(x,o, 0.

for all xy, x2, x3 € X and all r > 0. Since,
i 4n3krm? — d) _
Pues 2dk =

we obtain

Anr 3 —
F’(x(n"x,O, 0), M) = 1.

2d*

Thus F(G(x) — G'(x),r) = 1, for all x € X and for r > 0. Hence G(x) = G'(x).
Therefore G (x) is unique.

For 8 = —1, we can prove the result by a similar method. This completes the
proof of the theorem. a

Example 10.7 Let 8 € {—1, 1}, x : X? — Z be a mapping with 0 < (%) < 1
F'(x (2P xy, 2P x5, 2P x3), 1) = F'(d” x(x,0,0), 7),
forallx € X andallr > 0,d > 0 and

klim F'(x(2P%x1, 2P% x5, 2Pk x3), 237Ky = 1,
—00

for all x € X and all » > 0. Suppose that a function Df, : X — Y satisfies the
inequality

F(DfC(xla-x27-x3)ar) Z F’(X('xlv-xzax?))vr)a
for all » > 0 and x1, x5, x3 € X. Then the limit

f(@2P)
23k

Gx)=F — klim

exists for all x € X and the mapping G : X — Y is a unique cubic mapping such
that

F(f(x) = G(x),r) > F'(x(x,0,0),4r]2° —d|),

for all x € X and for all » > 0.

Proposition 10.8 Let g € {—1,1}, x : X3 — Z be a mapping with
0< (:—6) <1

F'(x (n*P*xy, n** x5, n*P* x3), r) > F'(d” %0, x,0), 1),
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forallx € X andallr > 0,d > 0 and

lim F'(x (n*P*x,, n** x,, n?P*x3), n%*r) = 1,
k—00

for all x € X and all r > 0. Suppose that a function Df, : X — Y satisfies the
inequality

F(DfC(x11x29 x3)a r) > F/(X(-xlv-XZa x3)’ r)v

forallr > 0 and x1, xp, x3 € X. Then the limit

B [Py
Geo=F= I =

exists for all x € X and the mapping G : X — Y is a unique cubic mapping such
that

F(f(x) = G(x),r) = F'(x(0, x,0),4r|n® — d|),
forall x € X and forallr > 0.
Example 10.9 Let 8 € {—1, 1}, x : X? — Z be a mapping with 0 < (%) < 1
F'(x (2% x1, 2% x5, 2P x3), 1) = F'(d" x (0, x,0), 1),

forallx € X andallr > 0,d > 0 and

lim F'(x (2%P*x,, 22k x,, 22k x3), 26Pkpy = 1,
k—o00

for all x € X and all r > 0. Suppose that a function Df. : X — Y satisfies the
inequality

F(ch(-xla-x27-x3)7r) Z F’(X('xlv-x27x3)vr)a

for all » > 0 and x1, x5, x3 € X. Then the limit

[ A o)
GO =F=lm =

exists for all x € X and the mapping G : X — Y is a unique cubic mapping such
that

F(f(x) = Gx),r) > F'(x(0, x,0),4r2° — dJ),

for all x € X and for all » > 0.
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Proposition 10.10 Let 8 € {—1,1}, x : X — Z be a mapping with
0< ('%) <1

F'(x (0¥ xy, 0% xa, nx3), 1) = F'(d” x (0,0, x), 1),
forallx € X andallr > 0,d > 0 and
Jim F/(x (% xy, ¥y, n¥xs) ) = 1,
for all x € X and all r > 0. Suppose that a function Df, : X — Y satisfies the
inequality
F(Dfe(x1, x2, x3), 1) = F'(x(x1, X2, X3), 1),

forallr > 0 and x1, x5, x3 € X. Then the limit

)
G0 =F= i T

exists for all x € X and the mapping G : X — Y is a unique cubic mapping such
that

F(f(x) = G(x),r) > F'(x(0, x,0), 4r|n’ — d|),

forall x € X and forallr > 0.

The following corollaries are the immediate consequence of Theorem 10.6, Propo-
sitions 10.8 and 10.10, concerning the stability of (10.8).

Corollary 10.11 Suppose that f : X — Y satisfies the inequality
F'(e,r),

/ 3 s
F(Dfu(ry xp ) > 4 F (62i_1 [E ,r>, s #3 (10.56)
F’<€(Z,-3=1 I 1% 41T I 1 >r) s#1

forall x1, x,,x3 € X and all r > 0, where €, s are constants with € > 0. Then there
exists a unique cubic mapping G : X — Y such that

F'(e,4r|n® — 1))

F(f(x) =Gx),r) = F'(e |l x|’ 4rln’ —n’|) (10.57)
F'(e || x I, drin’ — n*)),

forall x € X and forr > 0.
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Remark: Suppose that f : X — Y satisfies the inequality (10.56), forall x;, x;, x3 €
X andallr > 0, where €, s are constants with € > 0. Then there exists a unique cubic
mapping G : X — Y such that

F' (e, 4r]7))
F(f(x)=Gx),r)={F (elx|®, 4r|2% — 2¢))
F' (ellx||™s, 4r|2% — 2%) .

Corollary 10.12 Suppose that f : X — Y satisfies the inequality (10.56), for all
X1, X2,x3 € X and all r > 0, where €, s are constants with € > 0. Then there exists
a unique cubic mapping G : X — Y such that forall x € X, r > 0

F'(e, 4rn® — 1))
F(f(x)— G(x),r)>{ F'(e || x |I*, 4r|n — n*|) (10.58)
F'(e || x %, 4r|n® — n%)).

Remark: Suppose that f : X — Y satisfies the inequality (10.56), forall x;, x,, x3 €
X andallr > 0, where €, s are constants with € > 0. Then there exists a unique cubic
mapping G : X — Y such thatforall x € X, r > 0

F' (€, 4r]63))
F(f(x) = Gx),r) = 1 F (ellx|’, 4r[2° = 2%])
F' (ellx|™, 4r(2° — 2%]) .

Corollary 10.13 Suppose that f : X — Y satisfies the inequality (10.56), for all
X1, X2,x3 € X and all r > 0, where €, s are constants with € > 0. Then there exists
a unique cubic mapping G : X — Y such that forall x € X, r > 0

F'(e, 4rin® — 1))
F(f(x) = G(x),r) > F'(e | x ||, 4r|n® — n*)) (10.59)
F'(e |l x [, 4rln® — n).

10.4 3-Dimensional Cubic Functional Equation—Fixed
Point Method

Theorem 10.14 Let f : X — Y be a mapping for which there exists a function
x : X3 — Z with condition

Jim F'( (i v, vixs), vitr) = 1, (10.60)
— 00
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nifi=0

% ifi=1 and 2 is the set such that

where ; = {

Q={p\p: X -7, p0) =0}
forall x1, x5, x3 € X, r > 0 and satisfying the inequality
F(DfC(xls X2, x3)’ r) > F/(X(-xlv X2, x3)a r), (1061)

for all x\,x>,x3 € X and r > 0. If there exists L = L[i] such that the function
x — p(x) has the property

1
F/<pr(lﬁiX), r) = F'(p(x), 1), (10.62)

forall x € X, r > 0, then there exists unique cubic mapping G : X — Y satisfying
the functional equation (10.8) and

1-i

F(f(x) = G(x).r) = F’(lL_ .

0(x), r), (10.63)

forallx € X, r > 0.

Proof Let us consider the set @ = {p|p : U> — V, p(0) = 0} and d be a general-
ized metric on €2, such that

d(p,q) = inf{k € (0,00)/F(p(x) — q(x),r) = F'(p(x),kr),x € X,r > 0},

It is easy to see that (€2, d) is complete.
Define T : Q@ — Qby Tp(x) = #p(wix), Vx € X.For p, g € 2, we get

d(p,q) =k = F(p(x) —qx)) = F'(p(x), kr)
= F(p(;”;x) - Q(:Z;x),r) > F'(p( (x)), ky?r) (10.64)
= F(Tp(x) — Tq(x),r) > F'(p(y(x)), kyr’r)
= F(Tp(x) —Tq(x),r) > F'(p(x),kLr)
= d(Tp(x) —Tq(x),r) > kL
=d(Tp—Tq,r) > kd(p,q), ¥p,q € Q.

Therefore T is strictly contractive mapping on €2 with Lipschitz constant L. Replac-
ing (x1, x2, x3) by (x, 0, 0) in (10.61), we get

F(4f(nx) —4n’ f(x),r) > F'(x(x,0,0),r), (10.65)
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forall x € X, r > 0. Using (N3) in (10.65), we have

(f(nx) — fx), ) > F’(#X(x,o, O),r>, (10.66)

for all x € X, r > 0 with the help of (10.62), when i = 0. It follows from (10.66)
that

(f(’”) — [0, r) > F'(Lp(x). 1),

d(Tf(x),r)>L=L"=L"", (10.67)

forall x € X, r > 0. Replacing x by 7 in (10.65), we get

F(f(x) - n3f(§), r) > F’(%X(;—C, 0,0), r), (10.68)

forall x € X, r > 0 wheni = 1. It follows from (10.68), that

F(f(x) - n3f(%), r) > F'(p(x),r),
T(f-Tf)<1=L"=L"". (10.69)

Then from (10.67) and (10.69), we get
T(f,Tf) <L < oo.

Now from the fixed point alternative in both cases it follows that there exists a fixed
point G of T in €2, such that

[ty

3k 2
i

G(x) = F — lim (10.70)
k— 00

for all x € X, r > 0. Replacing (x;, x, x3) by (wikxl, wikxz, wl.k)m) in (10.61), we
get

<w3’< DIx1, ¥z, Y% r) = FlOcWie i, vixe), i)

forall » > 0 and all xy, xx,, x3 € X. By proceeding the some procedure in Theorem
10.6, we can prove the mapping G : X — Y is cubic and its satisfies the functional
equation (10.8) by a fixed point alternative. Since G is unique fixed point of 7" in the
set A ={f € Q/d(f, G) < oo}, G is a unique function such that
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F(f(x) = G(x),r) = F'(p(x), kr), (10.71)

forall x € X, r > 0. Again using the fixed point alternative, we get

1

d(f,G) < d(f,Tf),
(f.G) < 7= d(£.Tf)
1—i
d(f,G) <
= d(f.G) < T
Ll—i
=>F(J”(JC)—G(X)J”)2F’(/O()c)1 L,r). (10.72)
This completes the proof of the theorem. |

Example 10.15 Let f : X — Y be a mapping for which there exists a function

x : X> — Z with condition (10.60) where ¥; = 2] llj; ll =lq; and € is the set
2 =5

such that Q = {p|p: X — Y, p(0) =0}, for all x € X, r > 0 and satisfying the

inequality (10.61) for all xy, x;, x3 € X and r > 0. If there exists L = L[i] such

that the function x — p(x) has the property (10.62) for all x € X, r > 0, then there

exists unique cubic mapping G : X — Y satisfying the functional equation (10.8)

and (10.63), forall x € X, r > 0.

Proposition 10.16 Let f : X — Y be a mapping for which there exists a function
2 ip i

x : X3 = Z with condition (10.60) where ; = ri ZZ ll__lo and Q is the set

such that Q = {p|p : X — Y, p(0) =0}, for all x ne X, r > 0 and satisfying the

inequality (10.61) for all x1, x2,x3 € X and r > 0. If there exists L = L[i] such

that the function x — p(x) has the property (10.62) for all x € X, r > 0, then there

exists unique cubic mapping G : X — Y satisfying the functional equation (10.8)

and (10.63), forall x € X, r > 0.

Example 10.17 Let f : X — Y be a mapping for which there exists a function
250050

¥ : X3 — Z with condition (10.60) where y; = 21 i; ll _19’ and € is the set
2z =

such that Q = {p|p: X — Y, p(0) =0}, for all x € X, r > 0 and satisfying the

inequality (10.61) for all xq, xp, x3 € X and r > 0. If there exists L = L[i] such

that the function x — p(x) has the property (10.62) for all x € X, r > 0, then there

exists unique cubic mapping G : X — Y satisfying the functional equation (10.8)

and (10.63), forall x € X, r > 0.

Proposition 10.18 Let f : X — Y be a mapping for which there exists a function
3o

x : X3 = Z with condition (10.60) where ; = {n if i=0

1 .
Pl lf] =1
such that Q = {p|p : X — Y, p(0) =0}, for all x € X, r > 0 and satisfying the

and Q is the set
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inequality (10.61) for all x1, x2,x3 € X and r > 0. If there exists L = L[i] such
that the function x — p(x) has the property (10.62) for all x € X, r > 0, then there
exists unique cubic mapping G : X — Y satisfying the functional equation (10.8)
and (10.63), forall x € X, r > 0.

The following corollaries are in the immediate consequence of Theorem 10.14,
Propositions 10.16 and 10.18 respectively, concerning the stability of (10.8).

Corollary 10.19 Suppose that f : X — Y satisfies the inequality (10.56), for all
X1, X2,x3 € X and all r > 0, where €, s are constants with € > 0. Then there exists
a unique cubic mapping G : X — Y such that (10.57), for all x € X andr > Q.

Proof Set

€
3 s
€ Zi=1 Il x; |l ,V}
3 3s 3 K
€ Z,‘:] | x|l +I—[,‘:1 | x|l }9

x(x1, X2, x3) <

for all x1, x», x3 € X. Then

F'(e, y¥r)

F’(ez,; I I1°, w}“”‘r),

F/(e (Z;Ll Il 1% 1T, 0 e )
1pi(?)—s)kr)

—1as k—> o0
—1as k—> o0
— 1 as k — oo,

F/ O Wy, ks, whas), witr)

i.e., (10.60) holds. Since we have
1 by
p('x) = ZX _30’0 )
n

1
F/(Lﬁp(lﬁix), V) = F/(,O(x)» r),

for all x € X and r > 0. Hence

F'(e, 4n°r)

Fl(p(x),r) = F’(x(f,o, o),4r> =1 F'(e | x| 4n’r)
" F'(e || x |I*, 4n¥r).
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Now
F'| 5, 4r
X ("’f | ) v )
F’<L$P(1/fix),r) = F/<i//”l§ns,4r) = wl:::p(x)
l o ellxl v Vit ),
F Iﬂ?nl‘l 4

for all x € X. Now setting

L=n3if i=0and L=n%if i=1.

L=n3 for s>3if i=0and L=n’" for s <3 if i=1.
L=n%3 for s>1if i=0and L=n>% for s<1if i=1I.
Casel. L=n3if i=0

1—i

F(f(x)—Gx),r) < F’(] — L,o(x),r)
_ n3 e
= <1_—z>
= F'(e,4(n®> — Dr).

Case2. L=n’if i=1

Ll—i
F(f(x) —GXx),r) < F(mp(x), ”)

_ 1 Er
N 1—n34

= F'(e, 4(1 — n)r).

Case3. L=n'"3 for s>3if i=0

Ll—i
F(f(x) —Gx),r) = F/<1 — LPOC)J’)

_ F/ ns73 € ” X ”Y
- 13 dw

= F'(e || x |I', 4(n® — n®)r).

Cased. L=2" for s<3if i=1
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1-L

P 1 el x|
= _———— 1
1 —n3s 4ns

=F'(e | x |*,4(n* —n)r).

Ll—t
F(f(x) —=G(x),r) = F’(—p(X), r)

Case5. L=2%3 for s>1if i=0

Ll—i
F(f(x) =G(x),r) = F(ﬁﬂ(x), r)

35-3 3
_p( T ellxl”
=P \T s a0

= F'(e | x |*, 40 — n*)r).

Case6. L =23 for s<lifi=1

1-L

7 Loeflx|*
= N r
1 — n3—3s 4n3s

= F'(e | x |*, 4> —n)r).

Ll*i
F(f(x) —G(x),r) SF/< ,o(x),r)

Hence the proof is completed. (]

Remark: Suppose that a mapping f : X — y satisfies the inequality (10.56), for all
X1, X2,x3 € X and r > 0, where ¢, s are constants with € > 0. Then there exists a
unique cubic mapping G : X — Y, such that

F' (e, 4r]7))
F(f@)=G(),r) = 3 F (ellx]l*, 4r|2* — 2°))
F' (ellx]l™, 4r[2° = 2%)),

forallx € X andr > 0.

Corollary 10.20 Suppose thatamapping f : X — y satisfies the inequality (10.56),
forallxy, x,, x3 € X andr > 0, where €, s are constants with€ > 0. Then there exists
a unique cubic mapping G : X — Y such that (10.58), for all x € X andr > Q.

Remark: Suppose that a mapping f : X — y satisfies the inequality (10.56), for all
X1, x2,x3 € X and r > 0, where ¢, s are constants with € > 0. Then there exists a
unique cubic mapping G : X — Y such that
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F' (e,4r|63))
F(f(x) =G),r) = | F' (x|, 4r|2° — 2%])
F' (ellx|I™s, 4r|26 — 25)

forall x € X and r > 0.

Corollary 10.21 Suppose thatamapping f : X — y satisfies the inequality (10.56),
forallxy, x,, x3 € X andr > 0, where €, s are constants withe€ > 0. Then there exists
a unique cubic mapping G : X — Y such that (10.59) forall x € X andr > 0.

10.5 Stability of 3-Dimensional Cubic Functional
Equation—Direct Method

Proposition 10.22 Let B € {—1,1}. Let x : X> — [0, 00) be a mapping such that

i X (¥ xy, n* xy, n*P x3)
11 3kB

k=0

converges in R for all x\,xy,x3 € X. Let f: X — Y be a mapping satisfying
the inequality || Df.(x1, x2, x3) |< x (x1, X2, X3), for all x1, x2, x3 € X. Then there
exists a unique cubic mapping C : X — Y which satisfies the functional equation
(10.8) and

i x(*x,0,0)

n3kp ’

1
@) =€) ll= 5

2

for all x € X. The mapping C : X — Y is defined by C(x) = klim f(n’;k[;’”, for all
x e X.

Example 10.23 Let 8 € {—1, 1}. Let x : X3 — [0, co) be a mapping such that

=3 X (2% xy, 2K xy, 2K i)
Z 23kg

converges in R for all xj, xp,x3 € X. Let f : X — Y be function satisfying the
inequality || Df.(x1, x2, x3) [|< x(x1, X2, x3), for all x;,x,,x3 € X. Then there
exists a unique cubic mapping C : X — Y which satisfies the functional equation
(10.8) and

Z x(2%x,0,0)

| f@ - Cwls 55 2

_32



10.5 Stability of 3-Dimensional Cubic Functional Equation—Direct Method 151

for all x € X. The mapping C : X — Y is defined by C(x) = klg{.lo f%ﬁ’c), for all

x € X.

Proposition 10.24 Let g € {—1,1}, x : X* — [0, 00) be a mapping such that

i x (n2Bxy, n%Pxy, n?P x3)
6kp
k=0 n

converges in R for all x1,x,,x3 € X. Let f: X — Y be function satisfying the
inequality || f(x1, x2, x3) |< x(x1, X2, X3), for all x1, x», x3 € X. Then there exists
a unique mapping C : X — Y which satisfies the functional equation (10.8) and

1
I fx) =C) = —

= x(0,n*Px, 0)
~ 4n® Z

1OkB

for all x € X. The mapping C : X — Y is defined by C(x) = klin;o ﬂ:j::x), Sor all
x e X.

Proposition 10.25 Let g € {—1,1}, x : X> — [0, 00) be a mapping such that

i X (¥ x1, 1 x5, 13 x3)
1,0kB
k=0

converges in R for all x|, x,,x3 € X. Let f : X — Y be function satisfying the
inequality || f(x1, x2, x3) |< x(x1, X2, X3), for all x1, x2, x3 € X. Then there exists
a unique mapping C : X — Y which satisfies the functional equation (10.8) and

(o]

1 x (0,0, n**x)
| f(x)—Cx) (< mkzlﬂ —
=7

n9

for all x € X. The mapping C : X — Y is defined by C(x) = klim f("lk;x), for all
x e X.

The following corollaries are the immediate consequence of Propositions 10.22—
10.25 respectively, concerning the stability of (10.8).

Corollary 10.26 Let € and s be non-negative real numbers. Ifamapping f : X — Y
satisfies the inequality

€,
3 s
Dfu(xt, 10, x3) < | 2=t 120 P05 3 (10.73)
6(2?_1 [ [ +]_[?:1 x| ) s #1
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for all x1, x,, x3 € X, then there exists a unique cubic mapping C : X — Y such
that, forall x € X

_€
a3 =1

I f(x) = C@) 1< { g (10.74)

ellx )™
4|n3—n3s|*

Remark: Let € and s be non-negative real numbers. If a mapping
f : X — Y satisfies the inequality (10.73) for all x|, x;, x3 € X, then there exists a
unique cubic mapping C : X — Y such that, forall x € X

€
4171

I f) = C@) < | 555

€|lx ]
325

Corollary 10.27 Let € and s be non-negative real numbers. Ifamapping f : X — Y
satisfies the inequality (10.73) for all x|, x,, x3 € X, then there exists a unique cubic
mapping C : X — Y such that, forall x € X

€
Hno=1]

f) = C) < | s (10.75)

€llx )™
4{n®—no| "

Corollary 10.28 Let € and s be non-negative real numbers. Ifamapping f : X — Y
satisfies the inequality (10.73) for all x|, x,, x3 € X, then there exists a unique cubic
mapping C : X — Y such that, forall x € X

PR
4n®—1|

) —C) < | 78 (10.76)

ellx ™
4n®—n9| "

10.6 Stability of 3-Dimensional Cubic Functional
Equation—Fixed Point Method

Proposition 10.29 Let f : X — Y be a mapping for which there exists a function
x : X3 — [0, 00) with condition

lim X (Fxy, nfxa, nfxs) _

k— 00 n?k

0, (10.77)
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nifi=0

% ifi=1 and satisfying the inequality

where n; = {

| Dfc(x1, x2, x3) 1< x (x1, X2, X3), (10.78)

for all x1,x3,x3 € X and n > 4. If there exists L = L(i) such that the function

x = px) = i)( (% 0, 0) has the property

P (";x) = Lp(x), (10.79)
ni

for all x € X, then there exists a unique cubic mapping C : X — Y satisfying the
functional equation (10.8) and

1—i

| F) = C@ I 7=

p(x), (10.80)

forall x € X.

Example 10.30 Let f : X — Y be a mapping for which there exists a function

. .. 2if i=0;

x : X3 — [0, oo) with condition (10.77) where n; = { 1 llj} 11_ ]9
2 - 9

the functional inequality (10.78) for all x1, x,, x3 € X and n > 4. Then there exists

and satisfying

L = L(i) such that the function x — p(x) = %X <§ 0, 0 ) has the property (10.79),

for all x € X. Then there exists a unique cubic mapping C : X — Y satisfying the
functional equations (10.8) and (10.80), for all x € X.

Proposition 10.31 Let f : X — Y be a mapping for which there exists a function
2 ip s

x : X3 = [0, 00) with condition (10.77) where n; = {nl ;jj ll__lo and satisfying
= =

the inequality (10.78) for all xi,x3,x3 € X and n > 21 If there exists L = L(i)

such that the function x — p(x) = };X (O, =, O) has the property (10.79), for all

x € X, then there exists a unique cubic mapping C : X — Y satisfying the functional
equations (10.8) and (10.80), for all x € X.

Proposition 10.32 Let f : X — Y be a mapping for which there exists a function
350 0
x : X3 = [0, 00) with condition (10.77) where n; = {n if i=0

1 .
g ifi1=1
the inequality (10.78), for all xy, x,x3 € X and n > 4. Assume that there exists

and satisfying

L = L(i) such that the functionx — p(x) = }1)( (O, 0, =5 | has the property (10.79),

for all x € X. Then there exists a unique cubic mapping C : X — Y satisfying the
functional equations (10.8) and (10.80), for all x € X.
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The following corollaries are the immediate consequence of Propositions 10.29—
10.32 respectively, concerning the stability of (10.8).

Corollary 10.33 Let € and s be non-negative real numbers. Ifamapping f : X — Y
satisfies the inequality (10.73) for all x|, x», x3 € X, then there exists a unique cubic
mapping C : X — Y such that (10.74), for all x € X.

Remark: Let € and s be non-negative real numbers. If a mapping
f : X — Y satisfies the inequality (10.73) for all x|, x;, x3 € X, then there exists a
unique cubic mapping C : X — Y such that

€
7
I f) = C) < | 755

€llx ]
423-2%°

forall x € X.

Corollary 10.34 Let € and s be non-negative real numbers. Ifamapping f : X — Y
satisfies the inequality (10.73) for all x,, x», x3 € X, then there exists a unique cubic
mapping C : X — Y such that (10.75), for all x € X.

Corollary 10.35 Let € and s be non-negative real numbers. Ifamapping f : X — Y
satisfies the inequality (10.73) for all x|, x,, x3 € X, then there exists a unique cubic
mapping C : X — Y such that (10.76), for all x € X.

10.7 Examples

Now we will provide an example to illustrate that the functional equation is not stable
n

forx =3, x = .

Example 10.36 Let v : R — R be a function defined by

30 +
T(x)'g:{“x , 1f||x||ﬂ.<l
", otherwise,
. . © T2k
where u > Oisaconstantand defineafunction f : R — Rby f(x) = Z e
k=0

for all x € R. Then f satisfies the functional inequality

. | —2)(i —3)(23i — 20 -
IINf(x)H;SZ(lJr(l bl ))Me (Z(nxin;f), (1081)
i=1 i=1
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for all x;, x5, x3, ..., X, € R. Then there exists a cubic function C : R — R and a
constant § > 0 such that

If(x) —C@If < 8lxil})’, VxeR. (10.82)
Proof Now,

=Tt
RO Z%

Il
M T
| =

~
Il
o

<l
¥

Therefore we see that f is bounded. We are going to prove that f satisfies (10.81).
Ifx, =xy =x3=---=x, =0, then (10.81) is trivial.

