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Abstract—In this letter, we propose a linear
parameter-varying (LPV) kinematic model for auto-
mated parking systems. We also design an LPV H2 state
feedback controller with the proposed model. The vehicle
kinematic model is intrinsically a nonlinear system, but
we show that the kinematic model can be represented as
an LPV kinematic model. The state feedback control gain
is obtained using convex interpolation in the H2 sense
of a linear matrix inequality approach. We will show that
the proposed parking system guarantees the stability of
the closed-loop system with disturbances. To validate the
proposed method, we conduct parking experiments with
a test vehicle for two scenarios. Using the proposed LPV
H2 state feedback controller, the vehicle tracks paths for
all scenarios, reaching the final parking spot and showing
smooth steering performance. The results show that the
lateral position error and the heading angle error are
smaller than 0.05 m and 0.005 rad, respectively.

Index Terms—Autonomous vehicles, linear
parameter-varying systems.

I. INTRODUCTION

IN THE automated parking system (APS) field, it is
common to use both path planning and control algorithms.

Path planning finds a trajectory the vehicle can follow from
a starting position to a goal position while avoiding obsta-
cles or driving in a narrow space. State-of-the-art approaches
for path planning are reported in [1]. Given a vehicle path
to track, the APS can apply classic feedback control methods
that make the system robust to its model uncertainties, distur-
bances, and sensor noises. Many parking control researches
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use nonlinear control [2], predictive control [3], and sliding-
mode control [4]. However, using only a feedback control has
a trade–off between the transient response performance and the
control input. Thus, feedforward control is mostly used with
feedback control for APSs [5]. In summary, smooth path plan-
ning, steering, and tracking performance should be considered
in the sense of vehicle control.

The vehicle kinematic model is commonly used for vehicle
control in APSs. It is well known that the vehicle kinematic
model is based purely on geometric relationships governing
the system, while the vehicle dynamic model considers the
forces that affect the motion [6]. Because the vehicle kine-
matic model is derived under the assumption that there is
no tire slip angle, it is reliable when each wheel’s velocity
vector is in the wheel’s direction. This is a reason that the
vehicle kinematic model has been used for the limited low
speed [7]–[9]. Therefore, the vehicle kinematic model needs
fewer vehicle parameters than the vehicle dynamic model,
including some unknown or uncertain vehicle parameters such
as cornering stiffness and the vehicle’s inertia [9]. For this
reason, it was recently reported that there are several types
of research that apply the kinematic model to the autonomous
driving field, such as the lane-keeping system (LKS) [10], path
planning [11], and lane estimation [12].

The vehicle kinematic model is intrinsically a nonlinear
system. Therefore, when we utilize the kinematic model, some
problems exist, such as nonlinearity in the kinematic model
or an assumption of constant vehicle speed. It could be chal-
lenging to control the vehicle due to model mismatch and
uncertainty. Therefore, it needs to consider the vehicle’s vary-
ing speed and convert a nonlinear model into a time-varying
linear model. In this case, the linear model with varying
parameters can be utilized as a linear parameter-varying (LPV)
framework [10]. In the framework, we can design the robust
controller in consideration of model uncertainty as varying
parameter [13]. Therefore, the LPV method might be useful in
the parking problem with the kinematic model. However, new
LPV modeling for the APS is needed since the LPV model
used in [10] is for highway driving.

This letter proposes an LPV kinematic model for lateral
motion control and an LPV H2 state feedback controller for
the automated parking system. The LPV kinematic model con-
sists of time-varying parameters with velocity and a newly
defined parameter. The nonlinear model can be converted to
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Fig. 1. Parking coordinates and nonholonomic vehicle model at the
center of the rear axle (cra) of the vehicle.

