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A B S T R A C T   

Bubble columns are widely encountered in several industries, especially in the field of nuclear safety. The 
Eulerian-Eulerian and the Eulerian-Lagrangian methods are commonly used to investigate bubble columns. 
Eulerian approaches require additional tasks such as strict volume conservation at the interface and a predefined 
well-structured grid. In contrast, the Lagrangian approach can be easily implemented. Hence, we introduce a 
fully Lagrangian approach for the simulation of bubble columns using the discrete bubble model (DBM) and 
moving particle semi-implicit (MPS) methods. Additionally, we propose a rigorous method to estimate the 
volume fraction accurately, and verified it through experimental data and analytical results. The MPS method 
was compared with the experimental data of Dambreak. The DBM was verified by analyzing the terminal velocity 
of a single bubble for each bubble size. It agreed with the analytical results for each of the four drag correlations. 
Additionally, the improved method for calculating the volume fraction showed agreement with the Ergun 
equation for the pressure drop in a packed bed. The implemented MPS-DBM was used to simulate the bubble 
column, and the results were compared with the experimental results. We demonstrated that the MPS-DBM was 
in quantitative agreement with the experimental data.   

1. Introduction 

Bubble columns are widely encountered in several industries, 
including chemical, biological, and nuclear. In particular, the hydro
dynamics of a bubble column have become an increasingly important 
issue in nuclear reactor safety following the Fukushima accident. One of 
the most critical problems in the accident was the release of radioactive 
materials into the environment. To prevent corium from penetrating the 
barriers in the reactor cavity, it is necessary to study the bubble column 
generated by decay heat from hot corium [1]. 

When the corium falls into the coolant in the cavity, a bubble column 
is generated from the boiling coolant by decay heat from the corium. The 
bubble column induces not only effective heat exchange but also bubble- 
induced convection, which changes the surface area of the packed hot 
corium. In order to prevent reactor cavity erosion due to Molten Corium 
Concrete Interaction, it is necessary to evaluate the coolability of the 
packed bed [2–4]. The study of bubble-liquid hydrodynamics affecting 
the packed bed formation such as sloshing and leveling has been studied 
as one of the important phenomena for reactor design [1,5,6]. In this 
study, we focus on a bubble column flow as a proceeding study to 

understand the effect of it on the shape of a debris bed. 
Kim et al. [1,7] conducted an experiment to find out about the in

ternal and external structure of debris bed affected by rising bubble 
column flow. They generated bubbles by installing a gas injector below 
the cylinder and dropped particles into a cylindrical water tank. In case 
of the experiment for external shape of debris bed, air injection rate was 
controlled locally to simulate the generation of bubbles caused by the 
decay heat of corium particles. The results showed that upward bubble 
column flow affects particle settling trajectories, as well as their arrival 
location, resulting in the formation of a debris bed with a larger radius 
than under quiescent conditions, which is favorable for cooling [7]. The 
experiment for the internal shape of debris bed was conducted to 
determine the changes in radial and axial distribution in the particle bed 
under bubble column flow. The study showed the establishment of in
homogeneity in the internal structure of debris beds under realistic 
sedimentation conditions of natural convection induced by bubble col
umn flow, and they also suggested the implications of such in
homogeneity on the debris bed coolability [1]. 

Konovalenko et al. [8] conducted experiments to provide validation 
data for the spreading of the debris particle in the pool by bubble column 
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flow to develop codes and models for stable reactor design. The exper
iment addressed the influence on the gas flow rate, pool dimensions, 
particle density and size in a rectangular tank with a 2D slice geometry. 
As a result, the experimental data suggested that the gas injection rate, 
pool dimensions, and particle properties have a strong influence on 
debris bed formation [8]. 

The study of gas-liquid interactions has been carried out using either 
numerical simulations or experiments. Experimental research is difficult 
owing to the limited measurements and the absence of techniques to 
measure microscopic parameters [9]. Under these circumstances, 
computational fluid dynamics (CFD) is an important tool for the study of 
spatial and temporal features of bubble behavior, although there are 
several difficulties, such as unstable interface tracking, interacting 
forces, and discontinuous density fields with a high-density ratio. 

In the past decade, several studies have provided detailed insight 
into the dynamics of the bubble column flow through two types of nu
merical modeling. One is Eulerian-Eulerian (EE) model, which treats 
liquid and bubbles as continua. The number of bubbles depending on the 
calculation cells are presented as volume fractions, and a volume- 
averaged mass and momentum conservation equation is adopted to 
describe the movement of the bubble column. To resolve discontinuities 
in the interfacial properties, several methods have been used for 
tracking the interface motion, such as the volume-of-fluid (VOF), front- 
tracking (FT), and level-set (LS) methods. These approaches are gener
ally used to study bubble columns. However, there are some weak 
points, such as computational expense and lack of mass conservation 
[10,11]. In the Eulerian-Lagrangian (EL) model, continuous phases are 
modeled using the Eulerian method, and the dispersed bubble is directly 
tracked using Newtonian equations of motion without an additional 
tracking method [12]. Therefore, the additional effect of the interaction 
between bubble-bubble and bubble-liquid can be directly considered, 
such as mass transfer [12,13], coalescence, and breakup [9,14]. 