If Z(Hxi I5)° > 1, then the left hand side of (10.81) is less than

- (i —2)(i —3)(23i — 20)
> <1 + o >M

i=1

n
Now suppose that 0 < Z(Hx,- ||;§)3 < 1. Then there exists a positive integer p
i=1
such that

Z(Mx, I5? < — (10.83)
Sothat 87~ 'x; < 1,877 'x, < 1,877 !x3 < 1, ..., 8" !x, < 1 and consequently

877 "(x)). 877 (2x)). 877! (xj + xi + 1), 877N (x; + xp) € (—1. 1),

Jj=1

foralll < j<k<l<i,i=1,2,3,..,nand

Xn:T 8q21:(xj) n ( 5l+6>ZT(8q2x1)
i=1 1

=1 i= j=1
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=) YE )+ Y (-3 > YU +x)) =0
i=1 1<j<k<I<i i=1 1<j<k<i

(10.84)

forqg =0,1,2,3, ..., (p — 1). From the definition of f and (10.83), we obtain that

INfOOllE < Z 5

ZT (8" Z(x,)) Z (ﬂ) Z T(892x;)

i=1

+
=30 > Y@ +Y G —3) Y TEY(xj +x0)
i=1 1<j<k<I<i i=1 1<j<k<i 8
< Z Si ZT (8" Z(x])) Z <ﬂ) ZT(SqZXJ)
q=p i=1 i=1 j=1
n n +
=)D Y@@ A Y (=3 D> B+ x)
i=11<j<k<l<i i=1 1<j<k<i P
“ (=2 —3)(23i —20)\ = 1
S”“.Z(H 43 ) 1

n

(i —2) — 3)(231 —20)
I

)
)

1
8¢

(Somis)

- 1
Thus f satisfies (10.81), for all xy, x3, x3, ..., x, € R with 0 < Z |x,<|3 < 3
i=1

We claim that the cubic functional equation (2.6) is not stable for s = 3.

Suppose on the contrary that there exist a cubic mapping C : R — R and a con-
stant § > 0 satisfying (10.82). Since f is bounded and continuous for all x € R, C
is bounded on any open interval containing the origin and continuous at the origin.
Then C must have the form C(x) = cx? for any x in R. Thus we obtain that

—51‘«

8 « (i—2)G — 3)(231 —20)
=< ?M Z (

i=1

LF QOIS < 6+ leh Ul (10.85)

But we can choose a positive integer m with mu > 8 + |c|. If x € (0, 5+7), the
2"x € (0,1),foralln =0,1,2,....m — 1.



10.7 Examples 157

For this x, we get

T2
ﬂmzijéf)
i=0

. Z (2’36)3

= mpux®

> (8 + |c)x’

which contradicts (10.85). Therefore the cubic functional equation (2.6) is not stable
in sense of Ulam-Hyers if s = 3. ([

Example 10.37 Let Y : R — R be a function defined by

3 +
Tuﬁz{mulmmg<1
”w, otherwise,
. . < T2k
where ;© > Oisaconstantanddefineafunction f : R — Rby f(x) = Z s
k=0

for all x € R. Then f satisfies the functional inequality

n

u i —2)(i —3)(23i —20) 24
IINf(X)||§§Z<1+(l =0 )) " (Z(n i )*"ea]'[(nx,n
i=1

(10.86)
for all x;, x2, x3, ..., X, € R. Then there do not exist a cubic function C : R — R
and a constant § > 0 such that

£ () = COIlf < 8Cllxllf), VxeR. (10.87)



Chapter 11 ®)
4-Dimensional Cubic Functional Geda
Equations

11.1 4-Dimensional Cubic Functional Equation

In the last few decades, the stability problems of several cubic functional equations in
various spaces such as menger probabilistic normed spaces, random normed spaces,
non-Archimedean fuzzy normed spaces, Banach spaces, and orthogonal spaces have
been extensively investigated by a number of mathematicians (see [25, 28, 31, 39,
44, 61, 66, 73]).

Katrasas [53] defined a fuzzy norm on a linear space to construct a fuzzy vector
topological structure on the space. Later, some mathematicians have defined fuzzy
norms on a linear space from various points of view [26, 94]. In particular, Cheng and
Mordeson [16] gave an idea of a fuzzy norm in such a manner that the corresponding
fuzzy metric They also established a decomposition theorem of a fuzzy norm into
a family of crisp norms and investigated some properties of fuzzy normed spaces.
Recently, [65] given to the problem of the fuzzy stability of functional equations.
Several various fuzzy stability results concerning Cauchy, Jensen, simple quadratic,
and cubic functional equations have been investigated.

The study of approximate additive mappings and approximate linear mapping
allowing the Cauchy difference operator

CDf(x,y) = fx+y)+[f(x)+ f(¥)]

to be controlled (|| x |7 + || y [I”).

f(nx; + n’x, + n3x3 + n4x4) = f(nx; + n’x, + n3x3) + f(nx; + n’x,
+nxg) + fnx) +n’xs +n'xg) + f(nPxs + nPxintxg) — f(nx) 4+ n’xo)
—f(xy +n’x3) — f(nx) +n'xy) — f(nPx2 +n'x3) — f(n’x2 +n'xy)

—f x4 ntxg) 40 F (1) + 00 f ) +1° f (x3) + 1" £ (xa). (11.1)

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 159
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In this chapter, we inspect the general solution and stability of the 4-dimensional cubic
functional equation (11.1) in intuitionistic fuzzy normed space and fuzzy normed
space with the help of direct and fixed point methods.

11.2 Solution of 4-Dimensional Cubic Functional Equation

Theorem 11.1 Anodd mapping f : X — Y satisfies the Eq. (10.3), forallx,y € X
ifandonly if f : X — Y satisfies the functional equation (11.1), for all x, x5, X3, X4
€ X.

Proof Let f : X — Y satisfies the functional equation (10.3). Replacing (x, y) by

(0,0) in (10.3), we get f(0) = 0. Replacing (x, y) by (x, 0), (x,x) and (x, 2x)
respectively in (10.3), we obtain

f@2x) =23 f(x) and f(3x) =3°f(x), (11.2)
for all x € X. In general for any positive integer a, we have
flax) =a’ f(x), (11.3)
for all x € X. Itis easy to verify from (11.3) that,
f@*x) =a®f(x) and f(a’x)=ad’f(x), (11.4)
for all x € X. Replacing (x, y) by (nx; + n2xy, n3x3 + n*xy) in (10.3), we get

fQ2nx; + 2n%xy 4+ nix; + ntxy) + fQ@nx; + 2n’xy — nixsy — I’L4X4)
+2f(—nx, — n’xy — nx; — n4X4) +2f(—nx; — n*xy +n’x; + n4x4)
= 12f (nx; + n*x3), (11.5)

for all xy, x,, x3, x4 € X. Again replacing (x, y) by (nx; + n3x3, n%x, + n*xs) in
(10.3), we have

fQ@2nx; + n2x2 + 2n3x3 + n4x4) + f(2nx; — n2x2 + 2n3x3 — n4x4)
+2f(—nx; — n’xy — nixs — n*xg) + 2f(—nx; + n’xy — n’xs +n*xg)
= 12 f(nx; + n’x3), (11.6)

for all x, x2, x3, x4 € X. Replacing (x, y) by (nx; + n*x4, n>x, + nx3) in (10.3),
we obtain
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fQ@2nx; + n2x2 + n3x3 + 2n4x4) + f(2nx; — n2x2 — n3x3 + 2n4x4)
+2f(—nx; —n’xy — n’x3 — n'*xy) + 2f (—nx; + n’x2 +n’x3 — ntxy)
= 12 f(nx; + n'*xs), (11.7)

for all xy, x», x3, x4 € X. Replacing (x, y) by (n?x» + n’x3, nx; + n*x4) in (10.3),
we attain

f(nx; + 2n2x2 + 2n3x3 + n4x4) + f(—nx; + 2n2x2 + 2n3x3 — n4x4)
+2 f(—nx; — n’xy — n3x3 — l’l4X4) +2f(nx; — n’xy — n3x3 + n4x4)
= 12f(n’xy + n’x3), (11.8)

for all x1, x,, x3, x4 € X. Letting (x, y) by (n%xy + n*x4, nx, + n3x3) in (10.3), we
obtain

f(nx; + 21%x, 4+ n’xs + 2ntxy) + f(—=nx; + 2n%x, — nixs + 2n4x4)
+2f(—nx; —n’xy — n’x3 — n*xy) + 2f (nx) — n’xo + nxz — n*xy)
= 12f(n’xy + n*xy), (11.9)

for all xy, x5, x3, x4 € X. Replacing (x, y) by (n®x3 + n*x4, nx; + n’x;) in (10.3),
we get

f(nx; + n’x, + 2n3x3 + 2n4x4) + f(—nx; — n’x, + 2n3x3 + 2n4x4)
+2f(—nx; — nzxz — n3x3 — n4X4) +2f(nx; + n2x2 — n3x3 —n*xy)
= 12f(n’x3 + n'xs), (11.10)

for all x1, x2, x3, x4 € X. Adding (11.5), (11.6), (11.7), (11.8), (11.9) and (11.10),
we get

12f (nx; + n’xy) + 12 f(nx; + n3x3) + 12 f(nx; + n4X4)

+12f(n*xy + 1 x3) + 12f (*x5 + n*xg) + 12 (x5 + n*xs)

= f(2nx; + 2n2x2 + n3x3 + n4x4) + f(2nx; + 2n2x2 — I’Z3X3 — n4x4)
+2f(—nx; — n’xy — n’xy —n*xg) + 2f(—nx; — n’xy +n’xs + ntxg)
+f(2nx; + n’xy + 2nx; + n4X4) + f@2nx; — n’xy + 2n3x; — n4x4)
+2 f(—nx; — n’x, —n’xy — n'*xy) + 2f(—nx; + n’x, — n’xy + n'xs)
+f(2nx; + n’x, + n3x3 + 2n4x4) + f(2nx; — n’x, — n3x3 + 2n4x4)
+2f(—nx; — n’xy —n’xs —n*xg) + 2f(—nx; + n’xy +n’x; — ntxy)
+ f(nx; + 2n2xz + 2n3x3 + I’l4)C4) + f(—nx; + 2n2xz + 2n3x3 — I’l4)C4)
+2 f(—nx; — n’x, — n’xy — n'*xy) + 2f(nx; — n’
+f(nx; + 2n2x2 + n3x3 + 2n4x4) + f(—nx; + 2n2x2 — n3x3 + 2n4x4)

+2f(—nx; — n’xy —n’xs —n*xg) + 2f(nx, — n’xy +nixy — n4X4)

Xy — n3x3 + n4x4)
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+f(nx; + n2x2 + 2n3x3 + 2n4x4) + f(—nx; — n2x2 + 2n3x3 + 2n4x4)
+2f(—nx; — n’xy —n’xy — n*xy)
+2 f(nx1 + n*xy — n’x3 — n*xy), (11.11)

for all x1, x2, x3, x4 € X. Replacing (x, y) by (nx;, 2n%x, + n3x3 + n*x,) in (10.3),
we have

fQ@nx; + 2n2x2 + n3X3 + n4x4) =2f(nx + 2n2xz + n3X3 + n4x4)
+2f(nx; — 2n2x2 — n3x3 — n4x4) + f(—2nx; + 2n2x2 + n3x3 + n4x4)
+12 f (nxy), (11.12)

for all x1, x2, x3, x4 € X. Adding f(2nx; + 2n?x, — n’x3 — n*x,) on both sides of
(11.12), we have

fQnx; + 2n%xy 4+ ndxs + n4x4) + f(2nx; + 2’5, — nxs — n'*xy)
=2f(nx; + 2m%xy 4+ n’x; + I’l4X4) +2f(nx; — 2m%x, — nix; — n4x4)

+12 f(nx1) + 2 f(—2nx; + n’x, + n3X3 + n4x4)

+2f(2nx, +n’x —n3x3 —n4x4) + 12 f(nxy), (11.13)

for all xy, x;, x3, x4 € X. Replacing (x, y) by (n3x3, 2nx; 4+ n%x; + n*xy) in (10.3),
we obtain

fQ@2nx; + nz)Q + 2n3x3 + n4X4) =2f(2nx; + n2x2 + n3x3 + n4x4)
+2f(—2nx; — n’xy +nx; — n4x4) + f(2nx; + n’xy — 2nx; + n4X4)
+12f(nx3), (11.14)

for all x1, x, x3, x4 € X. Adding f(2nx; — n’x, + 2n°x3 + n*x,) on both sides of
(11.14), we attain

fQ@2nx; + n’x, — 2n3x3 + n4x4) + fQ2nx; — n’x, + 2n3X3 — n4x4)
=2fQ2nx; + n’xy + n3x3 + n4X4) +2f(—2nx; — n’x, + n3x3 — n4x4)
+12f(n3x3) +2f(nx; + n’xy — 2n°x3 + n*xq)

+2 f(nx; — n’xy +2n°x3 — n*xy) + 12 f (nxy), (11.15)

for all x;, x, x3, x4 € X. Replacing (x, y) by (n*x4, 2nx; 4+ n’x, + n’x3) in (10.3),
we get

fQ@nx; + n2x2 + nSX3 + 2n4x4) =2f(2nx; + nzxz + n3X3 + I’Z4X4)
+2f(—2nx; — n’x, — n3x3 + n4x4) + f(2nx; + n’x, + n3x3 — 2n4x4)
+12.f (n*x4), (11.16)
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for all x|, x, x3, x4 € X. Adding f(2nx; — n’x, — n3x3 + 2n*x,) on both sides of
(11.16), we have

fQnx; + n’xy 4+ nix; + 2n4x4) + f@2nx; — n’xy —n’xs + 2n4x4)
=2fQ2nx; + n’x, + n3x3 + n4x4) +2f(—2nx, — n’x, — n3x3 + n4x4)
+12f (n*x4) + 2f (nx) + n*x2 + n’x3 — 2n'*xy)

+2f(nx; — n’xy —nixs + 2n4x4) + 12 f(nxy), (11.17)

for all xy, x, x3, x4 € X. Replacing (x, y) by (n%x,, nx; + 2n3x3 + n*x4) in (10.3),
we obtain

f(nx; + 2125y 4 213 x5 + ntxy) = 2f(nx; + n’xy 4 2n’x5 + n4x4)
+2f(—nx; + nzxz — 21’13)63 — n4X4) + f(nx, — 2n2xz + 2}’13)63 + n4X4)
+12f(n’xy), (11.18)

for all xy, x, x3, x4 € X. Adding f(—nx; + 2n2x, + 2n3x3 — n*x4) on both sides
of (11.18), we get

f(nx; + 2n2x2 + 2n3x3 + n4x4) + f(—nx; + 2n2x2 + 2n3x3 — n4x4)
=2f(nx; + n’xy 4+ 2nx3 + n4x4) +2f(—nx; + n’xy — 2n’x; — n4x4)
+12f(n2xz) +2f(nx; — 2m%xy 4+ nix; + I’l4X4)

+2f (—nx) + 2n%x; + ndx3 — ntxy) + 12F (P x3), (11.19)

for all xy, x, x3, x4 € X. Replacing (x, y) by (n’x,, nx; + nx3 + 2n*x4) in (10.3),
we get

f(nx; + 2n%x) + n3x3 + 2n4x4) =2f(nx; + n’x, + n3x3 + 2n4x4)
+2f(—nx; + n2x2 — n3x3 — 2n4x4) + f(nx; — 2n2x2 + n3x3 + 2n4x4)
+12f(n*x), (11.20)

for all x1, x, X3, x4 € X. Adding f(—nx; + 2n%x; — n’x3 + 2n*x,) on both sides
of (11.20), we obtain

f(nx; + 2n%xy + nix; + 2n4x4) + f(—nx; + 2n%xy — nix; + 2n4x4)
=2f(nx; + n2x2 + n3x3 + n4x4) +2f(—nx; + n2x2 — n3x3 — 2n4x4)
+12f (n%x2) + 2.f (nx; — 2nx5 + n’x3 + n'xy)

+2f(—nx; + 2n%x, — nix; + n4x4) + 12f(n4x4), (11.21)

for all xy, x>, x3, x4 € X. Substituting (x,y) by (n3x3, nx; + n%xy + 2n*x4) in
(10.3), we have
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f(nx; + nzm + 2n3x3 + 2n4x4) =2f(nx; + n2x2 + n3x3 + 2n4x4)
+2f(—nx; — n’xy +n’xy — 2n*xg) + fnx + n’xy — 2nx; + 2I’L4)C4)
+12f(n’x3), (11.22)

for all x1, x2, X3, x4 € X. Adding f(—nx; — n®x, + 2n3x3 + 2n*x4) on both sides
of (11.22), we obtain

f(nx; + nzxz + 2n3x3 + 2n4x4) + f(—nx; — nzxz + 2n3x3 + 2n4x4)
=2f(nx; + n’xy + n3x3 + 2n4x4) +2f(—nx; — n’xy + n3x3 — 2n4x4)
+12f(n3x3) +2f(nx; + n’xy — 2nx3 + n4x4)

+2f(—nx; — n’xy + 2n°x3 + ntxy) + 12 (n*xy), (11.23)

forall x1, x2, x3, x4 € X.Using (11.13),(11.15),(11.17),(11.19),(11.21)and (11.23)
in (11.11), we get

12f (nxy + n*x2) + 12 f (nxy + n’x3) + 12 f (nx; + n*xs)

12 f (n%x + n3x3) + 12 (nPxy 4+ n*xg) + 12 (P x3 + nxy)
=2f(nx; + 2n2x2 + n3X3 + n4X4) +2f(nx; — 2n2x2 — n3x3 — n4x4)
+12 f(nxy) + 2 f(—2nx; + n’x, 4+ nlx; + n4x4)

+ f(2nx; + n2x2 — n3x3 — n4x4) + 12f(n2x2)

+2 f(—nx; — n’x, —nixy — ntxy) + 2f(—nx; — n’x, + n’xsy + ntxs)
2fQ2nx; +n’xy + nPxs +ntxy) + 2 (=2nx; — n’xy + nPxz — ntxy)
+12f(n3x3) +2f(nx; + n’xy — 2nx; + n4X4)

+2f(nx; — n2xy + 2n3x; — n4x4) + 12 f(nx;)

+2f (—nxy — n*xy — nPx3 — n*xy) + 2f (—nx; + n’xy — n’x3 4+ n'xy)
+2 f(2nx; + n’x, + nixy +nxs) + 2f(—2nx; — n’x; — n’x3 4+ n*xy)
+12f(n4x4) +2f(nx; + n’xy +nx; — 2n4X4)

+2f(nxy — n*xy — n’x3 4+ 2n*xy) + 12.f (nxy)

+2 f(—nx; — n’x, — n3x3 — n4X4) +2f(—nx; + n’x, + I’Z3X3 — n4x4)
+2f(nx; + n2xy 4+ 2n°x3 + ntxg) + 2f(—nx; + n’xy — 2n°x3 — n*xy)
+12f(n2x2) +2f(nx, — 2n%xy + nix; + n4X4)

+2f(—nx; + 2n%x, + n3x3 — n4X4) + 12f(n3x3)

+2 f(—nx; — n’x, — n3x3 — n4X4) +2f(nx; — n’x, — n3x3 + n4x4)
+2f(nx; + n’xy + n’xs + 2nxg) + 2f(—nx; + n’xy —nxy — 2n4x4)
+12f(n2x2) +2f(nx; — 2n2x2 + l’l3X3 + n4X4)

+2f(—nx; + 2n%x; — n3x3 + n4x4) + 12f(n4x4)

+2f(—nx; — nzxz —n?
+2f (nx; + n*x; +n’x3 + 2n*xy) + 2 (—nx; — n’xy + ndx3 — 2ntxy),

X3 — n4x4) +2f(nx; — n2x2 + n3x3 — n4x4)
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+12f(n3x3) +2f(nx; + n’x, — 2n3x3 + n4x4)
+2f(—nx; — n’xy 4+ 2nx; + I’L4X4) + 12f(n4x4) +2f(—nx; — n’xy
—n3X3 — n4X4) +2f(nx; + nzxz — n3x3 — n4X4), (11.24)

for all x, x», x3, x4 € X. Interchanging nx; by n’x, in (11.13), we have

fQ2nx; + 2n%x, + n3x3 + n4x4) + f(2nx; + 2n’xy — n3x3 — n4x4)
=2fQ2nx; + n2x2 + n3x3 + n4x4) +2f(—2nx; + n2x2 —-n’
+12f(n2x2) +2f(nx; — 21%x, 4+ nix; + n4x4)

+2 f(nxy + 2n%xy — n’x3 — n*xy) + 12 f (nxy), (11.25)

X3 — n4x4)

for all x;, x», x3, x4 € X. Replacing nx; by n3x3 in (11.15), we get

fQnx; + n’x; + 2n3x3 + n4x4) + f(2nx; — n’x; + 2n3x3 — n4x4)
=2f(nx; + n2x2 + 2n3x3 + n4x4) +2f(nx; — n?
+12 f(nx1) + 2 f(—2nx; + n’xy +n’xs + n4x4)

+2F(2nxy — n*xy + nx3 — n*xy) + 12.f (P x3), (11.26)

Xy — 2n3x3 — n4x4)

for all xy, x2, x3, x4 € X. Replacing nx; by n*x, in (11.17), we have

fQnx; + n2x2 + n3x3 + 2n4X4) + f(2nx; — n2x2 — n3x3 + 2n4x4)
=2f(nx; + n’xy 4+ nxs + 2n4x4) +2f(nx; — n’xy — nxs — 2n4x4)

+12 f(nx1) + 2 f(—2nx; + n’xy +n’xs + n4x4)

+2f (nxy — n*xy — n’xs 4+ n*xy) + 12f (n*xy), (11.27)

for all x, x,, X3, x4 € X. Letting n”x, by n’x3 in (11.19), we obtain

f(nx; + 2n2x2 + 2n3x3 + n4x4) + f(—nx; + 2n2x2 + 2n3x3 — n4x4)
=2f(nx; + 21%xy 4+ n’xs + n*xy) + 2f(—nx; — 2n%x, 4+ nixs — n4X4)
+12f(n3X3) +2f(nx; + n’xy — 2nx3 + n4x4)

+2f (—nx) + n’xy 4+ 2n3x3 — n*xy) + 12f (n°x2), (11.28)

for all x, x2, x3, x4 € X. Interchanging n%x, by n*x, in(11.21), we get

f(nx; + 2n2x2 + n3x3 + 2n4x4) + f(—nx; + 2n2x2 — n3x3 + 2n4x4)
=2f(nx; + 21%xy 4+ nix; + n4X4) +2f(—nx; — 2m%xy — nix; + n4x4)
+12f(n4X4) +2f(nx; + n2xz + n3X3 — 2n4X4)

+2f (—nx) + n’xy — n’xz + 2ntxy) + 121 (n°x2), (11.29)

for all x, x2, X3, x4 € X. Replacing n3x3 by n*x4 in (11.21), we have
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f(nx; + n2x2 + 2n3x3 + 2n4x4) + f(—nx; — n2x2 + 2n3x3 + 2n4x4)
=2f(nx; + n’xy 4 2n’x; + n4x4) +2f(—nx; — n’x, — 2nx; + n4x4)
+12f(n4X4) +2f(nx; + n2xz + n3X3 — 2n4X4)

+2f (—nx; — n’xy +nxz + 2ntxy) + 12 (03 x3), (11.30)

forallxy, x2, x3, x4 € X.Using (11.25),(11.26),(11.27),(11.28),(11.29)and (11.30)
in (11.11), we have

12 f (nxy + n%x2) + 12.f (nxy + n’x3) + 12 f (nx; + n*xs)

+12f(n2x2 +n’x;) + 12f(n2x2 + n4x4) + 12f(n3x3 + n4x4)
=2fQ2nx; + n’xy +n’xs + n4x4) +2f(—2nx; + n’x, —nx; — n4x4)
+12f(n2x2) +2f(nx; — 2n%x, + n3x3 + n4x4)

+2f (nx; + 2n*xy — n’x3 — n*xy) + 121 (nx))

+2f(—nx; — n’xy —n’xy —ntxg) + 2f(—nx; — n’xy + n’xs + ntxg)
+2f(nx; + n’xy + 2nx; + n4X4) +2f(nx; — n’xy — 2nx; — I’l4X4)
+12 f(nxy) + 2 f(—2nx; + n’x, + n3x3 + n4x4)

+2f(nx; — n2x2 + n3x3 — n4x4)

+12f(n3X3) +2f(—nx; — n’xy —nixy — I’L4X4)

+2 f(—nx; + n2x2 — n3X3 + n4x4) +2f(nx; + nzxz + I’l3X3 + 2n4x4)
+2f(nx; — n’x, — n3x3 — 2n4X4) + 12 f(nx;)

+2 f(—2nx; + n’x, + nixy + nxs) + 2f(2nx; — n’x; — n’xs 4+ n*xy)
+12f(n4X4) 4+ 2f(—nx; — n’xy — nx; — n4X4)

+2 f(—nx; + n2x2 + nSX3 — n4x4) +2f(nx; + 2n2x2 + n3x3 + n4X4)
2f(—nx; — 2n%x, + n3x3 — n4x4) + 12f(n3x3)

+2f(nx; + n’xy — 2n3x3 +ntx,) + 2f(—nx; + n’xy + 2n3x3 —n*xy)
+12f(n2xz) +2f(—nx; — n’xy — nx; — n4x4)

+2 f(nx; — n’x, — n3x3 + n4x4) +2f(nx; + 2n%x, + n3x3 + n4x4)
+2f(=nx; — 2n%xs — n®x3 + n'xy) + 12 f(nxs)

+2f(nx; + n’xy +n’xs — 2n*xg) + 2f(—nx; + n’xy — n’xs + 2n*xy)
+12f(n2xz) +2f(—nx; — n’xy — nx; — n4X4)

+2f(nx; — n’x, + n3x3 — n4x4) +2f(nx; + n’x, + 2n3x3 + n4x4)
+2f(—nx; — n’xy — 2n3x3 + ntxy) + 12F (n*xy)

+2f(nx; + n’xy + nx; — 2n4x4) +2f(—nx; — n’xy +nixs + 2n4x4)
+12f(n3X3) +2f(—nx; — nzxz — n3x3 — I’l4)C4)

+2f (nx) + n’xy — n’xz3 — n*xy), (11.31)

for all xy, x», x3, x4 € X. Adding (11.24) and (11.31), we obtain
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24 f (nxy + n’x2) + 24 f (nx) + n°x3) + 24 f (nx; + n*xs)

424 F(n’xy + n°x3) 4+ 24 f (n®°xs + n*xy) 4+ 24 f (nPx3 + n'xy)

=72 f (nx1) = 72f (0*x2) = 72 f (0*x3) — 72 f (n*x2)

=T2f(nx; + n’x; + n3x3 + n4x4) —36f(nx; + n3x3 + n4x4)

+12 f(—nx; + n3x3 + n4x4) + 12 f(nx; — n3x3 + n4x4) + 12 f(nx; + n3x3
—n*xy — 36f(n2x2 +nix; + n4x4) + 12f(—n2x2 +nix; + n4x4)
+12f(n2xz — n3X3 + n4x4) + 12f(n2xz + n3x3 — n4x4)

=36 f(nx; + n’xy + n4X4) + 12 f(—nx; + n’xy + n4x4)

+12 f(nx; — n’xy + n4x4) + 12 f(nx; + n’xy — n4x4)

—36f(nx; + n’xy + n3x3) + 12 f(—nx; + n’x; + n3X3)

+12f (nxy — n*xy + n°x3) + 12 f (nxy + n’x — n’x3), (11.32)

for all x1, x;, x3, x4 € X. We know that

f(=nx; +n’xy +n’x3) + f(nx; — n*x; + n’x3)

+f(nx; + n’xy — nxz) = =3 f(nx; + n’xy + nx3) + 4f(nx; + n2x2)
+4f(Pxs + 1 x3) + 4 f (nx) +nx3) — 4 f (nx1)

—4f(n*x2) = 4f (’x3), (11.33)

for all x1, x2, x3 € X. Replacing n3x; by n*x, in (11.33), we have

f(=nxy +n?xs +n*xg) + f(nx; —n’x; +n'xy)

+f(nx; + n’xy — n*xg) = —3f(nx; + n’xy + n*xg) + 4f(nx + n2x2)

4 (°xy + n'x4) +4f (nxy +n'xy) — 4f (nxy)

—4f(n%x2) —4f (n*xy), (11.34)

for all x1, x2, x4 € X. Replacing n’x, by nx; in (11.34), we get

f(=nx; +n’x3 +n*xy) + fnx; —n’xs 4+ n'xy)

+f(nx; + nxy —n*xg) = —3f(nx; + x4+ n*xg) + 4f(nx + n3x3)
+Af (x5 +n'xg) + 4 f (nx) + n'xy) — 4 f (nx))

—4f(nPx3) —4f(n*xy), (11.35)

for all x, x3, x4 € X. Replacing nx; by n’x, in (11.35), we have

f(—nzxz + n3x3 + n4x4) + f(n2x2 — n3X3 + n4x4)

+f(nPxy +n’xs — ntxy) = =3F(%x0 + 0 xs + ntxy) + 4 (P x0 4+ 0P x3)
+4f (0 xs +n'x) +4f (0 x2 +nxg) — 4f (0 x2)

—4f(n3x3) —4f(n*xy), (11.36)
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for all x7, x3, x4 € X. Adding (11.33), (11.34), (11.35), (11.36), we get

f(=nxi 4+ n’xs +n’x3) + f(nx) — n*x2 + n’x3)
+f(nx; + n’xy — n®x3) + f(—nx; +n*xy + n'xy)
+f(nx1 — n*xz +n*xg) + f(nx) +n’xy — n'xy)
+f(=nxi 4+ n’x3 + n'xs) + f(nx; —n’x; + n'xy)
+f(nx; + n3x3 — n4X4) + f(—n2x2 + n3x3 + n4x4)
+f(n*xy — m3x3 4 n*xg) + £ (Px + nPxz — n'xy)
=-3f(mx + n’x; + n3x3) —3f(nx; + n’xy + n4x4)
—3f(nx + nxy + n4X4) — 3f(n2xz +nix; + n4X4)
+8f(nx; + nzxz) + 8f(nx; + n3x3) + 8f(nx; + n4x4)
+8f(nZX2 + n3x3) + 8f(n2x2 + n4x4) + 8f(n3x3 + n4x4)
—12f(nx1) = 12/ (0*x2) = 12f (n’x3) = 12 (n*xa),

for all x1, x,, x3, x4 € X. Using (11.37) in (11.32), we have

fnx; + nzxz + I’ZSX3 + n4X4) = f(nx; + n2x2 + n3x3)

(11.37)

+f(nx; + n’x, + n4x4) + f(nx; + n3x3 + n4x4) + f(n2x2 + n3x3

+n'xy) — f(nx; +n’x2) — f(nx; +n’x3) — f(nxg +n'xy)
—f(n*x2 + 1n7x3) — f(nPxo 4+ n'xg) — fF(0x3 +n'xs)
17 f(x1) +n° f(x2) +n° f(x3) + 1" f(xa),

for all x, x5, x3, x4 € X.