the discrete time-varying linear model. We show that no matter
where the initial point is, there exists a convex interpolation
of the time-varying parameters during the parking motion.
Then, we design the LPV H2 state feedback controller with
feedforward control based on the kinematic motion, which
is made with a predefined path. The optimal control gain is
obtained at three vertices in the H2 sense of a linear matrix
inequality (LMI). Then, the gain scheduling is designed using
convex interpolation with the optimal control gain such that
the sub-optimal gain is obtained in the convex set. In the
sequel, the proposed parking system guarantees the stability
of the closed-loop system with disturbances. To verify the
performance of the proposed LPV H2 state feedback con-
troller, parking experiments for two scenarios are conducted
with a test vehicle. The experiments’ results show that the
state feedback controller compensates for model uncertainty
which the feedforward controller does not consider. The vehi-
cle tracks the path to reach the parking spot and observes the
smooth steering performance. Further, the results show that the
lateral position error and the heading angle error are smaller
than 0.05 m and 0.005 rad, respectively.

II. VEHICLE KINEMATIC MODEL AND PATH PLANNING

This section develops a lateral kinematic model and
describes a clothoid path for an automated parking system.

A. Vehicle Kinematic Model

To begin with, let us consider the parking coordinates {XY},
as shown in Fig. 1. We define the vehicle position vector pxy =
[
X Y

]T ∈ R2 at the center of the rear axle (cra) in the
parking coordinates. With the orientation ψ of the vehicle at
the cra, the vehicle pose pcra ∈ R3 is defined by

pcra =
[

pxy
ψ

]
=

⎡

⎣
X
Y
ψ

⎤

⎦. (1)

This letter assumes the Ackerman turning geometry and the
bicycle model [9]. Further, the vehicle slip angle is neglected.
We use a discrete-time kinematic model, and the process of
converting from a continuous-time kinematic model is derived
in [5], [14]. Using a zero-order hold with sampling rate Ts,
we then have the vehicle kinematic model in the form of

X(k + 1) = X(k)+ TsVx(k) cos (ψ(k)) (2a)

Y(k + 1) = Y(k)+ TsVx(k) sin (ψ(k))

ψ(k + 1) = ψ(k)+ Ts
Vx(k)

l
tan (δ(k)). (2b)

where Vx(·), δ(·), and l are the longitudinal velocity at
the cra, the front wheel steering angle, and the wheelbase,
respectively. Note that (2) is divided into the longitudinal
motion model (2a) and the lateral motion model (2b) for the
decentralized controller [14].

Remark 1: The longitudinal velocity is obtained through
the desired velocity design by Vd

x (k) = −νX(k) for any
ν ∈ (0, 2/Ts) [14] and a simple feedback control law, e.g.,
PD control, to track the desired velocity, considering a simpli-
fied model of the power train dynamics given by ẍ(k + 1) =
(1 − Ts

τ
)ẍ(k)+ Ts

τ
ẍd(k) with a time constant τ [9]. Further, we

limit |Vd
x (·)| to take into account the vehicle kinematic motion

for parking operation. The details of the vehicle’s longitudinal
motion are beyond the scope of this work.

In this letter, we focus on lateral motion control considering
the time-varying velocity. In addition, to take into account a
nonlinear characteristics due to the orientation ψ , we define
a state dependent parameter ς(·), which is a Sinc function of
ψ(·), such as

ς(·) =
{

1 for ψ(·) = 0,
sinψ(·)
ψ(·) otherwise.

(3)

Let us consider the state x = [
Y ψ

]T for lateral motion
control, the control input u = tan−1(δ), and the unknown
but bounded disturbance w = [

w1 w2
]T . Then, from (2b)

and (3) we can obtain a discrete time-varying linear system,
representing a vehicle kinematic lateral motion model in the
form of

x(k + 1) = �(x(k))x(k)+ �(k)u(k)+ �ww(k) (4)

where

�(x(k)) =
[

1 TsVx(k)ς(x(k))
0 1

]
,

�(k) =
[

0
Vx(k)

Ts
l

]
, �w(k) =

[
γw,11 0

0 γw,22

]
.