Most studies on the numerical investigation of bubble columns 
employ the Eulerian method for continuous phase modeling. However, 
the grid-based Eulerian approach still has shortcomings in simulating 
bubble columns. One of the disadvantages of the Eulerian approach is 
that prior investigation is required for the optimization of the mesh 
owing to its dependency on the mesh quality [15,16]. In addition, it is 
difficult to satisfy strict volume conservation and represent dynamic 
movements at the free surface and interface; therefore, additional work 
is required [9,17]. In this study, we propose a Lagrangian-Lagrangian 
(LL) approach which employs continuous phase modeling to resolve 
the above problems. 

A Lagrangian-Lagrangian coupling method has been applied to 
simulate multiphase flow. In case of liquid-solid interaction, the Moving 
particle semi-implicit (MPS) method or Smoothed particle hydrody
namics (SPH) method has been used for continuous phase and, the 
Discrete element method (DEM) has been used for discrete phase. Based 
on SPH-DEM coupling, Sun et al. [18] simulated a solid-liquid dam 
break and a quasi-steady flow in a rotating cylindrical tank and 
compared it through experimental data. M. Robinson et al. [19] simu
lated single and multiple particle sedimentation based on SPH-DEM 
coupling and compared the results with analytic solution and experi
mental results. Neethling and Barker [20]. simulated various applica
tions related to the minerals processing system using SPH-DEM. Jo et al. 
[2] simulated the vapor-driven 3-phase leveling behavior of solid debris 
particles based on SPH and compared the results with experiments. In 
addition, Harada et al. [21–23] and Tazaki et al. [24] simulated particle 
size sorting processing, sediment transport, and ripple formation process 
in the coastal area through MPS-DEM coupling, and validation experi
ments were performed and compared with the results. 

In this paper, the MPS method was utilized for continuous phase 
analysis, which was proposed by Koshizuka et al. [25–27]. Unlike 
Eulerian-based VOF, in MPS, each representative particle with physical 
properties moves and interacts with neighboring particles within a 
pre-defined range [25]. Therefore, the MPS method has been reported to 

be effective for simulating complicated interfacial flows without any 
additional effort to calculate transport equation [21,27–31]. For 
dispersed phase analysis, the discrete bubble model (DBM) was utilized. 
In the DBM, the bubbles are represented as dispersed elements and 
traced along the trajectory by their equation of motion. As a particle is 
represented as a single bubble, the DBM method has been used to 
simulate mesoscale bubble–liquid interactions [9,11–14,32]. In this 
study, we propose a MPS-DBM to simulate the bubble column flow with 
a high gas holdup. The proposed MPS-DBM cannot consider the detailed 
motion and deformable interface of a bubble, unlike a direct numerical 
simulation that calculates all the flow around a deformable bubble in a 
low gas holdup condition [15]. However, we apply drag correlations to 
consider effects of bubble shape and successfully present the bubble 
swarm behavior, in which a large number of bubbles interact in a liquid 
(high gas holdup). The drag correlation has been widely used for an EE 
and EL coupling in many literatures [12,33–36]. 

To achieve high computational efficiency, the fully Lagrangian 
approach was parallelized using a single graphics processing unit (GPU). 
GPU computing is suitable for the particle-based Lagrangian method for 
high-throughput computation [37]. 

2. Governing equations 

In this study, a meshless approach that does not require a grid is 
implemented by a full Lagrangian-Lagrangian approach. For this pur
pose, the MPS method and DBM are used to analyze the liquid and gas 
phases, respectively. 

2.1. Liquid phase 

For the liquid phase analysis, the MPS method proposed by Koshi
zuka was used. MPS is a Lagrangian analysis technique that is widely 
used together with SPH. To ensure liquid incompressibility and stable 
simulation, it adopts a semi-implicit algorithm and calculates the pres
sure field by solving the pressure Poisson equation (PPE). If the polyg
onal wall boundary model is used, additional work, such as the 
generation of wall particles, is not required to implement the wall 
boundary condition. 

For incompressible flow, the mass and momentum conservation 
equation are defined as follows. 