(11.38)

Conversely, assume that f : X — Y satisfies the functional equation (11.1).
Replacing (x1, x2, X3, x4) by (x,0,0,0), (0,x,0,0), (0,0,x,0) and (0,0, 0, x)

respectively in (11.38), we obtain

fx) =n’f(x), f*x)=n"f(x), f(n’x)=n’f(x) and

fn*x) =n" f(x),

for all x € X. One can easy to verify from (11.39) that

X 1\’
f<—,-> = (T) f (),
n n

(11.39)

(11.40)

for all x € X. Replacing (x1, x2, x3, x4) by (j—i, %, 3, ;—f) in (11.38), we get

Jx+)+fCx—y)=2f(x+y)+2f(x —y) +12f(x),

forallx,y € X.



11.3  4-Dimensional Cubic Functional Equation—Direct Method 169

11.3 4-Dimensional Cubic Functional Equation—Direct
Method

In this section, we present some basic definitions of intuitionistic fuzzy normed space
(briefly, IFN-space) and ascertain the stability of the 4-Dimensional cubic functional
equation in intuitionistic fuzzy normed space with the help of the direct method.

Definition 11.2 An intuitionistic fuzzy set A, , in a universal set W is an object
Ay = {(u(w), v(w))|w € W}, forall w € W, u,(w) € [0, 1] and vy (w) € [0, 1]
are called the membership degree and the non-membership degree respectively, of u
in A, , and they satisfies u,(w) + v,(w) < 1.

Remark: We denote its unitsby 0 = (0, 1) and 1 = (0, 1) classically, a triangular
norm * =T and [0, 1] is defined as an increasing, commutative and associative
mapping T : [0, 11> = [0, 1] satisfying 7(1,x) = 1l xx = x, forall x € [0, 1].
A triangular conorm S = ¢ is defined as an increasing, commutative, associative
mapping S : [0, 11> = [0, 1] satisfying S(0, x) = 00x = x, for all x € [0, 1].
Using the lattice (L*, <;«), these definitions can be straight forwardly extended.

Definition 11.3 A triangular norm (t-norm) on L* is a mapping
T : (L*)> — L* satisfying the following conditions:

(1) (Vx € L*)(T(x, 1.+) =x) (boundary condition);
(i) (V(x,y) € (L)) (T(x,y) =T(y,x)) (commutative);
(i) (Y(x,y,2) € (L*)’)(T(x, T(y,2)) = T(T(x,y),z)) (associativity);
(iv) (V(x,x',y,¥) € LHN(x <+ x' and y <y = T(x,y) <px T(X',y)
(monotonicity).

Remark: If (L*, <;+, T) is an abelian topological monoid with unit 1,+, then L* is
said to be a continuous t-norm.

Definition 11.4 A continuous t-norms 7 on L* is said to be continuous
t-representable if there exist a continuous t-norm % and a continuous t-conorm
on [0, 1] such that, for all x = (x1, x2), ¥y = (y1, ¥2) € L*,

T(x,y) = (x1 %y, x20¥2).

Definition 11.5 A negator on Lx is any decreasing mapping N : L* — L* satis-
fying N : (O+) = 1z« and N : (1.+) = O0p+. If N(N(x)) = x, for all x € L*, then
N is called an involute negator. A negator on [0, 1] is a decreasing mapping
N : [0, 1] — [0, 1] satisfying P, ,(0) =1 and P, ,(1) = 0. N, denotes the stan-
dard negator on [0, 1] defined by N;(x) =1 —x, Vx € [0, 1].

Definition 11.6 Let u and v be membership and non-membership degree of an
intuitionistic fuzzy set from X x (0, 400) to [0, 1] such that wu,(t) + v, (¢) <1,
for all x € X and all ¢ > 0. The triple (X, P, ,, T) is said to be an intuitionistic
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fuzzy normed space (briefly IFN-space) if X is a vector space, T is continuous t-
representable and P, , is a mapping X x (0, +00) — L* satisfying the following
conditions: forall x, y € X and ¢, s > 0,

(IFN1) Py y(x,0) = 0p;
(IFN2) P, ,(x,t) =1« if and only if x = 0;

(IFN3) P, ,(ax, 1) = P,qu(x, %) for all @ # 0;
(IFN4) P (x +y,t+58) > T(Pyy(x, 1), Puy(y,5)).

In this case, P, , is called an intuitionistic fuzzy norm. Here, P, ,(x,?) =

(x (2), v ().
Definition 11.7 A sequence {x,} in an IFN-space (X, P, ,, T) is called a Cauchy
sequence if, for every € > 0 and ¢ > 0, there exists ny € N such that

Py y(Xy — X, 1) > L*(Ns(€),€), Yn,m € ny.

Here Ny is the standard negator.

Definition 11.8 A sequence {x,} is said to be convergent to a point x € X (denoted

Pu,v .
by x, —> x)if P, ,(x, —x,t) — 1+ asn — oo forevery ¢t > 0.

Definition 11.9 An IFN-space (X, P, ,, T) is said to be complete if every Cauchy
sequence in X is convergent to a point x € X.

Note: Now use the following notation for a given mapping f : X — Y
C(x1, 22, x3,x4) = f(nxy +n’xy +n’xz + n'xg) — f(nx) +n’x; +n'xs)
—f(nxy +nPxs +ntxg) — fnxy +nlxs +ntxg) — f(nPx +ndxpntay)

+f(nx; +n’x2) + f(nx; +n°x3) + f(nx2 + n’x3) + f (x5 + n'xq)
+f(%xs +n'xg) — 0 f(x) — n®f(x2) —n® f(x3) —n'? £ (x4)

for all xy, x5, x3, x4 € X.

Theorem 11.10 Let 8 € {—1, 1}. Let X be a linear space, (Z, PI’M, T) be an IFN-
space, p 1 X* — Z with 0 < (}%)ﬁ <1,
P, (p(nfx1,0,0,0),r) >- P, (d°p(x,0,0,0),r), (11.41)
forallx €e Xr >0, andd > 0 and
klim P;i U(p(nﬂkxl,nﬂkxz,nﬂkxg,nﬂkm),nwkr) = 1+, (11.42)
— 00 ’

forall x\,x,,x3,x4 € X and all r > 0. Let (Y, P;/t,v’ T) be an IFN-space. Suppose
that a mapping f : X — Y satisfies the inequality
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P y(C(x1, X2, X3, X4), 1) >+ P, [ (p(X1, X2, X3, X4), ), (11.43)
forallr > 0 and x\, x2, x3, x4 € X. Then the limit

f(nPx)
Puu( HG) — == ) = 110 as k— 00, r >0, (11.44)
P

exists forallx € X andthemapping H : X — Y is aunique cubic mapping satisfying
(11.1) and

Puo(f(x) — H(x),r) >+ P (p(x 0,0,0), r|n® — d, |> (11.45)

forallx € X and allr > 0.

Proof First assume that 8 = 1. Replacing (xy, x2, x3, x4) by (x, 0, 0, 0), in (11.43),
we have

Py (f(x) =’ f()), ) =1+ Py, (p(x,0,0,0),7), (11.46)

for all x € X and r > 0. Again replacing x by n*x in (11.46) and using (IFN3), we
get

f( k+1
Pu,v< e — f(n kx), —) > Pliyv(p(nkx,O, 0,0),r), (1147

forall x € X and r > 0. Using (11.41), (IFN3) in (11.47), we have

f(nk+l
Pu,v( 3 — f(n*x), —) > ,w<p(x 0,0,0), ) (11.48)

forall x € X and r > 0. It is easy to verify from (11.48), that

f@* )y o ffx) o
PM( 3D g3k 33k >1- P, | £(x.0.0, 0) . (11.49)

holds for all x € X and r > 0. Replacing r by d*r in (11.49), we get

P

W

f@*x)  f@fx)  dr
< n3(k+1) - 3% n3]’l3k ZL* Pl/l”v(,o(x, Ov 01 0)3 r)s (1 1'50)

n

forall x € X and r > 0. It is easy to see that

f ("t x) S f0 ) fln
Z[ 3G +D 3 ] (11.51)

e S = -
i=



172 11 4-Dimensional Cubic Functional Equations

for all x € X. From the Egs. (11.50) and (11.51), we get
k=1 i ; i
Fnkx) dir 4 Faitlxy  fmix) dir
Pl"”<nT - [, Z 35 ) =L TZ0 ) Puw B0 30 33
i=0
>0 T Pl (0(x,0,0,0), 1))
>1+ Py ,(p(x,0,0,0), )}, (11.52)

forall x € X andr > 0.Replacing x by n”x in (11.52) and using (11.41) and (IFN3),
we obtain

F@ktmxy  f@mMx) mekl iy r
pﬂ,,( - L2 7S n3n3i>z” Pl(p(.0.0.0, 7). (1153)

forall x € X,r > 0 and m, k > 0. Replacing » by d"'r in (11.53), we get

m+k—1

f(nk+mx) f(n’"x) dir
pﬂ,,( e - L0 n3n3i) > Pl (p(.0,0,0).r).  (11.54)
=m

forall x € X,r > 0and m, k > 0. Using (IFN3) in (11.53), we have

k+m m
P#.U(f(n x)  fl x)’r) > P,Q,U<p(%0v0,0)v;d,~)’ (11.55)

n3(k+m) n3m mtk—1
i=m n3n3i

forallx € X,r > Oandm, k > 0.Since0 < d < n®and Y+, (%)l < oo,{f%")}

is a Cauchy sequence in (Y, P, ,, T), which is a complete IFN-space. This sequence
converges to some point H (x) € Y so one can define the mapping H : X — Y by

Bk
PM,U<H(x) —klinolo%) — 17« as k— oo, r >0,

for all x € X. Letting m = 0 in (11.55), we obtain

), (11.56)

k
P"’”(% - [, r) > P;,v(p(x, 0,0,0),

2:&3;%;‘
for all x € X. Letting k — oo in (11.56) and using (N6), we get
P o(f(x) = H(x),r) >+ P, ,(p(x,0,0,0), r(n® —d)),

for all x € X and r > 0. To prove H satisfies (11.1), replacing (x;, x2, x3, x4) by
(n*xy, n*x,, nfx3, n¥x4) in (11.43), we obtain
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1
k k k k / k k k
P;L,v(ﬁc(n X1, X2, n X3, 1 X4),r Z Pﬂ,v(p(n X1, X2, 1N X3,

n*xs), n**r), (11.57)
forall » > 0 and x{, x2, x3, x4 € X. Now

PH,U(H(nxl + nzxz + n3x3 + n4X4) — H(nx, + n2x2 + I’Z3X3)
—H(nx, +n’x, + n4x4) — H(nx| + Vl3X3 +ntxy) — H(nzxz + n3x3
+n4x4) + H(nx; + n2x2) + Hnx; + n3x3) + H(nx; + n4x4)
+H(n2x2 + n3x3) + H(n2x2 + n4x4) + H(n3x3 + n4x4)

—nSH(xl) — n6H(x2) — ngH(x_g) — nle(x4), r)

1
> T{PM,U (H(n)q + n2x2 + nSX3 + n4x4) — ﬁf(nk(nxl + n2x2
+n? x3+n x4)) ) MU(H(nxl +n xz—i—n x3)+H(nx1 +n x2+n )C4)

+H (nx; +n’ xX3+n X4)—|—H(n xg—i—n x3+n x4) — —(f(n (nxy +n? X
+1°x3)) + f(n* (nxy + n’xy + nxp)) + £ (nx) + x5 + ntxg))
+f(F (0 + nPxs ), ) M(H(nxl + %) + H(nxy +n’xs)

+H (nx) 4 n*xg) + H(n’xy 4 n’x3) + Hn’xy 4+ n*xy) + H@n’xz 4+ nxy)
1
——r (f (" (nxi +1°x2)) + f(* (nx1 + nPx3)) + £ (" (nxy + nxa))

FF(F(n2xs + 13x3)) 4+ (F (02 + nxg) + f (i xs + ntx), g)
P <n3H(x1) +n®H(xs) + n’H(xz) +n'2H(xs) — n%(n»*f(nkxl)

00 £ (n*x0) + 0 F (b xs) + n'2 F(nh ), g) Puo (%k Fn*(nx; + nx
+n’x3 4+ ntxy)) — n%( F X (nxy + n*xy + n’x3)) + f(n* (nx; + n’x,
+ntxy)) + f(*(nxy + nPxs +ntxg)) + F 0Py +ndxs + n4x4))>

1
+— (f0* (xy +1n%x2)) + f(nF (ax) + n'x3)) + £ (" (nxy + nxa))
+ £ (nPx + 1Px3)) + f (0" (P2 + n*x4)) + f (0" (0Px3 + ntxy))
—%off(nkxl) +0° f(nEx2) + 1 f(n*x3) + 02 f (0" ), g} (11.58)
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for all x;, x5, x3, x4 € X and all r > 0. Using (8.1) and (IFNS5) in (11.58), we see
that

P,M(H(nxl + n2x2 + n3X3 + n4x4) — H(nx; + n2x2 + nSX3)
—Hnx, + n’x, + n4x4) — H(nx, + n3x3 — n4x4) — H(n2x2 + n3x3
—|—n4x4) + H(nx; + 112)C2) + H(nx; + n3x3) + H(nx; + n4x4)
+H(n2xz + n3X3) + H(nzxz + n4X4) + H(n3X3 + n4x4)
—n3H(x1) — n6H(x2) — l’lgH(Xg,) — l’lle(X4), r)

> T{lpe, 1, s, 1ps, P/L’U(p(nkxl, n*xy, nfx3, n*xy), n¥r)}

>+ Pl (p(n*x1, n*xp, nfxs, n*xs), n¥r), (11.59)

for all xq, x, x3, x4 € X and all r > 0. Letting k — oo in (11.59) and using (11.42),
we get

P,M(H(nxl + n2x2 + I’l3)C3 + n4x4) — H(nx; + n2x2 + nS)C3)
—Hnx + n’x, + n4x4) — H(nx, + n3x3 + n4x4) — H(n2x2 + n3x3
—|—n4x4) + H(nx; + 112)C2) + H(nx; + n3x3) + H(nx; + n4x4)
+H(n2xz + n3X3) + H(nzxz + n4X4) + H(n3X3 + n4x4)

—n3H(x1) — n6H(x2) — I’lgH(Xg,) — nle(x4), r) =1,

for all xy, x;, x3, x4 € X and all r > 0. Using (IFN2) in the above inequality, we get

H(nxy +nxy +n’x3 + n'xg) = H(nx, + n’xy +n’x3)

+Hnx; + nzxz + n4x4) + H(nxy + n3x3 + n4x4)

+H(n2xz + n3x3 + n4X4) — H(nx, + nzxz) — H(nx, + nSX3)
—Hnx, + n4x4) — H(n2x2 + n3x3) — H(n3x3 + n4x4)

—H(n2x2 + n4x4) + n3H(x1) + n(’H(xg) + n9H(X3) + nle(x4),

for all xy, x», x3, x4 € X. Hence H satisfies the cubic functional equation (11.1). In
order to prove H (x) is unique. Let H'(x) be another cubic mapping satisfying (11.1)
and (11.54). Then
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H(n*x) H'(n*x)
Pu,v(H(x) - H/(x)v r)= P”’”( n3k o n3k
ol H@n*x)  fnfx) r p fn*x)y  H'@#n*x) r
2L A T Y A U T )
, ‘ n¥*rn® — d)
>+ Py, p(n"x,0,0,0), s
n*rn’ —d)
> 1 P,i.v<p(x, 0,0,0), T)’

for all x1, x», x3 € X and r > 0. Since

ook’ = d)
lim —— =
k—o00 2dk

It follows that % 3
, nr(n’ —d)\ _
Pﬂ'v<p(‘X7O’07O),T - lL*'

Thus P, ,(H(x) — H'(x),r) = 1, for all x € X and for r > 0. Hence H(x) =
H'(x). Therefore H(x) is unique. For 8 = —1, we can prove that the result by a
similar method. This completes the proof of the theorem. (I

Remark: Let 8 € {—1, 1}. Let X be a linear space, (Z, PIQ T) be an IFN-space,

p:X*— Zwith0 < (%) < I satisfying

v

Puo(p(2%%x2,0,0,0),7) =1 P, ,(d"p(x,0,0,0),7),
forallx € X andallr > 0,d > 0 and

Jlim P (2% x1, 2% xp, 2P X032 xy), P4y = 11,
— 00 ’

for all xy, x5, x3,x4 € X and all » > 0. Let (Y, PI/“), T) be an IFN-space. Sup-
pose that a mapping f : X — Y satisfies the inequality (11.43) for all » > 0 and
X1, X2, X3, X4 € X. Then the limit

26k
PM,U<H(x) - %) — 1z,

ask — oo, r > Oexists forall x € X and the mapping H : X — Y is a unique cubic
mapping satisfying (11.1) and

Puo(f(x) — H(x),r) =1 P, (p(x,0,0,0),r[2° —d),

forallx € X andr > 0.
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T) be an IFN-

,v?

Proposition 11.11 Let 8 € {—1, 1}. Let X be linear space, (Z, P;;

space, p 1 X* — Z with 0 < (n%) < 1 satisfying

Py o(p(0,n*"x,,0,0),r) =1+ P}, (d"p(0,x,0,0),7r),

forallx € X,r >0,d > 0and

28k

. ’ 2Bk 28k .. 2Bk 68k
khm Puyv(p(n p X1, 077 X0, n p x3n p X4), 1 B ry =1+,
— 00

for all xy, x3,x3,x4 € X and r > 0. Let (Y, P;,t.,v’ T) be an IFN-space. Suppose a
mapping f : X — Y satisfies the inequality (11.43), forallr > Qand xi, x5, X3, x4 €
X. Then the limit
(2P
PM,U<H(x) - nGT) — Iyps,

ask — oo, r > Qexistsforall x € X and the mapping H : X — Y is a unique cubic
mapping satisfying (11.1) and

Puo(f(x) = H(x),r) =1« P, (p(0,x,0,0), rn® — dJ),

forallx € X andr > 0.

Proposition 11.12 Let 8 € {—1, 1}. Let X be linear space,(Z, Pl’w, T) be an IFN-

space, p : X* — Z with 0 < (n%) < 1 satisfying

Puy(p(0,0,n°%*x3,0),r) >+ P, ,(d”p(0,0,x,0),r),

forallx € X andr > 0,d > 0 and

3Bk

klim P;i U(,0(113”‘”6)61,n x2, P53 x ), %P5y = 1,0,
—00 ’

for all xy, xy,x3,x4 € X and r > 0. Let (Y, P;,t.,v’ T) be an IFN-space. Suppose a
mapping f : X — Y satisfies the inequality (11.43), forallr > Qand xi, x5, X3, X4 €

X. Then the limit
J (P x)
Py H(x) — o) 1z,

ask — oo, r > Qexists forall x € X and the mapping H : X — Y is a unique cubic
mapping satisfying (11.1) and

Puo(f(x) —Hx),r) =1 P, ,(0(0,0,x,0), rn’ —dJ),

forallx € X andr > 0.
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Proposition 11.13 Let 8 € {—1, 1}. Let X be linear space,(Z, P/L’U, T) be an IFN-
space, p 1 X* — Z with 0 < (ndw) < 1 satisfying

P, (p(0,0,0,n** xy), r) > P (d?p(0,0,0,x),7),

w,v
forallx € X,r >0,d > 0and

4Bk

. / 4Bk 4Bk . 4Pk 128k N _

9 b b 9
khm PMU(p(n X1, 0P X0, n P x3n ™ xy), n P ) = 11+
—00 ’

for all x1,x3,x3,x4 € X and all r > 0. Let (Y, P;/t,v’ T) be an IFN-space. Sup-
pose that a mapping f : X — Y satisfies the inequality (11.43), for all r > 0 and
X1, X2, X3, X4 € X. Then the limit

4Bk
PM,U<H(x) — M) — 17+,

126k

ask — oo, r > Qexists forall x € X and the mapping H : X — Y is a unique cubic
mapping satisfying (11.1) and

Puo(f(x) = H(x),r) =1+ P, (p(0,0,0,x),r[n"* —d),

forallx € X andr > 0.

The following corollaries are the immediate consequence of Theorems 11.10-
11.13 respectively, concerning the stability of (11.1).

Corollary 11.14 Assume that a mapping [ : X — Y satisfies the inequality
P//L,U(I’ r),

Py T I II‘W>’ s#3 (11.60)
Py r(zi‘:l I 14 Ty 0 1 )r) s#3

Py v (C(xy, x2, X3, X4)) >+

forall xy, x», x3, x4 € X andr > 0, where t, s are constants with t > (. Then there
exists a unique cubic mapping H : X — Y such that

P, (1, rln® — 1))
Puo(fx) — H(x),r) = { P (@ |l x II¥,rin® —n*)) (11.61)

P! (x| x 1%, rin® — %),

forallx € X andr > 0.
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Example 11.15 Suppose that a mapping f : X — Y satisfies the inequality (11.60)
for all x;, x», x3, x4 € X and r > 0, where 7, s are constants with 7 > 0. Then there
exists a unique cubic mapping H : X — Y such that

Pu.,v(far|7|)
Puo(f(x) — H(x),r) =14 § Puo(Tlix|l¥, r2% —25))
Po(llx|*, r|2> = 2%)),

forallx € X andr > 0.

Corollary 11.16 Suppose thatamapping f : X — Y satisfies the inequality (11.60)
forall x1, x2, x3,x4 € X andr > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that

P (T, rin® — 1))
Puo(fx) = H@),r) = { P, (x|l x| rn®—n*|) (11.62)
P (@ [ x 1%, rn® —n®)),

forall x € X and forr > 0.

Example 11.17 Suppose that a mapping f : X — Y satisfies the inequality (11.60)
for all xy, x,, x3, x4 € X and r > 0, where 7, s are constants with T > 0. Then there
exists a unique cubic mapping H : X — Y such that

Pz, r[63])
Pun(f () = HO), 1) 21 § Pl r[2° = 2%))
Po(zlx ¥, r|28 = 28)),

forallx € X andr > 0.

Corollary 11.18 Suppose that amapping f : X — Y satisfies the inequality (11.60)
for x1, x2, x3, x4 € X and all v > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that

P, (7, rin® — 1))
Puo(fx) —Hx),r) = { P, (@l x|’ rin® —n®|) (11.63)
P (|| x |I%, rin® —n'>]),

forall x € X and forr > 0.

Corollary 11.19 Suppose that amapping f : X — Y satisfies the inequality (11.60)
forall x1, x2, x3,x4 € X andr > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that
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12
P, (t,r|n"" — 1|)12 )
Puo(f(x) = Hx),r) = Py (@l x|°,rlns —n™|) (11.64)

P/L,U(T ” X ||4S7 rlnlz — n16s|)’

forall x € X and forr > 0.