Here, �w represents the disturbance matrix as a design factor
for the H2 state feedback controller. Note that Vx(·) is limited
with a desired low speed, a negative value in the proposed
parking coordinates for reverse parking, and ς(·) is bounded
in the range of [ 2

π
, 1] with an assumption that the vehicle’s

orientation moves in −π
2 ≤ ψ(·) ≤ π

2 . This orientation range
is appropriate for the automated parking system.

B. Clothoid Path Model

Every path should have a slow varying continuous curve to
ensure that vehicles can track it considering the vehicle motion
control. To this end, a clothoid is defined as a spiral whose
curvature is a linear function of its arc length. The overall path
we design is shown in Fig. 2. The parking spot p1 is the origin
of the parking coordinates as well as the origin of the path. A
clothoid path is made as a transition from p0 to p1, taking a
radius R0 of a circle tangent to the vehicle’s x-axis at the cra
at the initial pose of the vehicle. Given the arc length s of a
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Fig. 2. Path planning using a clothoid path.

Fig. 3. The overall structure of the parking lateral control system.

path, the slowly varying curvature can be designed with the
clothoid path construction rule as follows:

κ(s) = 2c2 + 6c3s (5)

where c2 and c3 denote the path curvature at s = 0 and its
variation rate, respectively. The tangent angle ϕ(s), at the arc
length, is obtained as the integral of the curvature (5) by

ϕ(s) = c1 + 2c2s + 3c3s2 (6)

where c1 is the initial tangent angle at s = 0. Then, para-
metric expressions for the proposed parking coordinates are
represented by [15]

X(s) = X1 +
∫ s

0
cos(c1 + 2c2σ + 3c3σ

2)dσ

Y(s) = Y1 +
∫ s

0
sin(c1 + 2c2σ + 3c3σ

2)dσ (7)

where X1 and Y1 are the initial longitudinal and lateral position
of the clothoid path at s = 0, respectively. Note that Y1 and
c1 are zeros, and X1 is a design factor for a straight line since
the parking’s objective is to move the vehicle to be aligned
with the parking spot. Then, our control purpose is to track
and regulate this path.

III. VEHICLE MOTION CONTROL

In this letter, for the simplicity of analysis, there is no
obstacle considered in path planning. In fact, we implicitly
consider that the automated parking system is embedded in
a hierarchical architecture in which a higher-level planner
solves the obstacle avoidance problem and provides a series
of motion goals to the lower control layer. In that context,
given space free of obstacles, we use both a feedforward
controller and a feedback controller. Figure 3 represents the
overall structure of the lateral control system for automated
parking. It is well known that feedback control makes the
system robust, and feedforward control improves transient
response performance [5]. To this end, we design the con-
trol input u = u1 + u2 where u1 is the feedforward controller

to track the desired path and u2 is the state feedback controller
based on the LPV H2 performance to compensate for model
uncertainties and disturbances.

A. Feedforward Control

Under the steady-state condition with an assumption of a
constant velocity, we see that

ψ̇ = Vx

R
= Vx

l
tan(δ) (8)

where R is the radius of a circle tangent to the vehicle’s x-axis
at the cra (see details in Fig. 1). From (8), it is immediate to
design the desired steering angle as

δff = tan−1(
l

R
) = tan−1(κl) (9)

where 1/R = κ [9]. Substituting (5) into (9), the desired
steering angle can be presented as follows:

δff = tan−1(2c2l + 6c3sl),

then, with u1 := tan−1(δff ) the feedforward controller is
obtained as

u1 = 2c2l + 6c3sl.

Furthermore, we can derive the desired state xd = [
Yd ψd

]T

from equation (6) and its integration [12] as follows:

Yd(s) = c1s + c2s2 + c3s3,

ψd(s) = c1 + 2c2s + 3c3s2. (10)

In this letter, we consider Yd(0) = 0 to align the vehicle with
the parking spot. The vehicle can be controlled with only the
feedforward controller under the assumptions that the veloc-
ity is constant and there is no model uncertainty, disturbance,
and noise. If these assumptions are not satisfied, the parking
performance is not guaranteed, and we need a feedback com-
pensator. To cope with this problem, in the next subsection, we
will show how to design the LPV H2 state feedback controller
to make the system robust against such uncertainties.