Dρ
Dt

= − ρ∇ • u→ (1)  

D u→

Dt
= −

1
ρ∇p+ ν∇2 u→+ g→ (2)  

where u→ is the velocity vector of the liquid, ρ is the density of the liquid, 
p is the pressure, ν is the kinematic viscosity of the liquid, and g→ is the 
gravitational acceleration. According to this method, a particle interacts 
with neighboring particles based on the weight function as follows: 

w
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⃒ r→ij

⃒
⃒
⃒
⃒

(3)  

where re is the effective radius. Usually, when the initial particle-to- 
particle spacing is l0, re is 3.1 l0. The number density of particles can 
be obtained from the neighboring particles within a distance re. 

n0 =
∑

i∕=j

w
(⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

)

(4) 

The following PPE is used to calculate pressure. 
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〈∇2p〉k+1
i = −

ρ0

(Δt)2
nk+1/2

i − n0

n0 (5) 

The above expression can be written as follows according to the 
Laplacian operator defined in MPS: 

2d
λn0

∑

i∕=j

(
pk+1

j − pk+1
i

)
w
(⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

)

= −
ρ0

(Δt)2
nk+1/2

i − n0

n0 (6)  

where d is a number corresponding to the dimension. n0 is the reference 
particle number density, which is determined by Eq. (4) from the initial 
arrangement of the liquid particles. The λ of Eq. (6) is also defined as 
follows from the initial arrangement of the liquid particles. 

λ=

∑
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The conventional MPS method described thus far often suffers from 
problems in terms of accuracy and stability. To solve this problem of the 
MPS method, Duan et al. [29] used a corrective matrix for the MPS 
kernel and extended it to the multiphase MPS-continuous acceleration 
(MMPS-CA) method. 

The corrective matrix is defined as follows. 
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The matrix of Eq. (8), and the vector of Eq. (9) must be calculated for 
all particles. The 1st term of momentum in Eq. (2), expressed by MMPS- 
CA, is as follows: 
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the 2nd term of the momentum in Eq. (2), expressed by MMPS-CA, is as 
follows: 
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For turbulence modeling, the Subparticle-scale (SPS) turbulence 
model proposed by Gotoh et al. [38] and the wall model proposed by 
Arai et al. [39] were used. 

2.2. Gas phase 

The DBM is implemented to describe the behavior of bubbles in 
liquids. This model was first introduced by Delnoij et al. [40]. The 

original DBM can be applied to the dispersed phases targeting relatively 
small spherical bubbles that do not coalesce or break up, and where the 
bubble size is considered to be constant. Some researchers have 
attempted bubble coalescence and break-up; however, this study did not 
consider them. 

Each bubble is tracked by the following equation of motion. 

ρBVB
d u→B

dt
= F→B (12)  

Here, ρB, VB, u→B and F→B are the gas phase density, volume of the bubble, 
velocity of the bubble, and total force acting on the bubble, respectively. 

F→B is computed as follows. 

F→B = F→G + F→D + F→L + F→P + F→W + F→V + F→T (13)  

where F→G, F→D, F→L, F→P, F→W, F→V and F→T are the forces owing to gravity, 
drag, lift, pressure gradient force, wall effect force, virtual mass force, 
and turbulent dispersion force, respectively. These forces are assumed to 
be independent and uncoupled from each other. 

The force acting on a bubble, due to gravity, is determined as follows. 

F→G =VBρB g→ (14) 

The drag force is generated by the pressure distribution around the 
bubble and shear stress. 

F→D =
1
8
CDρLπd2

B

⃒
⃒
⃒ u→B − u→L

⃒
⃒
⃒

(

u→B − u→L

)

(15)  

where CD is the drag coefficient, dB is the diameter of the bubble, and u→L 
is the velocity of the liquid. 

The Reynolds number of the bubble is defined as follows. 

REB =
ρL

⃒
⃒
⃒ u→B − u→L

⃒
⃒
⃒dB

μL
(16)  

When expressing the surface tension coefficient as σ, the Eötvös number 
(EO), which is the ratio of gravitational forces to surface tension forces, is 
determined as follows: 

EO =
g→(ρL − ρB)d2

B

σ (17) 

The drag coefficient CD is strongly dependent on the Reynolds 
number (REB) of the bubble and EO. 