11.4 4-Dimensional Cubic Functional Equation—Fixed
Point Method

Theorem 11.20 Let f : X — Y be a mapping for which there exists a function
o X* — Z with condition

Jim Pl (p(Bfxe, Bixa, Bixs, Bixa), Br) = 1ue, (11.65)
where B; = {’ll ll]} ltzzlo and A is the set such that

A =f{a\a: X — Y,a(0) =0},
forall x1, x3, x3,x4 € X, r > 0 and satisfying the inequality
P o(C(x1, X2, X3, X4),7) =10 P (0 (x1, X2, X3, X4),7), (11.66)

forall xy, xp, x3,x4 € X and r > 0. If there exists L = L[i] such that the mapping
x — €(x) has the property

P,L,U(L%e(ﬁix), r> =P, (e(x),r), (11.67)

forallx € X, r > 0, then there exists a unique cubic mapping H : X — Y satisfying
the functional equation (11.1) and

Ll*i
Puo(f(x) = H(x),r) = P,;,v<e(x), - Lr), (11.68)

forallx € X, r > 0.

Proof Let us consider the set A = {p|p : U?> — V, p(0) = 0} and d be a general-
ized metric on A, such that

d(a,b) =inflk € (0,00)/ Py y(a(x) — b(x),r) >p* P/L’v(e(x), kr),x € X,r > 0}.

It is easy to see that (A, d) is complete. Define T : A — A by
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1
Ta(x) = —a(Bix), Vx € X.
Bi
For a, b € A, we attain
d(a,b) =k
= Puy(a(x) —b(x)) 2« P, (e(x), kr)
N PM,U<G(,31'X) q(Bix)

ﬂ3 e3
= P,v(Ta(x) —Tb(x),r) >~ P;i,v(e(ﬁ(x))’ k,3i3r)
= Pyy(Ta(x) —Tb(x),r) > Pli,v(e(x), kLr)
=d(Ta(x) —Tb(x),r) >« kL
=d(Ta—Tb,r) >+ Ld(a,b) Ya,b € A.

,r> > Pl (e(B)) KB  (11.69)

Therefore T is strictly contractive mapping on A with Lipschitz constant L. Replac-
ing (x1, x2, x3, x4) by (x, 0, 0, 0) in (11.66), we get

Pyuo(f(nx) —n’ f(x), 1) =1 P}, (p(x,0,0,0),r), (11.70)
forall x € X, r > 0. Using (IFN3) in (11.70), we have

<f(nJC)

Puo| =57~ f(x),r> > P (0(x,0,0,0),n°r), (11.71)

v

for all x € X, r > 0 with the help of (11.67), when i = 0. It follows from (11.71)
that

= PM,U(% - f(-x), I") e Pli,v(é(x)? LI"),
=d(Tf(x),r)>;- L=L"=L"", (11.72)

forall x € X, r > 0. Replacing x by 7 in (11.70), we get

P(f(x) - n3f(%), r) >1- P;’L’U(,o(;—c, 0,0,0), r), (11.73)

forall x € X, r > 0 when i = 1. It follows from (11.73), that

3 X ’
P,L,v<f(x) —-n f(;),f”) 1+ P, (€(x), 1)

T(f-Tf)<1=L"=L"". (11.74)
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Then from (11.72) and (11.74), we obtain
T(f.Tf)<L'™" <oo.

Now from the fixed point alternative in both cases it follows that there exists a fixed
point H of T in A such that

. . f(Bx)
klin;oPM,v<lergo ﬂ?k —Hx),r | — 1, (11.75)

for all x € X, r > 0. Replacing (x1, xx2, x3, x4) by (BFx1, BFxa, BFx3, BExy) in
(11.66), we achieve

1
Py (chfxl B2, Bixa, Bixa), r) = Py (p(Bx1, Bixa. Bis, Bxa). 1),
i

for all » > 0 and x1, x2, x3, x4 € X. By proceeding the same procedure in Theorem
11.49, we can prove the mapping H : X — Y is cubic and its satisfies the functional
equation (11.1) by a fixed point alternative. Since H is unique fixed point of T in the
set A ={f € A/d(f, H) < oo}, H is a unique mapping such that

Puo(f(x)—H(x),r)> Pl/w(e(x), kr), (11.76)

for all x € X, r > 0. Again using the fixed point alternative, we receive

1
d(f. H) < 7= d(f.Tf)
1—i
d(f, H) <
= d(f.H) < 7
Ll*i
= Puo(f(x) — H(x),r) > P/L’U(e(x)l — r), (11.77)
This completes the proof of the theorem. ]

Example 11.21 Let f : X — Y be a mapping for which there exists a function

p . X* — Z with condition (11.65), for all x|, x2, x3, x4 € X, r > 0, where ; =
% l.f l =0 and A is the set such that
> ifi=1,

A ={a\a: X — Y,a(0) =0},

and satisfying the inequality (11.66), for all x|, x,, x3, x4 € X and r > 0. If there
exists L = L[i] such that the function x — €(x) has the property (11.67), for all
x € X, r > 0, then there exists a unique cubic mapping H : X — Y satisfying the
functional equations (11.1) and (11.68), forall x € X, r > 0.
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Proposition 11.22 Let f : X — Y be a mapping for which there exists a function
o X* = Z with condition (11.65), for all x1,x3, x3,x4 € X, r > 0, where B; =
2 e
nl l.f i=0 and A is the set such that

= ifi1=1

A ={ala: X — Y,a(0) =0},

and satisfying the inequality (11.66), for all x|, x5, x3,x4 € X and r > 0. If there
exists L = L[i] such that the function x — €(x) has the property (11.67), for all
x € X, r > 0, then there exists a unique cubic mapping H : X — Y satisfying the
functional equations (11.1) and (11.68), forall x € X, r > 0.

Example 11.23 Let f : X — Y be a mapping for which there exists a mapping
o X* — Z with condition (11.65), for all xj, x2, X3, x4 € X, r > 0, where Bi =
2 s
21 l.f L= 0 and A is the set such that
»w ifi=1

A ={a\a: X — Y,a(0) =0},

and satisfying the inequality (11.66), for all xy, x», x3, x4 € X and r > 0. If there
exists L = L[i] such that the function x — €(x) has the property (11.67), for all
x € X, r > 0, then there exists a unique cubic mapping H : X — Y satisfying the
functional equations (11.1) and (11.68), forall x € X, r > 0.

Proposition 11.24 Let f : X — Y be a mapping for which there exists a function
o X* = Z with condition (11.65), for all x1,x3, x3,x4 € X, r > 0, where B; =
30pc
nl l.f i=0 and A is the set such that

= ifi1=1

A={aa:X — Y, a(0) =0},

and satisfying the inequality (11.66), for all x|, x5, x3, x4 € X and r > 0. If there
exists L = L[i] such that the function x — €(x) has the property (11.67), for all
x € X, r > 0, then there exists a unique cubic mapping H : X — Y satisfying the
functional equations (11.1) and (11.68), forall x € X, r > 0.

Proposition 11.25 Let f : X — Y be a mapping for which there exists a function
o X* — Z with condition (11.65), for all x1, x2, x3,x4 € X, ¥ > 0, where B; =
4 - .
nl l.f i=0 and A is the set such that

3 if1=1

A={aa:X—Y, a(0) =0},

and satisfying the inequality (11.66), for all x|, x,, x3,x4 € X and r > 0. If there
exists L = L[i] such that the function x — €(x) has the property (11.67), for all
x € X, r > 0, then there exists a unique cubic mapping H : X — Y satisfying the
functional equations (11.1) and (11.68), forall x € X, r > 0.
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The following corollaries are the immediate consequences of Theorem 11.20,
Propositions 11.22-11.25, concerning the stability of (11.1).

Corollary 11.26 Suppose that a mapping C : X — Y satisfies the inequality
(11.60), forall x1, x5, x3, x4 € X and allr > 0, where t, s are constants with t > (.
Then there exists a unique cubic mapping H : X — Y such that (11.61), for all
x € Xandr > 0.

Proof Set

P (T 1),

P;.v(fZ?zl [l xi ||S,r), s #3

Py (f <Z?:l lx; (1% +H?:1 I x; I ) r),
s # %

P/L,U(C(xl ,X2,X3,X4)) 2 p*

for all x1, x2, x3, x4 € X. Then

Pl (z, B3*r),
4 3—s)k
Pty 1 e 07 r)),
Pl (o(BEx1, Bixa, BExs, BExs), BEr) = s R :
v ! ' ! ! ! P;/L,v T Zi:l IIx; |° +l_[i:1 I xi ||43 ,

ﬁi(374s)kr))

{—>1L* as k — oo

— 1+ as k — oo (11.78)
— 17+ as k — o0

i.e., (11.65) holds. Since we have

elx) = p(;—c, 0,0, 0),

1 !
P/;,v<l‘_ﬁ_3€(:3ix)’ r) > P (e(x), 1),
forall x € X and r > 0. Hence

X
P[L,U(e(x)a r) = P/;,U<p(;7 07 0’ 0)7 r>7
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Now

P’ <L r>
w\ g3’
1 Il 5 "(")’ﬁi
P,;,U(—3p(wix>,r) = P,;,v< LB 5y b =1 ). B0

’8 3—4s
pr (st ) B
n,v ﬂi3n4x » T

for all x € X. Now setting

L=n3if i=0and L=n%if i=1.

L=n"3 for s<3ifi=1and L=n*"° for s>3if i=0.
L =n%"3 for s<% if i=1and L=n>% for s>% if i=0.

Casel. L=n3if i=0

1-L

=P (r —n_3 r)
w1 —p3

=P (r.——
A R (ER D

Ll*i
Puo(f(x) = H(x),r) =1 P}’M<€(x), r)

Case2. L=n’ifi=1

Ll—t
Puo(f(x) = H(x),r) =1 P,i,,,(dX), r)

Case3. L=n’" for s>3if i=0

Ll—i
Puo(f(x) = H(x),r) =1 P,Q,U<e(x), r)

Cased. L =23 for s<3if i=1
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Ll—t
Pun(f () = H(x).7) =1 p,;,v(e(x), ﬁ’)

_p x| 1
I ns 1 —n3r
ns+3r
Y s
_ PM(r 1, _n>

Case5. L=n>"* for s>3if i=0

Llfi
Pu(f () = HOOLP) 210 P,;,U(e(x), m”)

4 34,
L (ThElE e
- T nis "1 —p34s

4543
L 4 BT
_Pu,v(r Il ’n4x_n3>'

35-3 . .
Case6. L =2 for s < s if =1

Ll—i
Puy(f(x) = H(x),r) =1 P,L,U<6(X), r)

1-L
4s
_ (r ||ni|| - r114s_3 r)
= P/;yv<r (ER %)
Hence the proof is complete. (]

Remark: Suppose that a mapping f : X — Y satisfies the inequality (11.60),
for all xy, x,, x3, x4 € X and r > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that

Py (T, r|7))
Puo(f(x) = H(X), 1) 214 | Puo(zllxll®, r|2° = 2°))
Py (Tlx]®, r12> =2%)),

forall x € X and r > 0.

Corollary 11.27 Suppose thatamapping f : X — Y satisfies the inequality (11.60),
forall x\, x2, x3,x4 € X andr > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that (11.62), for all x € X and
r>0.
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Example 11.28 Suppose thatamapping f : X — Y satisfies the inequality (11.60),
for all xy, x,, x3, x4 € X and r > 0, where 7, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that

Py (T, r63])
Puo(f(x) = H(X), 1) 214 § Puo(Tlx]l, r[2° = 2%))
Pyo(Tllx)®, r2° = 2%))

for all x € X and for r > 0.

Corollary 11.29 Suppose thatamapping f : X — Y satisfies the inequality (11.60),
forall x1, x, x3,x4 € X andr > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that (11.63), for all x € X and
r>0.

Corollary 11.30 Suppose thatamapping f : X — Y satisfies the inequality (11.60),
forall xi, x, x3,x4 € X andr > 0, where t, s are constants with t > 0. Then there
exists a unique cubic mapping H : X — Y such that (11.64), for all x € X and
r>0.

11.5 Stability of 4-Dimensional Cubic Functional
Equation—Direct Method

Proposition 11.31 Let B € {—1, 1}. Let x : X* — [0, 00) be a function with 0 <
g
n
F' (O 0Py, nP s, nPog, nPoog), n¥r) = F'(@P x (x,0,0,0), 1),
forallx € X andallr > 0,d > 0 and

klim F'(x (nﬁkxl, nﬂkxz, n‘skxs, nﬁkx4), ﬂwk") =1,
—> 00

for all xy, x5, x3,x4 € X and r > 0. Suppose that a mapping f : X — Y satisfies
the inequality

F(C(x1, x2,x3,x4), 1) = F'(x(x1, X2, x3, X4), 1),
forallr > 0and x1, x5, x3, x4 € X. Then the limit H(x) = F — f(n';i,kkx) exists for all

x € X and the mapping H : X — Y is a unique cubic mapping such that F (f (x) —
Hx),r) > F'(x(x,0,0,0), r|n> — d|), forallx € X and r > 0.

Remark: Let 8 € {—1, 1}. Let x : X* — [0, oo) be a function with 0 < (2"—3> <1,
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F'(x @M1, 2P0, 2P0, 2P 00), 2% 7) = F'(@P x(x,0,0,0), r)
forallx € X,r > 0,d > 0 and

Jim F'(x 2P*x,, 2Pk xy, 2Pk xy, 2Pk xy), 23PK ) = 1
—00

forall x1, x», x3, x4 € X andr > 0. Suppose that a mapping f : X — Y satisfies the
inequality

F(C(x1, x2, x3, X4), r) > F'(x(x1, X2, X3, X4), 1)
forall » > 0 and x{, x5, x3, x4 € X. Then the limit H(x) = F — fg;kkx) exists for all
x € X and the mapping H : X — Y is a unique cubic mapping such that F (f (x) —
Hx),r) > F'(x(x,0,0,0), 72> —d|), forall x € X and r > 0.

Proposition 11.32 Let B € {—1, 1}. Let x : X* — [0, 00) be a function with 0 <
B

F'(x (P xy, 0 xy, n®P s, n*Pxy), n%*r) = F'(@P % (0, x,0,0),r),
forallx € X,r >0,d > 0and

kli)rglo F'(x (n®P*x,, n®* xy, n?P* x5, n*%* x4), n%*r) = 1

for all xy, x2, x3,x4 € X and r > 0. Suppose that a mapping f : X — Y satisfies
the inequality

F(C(x1, X2, x3,x4), 1) = F'(x (x1, x2, X3, X4), 1),

forallr > 0and x1, x2, x3, x4 € X. Thenthe limit H(x) = F — [0 exists for all

16PE

x € X and the mapping H : X — Y is a unique cubic mapping such that F (f (x) —
H(x),r) > F'(x(0, x,0,0), r|n® — d|), forall x € X and r > 0.

Remark: Let 8 € {—1, 1}. Let x : X* — [0, oo) be a function with 0 < <2d—6> <1,

F'(x(2%Pkxy, 2%k xy, 22K xy, 22Pkxy), 25PKr) > F'(dP 4 (0, x,0,0), 1),
forallx € X,r > 0,d > 0and

lim FO @y, 22, 2% 22 xy), 250 = 1,
—00

forall xy, x2, x3, x4 € X and r > 0. Suppose that a mapping f : X — Y satisfies the
inequality



188 11 4-Dimensional Cubic Functional Equations
F(C(x1, X2, %3, x4), 1) = F'(x(x1, X2, X3, X4), 1),

forallr > Oand xy, x5, x3, x4 € X. Then the limit H (x) = F — f%:::x) exists for all

x € X and the mapping H : X — Y is a unique cubic mapping such that F'(f(x) —
H(x),r) = F'(x(0,x,0,0),72° —d|), forall x € X and r > 0.

Proposition 11.33 Let B € {—1, 1}. Let x : X* — [0, 00) be a function with 0 <
(%) <1,
F'(x ¥ xy, 0¥y, 0P, P xg), P r) = F'(dPx (0,0, x,0),7r),

forallx € X,r >0,d > 0and

o, n¥ g, n¥ x3, P xy), 0Py = 1,

lim F'(x(n
k—o00
for all xy, x2, x3,x4 € X and r > 0. Suppose that a mapping f : X — Y satisfies
the inequality

F(C(x1, X2, x3,x4), 1) = F'(x(x1, X2, X3, X4), 1)

forallr > 0and x1, x5, x3, x4 € X. Then the limit H(x) = F — f(Z;fo) exists for all

x € X and the mapping H : X — Y is a unique cubic mapping such that F (f (x) —
Hx),r) > F'(x(0,0,x,0),r|n’ —d|), forallx € X and r > 0.

Proposition 11.34 Let B € {—1, 1}. Let x : X* — [0, 00) be a function with 0 <
B

F'(x (¥ xp, 0%y, 0 xs, n*%x4), n'*Pr) = F'(@P%(0,0.,0,x),r),
forallx € X andallr > 0,d > 0 and

kli)n;.lo F,(X (n4/3kxl ’ n4ﬂk-x27 n4ﬁk-x3a n4ﬂk-x4)a n12ﬂkr) = 1’

for all x1, x5, x3,x4 € X and r > 0. Suppose that a mapping f : X — Y satisfies
the inequality

F(C(x1, x2, x3,x4), 1) = F'(x(x1, x2, X3, X4), 1)

forallr > 0and x1, X3, x3, x4 € X. Thenthe limit H(x) = F — f(n";ékkx) exists for all

x € X and the mapping H : X — Y is a unique cubic mapping such that F (f (x) —
H(x),r) > F'(x(0,0,0, x), r|n12 —d|), forallx € X andr > 0.
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The following corollaries are the immediate consequence of Propositions 11.31—
11.34 respectively, concerning the stability of (11.1).

Corollary 11.35 Suppose that a mapping f : X — Y satisfies the inequality
F'(e,r)

’ 4 s
F(Cx1, 5 x5, 50,1 2 4 © € o il ,r>, s#3 (11.79)
F'{ ey I 1% +TT x| ),r>, s #3

for all x1, x3,x3,x4 € X and r > 0, where €, s are constants. Then there exists a
unique cubic mapping H : X — Y such that

F'(e,rln® — 1))
F(f(x)— H(x) > F'(e | x |I*, rln® — n*)) (11.80)
F'(e) | x 1%, rin® —n*®)),

forall xi,x3,x3,x4 € X andr > 0.

Example 11.36 Suppose that a mapping f : X — Y satisfies the inequality (11.79)
all x1, x2, x3, x4 € X and r > 0, where €, s are constants. Then there exists a unique
cubic mapping H : X — Y suchthat, Vx € X, r > 0

F' (e, r[7))
F(f(x) = G@),r) = | F' (ellx|I’, r|2* = 2°])
F' (ellx||*, 4r]2% — 2%]) .

Corollary 11.37 Suppose thatamapping f : X — Y satisfies the inequality (11.79),
for all x1, x5, x3,x4 € X and r > 0, where €, s are constants. Then there exists a
unique cubic mapping H : X — Y such that

F'(e, r|n® — 1))
F(f(x)— H(x) >} F'(e [l x |I*, rIn® — n*) (11.81)
F'(e) |l x I*, r[n® — n®)),

forall xi,x,x3,x4 € Xandallr > 0.

Example 11.38 Suppose that amapping f : X — Y satisfies the inequality (11.79),
for all x1, x5, x3, x4 € X and r > 0, where ¢, s are constants. Then there exists a
unique cubic mapping H : X — Y, suchthat,Vx € X, r >0

F' (€, r|63])
F(f(x) = G),r) = { F' (ellx|*, r|2° = 2%])
F' (ellx[*, r|26 = 2%]).
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Corollary 11.39 Suppose thatamapping f : X — Y satisfies the inequality (11.79)
forall x\, xp,x3,x4 € X and allr > 0, where €, s are constants. Then there exists a
unique cubic mapping H : X — Y, such that

F'(e, r|n® — 1))
F(f(x)—H(x) >34 F'(e [l x |I*, rIn® — n*) (11.82)
F'(e) | x [I*, rn® — n'®)),

forall xi,x3,x3,x4 € Xandr > 0.

Corollary 11.40 Supposethatamapping f : X — Y satisfies the inequality (11.79),
for all x1, xy,x3,x4 € X and r > 0, where €, s are constants. Then there exists a
unique cubic mapping H : X — Y such that

F'(e,r|n? — 1))
F(f(x)—H(x)>{ F'(e | x |I*, rln'* — n*) (11.83)

F'(e) || x |I*, r|n'> — n'®)),

forall xi,x3,x3,x4 € Xandallr > 0.

11.6 Stability of the 4-Dimensional Cubic Functional
Equation—Fixed Point Method

Proposition 11.41 Let f : X — Y be a mapping for which there exists a function
x : X* = Z with condition

lim F/ G gl vl vl vt = 1, (11.84)
—00
nifi=0

where r; = {l ifi=1 and Qis the set suchthat 2 = {p|p : X — Y, p(0) = 0},

forall x1, x5, x3, x4 € X satisfying the inequality
F(C(x1, x2,x3,X4), 1) > F'(x(x1, X2, X3, X4), 1), (11.85)

for all x1, x3,x3,x4 € X and r > 0. If there exists L = L[i] such that the function
x — p(x) has the property

1
F/<pr(lﬁiX),r> = F'(p(x), 1), (11.86)

for all x € X, then there exists a unique cubic mapping H : X — Y satisfying the
functional equation (11.1) and
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Ll—i
I F(f(x)—Hx),r) = F(ﬁp(ﬂ, r>, (11.87)
forall x € X.
Proposition 11.42 Let f : X — Y be a mapping for which there exists a function
x : X* — Z with condition (11.84) where ; = {% llj} lli(i’ and 2 is the set
2 - b

such that Q@ = {p\p : X = Y, p(0) = 0}, for all x1, x5, x3, x4 € X and satisfying
the inequality (11.85), for all x1, x5, x3, x4 € X and r > 0. If there exists L = L[i]
such that the function x — p(x) has the property (11.86), for all x € X, then there
exists a unique cubic mapping H : X — Y satisfying the functional equations (11.1)
and (11.87), forall x € X.

Proposition 11.43 Let f : X — Y be a mapping for which there exists a function
2 ip i

X : X* = Z with condition (11.84) where ; = {ri ;j: ll__lo and Q is the set

such that Q = {p|p : X — Y, p(0) =0}, for all xlrf-xz, X3, x4 € X and satisfying

the inequality (11.85), for all x1, x5, x3, x4 € X and r > 0. If there exists L = L[i]

such that the function x — p(x) has the property (11.86), for all x € X, then there

exists a unique cubic mapping H : X — Y satisfying the functional equations (11.1)

and (11.87), for all x € X.

Example 11.44 Let f : X — Y be a mapping for which there exists a function

2 i 0.
x : X* = Z with condition (11.84) where y; = {21 i; i B (1)

2z =5
such that Q = {p\p : X — Y, p(0) = 0}, for all xy, x», x3, x4 € X and satisfying
the inequality (11.85), for all xy, x5, x3, x4 € X and r > 0. If there exists L = L[i]
such that the function x — p(x) has the property (11.86), for all x € X, then there
exists a unique cubic mapping H : X — Y satisfying the functional equations (11.1)

and (11.87), forall x € X.

and 2 is the set

Proposition 11.45 Let f : X — Y be a mapping for which there exists a function
3 p c

X : X* = Z with condition (11.84) where ; = nl ;; 11—_10 and Q is the set
5 =

such that Q = {p|p : X — Y, p(0) =0}, for all xy, x5, x3, x4 € X and satisfying

the inequality (11.85), for all x1, x5, x3, x4 € X and r > 0. If there exists L = L[i]

such that the function x — p(x) has the property (11.86), for all x € X, then there

exists a unique cubic mapping H : X — Y satisfying the functional equations (11.1)

and (11.87), forall x € X.

Proposition 11.46 Let f : X — Y be a mapping for which there exists a function
4 i

x : X* = Z with condition (11.84) where ; = nl ;; ll__lo and 2 is the set
& =

such that Q = {p|p : X — Y, p(0) =0}, for all x1, x2, x3, x4 € X and satisfying

the inequality (11.85), for all x1, x5, x3, x4 € X and r > 0. If there exists L = L[i]

such that the function x — p(x) has the property (11.86), for all x € X, then there
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exists a unique cubic mapping H : X — Y satisfying the functional equations (11.1)
and (11.87), forall x € X.

The following corollaries are the immediate consequence of Propositions
11.41-11.46 respectively, concerning the stability of (11.1).

Corollary 11.47 Suppose thatamapping f : X — Y satisfies the inequality (11.79),
for all xy, x»,x3,x4 € X and r > 0, where 1, s are the constants with t > 0. Then
there exists a unique cubic mapping H : X — Y such that (11.80), forall x € X and
r>0.

Remark: Suppose that a mapping f : X — Y satisfies the inequality (11.79), for
all x1, x2, x3, x4 € X and r > 0, where 7, s are the constants with t > 0. Then there
exists a unique cubic mapping H : X — Y, such that

F' (e, r|7))
F(f(x)—H(x),r) = { F (ellx||I*, r|2* — 2°])
F' (ellx||*, r|2> = 2%]),

forall x € X and r > 0.

Corollary 11.48 Suppose thatamapping f : X — Y satisfies the inequality (11.79),
for all xy, x5, x3, x4 € X and r > 0, where 1, s are the constants with T > 0. Then
there exists a unique cubic mapping H : X — Y suchthat (11.81), forall x € X and
r>0.

Remark: Suppose that a mapping f : X — Y satisfies the inequality (11.79), for
all x1, x5, x3, x4 € X and r > 0, where 7, s are the constants with t > 0. Then there
exists a unique cubic mapping H : X — Y, such that, forall x € X, r > 0

F’ (e,r]63])
F(f(x) = Hx),r) = F (elx]*, r|2° = 2%
F' (ellx||*, r[2° — 2%]) .

Corollary 11.49 Suppose thatamapping f : X — Y satisfies the inequality (11.79),
for all xy, x5, x3, x4 € X and r > 0, where 1, s are the constants with T > 0. Then
there exists a unique cubic mapping H : X — Y, such that (11.82), for all x € X
andr > 0.

Corollary 11.50 Suppose that afunction f : X — Y satisfies the inequality (11.79),
for all xy, x»,x3,x4 € X and r > 0, where 1, s are the constants with t > 0. Then
there exists a unique cubic function H : X — Y, such that (11.83), for all x € X
andr > 0.
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12.1 General Solution the Functional Equation

Suppose that E and F are real normed spaces and that F is a complete normed space,
f + E — F is a mapping such that for each fixed x € E the function t — f(tx) is
continuous on R. If there exista ¢ > 0 and p € [0, 1) such that

I fx+y) = f) = FO 1= e(llxl” +11y1I7),

for all x, y € E then there exists a unique linear mapping 7 : E — F, such that

€llx||?
Hfx) =T < m,

for all x € E. Now setting

f(—nx; + n’x, + n3x3 + n4x4) + f(nx; — n’x, + n3x3 + n4x4)

+f(nx; + n2x2 — n3x3 +ntxs) + fnx; + nzxz + n3X3 — n4x4)

= =2[ f(nx| +n’xy +1°x3) + f(nx) +n’xo 4+ n'xg) + f(nx; + n’x3
+ntxg) + f(nPx2 + n’x3 + n'xy)

+6 [ f(nx) 4+ n’x2) + f(nx) +n’x3) + f(nxy +n'xg) + f(nxz + n'x3)
+f(n*x2 +n'xy) + fF(Px3 +ntxy) ]

—10[n’ f(x1) +n°f(x2) + 1 fx3) + 02 f ()] - (12.1)

In this chapter, we discuss the solution and stability of the n-type Cubic functional
equation (12.1) in random normed space (briefly, RN-space) and intuitionistic fuzzy
normed space with the help of direct and fixed point method.
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12.2 Solution of Cubic Functional Equation

Theorem 12.1 An odd mapping f : X — Y satisfy the functional equation (10.3),
forallx,y € X, ifand only if f : X — Y satisfies the fundamental equation (12.1),
forall x1,x3, x3, x4 € X.