B. LPV H2 State Feedback Controller Design and
Performance Analysis

The longitudinal velocity Vx(·) and heading angle ψ(·) are
varying but bounded. Therefore, let us define the varying
parameter θ ∈ R

2 by

θ = [θ1 θ2]T = [Vxς Vx]T .

To design the state feedback controller u2, the LPV lateal
motion model of (4) is obtained with the varying parameter θ

as follows:

x(k + 1) = �(θ)x(k)+ �(θ)u2(k)+ �ww(k) (11)

where

�(θ) =
[

1 Tsθ1
0 1

]
, �(θ) =

[
0

Ts
l θ2

]
.

Note that θ1 and θ2 are bounded because the vehicle velocity
Vx is limited, and ς is bounded. Therefore, we can obtain
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boundaries of the varying parameters by

θ1 ∈ [¯θ1 θ̄1], θ2 ∈ [¯θ2 θ̄2]. (12)

Given the parameter vector θ , it can be represented in the
polytopic form by

θ = Vξ (13)

where ξ ∈ R
3 denotes the convex interpolation parameter vec-

tor satisfying ξi ≥ 0 for i = 1, 2, 3,
∑3

i=1 ξi = 1 and V ∈ R
2×3

presents the vertex matrix. Here, |θ1| ≤ |θ2| is always satisfied
due to ς(·) ≤ 1, so the region of varying parameter θ is made
tighter than the region using four vertexes. Further, no matter
where the initial point is chosen, θ becomes an interior point
of the convex set made by the vertexes during the parking
motion. Therefore, we design the vertex matrix V as follows:

V =
[

¯θ1 θ̄1 θ̄1

¯θ2 θ̄2 ¯θ2

]
. (14)

The vertex matrix V should be invertible for the convex inter-
polation parameter vector ξ to be uniquely determined by the
given varying parameter vector θ . To this end, we define an
augmented matrix V̄ by

V̄ =
[

V
11×3

]
=

⎡

⎣¯θ1 θ̄1 θ̄1

¯θ2 θ̄2 ¯θ2
1 1 1

⎤

⎦. (15)

Then, ξ is uniquely obtained by ξ = V̄−1[θT 1]T . Given the
convex interpolation parameter ξi for i = 1, 2, 3, parameter-
dependent �(θ) and �(θ) is then composed of

�(θ) =
3∑

i=1

ξi�
(i)

�(θ) =
3∑

i=1

ξi�
(i) (16)

where

�(1) = �(¯θ1), �
(2) = �(θ̄1), �

(3) = �(θ̄1)

�(1) = �(¯θ2), �
(2) = �(θ̄2), �

(3) = �(¯θ2).

Then, we can have the system matrix pairs G(i) as follows:

G(i) := [�(i) | �(i)] (17)

for i = 1, 2, 3. Considering (16), we see that (11) can be
represented as a multi input multi output (MIMO) system such
as in Fig. 4 in the form of

P(θ) :

⎧
⎨

⎩

x(k + 1) = �(θ)x(k)+ �(θ)u2(k)+ �ww(k)
z(k) = C1x(k)+ D12u2(k)
y(k) = C2x(k)

(18)

where z ∈ R
2 is the objective function signal including the

state and control input combination,

C2 = I2×2, D11 = 03×2, D21 = 02×2, D22 = 02×1,

C1 =
⎡

⎣
c11 0
0 c22
0 0

⎤

⎦, and D12 =
⎡

⎣
0
0

d31

⎤

⎦.

Fig. 4. Generalized plant of the system.

Note that for Vx(·) �= 0, the generalized MIMO system (18)
satisfies the following considerations for the optimal control
design.