The drag coefficient correlation proposed by Ishii and Zuber (IZ) 
[35] is as follows: 

CD∞,IZ =max
{

CD,sphere,min
(
CD,ellipse,CD,cap

)}

where, 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

CD,sphere =
24
REB

(
1 + 0.1R0.75

EB

)

CD,ellipse =
2
3

̅̅̅̅̅̅
EO

√

CD,cap =
8
3

(18) 

Tomiyama proposed the following three drag coefficient correlations 
according to the degree of contamination [35]. 

for a pure system CD∞,TP =max
[

min
{

16
REB

(
1+ 0.15R0.687

EB

)
,

48
REB

}

,
8
3

EO

EO + 4

]

(19)   
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for a contaminated system CD∞,TC =max
{

24
REB

(
1+ 0.15R0.687

EB

)
,
8
3

EO

EO + 4

}

(21) 

Eqs. 18–21 all depict the expressions for the drag coefficients for a 
single bubble, and when εB is the gas volume fraction, the drag coeffi
cient due to the swarm effect of the bubble can be obtained as follows 
[41]: 

CD =CD∞
(
e3.64εB + ε0.864

B

)
(22) 

A bubble rising in a nonuniform velocity field receives a lift force 
owing to the relative velocity between the liquids and the vorticity in the 
liquid flow field as follows: 

F
⇀

L = ρLVBCL

(

u→L − u→B

)

×∇× u→L (23)  

Here, CL is the lift coefficient, and a correlation dependent on the Eötvös 
number was developed by Tomiyama et al. [42]. 

CL =

⎧
⎪⎨

⎪⎩

min{0.288 tanh(0.121REB), f (EOH)} EOH < 4
f (EOH) 4 ≤ EOH < 10
− 0.27 10 ≤ EOH  

where 

f (EOH)= 0.00105E3
OH − 0.0159E2

OH − 0.0204EOH + 0.474  

EOH =EO
(
1 + 0.163E0.757

O

)2/3 (24) 

The pressure gradient force is caused by the uneven distribution of 
number density around the particle, which pushes the bubble out of the 
high-pressure region. This force is important when large pressure gra
dients exist or when the density difference between the two phases is 
large. 

F
⇀

P = − VB∇p (25) 

The bubble near the wall is subjected to a force called the wall force, 
and this force exerts the effect of pushing the bubble away from the wall. 
In this study, the correlation by Tomiyama et al. [42] is used. 

F
⇀

W =

(
2ρLVB

dB

)(
dB

2y

)2

CW

⃒
⃒
⃒
⃒

(

u→L − u→B

)

k
→
⃒
⃒
⃒
⃒

2

n→W (26)  

CW =

{

e− 0.933EO+1.79 1 ≤ EO < 5
0.007EO + 0.04 5 ≤ EO < 33 (27)  

where y is the shortest distance from the wall to the center of the bubble, 

k
→

is the unit vector pointing upward in the vertical direction, and n→W is 
the wall normal vector. This wall force model has been implemented for 
a two-phase flow simulation, and similar models have been studied by 
Hosokawa et al. [43] and Rzehak et al. [44]. 

When a bubble is accelerated, a certain amount of liquid must also be 
set into motion. This force is called the virtual mass force or the added 
mass force. 

F
⇀

V = εBρLCV

(
D u→L

Dt
−

D u→B

Dt

)

(28)  

D/Dt is a substantial derivative and the virtual mass force coefficient CV 

is 0.5. This force becomes more important as the density difference 
between the two phases increases [35]. 

The turbulent dispersion force causes the bubbles inside the turbu
lent flow field of the liquid to move from the high-density to the low- 
density side owing to the influence of turbulent fluctuations. In this 
study, the model proposed by Burns et al. [45] is used. 

F
⇀

T = −
3
4

CD
εB

dB

⃒
⃒
⃒ u→L − u→B

⃒
⃒
⃒
μturb

L

σTD

(
1
εL

+
1
εB

)

∇εB (29)  

Here, μturb
L is the turbulent viscosity, σTD is the turbulent bubble Schmidt 

number (0.9), and εL is the volume fraction of the liquid. 
A nonlinear viscoelastic collision model that was proposed by Tsuji 

Fig. 1. Bubble terminal rising velocity of a single bubble depends on bub
ble diameters. 

Fig. 2. Drag coefficient of a single bubble depends on bubble diameters.  

for a slightly contaminated system CD∞,TS =max
[

min
{

24
REB

(
1+ 0.15R0.687

EB

)
,

72
REB

}

,
8
3

EO

EO + 4

]

(20)   
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et al. [46] was used to calculate the bubble-to-bubble contact force. 
Considering a single bubble existing in a quiescent liquid, the rising 
velocity is determined when the gravity, pressure gradient force, and 
drag force are in equilibrium. 

(ρB − ρL) g→
πd3

B

6
=

ρL

2
CD

πd2
B

4

⃒
⃒
⃒ v→BT

⃒
⃒
⃒ v→BT (30)  

here, v→BT is the terminal rising velocity of the bubble. 

v→BT =

{
4dB(ρL − ρB)g

3ρLCD

}1/2

(31) 

Stokes (1880), Davies and Taylor (1950), Haberman and Morton 
(1956), Mendelson (1967), Jamialahmadi et al. (1994), and Tomiyama 
et al. (1998, 2002) tried to establish the drag coefficient correlation 
using Eq. (31) by measuring the terminal rising velocity of a single 
bubble. 