Proof Let f : X — Y satisfies the functional equation (10.3). Replacing (x, y) by
(0, 0) in (10.3) we get f(0) = 0. Replacing (x, y) by (x, x) in (12.1), we have

f(2x) =22 f(x) and f(3x) = 3% f(x), (12.2)
for all x € X. In general for any positive integer a, we have
flax) =’ f (), (12.3)
for all x € X. Itis easy to verify from (12.3) that
f@*x) =a®f(x)and f(a’x) = a’ f(x), (12.4)
for all x € X. Replacing (x, y) by (nx; + n’xy, nx3 — n*x4) in (10.3), we get

fQ2nx; + 2m%xy + nixs — ntxy) + fQnx; + 2n%x, — nix;
+n4X4) +2f(—nx; — nZX2 — nS)C3 + n4X4) +2f(—nx; — n2x2 +
nixs —n'*xy) = 12f (nx; + n’xy), (12.5)

for all x, x2, x3, x4 € X. Replacing (x, y) by (nx; + n’x3, n’xy — n*x4) in (10.3),
we obtain

fQ2nx; + n*x; + 2n3x3 — n4x4) + fQ2nx; — n’x; + 2n3x3
+n4x4) +2f(—nx; — n2x2 — n3x3 + n4x4) +2f(—nx; + nzxz
—n’x3 —n*xy) = 12f (nx, + n’x3), (12.6)

for all x1, x2, x3, x4 € X. Replacing (x, y) by (nx; + n*x4, n’x, — n3x3) in (10.3),
we have

fQnx; + n’xy —nixs + 2n4x4) + f(2nx; — n’xy + n’x;
+2n4x4) +2f(—nx; — n*x; + n3x3 — n4x4) +2f(—nx; + n’x,
—nx3 — ntxy) = 12 f (nxy + nxy), (12.7)

for all xy, x», x3, x4 € X. Replacing (x, y) by (n%xy + n3x3, nx; —n*x4) in (10.3),
we obtain



12.2 Solution of Cubic Functional Equation 195

fnxy +2n%x; 4+ nPxz — n*xg) + f(—nx; +n*xy 4+ 2n’x; +
n*xq) + 2f(—nx; — n’xy; —n’xy + }’l4)C4) +2f(nx; — n’xy —n’xy — n*xy)
= 12 f(n%x2 + n’x3), (12.8)

for all x1, x2, x3, x4 € X. Replacing (x, y) by (n%x, + n*x4, nx; — n’x3) in (10.3),
we get

f(nx; + 2n2xz — n3X3 + 2n4x4) + f(—nx; + 2n2xz + n3x3 +
2n4X4) +2f(—nx; — n’xy + n3x3 — n4x4) +2f(nx; — n’xy —n
X3 —n*xg) = 12f(n2x2 + n*xy), (12.9)

3

for all x1, x,, x3, x4 € X. Replacing (x, y) by (x5 + n*x4, nx; — nx,) in (10.3),
we get

f(nx; — n’xy + 2n°x3 + 2n*xg) + f(—nx; + n’xy + 2n°x3
+2ntx4) + 2 f(—nxy +n*xs — nix3 — ntxy) + 2 f(nx; — n’x, —
n3x3 —n*xy) = 12 (n3x3 4+ ntxy), (12.10)

for all x|, x2, x3, x4 € X. Adding (12.5), (12.6), (12.7), (12.8), (12.9) and (12.10),
we get

12f (nxy + n%xy) + 12 f (nx + n’x3) + 12f (nx; + n*xq) + 12 f (n?
X2 4+ 12x3) + 12 (n%xy + nxg) + 12 f (x5 + n'xs) = fQnx; +2
n’xy +nix; — n4x4) + f(2nx; + 2n%xy — nix; + ntxy) + 2 f(—nx;
—nzxz — n3x3 + n4x4) +2f(—nx; — n2x2 + n3x3 — n4x4) + f(2n
X1 4 n2x, + 20 x5 — ntxy) + fQ2nx; — n’xo 4+ 2n3x3 +n*xy) +2f
(—nx; —n’x, — n3x3 +ntxy) + 2f(—nx; + n2x2 — n3x3 — n4X4)
+fQ2nx; + n’xy —nixy + 2n4x4) + f(2nx; — n’xy +n’xsy + 2n*
Xx4) +2f(—nx; — n’x, + n3x3 — n4x4) +2f(—nx; + n’x, — n3x3
—n4x4) + f(nx; + 2n2x2 + 2n3x3 — n4x4) + f(—nx; + 2n2xz +2n°
X3+ n4X4) +2f(—nx; — n’x, — nxs + n4x4) +2f(nx; — n’xy —
nix; — n4X4) + f(nx; + 2m%x, — nix; + 2n4x4) + f(—nx; + 2n%x,
+n3x3 + 2n4X4) +2f(—nx; — n’x; + n3x3 — n4x4) +2f(nx; — n’
Xy — n3x3 — n4x4) + f(nx; — n2x2 + 2n3x3 + 2n4x4) + f(—nx; +
n2xy + 2nx3 + 2n4x4) +2f(—nx; + n’xy —nixy — n4x4) +2f

(nxy — n’x, —nixs — I’l4)C4), (12.11)

for all x1, x2, x3, x4 € X. Replacing (x, y) by (nx;, 2n%x, + n3x3 — n*x,) in (10.3),
we obtain
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fQnx; + anxz + n3X3 — n4x4) =2f(nx; + 2n2x2 + n3x3
—n4x4) +2f(nx; — 2n%xy) — nixs + ntxy) + f(—2nx; +
2n°xy + n’xz — n*xy) + 12.f (nxy), (12.12)

for all x1, x, X3, X4 € X. Adding f(2nx; + 2n%x, — n3x3 + n*x,) on both sides of
(12.12) we get

fQ@nx; + 2n2x2 + n3X3 — n4x4) + f(2nx; + 2n2xz — n3x3 +

ntxg) = 2f (nx; + 2n°xy + n’x3 — n*xy) + 2f (nx, — 2n%x,

—n’xs + n4x4) +2f(—2nx; + n’xy +nxs — n4x4) +2f(2nx;

+n2xy — ndx3 4+ n'xy) + 12f (nx)) + 12 f (n°xy), (12.13)

for all x1, x, x3, x4 € X. Replacing (x, y) by (n3x3, 2nx; 4+ n%x;) in (10.3), we
obtain

fQnx; + n’xy + 2n’x; — n4X4) =2fQ2nx; + n’xy + n’x;
—n4x4) +2f(—2nx, — n2x2 + n3x3 + n4x4) + f(2nx; + n2x2
—2n3x3 — n*xy) + 12f (n°x3), (12.14)

for all xy, x;, x3, x4 € X. Adding f(2nx; — n?x, + 2n3x3 + n*x,) on both sides of
(12.14), we obtain

fQnx; + nzxz + 2n3x3 — n4x4) + f(2nx; — n2x2 + 2n3x3
= —H’l4X4) =2fQ2nx; + n’xy 4+ nx; — I’l4)C4) +2f(—2nx; — n’x,
+nSX3 + n4X4) +2f(nx; + nzxz — 2}13)63 — n4X4) + 2 f(nx
—n%xy 4+ 2n°x3 4 ntxg) + 12f (nx)) + 12.f (n°x3), (12.15)

for all xy, x;, x3, x4 € X. Replacing (x, y) by (n*x4, 2nx; 4+ n%x; — n3x3) in (10.3),
we obtain

fQ@2nx; + n2x2 — n3x3 + 2n4x4) =2f(2nx; + n2x2 — n3x3 +
n4x4) 4+ 2f(—2nx; — n’xy 4+ nxs + n4x4) + f(2nx; + n’xy —
n3x; — 2n*xg) + 12.f (n*xy), (12.16)

for all x|, x2, x3, x4 € X. Adding f(2nx; — n’x, 4+ n3x3 + 2n*x,) on both sides of
(12.16) we get

fQ@nx; + n2xz — n3X3 + 2n4X4) + f(2nx; — nzxz + n3X3 +2

n4x4) =2f(Q2nx; + nzxz — n3x3 + n4x4) +2f(—2nx, — n2x2 +

n3x3 + n4X4) +2f(nx; + nzxz — 2n3x3 — n4x4) +2f(nx; —

n%x; +n’x3 4 2n*xy) + 12f (nxy) + 12 f (n*xy), (12.17)
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for all x;, x, X3, x4 € X. Replacing (x, y) by (n’x,, nx; + 2n’x3 — n*x4) in (10.3),
we have

f(nx; + 2m%xy + 2n3x; — n4x4) =2f(nx; + n’xy + 2n’x; —
n4x4) +2f(—nx; + n2x2 — 2n3x3 + n4x4) + f(nx, — 2n2x2 +
2n3x3 — n'xy) + 12 f (n°x2), (12.18)

for all xy, x;, x3, x4 € X. Adding f(—nx; + 2n2x, + 2n3x3 + n*x4) on both sides
of (12.18) we get

f(nx; + 2n2x2 + 2n3x3 —n*x) + f(—nx; + n2x2 + 2n3x3

+n4x4) =2f(nx; + n’xy + 2nx3 — n*xg) + 2f(—nx; + n’xy

—2n3X3 + n4x4) +2f(nx; — 2n2xz + n3x3 — n4x4) +2f(—nx;

+2n%xy 4 ndxs + 2n*xy) + 12 (nPx0) + 12 (nx3), (12.19)

for all xy, x;, x3, x4 € X. Replacing (x, y) by (n*xy, nx; — n3x3 + 2n*x4) in (10.3),
we have

f(nx; + 2n2x2 — n3x3 + 2n4x4) =2f(nx; + n2x2 — n3x3 +
2n4X4) +2f(—nx; + n’xy + nxy — 2n4x4) + f(nx, — 2n%x,
—nx3 4+ 2ntxy) + 12 (n°xy), (12.20)

for all x1, x2, x3, x4 € X. Adding f(—nx; + 2n%x, 4+ n’x3 + 2n*x,) on both sides
of (12.20) we obtain

fnx; + 2n2x2 — YLSX3 + 2n4x4) + f(—nx; + 2n2x2 + I’l3X3 +
2n4x4) =2f(nx; + n’xy — n3x3 + 2n4x4) +2f(—nx; + n’xy
+nix3 — 2n*xg) 4+ 2f (nx; — 2n°xy — nPxz + ntxy) + 2f (—n
x1 4+ 2n%x0 4+ nPx3 4+ ntxg) + 12 (0% x0) + 12.f (n*xs), (12.21)

for all x;, x, x3, x4 € X. Replacing (x, y) by (nx3, nx; — n’x, + 2n*x4) in (10.3),
we get

f(nx; — n’xy + 2nx; + 2n4x4) =2f(nx; — n’xy +n’xs +
2n4x4) +2f(—nx; + n2x2 + n3x3 — 2n4x4) + f(nx; — n2x2
—2n3x3 + 2n'*xy) 4+ 12 (1 x3), (12.22)

for all xy, x;, x3, x4 € X. Adding f(—nx; + n2x,y + 2n3x3 + 2n*x4) on both sides
of (12.22) we obtain
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f(nx; — nzxz + 2n3x3 + 2n4x4) + f(—nx; — nzxz + 2n3x3 +
2n*xg) = 2 f(nxy — n’xy + n’x3 4+ 2ntxg) + 2 f (—nx; + n’x,
+nix; — 2n4X4) +2f(nx; — n’xy — 2nx; + n4X4) +2f(—n
X1 4 n2x, + 20 x5 + ntxg) + 12 f (n%x0) + 12 f (n°x3), (12.23)

for all xy, x2, x3, x4 € X. Using (12.13), (12.15), (12.17), (12.19), (12.21), (12.23)
in (12.11), we get

12f (nx) 4+ n%xy) + 12f (nx; + n°x3) + 12f (nxy + n*xy) +
12f(n2x2 +n’x;) + 12f(n2x2 +ntxy) + 12f(n3X3 +n*xy)
=2f(nx; + 2m%x, 4+ ndx; — n4x4) +2f(nx, — 2n%x, — n’x;
+n4x4) + 12 f(nxy) + 2 f(—2nx; + n’x, + n3x3 — n4x4) +
fQ@nx; 4+ n*xy — ndx3 +n*xy) + 12 (n%x2) + 2f (—nx; —
n’xy — nxs +n*xg) + 2f(—nx; — n’xy +n’x; — n*xg)
+2f(2nx; + n’xy +nixy — I’l4)C4) 4+ 2f(—2nx; — n’xy +n’
X3+ n4x4) + 12f(n3x3) +2f(nx; + n’x, — 2n3x3 — n4x4)
+2f (nx; — n*xy 4+ 2n°x3 + n*xy) + 12f (nxy) + 2f (—nx;
—n’xy — nxs +ntxg) + 2f(—nx; + n’xy; — n’x; — n*xy)
+2f(2nx; + nzxz — n3x3 + n4X4) +2f(—2nx; — nzxz +n’
x3 +ntxg) + 12f(n4x4) +2f(nx; + n’x; — n’x3 — 2n*xy)
+2f(nx; — n2x2 + n3x3 + 2n4x4) + 12 f(nx1) + 2 f (—nx;
—n’xy +nx3 — n*xg) + 2f(—nx; + n’xy — nixy — l’l4)C4)
+2f(nx; + n’xy + 2nx; — n4X4) +2f(—nx; + n’x, — 2n3
x3 4+ ntxg) + 12 (n%x2) 4+ 2.f (nxy — 2n°xy + n’x3 — nxy)
+2f(—nx; + 2n2x2 + n3x3 + n4x4) + 12f(n3x3) 4+ 2 f(—nx;
—n’xy —nxs + n4x4) +2f(nx; — n’xy — nx; — n4X4) +
2 (nxy +n’xy — n’x3 4+ 2n*xs) + 2 f (—nxy + n’xy + n’x3
—2n*x4) + 12.f (n%x2) + 2 f (nx; — 2n*xy — n’x3 4+ n*xy) +
2f(—nx; + 2n%x, + ndx; + n4x4) + 12f(n4x4) + 2 f(—nx;

3X3 — n4X4)

—n?xy + x5 — n*xy) + 2f (nxy — n*x; —n
+2f(nx; — n’xy + n3x3 + 2n4X4) +2f(—nx; + n’xy +n’

X3 — 2n4x4) + 12f(n3x3) +2f(nx, — n’x, — 2n3x3 +n*

Xx4) + 2 f(—nx; + n’xy 4 2n’x; + n4x4) + 12f(n4x4) 4+ 2 f(—nx;

+n2x2 — n3X3 — n4X4) +2f(nx; — nzxz — n3X3 — n4x4), (12.24)

for all x1, x», x3, x4 € X. Replacing nx; by n’x, in (12.13), we have
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fQnx; + 2n2x2 + I’Z3X3 — n4x4) + f(2nx; + 2n2x2 — n3x3 +n*

x4) =2f(2nx; + n’xy +n’xy —ntxg) + 2f(—2nx; + n’xy — n’xs
-H’Z4X4) + 12f(n2xz) +2f(nx; — 2n2xz + l’l3X3 — n4x4) + 2 f(nx
+2n%xy — n’x3 + ntxy) + 12.f (nxy), (12.25)

for all x|, x7, X3, x4 € X. Setting nx; by nx; in (12.15), we obtain

fQ@2nx; + nzxz + 2n3x3 —n*x) + fQ2nx; — n2x2 + 2I/ISX3 +n*

x3) = 2f (nxy 4+ n’x + 2n°x3 — n*xy) + 2.f (nx; — n’x, — 2n°x3

+ntxs) + 12 f(nx)) + 2f (=2nx1 4+ n’xs + nx3 — n*x) +2f2n

x1 —n2xy 4+ ndxs +ntxg) + 12f(n3x3), (12.26)

for all xy, x2, x3, x4 € X. Switching nx; by n*x, in (12.17), we arrive

fQ@2nx; + n2x2 — n3x3 +2ntx,) + fQ2nx; — n2x2 + n3x3 +2n*

x4) = 2f (nxy 4+ n’xy — n’xz + 2n*xs) + 2.f (nx; — n’xp + n’xz —
2n*xs) + 12 f (nxy) + 2 f(=2nx; + n’xs — n’xs +nxy) + 21 2n

x1 —n2x 4+ ndx; +ntxg) + 12f(n4x4), (12.27)

for all xy, x», x3, x4 € X. Substituting n%x, by n3x3 in (12.19), we obtain

fnx; + 2n%x, + 2n3x; — n4x4) + f(—nx; + 2n%x, + 2n3x5 + 0t

x4) =2 f(nx; + 2m%x, 4+ nix; — n4x4) +2f(—nx; — 2m%x, + n’x;
+ntxs) + 12 F(nPx3) + 2 f(nxy + n’xa — 2n°x3 — n*xg) + 2f(—n

X1 4+ n’xy + 2n3x3 + n4X4) + 12f(n2x2), Y x1, X2, X3, x4 € X. (12.28)

for all xy, x2, x3, x4 € X. Letting nx, by n*x, in (12.21), we get

fnx; + 2n%x, — nix; + 2n4x4) + f(—nx; + 2n%x, + ndx; + 20t

x4) =2 f(nx; + 2n2x2 — YLS)C3 + n4x4) +2f(—nx; — 2n2x2 + n3X3
+ntxg) + 12 (n*xg) 4+ 2.f (nxy + n’xy — n’x3 — 2n*x4) + 2f (—n

x1 4 n2xy + nixs + 2ntxy) + 12 f (n%x), (12.29)

for all xy, x2, x3, x4 € X. Interchanging n3x; by n*x, in (12.23), we get

fnx, — n’xy + 2nx; + 2n4x4) + f(—nx; + n’xy + 2nxs + 2n*

x4) =2 f(nx; — nzxz + 2n3X3 + n4X4) +2f(—nx; + nzxz — 2n3X3
+ntxg) + 12 (n*xg) 4+ 2.f (nxy — n’xy + n’x3 — 2n*x4) + 2f (—n

x1 4+ 12 4 nPx3 4 2ntx) + 12 f (nx3), (12.30)
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for all xy, x», x3, x4 € X. Using (12.25), (12.26), (12.27), (12.28), (12.29), (12.30)
in (12.11), we get

12f (nxy 4+ n*x2) + 12 f (nxy + n’x3) + 12 f (nxy + n*xy) +
12.f (n%x2 4+ n°x3) + 12 (n%x5 + nxq) + 12 f (n3x3 + n'xy)
=2fQ2nx; + n’x, + n3x3 — n4X4) +2f(—2nx; + n%xy — n3x3
+ntx,) + 12f(n2x2) +2f(nx; — n’xy + nxs; — n4x4) +2f(n
X1 + 2n2x2 — I’l3X3 + nAX4) + 12 f(nx)) + 2 f(—nx; — nzxz —
n3x3 + n4x4) +2f(—nx; — n’x, + n3x3 — n4x4) +2f(nx; +
nzxz + 2n3x3 — n4x4) +2f(nx; — n2x2 — 2n3x3 + n4x4) +
12f(nx;) + 2 f(—2nx; + n’xy + nx; — n4x4) +2f(nx; — n?
X2 + n3X3 + n4x4) + 12f(n3x3) +2f(—nx; — nzxz — I’l3X3 +
n*xy) + 2f (—nx; +n’xy — n’x3 — n'xy) + 2f (nx; + n’x,
—n3x3 + 2n4x4) +2f(nx; — n2x2 + n3x3 — 2n4x4) + 12 f(n
x1) +2f(—2nx; + n’x, — nix; + n4X4) +2fQ2nx; — n’x,
+n’x3 + ntxy) + 12 (n*x4) + 2 f(—nx) — n’xp + nxz —
n*x4) + 2f (—nx; + n*xy — nx3 — n*xg) + 2.f (nx; + 2n°x,
+nix; — n4x4) +2f(—nx; — 2n%xy + ndxs + n4x4) + 12f
(n3x3) +2f(nx; + n’xy — 2n’x; — n4x4) 4+ 2f(—nx; +
n’x, + 2n3x3 + n4x4) + 12f(n2x2) +2f(—nx; — n’x, +n’
x3 —ntxg) +2f (nx; — n’x, — n’x3 —n*xy) + 2f (nx;) +2
n’xy — nxs +n*xg) + 2f(—nx; — 2n%xy 4+ nlx; + ntxg) +
12f(n4x4) +2f(nx; + nzxz — n3X3 — 2n4x4) +2f(—nx; + n’
X2+ nixs 4 2ntxs) + 12f(n2x2) +2f(—nx; — n’x, +nixy —
n*xg) + 2f (nx; — n*xy — n’x3 — n*xg) + 2.f (nx; — n’x, +
203x5 + ntxy) + 2f(—nx; + n’xy — 2n°x3 + nxg) + 12f(n4
x4) + 2 f(nx; — nzxz + n3X3 — 2n4x4) +2f(—nx; + nzxz +nd
X3+ 2nxg) + 12 (°x3) + 2f (—nx; 4+ n’xy — x5 — n'xy)
+2f(nx; — nzxz — n3x3 —n*xy), (12.31)

for all x1, x», x3, x4 € X. Adding (12.24) and (12.31), we have

24 f (nx; + n2x2) + 24 f(nx; + n3x3) + 24 f(nx; + n4x4) + 24
F(n*xy +n°x3) + 24 f (n°x2 + n*xs) + 24 f (x5 + n'xy) — 72
fnxy) —72f(n%x2) — 72(nx3) — 72.f (n*x4) = 36 f (—nx; +

n’xy 4+ nxs + n4x4) +36f(nx; — n’xy +n’xs + n*xg) + 36

f(nx; + n’xy —n’xs + n4x4) + 36 f(nx; + n’x, + nix; — n*
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Xx4) — 24 f(—nx; + n3x3 + l’l4X4) —24f(nx; — n3X3 + n4x4) —
24 f (nxy + n’xz — n*xy) — 24 f(—n’xs + nx3 + ntxy) — 24
f(nzxz — n3X3 + I’Z4X4) — 24f(n2xz + l’l3X3 — n4X4) —24
f(—nx; + n2x2 + n4x4) —24f(nx, — n2x2 + n4x4) —24f(n
x|+ nzxz — n4x4) — 24 f(—nx; + nzxz + n3x3) — 24 f(nx;
—n’x; + n3x3) — 24 f(nx; + n’xy — n3x3),

for all xq, x5, x3, x4 € X. We know that

f(=nxi +n*x; +nx3) + f(nx) — nxy +n’x3) + f(nx; +n?
xy — n®x3) + f(=nx; +n’x; + n*xg) + f(nx; — n’xy +n'xy) +
fnxy 4+ n*xy — n*xg) + f(=nx; +n’xs + n'xg) + f(nx; — n’xs
+n*xy) + f(nx; + 13 —n'xg) + f(—n’xa + n'xs +ntxg) + f
(n2x2 — n3x3 + n4X4) + f(n2x2 + n3x3 — n4x4) = -3f(nx; + n®
X3+ 13x3) — 3f (nxy +n?xy +ntxy) — 3f(nx; +nPxs +ntxy) —
3f(n2x2 +ndx; + n4x4) + 8f(nx; + n’xy) + 8f(nx; + n3x3)

+8F (nx1 + n*xq) + 8f(n%xy 4 n’x3) + 8 (n*xy + n*x4) + 8. (n°x3
(12.33)

+ntxy) — 12f (nx1) — 12f (n*x2) — 12f (nx3) — 12f (n*xy),
for all xy, x», x3, x4 € X. Using (12.33) in (12.32), we get

f(=nx; +n%xs + x5 + n'xg) + fnx) — n’xy +ndx; +
I’L4)C4) + f(nx; + n’xy —n’xy + n4X4) + f(nx; + n’xy +n’
x3 —n'xy) = =2 [ f(nx) + n’x + 0°x3) + f(nx; +n’x; +n
x) + fxy +n'xs +n'xg) + f(Pxn +nxs +ntx)] + 6
[f(nx1 + n?x2) + f(nx) +n3x3) + f(nx; +n'xs) + f(n*x
+17x3) + f(n*x2 +n*xy) + f(nPxs +ntx)] — 10 [0 £ (x))
+ 0 f ) +n° f(x3) +n" fxa)],

for all xy, x5, x3, x4 € X.
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(12.32)

(12.34)

Conversely, assume that f : X — Y satisfies the functional equations (12.1) and
replacing (x;, x2, x3, x4) by (x, 0, 0, 0), (0, x, 0, 0), (0, 0, x, 0) and

(0, 0, 0, x) respectively in (12.34), we obtain

fnx) =n’f(x), f(n?x) =n®f(x),
f(’x)y=n’f(x) and f(n*x) =n"f(x),

for all x € X. One can easy to verify that from (12.35) that

(12.35)
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X 1\3
f <_) - <_) F) (12.36)
n n
for all x € X. Replacing (x1, xz, x3, Xx4) by (jli, %, r’l‘—, O) in (12.34), we have

3fCx+y)+ fQRx—y)=8f(x+y)+24f(x) —6f(y),  (12.37)

forall x, y € X. Replacing y by —y in (12.37), we have

3fRx =+ fRx+y) =8f(x —y) +24f(x) +6/(y),  (12.38)

for all x, y € X. Adding (12.37) and (12.38) we obtain

fCx+y)+ fCx—y)=2fx+y) +2f(x—y)+12f(x), (12.39)

forallx,y € X. (]

12.3 Cubic Functional Equation-Direct Method

In this section, we present some basic Definitions of random normed space and we
examine the stability of the cubic functional equation (12.1) in RN-Space with the
help of direct method.

Definition 12.2 A mapping 7 : [0, 1] x [0, 1] — [0, 1] is called a continuous tri-
angular norm, if T satisfies the following conditions:

(a) T is commutative and associative.

(b) T is continuous.

(¢) T(a,1) =a,foralla € [0, 1].

d) T(a,b) <T(c,d)ywhena <candb <d,foralla,b,c,d e [0, 1].