• The system matrices (�(i), �(i)) are stabilizable for each
given vertex index i for i = 1, 2, 3.

• The pairs (�(i),C1) have no unobservable modes on the
imaginary axis.

• DT
12D12 is invertible.

• DT
12C1 = 0.

To guarantee the closed-loop system’s stability and H2
performance, we design the LPV H2 state feedback controller
K(θ). Using u2(k) = K(θ)x(k), the closed-loop system in the
state-space form is given by

Tzw :

{
x(k + 1) = (�(θ)+ �(θ)K(θ))x(k)+ �ww(k)
z(k) = (C1 + D12K(θ))x(k).

(19)

Theorem 1 (Robust Stability and H2 Performance): Given
a set

� := {G(θ) | G(θ) =
3∑

i=1

ξiG
(i), ξi ≥ 0,

3∑

i=1

ξi = 1},

consider the closed-loop discrete-time LPV system (19). If
there exists two symmetric matrices W(i) ∈ R

3×3 > 0, P ∈
R

2×2 > 0 and Z(i) ∈ R
1×2 for a given γ > 0 such that

tr(W(i)) < γ 2,[
W(i) C1P + D12Z(i)

∗ P

]
> 0,

⎡

⎣
P �(i)P + �(i)Z(i) �w
∗ P 0
∗ ∗ I

⎤

⎦ > 0, (20)

then the closed-loop system (19) is parametrically dependent
stabilizable by the state feedback K(θ) = ∑3

i=1 ξiK(i) with
K(i) = Z(i)P−1. Moreover, K(θ) is also guaranteed for H2
performance, as ‖Tzw‖2

2 < γ 2 for all {�(θ), �(θ)} ∈ � [16].
Proof: With the change of variable Z(i) = K(i)P, applying

Schur complement to
⎡

⎣
P �(i)P + �(i)Z(i) �w
∗ P 0
∗ ∗ I

⎤

⎦ > 0, (21)

leads to the Lyapunov inequality as follows:

�̂(i)P�̂(i)T − P + �w�
T
w < 0 (22)

where �̂(i) = �(i) + �(i)K(i). For the closed-loop LPV
system (19), if there exists a positive-definite matrix P,
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Fig. 5. Experimental vehicle and control system (a) Test Vehicle,
(b) Control System.

then (22) presents that the closed-loop system is stabilizable.
To guarantee the H2 performance, the constraint is given by

trace((C1 + D12K(i))P(C1 + D12K(i))T) < γ 2. (23)

Applying the Schur complement to (23) leads to the following
constraints:

[
W(i) C1P + D12Z(i)

∗ P

]
> 0

tr(W(i)) < γ 2. (24)

Hence, the linear matrix inequality (LMI) conditions, (21)
and (24), originate from the parameter-dependent Lyapunov
inequality and the H2 constraints. It can be shown that LMIs
for each vertex using � in (20) can be transformed into (21)
and (24).

By solving LMI equation (20), each state feedback control
gain is calculated as K(i) = Z(i)P−1 of each vertex. Then, the
LPV H2 state feedback controller can be obtained by

K(θ) =
3∑

i=1

ξiK
(i). (25)

IV. EXPERIMENTAL RESULTS

The plant to be controlled consisted of a luxury sedan, the
Genesis G80 from Hyundai Motors with an in-vehicle sen-
sor, a differential global positioning system (DGPS), and a
control system as shown in Fig. 5. The in-vehicle sensor was
used to measure the steering wheel angle and the longitudinal
vehicle speed. Further, the DGPS was mounted on the cra of
the test vehicle. The vehicle pose was measured in the park-
ing coordinates. The control algorithm was implemented in
a Micro-Autobox from dSPACE. The AutoBox was installed
and logged data from each sensor using the Controller Area
Network (CAN) bus. The vehicle’s variable longitudinal speed
was used from 0 km/h to −5 km/h during experiments since
a human driver manually controlled the vehicle.