Fig. 1 shows the result of calculating the terminal rising velocity of a 
single bubble according to the diameter of the bubble using Eqs. (31) 
and (18-21). 

The drag coefficient and Reynolds number obtained at convergence 
to the terminal rising velocity are shown in Figs. 2 and 3, respectively. 

There are several interesting points in Figs. 1 and 2. 

First, in Tomiyama contaminated (Tomiyama-C) model and 
Tomiyama slightly contaminated (Tomiyama-SC) model, in the case of a 
bubble diameter of approximately 1.2 mm, the bubble has the lowest 
drag coefficient, so it has the maximum terminal rising velocity. In all 
the four correlations used in this study, there is a point where the drag 
coefficient is minimized in the area with a bubble diameter of 1–3 mm. 
The point at which the drag coefficient is minimized is closely related to 
the degree of contamination of the liquid. 

Second, even if the diameter of the bubble increases, the terminal 
rising velocity converges to a constant value when it is more than 
approximately 4 mm. As the diameter increases, the drag coefficient also 
increases gradually. It has almost the same terminal rising velocity as the 
drag, even if the buoyancy increases with the diameter of the bubble. 

Third, the drag coefficients of Tomiyama-P and Tomiyama-SC are 
almost similar, and those of Tomiyama-C and Ishii-Zuber are similar to 
each other. It can be considered that the bubble is expected to behave 
according to the value of the drag coefficient obtained by the correlation 
between Tomiyama-P and Ishii-Zuber. 

2.3. Interface coupling 

The unresolved approach was used to couple the two Lagrangian 
methods. The resolved approach interprets the continuous phase 
(liquid) using a length scale that is much smaller than that of the 
dispersed phases, such as a bubble, which computes the interaction 
between the two phases using very detailed information of flow around 
the bubble. 

On the other hand, the unresolved approach adopts a length scale of 
almost similar size in the continuous and dispersed phases, and an 
empirical closure correlation is used for the mutually transmitted force 
between the two phases. This approach is suitable for analyzing the 
interaction behavior of numerous bubbles in a larger area. The unre
solved approach uses the Navier-Stokes equation with the local aver
aging technique for the analysis of the continuous phase and does not 
consider the collision between the liquid and bubble particles. 

The governing equation for the liquid phase using the local averaging 
technique [47] is as follows: 

D(ερL)

Dt
+∇ ⋅

(

ερL u→L

)

= 0 (32)  

ρL

D
(

ε u→L

)

Dt
= − ε∇p+ μL∇ ⋅

(

ε∇ u→L

)

+ ερL g→− f
→

B (33)  

Here, ε is the volume fraction of the liquid, and f
→

B is the interaction 
force transferred to the liquid by the bubble. The behavior of the bubble 

Fig. 3. The Reynolds number of a single bubble depends on bubble diameters.  

Fig. 4. Estimation of liquid volume fraction.  
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inside the liquid is influenced by the forces listed in Eq. (13), and the 
corresponding momentum is transmitted to the liquid according to 
Newton’s 3rd law of motion. 

Zhou et al. [48] compared the difference of the methods of pro
cessing the pressure term of the momentum equation and the liquid 
stress tensor in the coupling analysis with solid particles existing in the 
liquid. In this study, the method specified as Set II in Zhou et al. [48] is 
used, and in this method, the two phases share the pressure and liquid 
stress tensor, which can be summarized as follows. 

ρL

D
(

ε u→L

)

Dt
= − ∇p+∇ ⋅ τL + ερL g→− Φ→ (34)  

Φ→=
1

ΔV
( − VB∇p+VB∇ ⋅ τL) + f

→
B (35)  

Here, Φ→ is the force transferred from the bubble to the liquid, the 2nd 
term on the right in Eq. (35) is the viscous force due to the liquid shear 

stress, and ΔV is the constant volume inside the space, f
→

B represents 
other external forces acting on the bubble existing inside ΔV. Consid
ering Eq. (35), when rewriting Eq. (34), the same expression as that in 
Eq. (33) is obtained. 

2.4. Volume fraction 

In this study, we propose a rigorous method to accurately estimate 
the volume fraction. Therefore, it is necessary to calculate the interfacial 
force accurately. 

In Eulerian analysis using a grid system, the volume fraction of liquid 
is defined as follows (See Fig. 4): 

εi = 1 −

∑

j
φjVj

ΔVi
(36) 

To estimate the volume fraction in the fully Lagrangian approach 
(MPS-DEM), Yamada and Sakai [28] defined the volume fraction of 
liquid as follows: 

εi = 1 −

∑

j
VB,jwC

(⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

)

∫
wC(| r→|)dr

(37) 

They also used the following weighting function to find the volume 
fraction. 