Remark: Examples of continuous t-norms are T, (a, b) = ab, T,,(a, b) = min(a, b)
and Ty (a, b) = max(a + b — 1, 0) (The Lukasiewicz r-norm). Recall [9] that if T
is a z-norm and n, is a given sequence of numbers in [0, 1], then T}, x,,4; is defined
recurrently by T—1x; = x; and T2, x; = T (T/%,x;, x,) for n > 2, T2, x; is defined
as T.2°, x,4;. It is known that, for the Lukasiewicz ¢-norm, the following implication
holds:

o0
lim () =1 <= ) (1 —x,) < 0.

n=1

Definition 12.3 A random normed space (briefly, R N-space) is a triple (X, u, T),
where X is a vector space. T is a continuous ¢-norm and f is a mapping from X into
D™ satisfying the following conditions:
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(RN1) py(t) =€), forall t > 0if and only x = 0.
(RN2) f1x (1) = fix (ﬁ) forall x € X, and o € R with o # 0.
(RN3) pixgy (x+y) < T(ux(), py(s)), forallx,y € X andt, s > 0.

Definition 12.4 Let (X, u, T) be an RN-space.

(1) Asequence x, in X is said to be convergent to a point x € X if, for any € > 0 and
A > 0, there exists a positive integer N such that y4,, _(e) > 1 — Aforalln > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for any ¢ > 0 A > 0, there
exists a positive integer N such that p,, _,, (€) > 1 — Aforalln >m > N.

(3) An RN-space (X, pu, T) is said to be complete, if every Cauchy sequence in X
is convergent to a point in X.

Note All over in this part we use the following notation for a given mapping f :
X — Y as Df (x1, x2, X3, X4) is equal to

f(—nx; + n2x2 + n3x3 +ntxs) + f(—nx; — n2x2 + n3x3 +n*xy)
+f(nx; + n’xy —nixs + n4x4) + f(nx; + n’xy +nx; — n4X4)

+2[ f(nx1 +n*xs +nx3) + f(nx) +n’xy +n*xg) + fnx) +n'x;
+n*xg) + f(n®x2 +n’x3 4+ n'xy) |

—6[f(nx1 +n*x2) + f(nxy +n’x3) + f(nx; +n*xg) + f(nPx2 +n’x3)
+f (P x2 +ntxg) + f (s +ntxg) ]

+10[n’ £ (x1) +2°f (r2) +1° f(x3) + 02 (xa)]

for all x1, x, x3, x4 € X.

All through this section, let X be a linear space and (Y, i, T) be a complete RN -
space.

Theorem 12.5 Let j = £1. Let f : X — Y be a mapping for there exists a function
n: X* — D7 with the condition

khm 7}(;0077,1(k+i)x1,n(k+i)xZ’n(k+i)X3,n(k+i)x4 <n3(k+l+l)jt) =1 (1240)
—00
= li ey bixsnbicg | 11 12.41
= M Mpkix; nkixy nkixs,nkixg | 1 5 ( . )
k—o00

such that the functional inequality with f(0) = 0 such that
fpy (x1, X2, x3, x4) OF (e, xa, x3, x4) ), (12.42)

for all xy,x5,x3,x4 € X and all t > 0. Then there exists a unique cubic mapping
C : X — Y satisfying the functional equation (12.1) and
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tew— o0 Z Tis <nnu+1>/xooo< 3““”t)), (12.43)
forall x € X and all t > 0. The mapping C (x) is defined by

i \@®
. f(n*x
Hew (@) = klgglo #%, (12.44)
forallx € X andallt > 0.

Proof Assume that j = 1. Replacing (x1, x2, x3, x4) by (x, 0,0, 0) in (10.2),
we get

H10 £ (nx)—10m3 £ () (F) = 1x,0,0,0(F) (12.45)

for all x € X and all ¥ > 0. It follows from (12.44) and (RN?2), that
fa o (0) = 1,0,0,0(n° 100), (12.46)

forall x € X and all + > 0. Replacing x by n*x in (12.46) we have

3,3, n3*10n
P sakti ok (1) = Nakx,0,0,0(17 171) = 1)x,0,0,0 1)
(k+|) n 3k «

forall x € X and all t > 0. It follows from

n3k+1) n31<

fo! £ f0*x) ftx)
S [ = Z :

and (12.47), that

-1 k

« -1
Hada s (t > W) > TiZg (1:000(0) = 000().  (1247)
n k:O

t
Nfl(#lln,f(x)(l) > 77x,0,0,0<2 T ) (12.48)
k= 0 PESTE

for all x € X and all # > 0. Replacing x by n”"x in (12.48), we obtain

t
H sty o () 2 71x,0,0 0<#), (12.49)

k
30+m) 3m X
k=0 n310n3



12.3 Cubic Functional Equation-Direct Method 205
Now,
t
Me0.00\ Sim o) 1,
k=m n3k10n3

f(nx)

as m,n — oo and so is a Cauchy sequence in (Y, u, T'). Since (Y, pu, T) is a
complete R N-space, th1s sequence converges to some point C(x) € Y. Fixingx € X
and puting m = 0 in (12.49), we have

t
Nf(n 0 fry () = m,o,o,o(z —ar > (12.50)
k= 0 PESTE

and so, for every 6 > 0, we get
pew-fuoE+0) =T </14C(x)f<nr§llﬂf(x) (9), Posodo_p (t)),

> T(Hc(x)f:;l[n((s)’ ﬂx,o,o,o<m))~ (12.51)
Taking the limit as n — oo and using (12.51) we get
He@)-foo(E+0) = 77)(,0,0,0(10(”3 - a)t)- (12.52)

Since § was arbitrary, by taking § — 0 in (12.52), we have
pew-roo () = 77x,0,o,0<10(ﬂ3 - a)t). (12.53)

Replacing (x1, x3, x3, x4) by (n'xy, n'xy, n'xs, n'xy) in (12.42), we obtain

3l
KDf (nlx;,nlxy,n! x3,n! xq) (t) > n(nlxl,n’xz,nIX3,nIX4)(n l), (1254)

for all x, x5, x3, x4 € X and for all r > 0. Since

3/( i+1)j
hm T (nn<k+”xl A+ gy )y i x TV Gt )Jt) =1,

we conclude that C fulfills (12.1).

To prove the uniqueness of the cubic mapping C, assume that there exists a cubic
mapping D from X to Y, which satisfies (12.53). Fix x € X. Clearly, C(n')x =
3 C(x) and D(n')x = n¥ D(x), for all x € X. It follows from (12.53) that

HC(x)—D(x) (t) = lim Hcmlx _ Dalx (),
n—oo' T3 T A
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H s R LR B s [
ﬁ_ 0:131 : Calx) _ folx) (%) culx)y _ faln (5)
P/ p AT
I 31 3
> 10,000 10(0° — a)1),
31 3
n*10(n° — a)t
2 7x,0,0,0 <—1 . (12.55)
«
. . 3l 3_ . 3 3_
Since lim,,_, o W) = 00, we get lim,— o 7x.0,0.0 W =1.

Therefore it follows that Hey—pe® = 1,forallt > Oandso C(x) = D(x). This
completes the proof. O

Remark: Let j = £1.Let f : X — Y be amapping for which there exists a function
n: X* — D™ with the condition

: 3kj
= lim Thkixy 25 xy 2K x5, 25 x, (2 ]t),
k—00

satisfying f(0) = 0 such that (12.42), for all x;, x5, x3, x4 € X and all # > 0.
Then there exists a unique cubic mapping C : X — Y satisfying (12.1) and

e
tew—ro @) = T, <ﬂz<f+l>fx,o,o,o(2 (’H)’t)),

forall x € Xandallt > 0. The mapping C(x) is defined by ¢ (x) () = limg— o0 it @k @

23k7

forall x € X and all r > O.

Proposition 12.6 Ler j = 1. Let f : X — Y be a mapping for which there exists
a functionn : X* — D7 with the condition

: 6(k+i+1)j
khrgo >, (’r}nZ(k+i)xl!nZ(k+i)x2!nZ(k+i)x3.nZ(k+i)X4 (n (ktitl)) t)) =1,
—
: 6kj
= lim T2 xy .12 xy 02 x3,n% (n Jt),
k— 00

satisfying f(0) = O such that (12.42), for all x1, x5, x3, x4 € X and t > 0.
Then there exists a unique cubic mapping C : X — Y satisfying (12.1) and

,LLC(X)_f(X)(t) > Tlozoo <7]0’n2(i+l)jxvo‘0 (nﬁ(iJrl)jt)),
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forallx € Xandallt > 0.The mapping C (x) is defined by jic(x)(t) = limg_ oo 152y (8)
6k
forallx € X andt > 0.

Remark:Let j = +1.Let f : X — Y be amapping for which there exists a function
n: X* — D7 with the condition

k]im T'IO=OO (7722(k+i)xl_22(k+[)x2’22(k+i)x3722(k+i)x4 (26(k+l+1)]t)> =1,
— 00 )

. 6kj
= lim 72wy, 2205, 22y 2200, | 27701 |,
k—o00 - ;

satisfying f(0) = O such that (12.42), for all x;, x», x3, x4 € X and ¢ > O.
Then there exists a unique cubic mapping C : X — Y satisfying (12.1) and

6(i+1)j
pem—re @) = T2, <ﬂo,22<i+1>fx,o,o(2 it ”I)>,

forallx € X andt > 0. Themapping C (x) is defined by pic(x) () = limg—, o0 H g (22405) @)

26k7

forall x € X and ¢t > 0.

Proposition 12.7 Let j = 1. Let f : X — Y be a mapping for which there exists
a function n : X* — D™ with the condition

: k+i+1)j
klggo Ti%, (77"3(“'))61Jl”“"’xzq"3‘k+"’xs,"3("+”x4 (n9( o )jt)> =L
— 1 , . , _ okj
= klimoo M xpn3% xy, 03 x3,n3% x4 (n l) s

satisfying f(0) = O such that (12.42), for all x1, x5, x3, x4 € X and t > 0.
Then there exists a unique cubic mapping C : X — Y satisfying (12.1) and

Pew—fo(0) = T10=00 (nO,O,nW“Ux,O (n9(i+1)jt)> )
forall x € X andt > 0. The mapping C(x) is defined by

Hew (1) = Hm pu,. @)

Ok}

forallx € X andt > 0.

Proposition 12.8 Ler j = £1. Let f : X — Y be a mapping for which there exists
a function n : X* — D™ with the condition
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klim % <7]n4(k+i)xl’,14(k+i)xZ’n4(k+i)xZ’n4(k+i)x4 (nlz(kJr'Jrl)]t)) =1,
— 00 °

: 12kj
= lim Mnkixy ,n% xp 0% xy,n%ixy | 71 Tt s
k— 00

satisfying f(0) = O such that (12.42), for all xy, x», x3, x4 € X andt > 0. Then there
exists a unique cubic mapping C : X — Y satisfying (12.1) and

pee—fo () = TS (no,o,o,n4<f+l>/x(nlz(”l)jl)),
forall x € X andt > 0. The mapping C(x) is defined by

Hew) () = klifglouf(WAkfx) ®)

127

forallx € X andt > 0.

The following corollaries are the immediate consequence of Theorem (12.5) and
Propositions (12.6)—(12.8) respectively, concerning the stability of (12.1).

Corollary 12.9 Let ¢ and s be non-negative real numbers. Let f : X — Y satisfies
the inequality

7e(t)
1D f ey 1) = mzz‘flnxinsu), s #3 (12.56)
DTz 1l + 2 1) @), s # 5

for all xy, x5, x3, x4 € X and t > 0. Then there exists a unique cubic mapping C :
X — Y such that
N (O
fpeo—cen (1) = | M (0 (12.57)

N_aquts (£),

10[n3 —ns|

forallx € X and all r > 0.

Corollary 12.10 Let € and s be non-negative real numbers. Let f : X — Y satisfies
the inequality (12.56), for all x|, x5, x3, x4 € X andt > 0. Then there exists a unique
cubic mapping C : X — Y, such that
U
B @) = | Mok () (12.58)
N _awyss (1)

10[n0 -8 |

forallx € X andt > 0.
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Example 12.11 Let € and s be non-negative real numbers. Let f : X — Y satisfies

the inequality (12.56), for all x;, x5, x3, x4 € X and ¢t > 0. Then there exists a unique
cubic mapping C : X — Y such that

Mg ©

ffo—ce (1) = 4 1Bl o

T _da®s 4

10123 245
forallx € X and ¢t > 0.

Corollary 12.12 Let e and s be non-negative real numbers. Let f : X — Y satisfies
the inequality (12.56), for all x|, x,, x3, x4 € X andt > 0. Then there exists a unique
cubic mapping C : X — Y such that

[ —— (1)

10[n9—1|
f—cen(0) = 1 e (1) (12.59)
N s (F)

1009 —n 25|

forallx € X andt > 0.

Example 12.13 Let € and s be non-negative real numbers. Let f : X — Y satisfies
the inequality (12.56), for all x;, x», x3, x4 € X and ¢ > 0. Then there exists a unique
cubic mapping C : X — Y such that

Mo O

[ —co () = 5%l
M _dw®s )

10]26 285

forall x € X andt > 0.

Corollary 12.14 Let € and s be non-negative real numbers. Let f : X — Y satisfies
the inequality (12.56), for all x|, x5, x3, x4 € X andt > Q. Then there exists a unique
cubic mapping C : X — Y such that

N (1)

10[n12 1]

Hpeo—coo (@) = 1 Mg (1) (12.60)

10[n12—pds|

N_aqut (2)

10112165

forallx € X andt > 0.
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12.4 Cubic Functional Equation—Fixed Point Method

Theorem 12.15 Let f : X — Y be a mapping for which there exists a function
n: X* — D7 with the condition

: k
kll>nolo Wﬁfx..&fxz,&fxg,ﬁfm (I’L? t) = 1’ (1261)

forall xi, x5, x3, x4 € X and t > 0 and where

satisfying the functional inequality
IDF (1, x2,x,x0) () = N(xy,x0,x5,50) (£ (12.62)
for all x1, x5, x3, x4 € X and ¢ > 0. If there exists L = L(i) such that the function
x = B(x, 1) = nz0,0,0(100),

has the property,
1
Bx, 1) < Lgﬂ(éix, 1), (12.63)

forall x € X and ¢ > 0, then there exists a unique cubic mapping C : X — Y satis-
fying the functional equation (12.1) and for all x € X and ¢ > O,

1—-i

1-L

MC(x>—f(x>< t) > [B(x, 1). (12.64)

Proof Let us consider the set @ = {p|p : U> — V, p(0) = 0} and d be a general-
ized metric on €2, such that

d(g, h) = inf{k € (0, 00)/pge)—nco k1) = Bx, 1), x € X, 1 > 0}.

It is easy to see that (€2, d) is complete. Define T : 2 — Q by
1
Tg(x) = <39(0ix)

for all x € X. Now for g, h € Q, we have d(g, h) < K.
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= Hg)—h(x) (k1) = B(x, 1)

Kt

= I(Tg(x)~Th(x)) <

= d(Tg(x), Th(x)) <KL

— d(Tg,Th) < Ld(g, h), (12.65)

for all g, h € Q. Therefore T is strictly contractive mapping on 2 with Lipschitz
constant L. It follows from (12.45) that

H10 £ (nx)—n310 £ () (1) = 1x,0,0,0(F) (12.66)

for all x € X. It follows from (12.66) for the case i = 0, that

i g (1) Z 0x000(102°0), (12.67)
for all x € X. Using (12.63) for the case i = 0, we obtain

s (1) = LB, 1),
for all x € X. Hence, we obtain
d(wfm_ f(x)) >L=L" < oo, (12.68)

for all x € X. Replacing x by > in (12.67), we get

P g (0) Z 1z 00010n70), (12.69)
for all x € X. Using (12.63) for the case i = 1, we obtain

P p - () = B, 1) == prfe-re @) = Blx, 1),

for all x € X. Hence we get

d(MTﬂx)f(x)) >L=L"<oo, (12.70)

for all x € X. From (12.68) and (12.70), we can conclude
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d<#Tf<x>—f(x)) >L=L"<o0, (12.71)

for all x € X. In order to prove C : X — Y satisfies the functional equation (12.1),
the remaining proof is similar to the proof of Theorem 12.43. Since C is a unique
fixed point of T in the set A = {f € Q|d(f, C) < oo}, C is a unique mapping such
that

1—i

MC<x>—f<x>(l — Lt> = fx, 1),

for all x € X and ¢ > 0. This completes the proof of the theorem. (]

Example 12.16 Let f : X — Y be a mapping for which there exists a function
n: X* — D7 with the condition (12.61), for all x;, x», x3, x4 € X and all > 0 and
where

5o [2if =0
T sifi=1;

satisfying the functional inequality (12.62) for all x;, x», x3, x4 € X and all t > 0. If
there exists L = L(i) such that the function

x = B(x, 1) =1x,0,0,0(100),

has the property, (12.63) for all x € X and ¢ > 0, then there exists a unique cubic
mapping C : X — Y satisfying the functional equations (12.1) and (12.64) for all
x € Xandt > 0.

Proposition 12.17 Let f : X — Y be a mapping for which there exists a function
n: X* — D7 with the condition (12.61), for all x1, X2, x3, x4 € X and allt > 0 and
where

satisfying the functional inequality (12.62) for all x1, x5, x3,x4 € X and all t > 0.
If there exists L = L(i) such that the function

x = [x, 1) =10, %.00(100),

has the property, (12.63) for all x € X and t > O, then there exists a unique cubic
mapping C : X — Y satisfying the functional equations (12.1) and (12.64) for all
xeXandt > 0.

Remark: Let f : X — Y be a mapping for which there exists a function n : X* —
D with the condition (12.61), for all x;, x5, x3, x4 € X and ¢ > 0 and where
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{22ifi=0;
6,': 1 . .
z—zlfl=1;

satisfying the functional inequality (12.62) for all x;, x5, x3, x4 € X and ¢ > 0. If
there exists L = L(i) such that the function

x = B(x, 1) =10, %.00(100),

has the property, (12.63) for all x € X and ¢ > 0, then there exists a unique cubic
mapping C : X — Y satisfying the functional equations (12.1) and (12.64) for all
xe€Xandt > 0.

Proposition 12.18 Let f : X — Y be a mapping for which there exists a function
n: X* — D with the condition (12.61), forall x|, x2, x3, x4 € X andallt > 0 and
where

satisfying the functional inequality (12.62) for all x|, x3, x3,x4 € X and t > 0. If
there exists L = L (i), such that the function

x = [x, 1) =no,0,%.0(101),

has the property, (12.63) for all x € X and t > O, then there exists a unique cubic
mapping C : X — Y satisfying the functional equations (12.1) and (12.64) for all
x € Xandt > 0.

Proposition 12.19 Let f : X — Y be a mapping for which there exists a function
n: X* — D™ with the condition (12.61), forall xy, x2, x3, x4 € X and allt > 0 and
where

satisfying the functional inequality (12.62) for all xy, x5, x3, x4 € X and all t > 0.
If there exists L = L(i), such that the function

x =[x, 1) = mo,0.0,% (101),

has the property, (12.63) for all x € X and t > 0, then there exists a unique cubic
mapping C : X — Y satisfying the functional equations (12.1) and (12.64) for all
xe€Xandt > 0.

From Theorem (12.15) and Propositions (12.17)—(12.19) respectively, we obtain
the following corollaries concerning the stability for the functional equation (12.1).
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Corollary 12.20 If a mapping f : X — Y satisfies the inequality (12.56), for all
X1, X2, X3, %4 € X andt > 0, where ¢, s are constants with € > 0, then there exists a
unique cubic mapping C : X — Y such that (12.57), for all x € X and t > 0.

Proof Set

m(t)4
HDf (x1,x2,x3,1) () = nfzifl [1x:11° (@), .
Ne(TTiz 1S+ i [ 1) (@),

for all xy, x5, x3, x4 € X and ¢t > 0. Then

Ne(t)
ISEAINON

e (H?lnx,-nf +3, ||x,»||4f>(t)
— 1 as k— o

=1 —>1as k—>
— 1 as k — oo.

3k
n(6fx1,6fxz,5;‘X3,5:‘X4,) (ni t) -

But we have 8(x, 1) = 72,0,0,0(10¢) has the property Lé%ﬁ(dix, t),forall x € X and
t > 0. Now ‘

N (1)
Bx, 1) = { N (1)
Maeits (*)

n*s 10
1 M5-36(x) ()
L6_36(6ix7 1) = 3 Ns-3800) (1)
i T)545=3 3(x) (t) ,

Now setting

L=n3ifi =0and L =n’ifi = 1.

L=n*3fors <3ifi =0and L = n>* fors > 3ifi = 1.
L=2%3fors <3ifi=0and L =n>*%fors > 3 ifi = 1.

Case:1 L=n3ifi=0

1
Hf—c () = L6—35(5ix, H) = 77( E )(l)-

Case:2 L=n’ifi=1
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1
Hreo—c () = Lﬁﬁ(&% H() = 77( E ).
[ 10(1-n3))

Case:3 L=n"3fors <3ifi =0

1
Hf—con(t) = L5—35(5ix, n) = 77( )(f)-
i ef|x|I¥

10(n3 —n$

~—|

Case:4 L =n’*fors>3ifi=1

1
Hry—c (@) = L5—35(5z‘x, H) > 77( )(1)-
; sl

10(nLn3

~—|

Case:5 L=2%3fors<3ifi=0

1
Hfy—co () > Lﬁﬂ(&% () = 77( >(f)~
i Il )14

Case:6 L =2""%fors>3ifi=1

1
Hfo—ce () = Lﬁﬁ(&% () = 77( " )(l)-
i ellx|4s

Hence the proof is complete. O

Remark: Suppose that a mapping f : X — Y satisfies the inequality (12.56), for all
X1, X2, X3, x4 € X and t > 0, where ¢, s are constants with € > 0. Then there exists
a unique cubic mapping C : X — Y such that

N5 O

[ —cto () = THE- )
T _da®s 4

10123 245

forallx € X and ¢ > 0.

Corollary 12.21 If a mapping f : X — Y satisfies the inequality (12.56), for all
X1, X2,Xx3,%x4 € X andt > 0, where ¢, s are constants with € > 0, then there exists a
unique cubic mapping C : X — Y such that (12.58), for all x € X and t > 0.
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Remark: Suppose that a mapping f : X — Y satisfies the inequality (12.56), for all

X1, X2, X3, x4 € X and t > 0, where ¢, s are constants with € > 0. Then there exists
a unique cubic mapping C : X — Y such that

N5

[ —co () = 558w 0
T_a®_ 4y

1026 285

forall x € X and ¢t > 0.

Corollary 12.22 [f a mapping f : X — Y satisfies the inequality (12.56), for all
X1, X2,X3,%x4 € X andt > 0, where ¢, s are constants with € > 0, then there exists a
unique cubic mapping C : X — Y such that (12.59), for all x € X and t > 0.

Corollary 12.23 [f a mapping f : X — Y satisfies the inequality (12.56), for all
X1, X2,X3,%x4 € X andt > 0, where ¢, s are constants with € > 0, then there exists a
unique cubic mapping C : X — Y such that (12.60), forall x € X and t > 0.

12.5 Stability of the Cubic Functional Equation—Direct
Method

T) be an

4,V

Proposition 12.24 Let j € {—1, 1}. Let x be a linear space, (Z, P;/

J
IFN-space, n : X* — Z with 0 < (:_3) < 1 satisfying

P (N 0.0.0.7) =7 P, (@ 000.0.0).0)s

forallx € X andallr > 0,d > 0 and
. 3jk
klggo Pl/t,v(n(n-fk.n,n/"‘)rz,nf"n,nf"m,)n ry=1;

forall xy,x,,x3,x4 € X andr > 0. Let (Y, P;’M) be an IFN-space. Suppose that a
mapping f : X — Y satisfies the inequality

Pu,v(Df(xh X2, X3, x4)7 r) 22 P;:,v(n(xl,xz,x_;,m)),rv

forallr > 0 and x1, x3, x3, x4 € X. Then the limit

ik
Pﬂ,v(cu) _ x)) S,

n3ik
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ask — oo, r > Qexists forall x € X and the mapping C : X — Y is a unique cubic
mapping satisfying (12.1) and

Puo(f(x) = C(x), 1) =L %P}, (1)x.00.0) 10r|n® — dI),
forallx € X andr > 0.
Remark: Let j € {—1, 1}. Let x be a linear space, (Z, Pl’w, T) be an IFN-space,

J
n:X*— Zwith0 < <%> < 1 satisfying

P, (12ix.00.0.7) =1 Py, (@ 10.0.0).0)

forallx € X,r > 0,d > 0 and
. / *
lim PN v(n(kaxl,2ka2,2ka3,2ka4,),23fkr) = 1L7
k— 00 ’

for all x1, x5, x3, x4 € X and r > 0. Let (Y, P;i,v) be an IFN-space. Suppose that a
mapping f : X — Y satisfies the inequality

P/L,U(Df(xl’ x25 -x3a -x4)7 r) Zz Pl;,y(n(thZ,X},)m),r)’

for all » > 0 and x1, x;, x3, x4 € X. Then the limit

2k
Puo(C0 = L85 ) = 1

ask — oo, r > Oexists forall x € X and the mapping C : X — Y is a unique cubic
mapping satisfying (12.1) and

Puo(f(x) = C(x). ) =1 %P, , (1)x.0,0,0)- 10r[2* = dJ),

forall x € X and r > 0.