The proposed method considered the longitudinal speed and
orientation angle for varying parameters. As soon as the DGPS
and in-vehicle sensors obtain the controller design parameters,

Fig. 6. Scenaio 1: (a) Vehicle Pose pxy at the Parking Coordinates,
(b) Feedforward Control u1 and Feedback Control u2, (c) Control Input
u (d) Longitudinal Speed Vx , (e) Arc Length s.

the parking system starts to move the vehicle. If the longitudi-
nal speed is near zero, then the system is weakly controllable
so that the control gain becomes excessively large. Therefore,
we limit the longitudinal speed such as |Vx| ≥ 0.1m/s in
designing the control gain. To establish the proposed LPV H2
performance, we experimented with two test scenarios with
different initial vehicle poses and steering angles.

1) Scenario 1: p0 = [
7.6890 1.8090 0.4779

]T

2) Scenario 2: p0 = [
7.6330 − 1.6140 − 0.4498

]T

We first generated a clothoid path from p0 to p1 as shown in
Fig. 2. The purpose of the experiment is to track the generated
clothoid path and accurately reach the parking spot. We com-
monly used c11 = √

10, c22 = √
2 and d31 = 1 for the robust

controller. In two scenarios, Figs. 6 (a) and 7 (a) show that
the vehicle tracks the generated clothoid path well to reach
parking spot p1. Further, Figs. 6 (b) and 7 (b) show the feed-
forward control input u1 and the feedback control input u2.
Figures 6 (c) and 7 (c) also show control input u = u1 + u2
and a measured value for each scenario. The measured value
was calculated from the steering wheel angle. There is a differ-
ence between the control input and the measurement due to the
steering dynamics of the vehicle. In addition, the longitudinal
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Fig. 7. Scenario 2: (a) Vehicle Pose pxy at the Parking Coordinates,
(b) Feedforward Control u1 and Feedback Control u2, (c) Control Input
u (d) Longitudinal Speed Vx , (e) Arc Length s.

speed for each scenario is shown in Figs. 6 (d) and 7 (d), and
Figs. 6 (e) and 7 (e) show the arc length of the path connecting
the parking spot and the position of the current vehicle over
time. The experiment results show that the vehicle speed is
not constant because the human driver used his foot to manu-
ally control the longitudinal speed, which leads to the arrival
at the rear, passing the parking spot. That is why the final arc
length is smaller than 0. However, this letter focuses on lat-
eral control, for which we have seen the proposed method’s
parking performance. Some model uncertainties include vary-
ing variables depending on the vehicle velocity, which can be
generated by tire deformation, the steering system, and slip
during vehicle movements. The experiments’ results show that
the state feedback controller compensates for model uncer-
tainty which the feedforward controller does not consider. The
vehicle tracks the path to reach the parking spot and observes
the smooth steering performance. Moreover, we obtained the
results of |xd − x| ≤ [

0.05 0.005
]T at the final park-

ing spot p1 in both scenarios. A video clip can be seen
at https://youtu.be/ORS3N9uHCkg in which Case 2,
Case 3 are Scenario 1 and, Scenario 2, respectively.

V. CONCLUSION

This letter proposed the LPV kinematic model for lateral
motion control and the LPV H2 state feedback controller for
automated parking systems. The LPV kinematic model con-
sisted of time-varying parameters with varying velocity and the
newly defined state-dependent parameter so that the nonlinear
model is converted to linear kinematics. We then designed the
LPV H2 state feedback controller with the feedforward control
based on the kinematic motion as the given path. The control
gain was obtained using convex interpolation in the H2 sense
using the LMI approach. We observed that the proposed park-
ing system guarantees the closed-loop system’s stability with
disturbances. The proposed method performed two parking
scenarios with a test vehicle. The vehicle tracked the path well
and observed the smooth steering performance in all scenarios.
The errors of the two states’ reference values and measurement
values at the final parking spot were smaller than 0.05 m and
0.005 rad, respectively.
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