Fig. 5. Examples of cases involving errors in estimating the volume fraction.  

Fig. 6. The schematic of the simulation domain (Dam break with an obstacle).  
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wC
(⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

)

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

4

⎛

⎝

⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

rC

⎞

⎠

5

− 5

⎛

⎝

⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

rC

⎞

⎠

4

+ 1
⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒ < rC

0 rC ≤

⃒
⃒
⃒
⃒ r→ij

⃒
⃒
⃒
⃒

(38) 

Fig. 5 shows the error that occurs when calculating the volume 
fraction using Eq. (37). As shown in Fig. 5 (a) and 5 (b), the volume 
fraction calculated using Eq. (37) has different values depending on the 

distance-based kernel function. Fig. 5 (c) shows the PCM error due to the 
bubble’s center point being outside the coupling radius rC. 

In this study, a rigorous method is used to estimate the volume 
fraction in the Lagrangian method. The volume, defined as the overlap 
between the virtual sphere defined by the coupling radius rC and the 
arbitrary bubble, is a sphere-sphere intersection. If the distance between 
the centers of these two spheres is d and the radius of the bubble is r, the 
intersection volume between them is as follows: 

Vint =
π

12d
{(rC + r) − d}2[d{d + 2(rC + r)} − 3(rC − r)2]

(0< d) (39) 

To avoid the error shown in Fig. 5 (c), it is suggested to use a radius 
larger than the coupling radius as the radius of the bubble to search for 
surrounding bubbles. In actual calculations, it is inefficient to search for 
bubbles within the coupling radius for all MPS particles in the liquid, 
and to calculate the liquid volume fraction by applying Eq. (36). 
Therefore, in this study, interpolation was performed by creating a 
lookup table with pre-calculated results for two dimensionless numbers 
defined as the ratio of the coupling radius to the radius of the bubble and 
the ratio of the distance (d) to the coupling radius. 

3. Validation 

3.1. Dam break with an obstacle 

To validate the MPS implemented for the liquid phase, we compared 
the results of the experiments conducted by Kleefsman et al. [49]. This 
experimental result was used to verify the MPS solver proposed by 
Zhang [30]. A water tank, of dimensions 3, 220 × 2,000 × 1, 000 mm3 

containing a rectangular obstacle of dimensions 161 × 161 × 403 mm3 

was considered. The initial water column exists in the area of 1, 228×

550× 1,000 mm3, and pressure transducers were installed on the 
obstacle surface, as shown in Fig. 6, to measure the pressure. 

The simulation was performed using 199,313 particles with a par
ticle size of 15 mm. The photographic results were captured through the 
experiment at t = 0.4 s and 0.56 s and snapshots of the simulation at 
these instants are presented in Fig. 7 for the purpose of comparison. 

In Fig. 8, the pressures measured at P1 and P2 agree well with the 
overall trend. However, in the case of P2, the pressure was slightly lower 

Fig. 7. Comparison of the snapshots (a) experiment (b) simulation at t = 0.4 s and 0.56 s.  

Fig. 8. Time histories of pressure (a) P1 (b) P2.  
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than that in the experiment. In particular, the pressure at approximately 
1 s immediately after the water collides with the obstacles is somewhat 
different from the experiment. The difference exists between 4.8 s and 
5.0 s, which occurs at the instant of the 2nd run-up of a wave against the 
obstacle. This problem was also observed by Zhang et al. [30]. 

3.2. Terminal rising velocity of a single bubble 

The terminal rising velocity of a single bubble obtained by the ana
lytic method from the correlation between the four drag coefficients in 
Section 2.2, is compared with the analysis result using the coupled MPS- 
DBM solver developed here. A single bubble with a diameter of 0.6 
mm–5 mm is created inside a 150 × 550 × 150 mm3 water tank with a 
square cross section to obtain the terminal rising velocity of the bubble. 

In this simulation, an MPS particle size of 5 mm and 80,448 particles 
were used. 

As shown in Fig. 9, when the drag correlation in Eq. (19) (Tomiyama- 
P) is used, the single bubble velocities for bubbles of diameter 0.8, 1.0, 
1.4, 2.0, and 4.0 mm are calculated over time. A bubble in the stationary 
state converges to the terminal rising velocity very quickly. 

As shown in Fig. 10, when compared, all the measured values agreed 
with the analytical results obtained in Section 2.2. 

3.3. Pressure drop through a packed bed 

Owing to friction, a pressure drop occurs as liquid passes through a 
randomly packed bed of spheres. The pressure drop in these liquids was 
first noted in 1896 by Darcy when he was observing laminar flow of 
water through a bed of sand. The Carman-Kozeny equation for pressure 
drop in laminar flow was formulated in 1937. Ergun [50] presented a 
general equation for calculating the pressure drop under all flow con
ditions (laminar and turbulent) using extensive experimental data 
covering a wide range of particle sizes and shapes. 