T) be an

0,0

Proposition 12.25 Let j € {—1, 1}. Let x be a linear space, (Z, P/

J
IFN-space, n : X* — Z with 0 < (%) < 1 satisfying

P, (N0.n2x.0.057) 21 Py (@ 10.2,0,05 7,

forallx € X,r >0,d > 0and

: ’ 6jk *
klin;o Pu,y(n(nzﬂfl‘xl,nzf’(xz,nz/'km,nzﬂf"x4,)v n*’ 7‘) = 11‘7
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forall x1, x5, x3,x4 € X andr > 0. Let (Y, P/

v) be an IFN-space. Suppose that a
mapping f : X — Y satisfies the inequality

P,u,v(Df(xla X2, X3, )C4), V) 22 P;i,v(n(xl,xz,x_;,n)» r)1

forallr > 0 and x1, x3, x3, x4 € X. Then the limit

2jk
PW,<C(x) — M) — 1%,

nbik

ask — oo, r > Qexists forall x € X and the mapping C : X — Y is a unique cubic
mapping satisfying (12.1) and

Pyy(f(x) = C(x). 1) =1 *P,, (0,500 10r[n® — d),
forallx € X andr > 0.
Remark: Let j € {—1, 1}. Let x be a linear space, (Z, PL T) be an IFN-space,

U

j
n:X*— Zwith0 < <%> < 1 satisfying

/ * / j
P,y (10.221%,,0.0.0) =1 Py, o (d'10,2,0,0).r)
forallx e X,r > 0,d > 0 and
. , .
khrgo P/t,v(n(Zijxl«22jkxz,22jkx3,22j"x4,),nﬁj"r) =17,
.

for all x, x5, x3, x4 € X and r > 0. Let (Y, P;i,v) be an IFN-space. Suppose that a
mapping f : X — Y satisfies the inequality

P[L,U(Df(xla X2, X3, x4)7 r) Zz P/;,U(U(XI,XLXLXA)J)’

for all » > 0 and x1, x5, x3, x4 € X. Then the limit

2jk
PM,U<C(x) — M) — 1%,

26,k

ask — oo, r > Oexists forall x € X and the mapping C : X — Y is a unique cubic
mapping satisfying (12.1) and

Puo(f(x) = C(x), 1) =1 *P] (N0.x.0.0), 10r[2° — d]),

forall x € X and r > 0.
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Proposition 12.26 Let j € {—1, 1}. Let x be a linear space, (Z, P;’w, T) be an

J
IFN-space, 1 : X* — Z with 0 < (n%) < 1 satisfying

Pl (0.0m37x000:7) =5 Py (@ 10,0.5.0:7),
forallx € X,r >0,d > 0and

3 / 9jk *
kli{lc;lo P/,,U(n(n3f"x1,n3f"xz,n3//‘x_3,n3f"x4)a n’’ r) = lL

forall xy,x,,x3,x4 € X andr > 0. Let (Y, P;;,v) be an IFN-space. Suppose that a
mapping f : X — Y satisfies the inequality

P,u,v(Df(xla X2, X3, )C4), }") Zz Pl:,v(n(xl,m,me)» r)

forallr > 0 and x1, x3, x3, x4 € X. Then the limit

3jk
PM,U<C(x) - M) .

n9ik

ask — oo, r > 0 exists forall x € X and the mapping C : X — Y is a unique cubic
mapping satisfying (12.1) and

Puo(f(x) = C(x), 1) =1 %P, ,(100,0.x,00, 10rIn” = d}),

forallx € X andr > 0.
Proposition 12.27 Let j € {—1, 1}. Let x be a linear space, (Z, Pl;,v, T) be an

J
IFN-space, 1 : X* — Z with 0 < <n’17> < 1 satisfying

P (10.0.0n%x),7) 27 Py, (@10,00.0), ),
forallx € X andr > 0,d > 0 and

. ’ 12jk *
klggo Puyu(n(n”kxn,n4f"Xz,fl4f'kX3,n4ka4,)v ntr)y =1}

forall x1,x,,x3,x4 € X andr > 0. Let (Y, P;i,v) be an IFN-space. Suppose that a
mapping f : X — Y satisfies the inequality

Pg,v(Df(xl, X2, X3, X4), 1) 2* Plt.v(n(xl,xz,m,m)’ r)

forallr > 0 and x1, x3, x3, x4 € X. Then the limit
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4jk
Pu,u(C(X) — —f(n ' X)> — 1%

n12jk

ask — oo, r > Qexists forall x € X and the mapping C : X — Y is a unique cubic
mapping satisfying (12.1) and

Puo(f(x) = C(x),r) =L %P, , (00,00 10r|n'> = d]),

forallx € X andr > 0.

From Propositions 12.24—12.27, we obtain the following corollaries concerning
the stability for the functional equation (12.1).

Corollary 12.28 Suppose that a mapping f : X — Y satisfies the inequality

P (T.7)
Puo(Df (x1, %2, x3,x4), 1) =5 { P (T lillPr). s #3 (12.72)
4 s 4 5
P (Tl + Tl ), 7), s # 3

forall xy, x3, x3,x4 € X andr > 0 where T, s are constants with T > 0. Then there
exists a unique cubic mapping C : X — Y, such that

P, (7, 10r|n> — 1)
Puo(f(x) = C(x),r) > x4 P, (7llx|, 10r|n® — n*|) (12.73)

P/ (7'||x||4s, 10r|n® — n4s|),

14,V

forall x € X and forr > 0.

Example 12.29 Suppose thatamapping f : X — Y satisfies the inequality (10.73),
for all x1, x, x3, x4 € X and r > 0 where 7, s are constants with 7 > 0. Then there
exists a unique cubic mapping C : X — Y such that

P/t,U(T’ 1077
Puo(f(x) = C(x), 1) =14 { Puo(TlIx]I®, 107|123 — 2°))
P (Tlx|*, 10723 — 2%)),

for all x € X and for r > 0.

Corollary 12.30 Suppose thatamapping f : X — Y satisfies the inequality (12.72),
forall xy, x3, x3,x4 € X andr > 0 where T, s are constants with T > 0. Then there
exists a unique cubic mapping C : X — Y, such that

PI’M(T, 10r|n® — 1))
Puo(f(x) = Cx),r) = %4 P, (7llx]*, 10r|n® — n*]) (12.74)
P’ (T||X||4s, 10r|n® — n85|),

14V

forall x € X and forr > 0.
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Remark: Suppose that a mapping f : X — Y satisfies the inequality (10.73), for all
X1, X2, X3, X4 € X and r > 0 where 7, s are constants with 7 > 0. Then there exists
a unique cubic mapping C : X — Y, such that

P, (7, 10r|63))
Puy(f(x) = H(x), 1) 214 | Puo(7llx]l*, 10726 = 2%))
Py (Tlx ]I, 10720 = 2%)),

for all x € X and for r > 0.

Corollary 12.31 Suppose thatamapping f : X — Y satisfies the inequality (12.72),
forall xy, x5, x3,x4 € X andr > 0 where T, s are constants with T > 0. Then there
exists a unique cubic mapping C : X — Y, such that

P/:’U(T, 10r|n® — 1))

Pu,v(f(x) - C(X), r) >k P/:’U(THxHS7 10r|n9 _ n3s|) (1275)
P/;,,U(THXHM, 10r|ng — n12x|)’

forall x € X and forr > 0.

Corollary 12.32 Suppose that a mapping ff : X — Y satisfies the inequality
(12.72), for all xy, x5, x3,x4 € X and r > 0 where T, s are constants with T > (.
Then there exists a unique cubic mapping C : X — Y, such that

P, (T, 10r|n'2 — 1))
Puo(f(x) = C(x),r) =1 % P, (llx]l*, 10r|n'> — n*]) (12.76)

P (rllx]1*, 10722 — n16)),

forall x € X and forr > 0.

12.6 Stability of the Cubic Functional Equation—Fixed
Point Method

Proposition 12.33 Let f : X — Y be a mapping for which there exists a mapping
n: X* — Z with the condition

klin;o P/;.v(n(ﬂ,kxl,ﬂ{‘xz,/ji"x3,8,"x4)» BSkr) = lz’ (12.77)
n,ifi=0
whereﬂ,-—{% ifi=1

forall xi, x3, x3, x4 € X, r > 0 and satisfying the inequality

and N isthe setsuchthat N = {a\a : X — Y, p(0) =0},

P;z,u(Df(xI, X2, X3,X4), 1) Z}i P/Z,U(n(xl,XZ,)@,)u)’ r), (12.78)
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forall r > 0 and x1, x2, x3, x4 € X. If there exists L = L[i] such that the function
x — €(x) has the property

1
P;,U(Lﬁ(ﬁix), r) =P, ,(e(x), 1), (12.79)

for all x € X and r > O, then there exists a unique cubic mapping C : X — Y
satisfying the functional equation (12.1) and

Ll*i
Puo(f(x) = C(x),r) = *P,;,v(é(x), T— Lr), (12.80)

forallx € X andr > 0.

Example 12.34 Let f : X — Y be a mapping, for which there exists a function

n: X* — Z with the condition (12.77) where 3; = 21’ i; i - (1)’ and A is the
2 =5

set such that A ={a\a: X — Y, p(0) = 0} and satisfying the inequality (12.78)

for all » > 0 and xy, x2, x3, x4 € X. If there exists L = L[i] such that the function

x — €(x) has the property (12.79) forall x € X andr > 0, then there exists a unique

cubic function C : X — Y satisfying the functional equations (12.1) and (12.80), for

allx e Xandr > 0.

Proposition 12.35 Let f : X — Y be a mapping for which there exists a function

2 spos
n: X* — Z with the condition (12.77) where ; = {nl ’ i; i :(]) and A is the
% =

set such that AN ={a\a: X — Y, p(0) = 0} and satisfying the inequality (12.78)
forallr > 0 and x1, x», x3, x4 € X. If there exists L = L[i] such that the function
x — €(x) has the property (12.79) forall x € X andr > 0, then there exists a unique
cubic mapping C : X — Y satisfying the functional equations (12.1) and (12.80),
forallx € X andr > 0.

Example 12.36 Let f : X — Y be a mapping, there exists a function 7 : X* — Z

2 Te 0.
with the condition (12.77) where 3; = {21 ’ i; i - (1) and A is the set such that
> =1L

A={a\a:X — Y, p(0) =0} and satisfying the inequality (12.78) for all » > 0
and x1, x,, x3, x4 € X. If there exists L = L[i] such that the function x — ¢(x) has
the property (12.79) forall x € X andr > 0, then there exists a unique cubic function
C : X — Y satisfying the functional equations (12.1) and (12.80), for all x € X and
r > 0.

Proposition 12.37 Let f : X — Y be a mapping for which there exists a function
3 ifi—

n: X* — Z with the condition (12.77) where (3; = nl ’ ij: i _(1) and A is the
n_3 =

set such that AN ={a\ a: X — Y, p(0) = 0} and satisfying the inequality (12.78)

forallr > 0 and x1, x5, x3, x4 € X. If there exists L = L[i] such that the function
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x — €(x) has the property (12.79) forall x € X andr > 0, then there exists a unique
cubic mapping C : X — Y satisfying the functional equations (12.1) and (12.80),
forallx € X andr > 0.

Proposition 12.38 Let f : X — Y be a mapping for which there exists a function
4 e
n: X* — Z with the condition (12.77) where 3; = {nl ’ i; i :(1)
= =
set such that N ={a\a: X — Y, p(0) = 0} and satisfying the inequality (12.78)
forall r > 0 and x1, x2, x3, x4 € X. If there exists L = L[i] such that the function
x — €(x) has the property (12.79) forall x € X andr > 0, then there exists a unique
cubic mapping C : X — Y satisfying the functional equations (12.1) and (12.80) for
allx € X andr > 0.

and A is the

The following corollaries are the immediate consequence of Propositions
12.33-12.38 respectively, concerning the stability of (12.1).

Corollary 12.39 Suppose thatamapping f : X — Y satisfies the inequality (12.72),
forall x1, x2, x3,x4 € X andr > 0, where T, s are constants with T > 0. Then there
exists a unique cubic mapping C : X — Y, such that the inequality (12.73), for all
x € Xandr > 0.

Example 12.40 Suppose that a mapping Df : X — Y satisfies the inequality
(10.73), for all xy, x5, x3, x4 € X and r > 0, where 7, s are constants with 7 > 0.
Then there exists a unique cubic mapping C : X — Y, such that the inequality

P, (1, 10r|7))
Puo(f(x) = C().1) Zp4 | Puo(Tllx[*, 10r(2° — 2°])
Puo(Tllx[|¥, 10r|2% = 2%)),

for all x € X and for r > 0.

Corollary 12.41 A mapping f : X — Y satisfies the inequality (12.72), for all
X1, X2, X3, X4 € X andr > 0, where T, s are constants with T > 0. Then there exists
a unique cubic mapping C : X — Y, such that the inequality (12.74), for all x € X
andr > 0.

Remark: Suppose that a mapping f : X — Y satisfies the inequality (10.73), for all
X1, X2, X3, x4 € X and r > 0, where 7, s are constants with 7 > 0. Then there exists
a unique cubic mapping C : X — Y, such that the inequality

PM,U(T5 10r|63|)
Pua(f @) = C00,7) Zpa § Pun(Tlxl’, 10726 = 22
Pu,v(7_||x||4s» 10r(26 — 28¢)),

for all x € X and forr > 0.
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Corollary 12.42 Suppose thatamapping f : X — Y satisfies the inequality (12.72),
forall x1, x2, x3,x4 € X andr > 0, where T, s are constants with T > 0. Then there
exists a unique cubic mapping C : X — Y, such that the inequality (12.75), for all
x € Xandr > 0.

Corollary 12.43 Suppose that afunction f : X — Y satisfies the inequality (12.72),
forall x1, x2, x3,x4 € X andr > 0, where T, s are constants with T > 0. Then there
exists a unique cubic mapping C : X — Y such that the inequality (12.76), for all
x € Xandr > 0.



Chapter 13 ®)
Cubic Homomorphisms and Cubic oo
Derivations

13.1 Cubic Homomorphisms and Cubic Derivation

The topic of homomorphisms and derivations and their stability theory in the field of
functional equations and inequalities have been taken up by several mathematicians.

If X and Y are normed spaces with the norms || . ||x and || . ||y, respectively, and
f : X — Y is a mapping such that

3

Y

I f)+fO)+ f@)Illy=

1
;]f(qx +qy +4q2)

for all x, y,z € X and for a fixed nonzero rational number g, then f is Cauchy
additive.

Park [71] applied Gavruta’s result to Banach modules over a C*-algebra. Many
authors have studied the structure of C*-algebras for different types of functional
equations in various settings one can refer [35, 50, 69, 70]. It seems that approxi-
mate derivations was first investigated by Jun and Park [47]. The stability of cubic
derivations was first time introduced and investigated by Gordji et al. [23, 42, 75].

2f(nx; + n’xy +n’xs +n*xg) + f(—nx; + n’xy +n’xs + ntxy)

+ f(nx; — n2x2 + n3X3 + n4X4) + f(nx; + nzxz — nS)C3 + n4X4)

+f(nxy 4+ n’xy 4+ n’xs — n*xy) = 4[f (nx) 4+ n’x2) + f(nx; +nx3)
+f(Pxy + 17x3) + f(0°xy + nxa) + f (x5 + nxa)] = 807 f(x1)
+n° f (x2) +1° f (x3) + 0% f (xa)]. (13.1)

In this chapter, we discuss about the general solution and stability of the cubic
homomorphisms and derivations of the functional equation (13.1) in quasi-Banach
algebra with the help of direct and fixed point methods (see [27, 29, 37, 38]).
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13.2 General Solution of Cubic Functional Equation

Theorem 13.1 Anoddmapping f : X — Y satisfies the functional equation (10.1),
forallx,y € X ifandonlyif f : X — Y satisfies the functional equation (13.1), for
all x1, x2, x3, X4 € x.

Proof 1t follows from (11.1) that

f(nx; + n’x, + n3x3 + n4X4) = f(nx; + n’x, + n3X3) + f(nx; + n’x,
+ntxg) + f (nxy + nxs +ntxg) + f(nPx2 +ndxy 4+ ntxg) — fnxg +nPxo)
—f(nxy 4+ n’x3) — f(nxy +n*xg) — f(nPx0 4+ nPx3) — f(*x2 + n'xs)
—f(xs +ntxg) + 0’ f(01) +n° f(x2) +0° f(x3) + 0" f (xa), (13.2)

for all xy, x5, x3, x4 € x. From (12.1), we obtain

f(—nx; + n’x, + n3x3 + n4x4) + f(nx, — n’x, + n3x3 + n4x4)
+f(nx) +n*xy — nxs + ntxg) + f(nxg 4+ n?x; +ndx; — n'xy)

= =2[f(nx; +n’xy +n’x3) + f(nx; +n’xs + n*xy)

+f(nx1 +n’x3 +n*xg) + f(nPx0 + nPx3 + n'xa)]

+6[ f (nx1 + n°xz) + f(nxy +n’x3) + f(nx; +n'xy)

+f(n*x2 + n’x3) + f(n*x2 +n'xg) + f(n’x3 + n'xa))

—10[n° f (x1) 4 n°® f (x2) 4+ n’ f (x3) + n'? f (x4)], (13.3)

for all x1, x,, x3, x4 € x. Using (13.2) and (13.3), we get

2f(nx; + nzxz + l’l3X3 + n4X4) + f(—nx; + nzxz + n3X3 + n4X4)

+f(nx; — n*xy +nPxs + ntxg) + f(nxg +nx; —ndxs 4+ ntxy)

+f(nxy + n*xy +n’xs — n*xy) =4[ f (nx; +n’x2) + f(nxy +nx3)
+f(n%x2 + 1Px3) + fF(nPx0 + n*xy) + f(nPxs3 4+ ntxy)] — 8[n°

F) +n°f () +n° f ) + 0% f ()], (13.4)

forallxl,xg,X3,x4eX. O

13.3 Cubic Homomorphisms in Quasi-Banach
Algebras—Direct Method

Definition 13.2 Let X be a real linear space. A quasi-norm is real-valued function
on X satisfying the following:
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() || x|I>0,forall x € X and || x ||= 0if and only if x = 0.
@) [ Ax |I=|IAlll x ||, forall A € p and for all x € X.
(3) Thereisaconstantk > lsuchthat|| x+y ||> K(| x| + |y |),forallx,y € X.

The smallest possible K is called the modulus of concavity of || . ||. A quasi-Banach
space is a complete quasi-normed space.

Definition 13.3 A quasi-norm || . ||iscalledap-norm (0 < p < 1)if|| x + y [|”<]||
x I” 4+ || ¥y |I?, for all x, y € X. In this case, a quasi-Banach space is called a p-
Banach space.

Given a p-norm, the formula d(x, y) =|| x — y ||? gives us a translation invariant
metric on X. Each quasi-norm is equivalent to some p-norm. Since it is much easier
to work with p-norms than quasi-norms, henceforth we restrict our attention mainly
with p-norms.

Definition 13.4 Let (A, || . ||) be a quasi-normed space. The quasi-normed space
(A, ] .| is called a quasi-normed algebra if A is an algebra and there is a constant
C >Osuchthat || xy |[<C | x |||l y |, forall x, y € X.

Definition 13.5 A quasi-Banach algebra is a complete quasi-normed algebra. If the
quasi norm || . || is a p-norm, then the quasi-Banach algebra is called a p-Banach
algebra.

Definition 13.6 Let A, B be two algebras. A mapping f : A — B is called a cubic
homomorphism if f is a cubic mapping satisfying f(xy) = f(x) f(y),forallx, y €
A. For instance, let A be commutative. Then the mapping f : A — A defined by
f(x) = x* (x € A), is a cubic homomorphism.

Definition 13.7 A cubic mapping f : A — A is called a cubic derivation if f is a
cubic mapping satisfying f(xy) = x3 f(y) + f(x)y>, forall x, y € A.

Remark: We assume that is a quasi-normed algebra with quasi-norm || . || 4 and that
B is a p-Banach algebra with p-norm || . || 5. For convenience, we define a mapping
F:A— Bby

F(x1,x2, X3, x4) = 2f (nxy + n’xg +n’x3 4+ n*xg) + f(=nx1 4+ nx2 + n’x3 + n*xq)
+ fnx) — n*xa +nPx3 +n*xg) + fnxg +nPxa —ndxs 4+ n'xg)
+ f(nxy +n*xy +nPx3 — n'xg) — 4 f (nx1 +n’x2) + f(nx1 + n’x3)
+ fnxy +n*xg) + f(nPxr +nx3) 4+ f(n?x2 + n'xg) + f (x5 4+ n'xg)]
+8[n° f(x1) +n° f(x2) +1° f(x3) +n'? f(xa)],

for all X1, X2, X3, X4 € A.



228 13 Cubic Homomorphisms and Cubic Derivations

Definition 13.8 A mapping H : A — B is called a cubic homomorphism in quasi-
Banach algebras if

H(xy) = H(x)H (y), (13.5)

forall x, y € A.
Theorem 13.9 Let j € {—1,1}, ¢ A* — [0, 00) be a function such that

i o
3 (¥ xy, n* xy, ¥ x3, n* xy)

Ty (13.6)
converges to R and f : A :— B be a mapping satisfying inequality
Il f(x1, X2, X3, x4) =< p(x1, X2, X3, Xa), (13.7)
forall xi,x3, x3, x4 € A and
I fxy) = fF)f) = ¢(x,y,0,0), (13.8)

forallx,y € A. Then there exists a unique cubic homomorphism H : A — B which
satisfies (13.1) and

<p(n ix,0,0,0)
I f(e)— Hu)M<-—-§: g (13.9)
forall x € A. The mapping H (x) is defined by
(n*x)
H(x) = kl fn3kj , (13.10)

forall x € A.

Proof Assume j = 1. Replacing (x1, x2, x3, x4) by (x, 0, 0, 0) and dividing by 8n3
in (13.1), we obtain

5 L<,0(x 0,0,0), (13.11)

‘ ’ f(nx)
n3

for all x € A. Replacing x by nx in (13.11), we get

Hf(nZX) AC)
n

n3

1
‘s;wmm&m, (13.12)
B n

for all x € A. Combining (13.11) and (13.12), we get
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2 1 ,0,0,0
fx) < Lo 0,00+ L0000 3
n® 8n3 n3
for all x € A. Using induction on positive integer k, we get
f(nix) 1 2L oy, 0 0.0).
— <
£ o], < s T g0

f(nx) 1 °°¢(nx000)
— 13.14
H <23 zzoj (13.14)

for all x € A.In order to prove the convergence of the sequence { A fln lx) }, replacing

x by nx and dividing n3" in (13.14) , for any m, k > 0, we get

forall x € A. Since the right hand side of the inequality (13.15) tendsto O asm — oo,

fnix)
the sequence { / i

1 2 pmkmx, 0,0, 0)

= 8n3 n3(k+m)

f@™rx)  f@n"x)

T pem ,—> 0 as m —> o0

is a Cauchy sequence. Since B is complete, there exists a

mapping H : A — B such that

H@) = lim L%

i—-oo nt

forall x € A.Lettingk — ooin (13.14), we see that (13.9) holds for all x € A. Now,
we need to prove H satisfies (13.1), replacing (xy, x2, x3, x4) by (n""x,n"x,n"x,
n"x) and dividing by n*" in (13.7), we get

— I f@"x, n™x,n"x, n"x) | p< ——@n"x, n"x,n"x,n"x),

n3m
for all x1, x,, x3, x4 € A. Letting k — o0 in the above inequalities, we have
| H(xt, x2, x3,x3) Ip=0

Hence H satisfies (13.1), for all x;, x,, x3, x4 € A. This shows that H is cubic. Also

| Hxy) = H)H) |5 :,}Lm ¢ I Fxy) = F 00 f ™ y) s,
< lim L<,0(n x,0,0,0) =0, (13.15)

k—oon
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for all x, y € A. Therefore, H is a cubic homomorphism. In order to prove H is

unique, let H'(x) be another cubic homomorphism satisfying (13.9) and (13.1).
Then

’ 1 k 1k
I Hx) = H (x) I = = | Hn"x) — H'(n"x) ||B
n

1 ’
@H I Hobx) = fof ) Nl + 1| £ ) — H () g }

2 . .
z+k +k i+k i+k
< 8n3 E 3(z+k)4p(n x,n " x,n " x)
i=0

— 0 as k— oo, (13.16)

for all x € A. Hence H is unique. Thus the mapping H : A — B is a unique cubic
homomorphism satisfying (13.9).

For j = —1, we can prove the similar stability result. This completes the proof
of the theorem. O

Remark: Let j € {—1, 1}. Let ¢ : A* — [0, 00) be a mapping such that

o . . . .
Z 028 x1, 28 xp, 28 x5, 2K x4)
3k

convergestoRand f : A :— B beamapping satisfying (13.7),forall x;, x5, x3, x4 €
A and (13.8), for all x, y € A. Then there exists a unique cubic homomorphism
H : A — B which satisfies (13.1) and

go(Zka 0,0,0)
I f@) = H@) 5= 6—4 Z —
k==L j
for all x € A. The mapping H (x) is defined by
f@Yx)

H(x) = W’

forall x € A.

Proposition 13.10 Let j € {—1, 1}. Let ¢ : A* — [0, 00) be a mapping such that

~ . . . 4
oM xy, n? xp, n? x5, n?M xy)
126k

k]

k=0

convergestoRand f : A — B be amapping satisfying (13.7), forall x1, x5, X3, x4 €
A and (13.8), for all x,y € A. Then there exists a unique cubic homomorphism
H : A — B which satisfies (13.1) and
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n?ix,0,0)
116kj

)

1 0,
I f) = H < o5 Z
k=1

forall x € A. The mapping H (x) is defined by

f(n*ix)

) = fim

forall x € A.
Remark: Let j € {—1, 1}. Let ¢ : A* — [0, 00) be a function such that

. . . . A
oM x1, n% xy, n x5, n% xy)
116k]

k=0

convergestoR and f : A — B be amapping satisfying (13.7), forall x|, x5, x3, x4 €
A and (13.8), for all x, y € A. Then there exists a unique cubic homomorphism
H : A — B which satisfies (13.1) and

©(0,2%%x, 0, 0)
1,6k

3

1 o0
I f(x) — Hx) ll5< mk;

for all x € A. The mapping H (x) is defined by

f(2%x)

HO = I e

forall x € A.

Proposition 13.11 Let j € {—1, 1}. Let ¢ : A* — [0, 00) be a function such that

’

N . . ‘ .
> o3 xy, n xy, 03 x5, 34 xy)
okj
n
k=0

convergestoRand f : A — B be amapping satisfying (13.7), forall x|, x5, X3, x4 €
A and (13.8), for all x,y € A. Then there exists a unique cubic homomorphism
H : A — B which satisfies (13.1) and

I f(x)—HX) = o —

1 < 0,0,n%x,0)
8n? Z noki

1
k= 2

for all x € A. The mapping H (x) is defined by
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o f@Yx)
H) = fim =
forall x € A.

Proposition 13.12 Let j € {—1,1}. Let ¢ : A* — [0, 00) be a function such that

- . . , .
3 o(n™xy, n* xy, n* x5, 0 xy)
12k )
n
k=0

convergestoRand f : A — B be amapping satisfying (13.7), forall x|, x5, x3, X4 €
A and (13.8), for all x,y € A. Then there exists a unique cubic homomorphism
H : A — B which satisfies (13.1) and

0,0, n* x)
n12k] ’

I < 90,
| F = H@ s oo 3 2
k=1z1

for all x € A. The mapping H (x) is defined by

)
H) = Jim =
forall x € A.

The following corollaries are the immediate consequence of Theorems 13.9-13.12
respectively, concerning the stability of (13.1).