−
Δp
H

=
150μL

d2
p

(1 − ε)2

ε3 U +
1.75ρL

dp

(1 − ε)
ε3 U2 (40)  

where H is the bed thickness, dp is the particle diameter, U is the su
perficial velocity, and ε is the liquid volume fraction. 

To verify the developed solver and the calculation method for the 
volume fraction proposed here, a comparison was attempted with the 
Ergun equation [50]. When many solid particles exist in the liquid, the 
drag force received by each particle is obtained as follows by considering 
the voidage function proposed by Di Felice [51] when the drag coeffi
cient of a single particle is CD. 

F→D,i =
ρL

2
A
⃒
⃒
⃒
⃒ v→L − v→i

⃒
⃒
⃒
⃒

(

v→L − v→i

){

f̂
d(

ε,RE,i
) 24

RE,i

}

Fig. 9. Time histories of single bubble velocity.  

Fig. 10. Comparison of the terminal rising velocities of single bubbles.  
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RE,i =

ρL

⃒
⃒
⃒
⃒ v→L − v→i

⃒
⃒
⃒
⃒εidp,i

μL  

f̂
d (

ε,RE,i
)
=

CD

24
RE,iε− χ  

χ = 3.7 − 0.65e− 0.5(1.5− log10RE,i)
2

(41) 

The drag force received by each solid particle was calculated using 
Eq. (41), and the momentum between the two phases was exchanged 
using the interphase coupling method introduced in Section 2.3. For the 
simulation, 61,486 particles with particle diameters of 6 mm were 
randomly stacked in a pipe of diameter 375 mm and length 720 mm to 
construct a packed bed with a bed height (H) of 100 mm. The volume 
fraction of the generated packed bed was obtained using Eq. (42) 

ε= 1 −
Vp

V
= 1 −

Np

(
π
6

)
d3

p
(

π
4

)
D2L

∼ 0.3704 (42)  

In this study, the superficial velocity was set in the range of 10 mm/s to 
40 mm/s, using an MPS particle size of 6 mm and 349,979 particles. In 
Fig. 11, the Ergun equation [50] illustrated by Equation (40) is plotted 
according to the liquid volume fraction ε, and the simulation results are 
compared on the basis of the superficial velocity U. According to the 
Ergun equation [50], the pressure drop is very sensitive to the liquid 
volume fraction. The difference in pressure drop for volume fractions 0.3 
and 0.4 is considered to be approximately 10 kPa. It can be seen that it is 
important to obtain an accurate volume fraction. 

4. Results 

Deen et al. [52] measured the flow of a bubble column in a 150 ×

150 × 1000 mm3 square cross-section water tank using particle image 
velocimetry and laser doppler velocimetry. In this study, 4 g of common 
salt was added per liter distilled water for a non-coalescing system and 
filled the tank up to 450 mm (L/D = 3). Air is introduced into the system 
through a perforated plate that contains 49 holes, each of diameter 1 
mm, with a square pitch of 6.25 mm. The bubble column was operated at 
a superficial velocity of 5 mm/s. The bubble size was approximately 4 
mm in this experiment, and the flow velocity was measured in the 

Fig. 11. Pressure drop through a packed bed (Ergun equation [50]. vs. simulation).  

Fig. 12. Schematic of the experimental setup [52].  
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segment defined from one wall to the opposite wall at the center of the 
plane with Z = 250 mm, as shown in Fig. 12. The experiment proposed 
by Deen et at [52]. was used for verification of the analysis results in 
combination with the CFD solver and the DBM proposed in several 
studies [12–14,17,32,52]. 

For the simulation, a seed point that could generate a bubble at the 
bottom was defined, and the bubble was created under the conditions of 
mean diameter 4 mm and standard deviation 0.5 mm. To satisfy the 
superficial velocity condition, the inlet boundary condition was imple
mented on the sparger region of 37.5× 37.5. For the analysis, 80,448 
MPS particles of l0 = 5 mm were used, and the time step was set to 
approximately 8.3 × 10− 5 s. To model the water tank, 8,627 nodes and 
17,250 triangular elements with an average size of 5 mm were used. 

For comparison with the measurement results obtained by Deen et al. 
[52], a virtual probe that could measure speed at the same point was 
employed, and the simulation was conducted up to a total of 300 s and 
the values were statistically processed after 30 s. All the calculations 
were performed on an Nvidia RTX 3090. This model consists of 24 GB of 
total dedicated memory and 10,496 CUDA cores. 