Corollary 13.13 Let \ and s be non-negative real numbers. Ifamapping f : A — B
satisfies the stability

A
| F(x1, X2, %3, x3) || 5< A X 1 } (13.17)
AT e 15+ 00 1% }
forall x1, x5, x3, x4 € A and
A

4 s
| £y — £ FG) s< | ] 2 1 s } 73 (13.18)
M T x5+ 1 ||;‘f} s # 3,
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forall x,y € A, then there exists a unique cubic homomorphism H : A — B such
that

A
1]

| £ — Hx) 1< { s (13.19)
Al |I%
8|n3—n45| 9

forall x € A.

Example 13.14 Let )\ and s be non-negative real numbers and a mapping f : A —
B satisty (13.17), for all xy, x;, x3, x4 € A and (13.18), for all x, y € A. Then there
exists a unique cubic homomorphism H : A — B such that

A
371

1F () = Clla < { sa7ay

AlxII
825 2%

forall x € A.

Corollary 13.15 Let A and s be non-negative real numbers. If a mapping F : A —
B satisfies (13.17), for all x1, x2, x3,x4 € A and (13.18), forall x,y € A, then there
exists a unique cubic homomorphism H : A — B such that

A
8|nt—1|

| fG)—Ho) 1< { s (13.20)
ET
8|n6—n8“'| k)

forall x € A.

Example 13.16 Let A and s be non-negative real numbers and a mapping f : A —
B satisfies (13.17), for all xy, x5, x3, x4 € A and (13.18), forall x, y € A. Then there
exists a unique cubic homomorphism H : A — B such that

A

8126—1]
Allx 1%
If(x) = H)lp < | s5-25

Allxlg
8‘26_285 |?

forall x € A.

Corollary 13.17 Let )\ and s be non-negative real numbers. If a mapping F : A —
B satisfies (13.17), for all x1, x, x3, x4 € A and (13.18), forall x,y € A, then there
exists a unique cubic homomorphism H : A — B such that
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A
8|n?—1|
I f)—H) 1< | sor (13.21)
Allx ]I
8|n97n123| b

forall x € A.

Corollary 13.18 Let A and s be non-negative real numbers. If a mapping F : A —
B satisfies (13.17), for all x1, x2, x3, x4 € Aand (13.18), forall x, y € A, then there
exists a unique cubic homomorphism H : A — B such that

A
8n12—1]

| f00) — Hex) 1< st (13.22)

4,
Alx Il
8\1112—n16‘\ ’

forall x € A.

13.4 Cubic Homomorphisms in Quasi-Banach
Algebras—Fixed Point Method

Theorem 13.19 Let F : A — B be a mapping for which there exists a function
p: A* = [0, 00) with condition

k k k k
(07 X1, 0; X2, 07X3,0;X4)

kli)n;c s 0, (13.23)
nif i=0 . . .

where o0; = { | ifi=1 such that the functional inequality (13.7), for all x1, x»,
X3,X4 € A am? (13.8), for all x,y € A. If there exists L = L(i) < 1 such that the
function

1/x

x—>dx)=-1-,0,0,0),

8\n

has the property

0(x) = Liqé(a,'x), (13.24)
o

L

then there exists a unique cubic homomorphism H : A — B satisfying the functional
equation (13.1) and
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1—i

L
If@x) = HE) = 770, (13.25)

forall x € A.

Proof ConsiderthesetT = {p|p : A — B, p(0) = 0} and introduce the generalized
metric on 7.

d(p.q) =inflk € (0,00); || p(x) —q(x) llp=< ko(x), x € A}.

It is easy to see that (7, d) is complete. Define T : 7 — 7 by Tp(x) = %p(aix),
for all x € A. ’
Now for p, g € 7, we have

d(p,q) <k =| px) —qx) ||B< ké(x), x € A,

—Jcé(a,x) x €A,

l

1 1
?P(Uix) - ;Q(Uix)

1 1
—p(oix) — —q(oix)|| < Lkd(x),x € A,
O'IT O'l-

= Tp(x) —Tq(x) llp< Lkd(x),x € A
= d(p,q) < Lk. (13.26)
Thisimpliesd(Tp, Tq) < Ld(p, q),forall p, g € T.Thatis, T is strictly contractive

mapping on 7 with Lipschitz contant L. Replacing (x, x», x3, x4) by (x, 0, 0, 0) and
dividing by 8 in (13.7), we get

1
I fx) =n’ f(x) < 3. 0,0,0), (13.27)

for all x € A. Hence from the above inequality, we have

f (HX)

1
—f@) lls= g 5¢(x,0,0,0), (13.28)

for all x € A. Using (13.24) for the case i = 0, we get

f(nx
l’l

forallx € A.ie.,d(f, Tf) <L < L' < c0. Again replacing x by ;—i in (13.27), we
get

1
[WACY) —n3f(%) lls= 2(x.0,0,0), (13.29)
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for all x € A. Using (13.24) for the case i = 1, we get
5, X
I f(x)—n f(;) 5= d(x),

forallx € A.ie.,d(f,Tf) <L < L% < co. In both cases, we obtain
d(f,Tf) < L

Therefore (A1) holds. By (A2), it follows that there exists a fixed point H of T in 7
such that

1
H(x) = lim —; f(o}x), (13.30)
k—o00 o;

forallx € A.Toprove H : A — B iscubic, replacing (xy, x2, X3, x4) by (U{‘xl , a{‘xz,
o¥x3, 0¥x4) in (3.2) and dividing by o, it follows from (13.23) that

k

| F(o¥xi, o¥xa, 0¥ x3, 0Fx4) |18

3

| H(x1, x2, X3, x4) |p < lim T
k— 00 o;

k k k k
< lim p(oix1, 07 %2, 07 X3, 0} X4)
) a‘?k ’

for all x1, x,, x3, x4 € A. That is, H satisfies the functional equation (13.1). Also

_ 1 3k N 3k 3k
I H(xy) — H(x)H(y) |5 Sklin;o o I floi"xy) — f(o;"x) f(o;"y) lIs

©(0f,0,0,0)

< lim =0
o ’

k—o00

for all x € A. Therefore, H is a cubic homomorphism. By (A3), H is the unique
fixed point of T inthe set A = {H € 7 : d(f, H) < oo}; H is the unique mapping,
such that

I f(x) = H(x) llp= kd(x),

forall x € A and k > 0. Finally by (A4), we obtain

1
d(f.H) = ——d(£.T]).
This implies
L(1—1)
d(f, H) < -7

which yields
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| F() = H) 5= %6@.

This completes the proof of the theorem. (]

Example 13.20 Let f : A — B be a mapping for which there exists a function
. .. 2if i=0;
@ : A* = [0, co) with condition (13.23) where 0; = 1 llj} ll _?. such that the
2 - 9
functional inequality (13.7), for all x;, x5, x3, x4 € A and (13.8), forall x, y € A. If
there exists L = L(i) < 1, such that the function

1

x—=0(x) = - )—6,0,0,0 ,
8\ 2

has the property (13.24), then there exists a cubic homomorphism H : A — B sat-

isfying the functional equations (13.1) and (13.25), for all x € A.

Proposition 13.21 Let f : A — B be a mapping for which there exists a mapping
2 ip i
p: A* = [0, 00) with condition (13.23) where o; = n] i; ; : (1) such that the
= =
Sfunctional inequality with (13.7), for all xy, x2, x3, x4 € A and (13.8), forall x, y €
A. If there exists L = L(i) < 1, such that the function

1 x
6 =3 07_7050 )
x — o(x) 8( " )

has the property (13.24), then there exists a cubic homomorphism H : A — B sat-
isfying the functional equations (13.1) and (13.25), for all x € A.

Example 13.22 Let f: A — B be a mapping for which there exists a mapping
22 if i=0;
s if =1
functional inequality (13.7), for all x;, x5, x3, x4 € A and (13.8), forall x, y € A. If
there exists L = L(i) < 1, such that the function

p: A* — [0, co) with condition (13.23) where o; = such that the

5 = ~(0.2,0.0

o = — —

X X 3 5 22 s Uy )

has the property (13.24), then there exists a cubic homomorphism H : A — B sat-
isfying the functional equations (13.1) and (13.25), for all x € A.

Proposition 13.23 Let f : A — B be a mapping for which there exists a mapping
nif i=0
Lifi=1
Sfunctional inequality (13.7), for all x|, x5, x3, x4 € A and (13.8), forall x,y € A. If
there exists L = L(i) < 1, such that the function

@ : A* — [0, 00) with condition (13.23) where o; = such that the
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1 X
x = o0x) = §<0,0, ;,0>,

has the property (13.24), then there exists a cubic homomorphism H : A — B sat-
isfying the functional equations (13.1) and (13.25), for all x € A.

Proposition 13.24 Let f : A — B be a mapping for which there exists a mapping
4 i

p: A* = [0, 00) with condition (13.23) where o; = nl ;; ; : (1) such that the

Sfunctional inequality (13.7), for all x|, x5, x3, x4 € A and (13.8), forallx,y € A. If

there exists L = L(i) < 1 such that the function

1 X
— 0(x)=-(0,0,0, —
Yoo =g ( n4>
has the property (13.24), then there exists a cubic homomorphism H : A — B sat-
isfying the functional equations (13.1) and (13.25), for all x € A.

The corollaries are the immediate consequence of Theorems 13.20- 13.23 respec-
tively, concerning the stability of (13.1).

Corollary 13.25 Let F : A — B be a mapping and there exist real numbers A\ and
s such that (13.1), for all x1, x5, x3, x4 € A and (13.18), forall x, y € A. Then there
exists a unique cubic homomorphism H : A — B such that (13.19), for all x € A.

Proof Set

4
S |
4 4 4
A nizl |l x; ”i\ +Z,‘:] Il x; ”AS }s

o(x1, X2, X3, X4) =

for all x1, x;, x3, x4 € A. Now

9
=

A
o
k k k k
o(07x1, 07 X2, 07 X3, 0} X4) _ ﬁ S ofxi |15 }
ok '
A 4 k 4 k 4s
ey iy ofx 115+, I oixi 1% }

~3k
Ao;

s—3)k 4
_ At {Z,»_l I xi 15, }

Us=3)k | 174 , 4 4
Ao, ) {l_[,-zl I 115 + 22y X Iy }
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— 0 as k—> o©
={—>0as k—>
— 0 as k — oo.

Thus, (13.23) holds. But we have

1 X
5(x) = _QO(_’ 05 07 0>7
8 \n

has the property
1
d(x) = L—=6(0ix),
o

1

for all x € A. Hence

A
1 X K
5(x) = —ap<—, 0,0, o) = §|£|;|3|A
8 \n YET
8nd -
Now,
o 3
8o o;70(x)
1 M ;
—0(0ix) = !Zf;!f‘ =1 0736)
i Aloix|l% ™35 (x)
8oin3 !

for all x € A. From (13.25), we prove the following six cases:

Case:1Ifi =0then L =n3

| FG) = HE s —— ) = —2
* V=TS0 TR Z 1y
Case: 2Ifi = 1 then L = n®
| f(x)—H(x) |Ip=< ! 0(x) A
X) — X _— ) = —
B=103 8(1 — n3)
Case:3If L =n*3fors <3ifi =0
ns=3 Y

I f(x) — H(x) llz=< ﬁ&ﬂ
—n

T 83 —n)

239

(13.31)

(13.32)
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Case:4If L =n® S fors > 3ifi = 1

n3—s A “ X “a
—H <5 _ 7 A
170 = HO) s < 000 = g = 4
Case:5 L =n"3fors < 2ifi=0
n4s—3 by ” X ”is
I f(x) —Hx) = mé(x) = 3(3 —n*)
Case: 6 L =n** fors > 3ifi =1
1 N EAN
I f(x)—H(x) lp= mé(x) = 8 —n)
Hence the proof is completed. (]

Remark: Let f : A — B be a mapping and there exist real numbers A and s such
that (13.17), for all xy, x2, x3, x4 € A and (13.18), for all x, y € A. Then there exists
a unique cubic homomorphism H : A — B such that

A
i
Xl
If@) — H@)lls < | 5o,
Alx®
8\23—24“'| ’

forall x € A.

Corollary 13.26 Let f : A — B be a mapping and there exist real numbers A and s
such that (13.17), for all x1, x5, x3, x4 € A and (13.18), forall x, y € A. Then there
exists a unique cubic homomorphism H : A — B such that (13.20), for all x € A.

Remark: Let f : A — B be a mapping and there exist real numbers A and s such
that (13.17), for all xy, x2, x3, x4 € A and (13.18), for all x, y € A. Then there exists
a unique cubic homomorphism H : A — B such that

!
XIS
”f(x) - H(-x)”B = 8‘26_2AZJ|
Allxll¥
8‘26_2&-' ’

forall x € A.

Corollary 13.27 Let f : A — B be amapping and there exist real numbers A and s
such that (13.17), for all x1, x5, x3, x4 € A and (13.18), forall x, y € A. Then there
exists a unique cubic homomorphism H : A — B, such that (13.21), for all x € A.
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Corollary 13.28 Let f : A — B be a mapping and there exist real numbers )\ and s

such that (13.17), for all x1, x3, x3, x4 € A and (13.18), for all x, y € A. Then there
exists a unique cubic homomorphism H : A — B, such that (13.22), for all x € A.

13.5 Stability of Cubic Derivation Quasi-Banach
Algebras—Direct Method

Definition 13.29 A mapping D : A — A is called a cubic derivation in quasi-
Banach algebras if

D(xy) = D(x)y> + x’D(y) (13.33)

forall x, y € A.
Theorem 13.30 Let j € {—1,1}, ¢ : A* — [0, 00) be a mapping such that

- . . 4 .
3 o xy, nM xy, n% x3, nk x4)

ey , (13.34)
converges to R and f : A — A be a mapping satisfying inequality
£ @1 xa, x5, 50) A< Q(x1, X2, X3, X2, (13.35)
forall x1, x3, x3, x4 € A and
I £Oey) = f () = )Y < ¢(x, ¥,0,0), (13.36)

for all x,y € A. Then there exists a unique cubic derivation C : A — A which
satisfies (13.1) and

1 < ¢@¥x,0,0,0)
I fx) = C@)lla= o5 > — (13.37)
k_l;

for all x € A. The mapping C(x) is defined by

f(nMx)

Cx) = lim ~—5r, (13.38)

forall x € A.

Proof Assume j = 1. By the same reasoning as in the proof of Theorem 13.9,
there exists a unique cubic mapping C : A — A satisfying (13.37). The mapping

C: A — Aisgiven by C(x) = limj_, o £ ggij”. It follows from (13.35) that
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I fy) =2 f(y) = f(x)y3 la
= lim 9—@ I f(*xy) = @“x)* f (' y) = " y) (") lla

1 k
Jim —5p(ntx,0.0,0) =0, (13.39)

for all x € A. Therefore C : A — A is a cubic derivation satisfying (13.37). (]
Remark: Let j € {—1,1}. Let ¢ : A* — [0, 00) be a mapping such that

L (28 xy, 28 xy, 2K x5, 2K xy)
Z 23kj ’

convergestoRand f : A — Abeamapping satisfying (13.35),forall x, x5, x3, x4 €
A and (13.36), for all x, y € A. Then there exists a unique cubic derivation C : A —
A which satisfies (13.1) and

(28 x,0,0,0)
23k] ’

| f() = Co) lla< a Z g

forallx € A. The mapping C(x) is defined by C(x) = limy o L2712 forall x € A.
Proposition 13.31 Let j € {—1,1}. Let ¢ : A* - [0, 00) be a function such that

N . . . ‘
oM x1, n® xp, n x5, 0% xy)
116k7

k]

k=0

convergestoRand f : A — A beamapping satisfying (13.35), forall x, x5, X3, x4 €
A and (13.36), for all x,y € A. Then there exists a unique cubic derivation
C : A — A which satisfies (13.1) and

2kix,0,0)
n6k]

3

0,
700 =€ Iaz 52 Z £O.n 20,0

forallx € A. The mapping C (x) is defined by C (x) = lim;_, o f("Zk/:x),forallx € A.

PES]

Remark: Let j € {—1, 1}. Let ¢ : A* — [0, 0o) be a mapping such that

o 4 . . .
(2% xy, 2% x5, 2% x5, 2% xy)
§ : 26kj ’

convergestoRand f : A — Abeamapping satisfying (13.35), forall x;, x5, x3, x4 €
A and (13.36), for all x, y € A. Then there exists a unique cubic derivation C : A —
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A which satisfies (13.1) and

I < ¢(0,2%x,0,0)
| f(x)—Cx) la< E;, —

forall x € A. The mapping C(x) isdefinedby C(x) = lim;_, %,for allx € A.

Proposition 13.32 Let j € {—1, 1}. Let ¢ : A* — [0, 00) be a mapping such that

- . . ‘ A
o3 x1, n¥ xp, 03 x5, n3M xy)
Z k) )
n
k=0

convergestoRand f : A — A beamapping satisfying (13.35), forall x, x5, X3, x4 €
A and (13.36), for all x,y € A. Then there exists a unique cubic derivation
C : A — A which satisfies (13.1) and

©(0,0, 7% x, 0)
120kj

’

1 o0
| /@) =€ lla< o5 Z
k 2’

forallx € A. The mapping C (x) is defined by C (x) = lim;_, o f("Bij),forallx € A.

P

Proposition 13.33 Let j € {—1, 1}. Let ¢ : A* — [0, 00) be a mapping such that

- A . . A
o(n™xy, n* xy, n* x5, 0 xy)
1 12K] ’

k=0

convergestoRand f : A — A beamapping satisfying (13.35), forall x, x», X3, x4 €
A and (13.36), for all x,y € A. Then there exists a unique cubic derivation
C : A — A which satisfies (13.1) and

1 < ¢0,0,0,n* x)
I f@®)=CO s g5 2 = mg—

1
k= 2

forallx € A. The mapping C(x) is defined by C (x) = limj_ L0 forallx € A.

PILT
The following corollaries are the immediate consequence of Theorem 13.30,
Propositions 13.31-13.33 respectively, concerning the stability of (13.1).

Corollary 13.34 Let \ and s be non-negative real numbers. Ifamapping f : A — A
satisfies inequality
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A

4 s
I fCer, X2, X3, X4) |a< A 2= i Ty } (13.40)
M T X B+ 1 1 }

forall x1, x5, x3, x4 € A and

A

4 s
| £y =2 ) — F0y° las | ] 2t 1 T } 73 (13.41)
M T I 1+ 1 1% },s # 3,

forall x,y € A, then there exists a unique cubic derivation C : A — A such that

A
8|n3—1|
Allx |
| £O) = Co) lI< { sy (13.42)
Mxll%
8|n37n47| ’

forall x € A.

Example 13.35 Let A and s be non-negative real numbers. If amapping f : A — A
satisfies inequality (13.40), for all x;, x5, x3, x4 € A and (13.41), for all x, y € A,
then there exists a unique cubic derivation C : A — A such that

A
8[7]
Allx
If(x) = H)lla < | 5727
Allx ]l
8|23—245|’

forall x € A.

Corollary 13.36 Let A and s be non-negative real numbers. I[famapping f : A — A
satisfies inequality (13.40), for all x\, x5, x3, x4 € A and (13.41), for all x,y € A,
then there exists a unique cubic derivation C : A — A such that

A
8|nS—1]

| £ = CQ) II= ] sy (13.43)

4s
Allx I
8|n6—n85| ’

forall x € A.
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Example 13.37 Let A and s be non-negative real numbers. If a mapping f : A — A
satisfies inequality (13.40), for all x;, x5, x3, x4 € A and (13.41), for all x, y € A,
then there exists a unique cubic derivation C : A — A such that

A
3163]
Allx 1%
ILf(x) = HO)lla < § gpo25;

AllxlI
8[26—285] >

forall x € A.

Corollary 13.38 Let A and s be non-negative real numbers. I[famapping f : A — A

satisfies inequality (13.40), for all x1, x5, x3, x4 € A and (13.41), for all x,y € A,
then there exists a unique cubic derivation C : A — A such that

A

8|n®—1|
Allx 1%
| f(x) = Cx) 1= ] gpo—nr (13.44)
Mlx %
8‘n9,n12x|’

forall x € A.

Corollary 13.39 Let )\ and s be non-negative real numbers. If a mapping F : A —
A satisfies inequality (13.40), for all x1, x5, x3, x4 € Aand (13.41), forallx, y € A,
then there exists a unique cubic derivation C : A — A such that

A
8|n12—1|

| F) = CQ) 1< ] gt (13.45)
Allxlg
8‘n12_n16s| ’

forall x € A.

13.6 Stability of Cubic Derivation Quasi-Banach
Algebras—Fixed Point Method

Theorem 13.40 Let f : A — A be a mapping and assume that there exists a func-
tion p : A* — [0, 00) with condition

k k k k
p(ojxy, 0} xzs,kai X3, 0} X4) =0, (13.46)

1

lim

k— 00 o
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where 0; = { " ll]} ll i ? such that the functional inequality

I | =

| fCer, x2, x3, x4) [|a< @(x1, X2, X3, X4) (13.47)

for all x\,xy,x3,x4 € A and || f(xy) — x> f(y) — f(O)Y? 4= @(x1, X2, X3, Xa),
forall x,y € A. If there exists L = L(i) < 1 such that the function

1
x = 0(x) = —(i0,0,0)
8\n

has the property

0(x) = L%é(aix), (13.48)
o

L

then there exists a unique cubic derivation C : A — A satisfying the functional
equation (13.1) and

1—i

1-L

I f(x)—H(x) lla= 0(x), (13.49)

forall x € A.

Proof By the same reasoning as in the proof of Theorem 13.19, there exists a unique
cubic mapping C : A — A satisfying (13.49). The mapping C : A — A is given by

f(ob)x
-~ for all x € A. It follows that

C(x) = limy_ o

3
gi

I Cxy) —x’C(y) — C(x)y* I

1
= lim — || f(o7"xy) = (0}0)* [ (0}y) = [ (@i 0) (0} y)*,

k—o0o o
kx,0,0,0
< jm 22000
lim a:gk

k—o00 1

for all x, y € A. Therefore C : A — A is a cubic derivation satisfying (13.49). The
rest of the proof is similar to that of Theorem 13.20. [

Example 13.41 Let f : A — A be a mapping for which there exists a function

@ : A* — [0, 00) with condition (13.46) where o; = { % ll]} ll i ?

2 - 9
functional inequality (13.47), for all xy, xp, x3,x4 € A and || f(xy) — x3f(y) —
F)y? 1a< ©(x,0,0,0), for all x,y € A. If there exists L = L(i) < 1 such that

such that the

the function x — d(x) = %(%, 0,0, 0) has the property (13.48), then there exists
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a unique cubic derivation C : A — A satisfying the functional equations (13.1) and
(13.49), forall x € A.

Proposition 13.42 Let f : A — A be a mapping for which there exists a function
2 i s

@ 1 A* — [0, 00) with condition (13.46) where o; = {nl ;; i B (1)
1’1_2 =

functional inequality (13.47), for all x1, X2, x3, X4 € A and || f(xy) — x> f(y) —

f(x)y3 la< (0, x,0,0), for all x,y € A. If there exists L = L(i) < 1 such that

the function x — 0(x) = % 0, 75,0,0 ) has the property (13.48), then there exists

such that the

a unique cubic derivation C : A — A satisfying the functional equations (13.1) and

(13.49), for all x € A.

Example 13.43 Let f : A — A be a mapping for which there exists a function

4 . . 22 if i=0;

@ : A" — [0, 0o) with condition (13.46) where o; = § if Q=1
22 — 1,

functional inequality (13.47), for all xi, x2, x3,x4 € A and || f(xy) — x> f(y) —
f(x)y3 la< (0, x, 0, 0), for all x, y € A. If there exists L = L(i) < I such that

such that the

the function x — §(x) = % 0, 57, 0,0 ) has the property (13.48), then there exists
a unique cubic derivation C : A — A satisfying the functional equations (13.1) and
(13.49), for all x € A.

Proposition 13.44 Let f : A — A be a mapping for which there exists a function

30p 5

@ : A* — [0, 00) with condition (13.46) where o; = {ri ;; i B ?
functional inequality (13.47), for all x1, X2, x3, X4 € A and || f(xy) — x> f(y) —
f(x)y3 la< (0,0, x,0), for all x, y € A. If there exists L = L(i) < 1 such that

the function x — 0(x) = %(O, 0, :5, O) has the property (13.48), then there exists

such that the

a unique cubic derivation C : A — A satisfying the functional equations (13.1) and

(13.49), for all x € A.

Proposition 13.45 Let f : A — A be a mapping for which there exists a function
4 .

1 A* = [0, 00) with condition (13.46) where o; = {nl ;; ; B (])
e =

functional inequality (13.47), for all xy, x2, x3, x4 € A and || f(xy) — x> f(y) —

F)y? 1a< ©(0,0,0, x), for all x,y € A. If there exists L = L(i) < 1 such that

such that the

the function x — §(x) = %(0 0,0, ;—4> has the property (13.48), then there exists

a unique cubic derivation C : A — A satisfying the functional equations (13.1) and
(13.49), for all x € A.

The corollaries are the immediate consequence of Theorem 13.40, Propositions
13.42-13.45 respectively, concerning the stability of (13.1).
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Corollary 13.46 Let A and s be non-negative real numbers. I[famapping f : A — A
satisfies the inequality (13.40), forall xy, x», x3, x4 € Aand(13.41), forallx,y € A,
then there exists a unique cubic derivation C : A — A such that (13.42), for all
x € A.

Remark: Let A and s be non-negative real numbers. If amapping f : A — A satisfies
the inequality (13.40), for all x;, x5, x3, x4 € A and (13.41), for all x, y € A, then
there exists a unique cubic derivation C : A — A such that

2
371

Allx 1
”f(x) - C(X)HA = 8|23,2As|

Al

8|23_24A‘ ’

forall x € A.

Corollary 13.47 Let \ and s be non-negative real numbers. Ifamapping f : A — A
satisfies the inequality (13.40), for all x1, x», x3, x4 € Aand (13.41), forallx,y € A,
then there exists a unique cubic derivation C : A — A such that (13.43), for all
x € A

Remark: Let A and s be non-negative real numbers. If a function f : A — A satisfies
the inequality (13.40), for all x;, x5, x3, x4 € A and (13.41), for all x, y € A, then
there exists a unique cubic derivation C : A — A such thatVx € A

A
8163
Alxl
1f(x) = Cx)lla = | g2
Allx ]l
8|26_28:‘ .

Corollary 13.48 Let \and s be non-negative real numbers. Ifamapping f : A — A
satisfies the inequality (13.40), forall xy, x», x3, x4 € Aand(13.41), forallx,y € A,
then there exists a unique cubic derivation C : A — A such that (13.44), for all
x € A

Corollary 13.49 Let )\ and s be non-negative real numbers. Ifamapping f : A — A
satisfies the inequality (13.40), forall x1, x2, x3, x4 € Aand(13.41),forallx,y € A,
then there exists a unique cubic derivation C : A — A such that (13.45), for all
x € A.
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