Fig. 13 illustrates the comparison between the mean vertical veloc
ities of the liquid obtained using the four drag correlations from Eq. 
(26)–(29). In the case of Tomiyama-SC and Tomiyama-C, the mean 
vertical velocities of the liquid shows symmetrical profiles, and the 
maximum velocity is located in the center of the column. In contrast, the 
Ishii-Zuber and Tomiyama-P cases show not only a slightly asymmetrical 
profile, but also a slightly biased maximum velocity. Overall, the anal
ysis followed the characteristics determined by the experiment well; 
however, there was a slight difference in some areas at both ends (near 
the wall). No significant difference was found in any of the four drag 
correlations except for some central regions of Tomiyama-C, and the 
differences between these correlations were negligible. As seen in 
Fig. 14, the comparison of the simulated mean bubble velocity profile 
with experimental data is overestimated in all drag correlations. In 
particular, there are large differences in the bubble velocity compared to 
the liquid velocity profile at the center of the column. We assume that 
the difference in bubble velocity compared with that obtained from the 
experiment is caused by the absence of closures about the bubble size 
and shape, because the wobbling motion of the bubbles cannot be 

Fig. 13. Comparison of mean vertical liquid velocity.  

Fig. 14. Comparison of mean vertical bubble velocity.  
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implemented using fixed shapes and sizes of the bubbles. 
As seen in Fig. 15, the simulated and experimental mean vertical 

velocity fluctuations of the liquid are well-matched. All profiles are 
weakly overestimated in the acceptable range. However, the vertical 
fluctuation profile in the column center did not differ between 
Tomiyama-P and Tomiyama-C. Likewise, the simulated mean liquid 
horizontal velocity fluctuation profiles agree with the experimental re
sults in Fig. 16. Compared to the experimental profiles, the simulated 
profiles show a weak underestimation in the acceptable range. In the 
horizontal fluctuation, the simulated profiles are almost the same as the 
experimental profiles by Ishii-Zuber, Tomiyama-SC, and Tomiyama-C in 
the column center. Similar to the case of mean velocity, the absence of 
closures about the bubble size and shape causes the vertical fluctuation 
of liquid velocity to be overestimated and the horizontal fluctuation of 
liquid velocity to be underestimated. 

5. Conclusion 

To prevent the release of radioactive material in the case of a severe 
accident, it is important to understand bubble-induced flow. In this 
study, we introduced the fully Lagrangian approach to simulate a high 
gas holdup bubble flow. As the dispersed phases are modeled by a 
Lagrangian method, there is no need to apply additional techniques to 
trace the bubble interfaces and describe the interaction between bubble 
and bubble and bubble-liquid. Likewise, the continuous phases modeled 
by the Lagrangian method can naturally implement the dynamic motion 
of the free surface while satisfying volume conservation. These two 
Lagrangian methods were combined with unresolved approaches and 
used to successfully simulate a high gas holdup bubble column. The 
proposed fully Lagrangian method can simulate bubble-induced flows 
without the disadvantages of the Eulerian approach, such as mesh de
pendency and difficulties in implementing deformable free surfaces and 
interfaces. 

Fig. 15. Comparison of mean vertical liquid velocity fluctuation.  

Fig. 16. Comparison of mean horizontal liquid velocity fluctuation.  
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For an accurate calculation of the momentum transfer between the 
bubble and liquid, it is necessary to estimate the exact volume fraction at 
each particle position. In this study, we introduced the error that occurs 
when calculating the volume fraction using a generally used distance- 
based kernel and proposed a rigorous method to estimate the exact 
volume fraction. The proposed method is used for the analytical calcu
lation of the overlapping volume between a virtual sphere defined by the 
coupling radius and a bubble with an arbitrary size; it can be used to 
obtain the exact volume fraction. This method of estimating the volume 
fraction was verified by comparing it with the Ergun equation for 
determining the pressure drop through a packed bed. 

The bubble column flows were simulated for the four correlations of 
the drag force, in which the effect of the shape and size of the bubble was 
considered in the experiment. Each numerical result, which depends on 
the correlations, showed quantitative agreement with the experimental 
results, and the differences in the results according to the drag correla
tion were very small. This can be explained through comparisons of the 
terminal rising velocity and drag coefficient. Consequently, we 
confirmed that the presented method can successfully simulate bubble- 
induced flows with a high gas holdup and free surface, which is neces
sary for various industries, especially for the purpose of nuclear safety. 

In the present work, increase of bubble size, coalescence and breakup 
were not considered. It is necessary to implement this phenomenon for 
accurate comparison with experimental results such as the void fraction. 
This will be implemented in a future work. The bubble-induced turbu
lence models, which are not adopted in this study, will improve the 
accuracy of the results. 
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