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Abstract We have shown that in holographic superconduc-
tivity theory for 3+1 dimensional system, the scaling dimen-
sion of Cooper pair operator can be obtained as a quantized
value if we request that the the scalar function describing the
order parameter is finite inside the black hole as well as out-
side. This should be contrasted to the usual situation where
we set the mass squared of the scalar by hand. Our method
can be applied to any order parameters.

1 Introduction

Calculating the anomalous dimension in the interacting field
theory is highly non-trivial task. Even in holographic theory
[1,2], scaling dimension has been the input data which was
set to be an integer A = 1, 2 by hand. Certainly this is not
desirable, because, for example, the scaling dimension of the
Cooper pair operator can not be an arbitrary number, and the
detailed behavior of the superconductivity depends on this
number very sensitively.

In this paper, we analyze the gap equations of holographic
superconductors in 3+1 dimension and show that in the pres-
ence of the horizon, the regularity of the condensating solu-
tion inside the black hole provides a simple way to calculate
the scaling dimension, because the higher order singularity
requests extra regularity in the solution, leading to the quan-
tized value of the scaling dimension. And we require that
the solution is a polynomial after factoring out the singular
pieces. Then the solution automatically satisfies the horizon
regularity, which is the condition usually imposed in the lit-
erature.
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We analyzed analytically all the allowed spectrum in the
probe limit of the background gravity near the critical tem-
perature. The lowest possible scaling dimension is A = 2
and the next one is about 3.6.etc. This is analogous to the
energy quantization in Schroedinger equation. The general-
ity of our method comes from the ubiquitous appearance of
the Heun’s equation in the holographic setup of symmetry
breaking regardless of the spin of the matter fields or dimen-
sion of the bulk spacetime [1-4].

2 Set up

We consider the action [5],

1
S = /dd+1x1/—|g| <_ZF’%" - |DM\1/|2 _ m2|\y|2) ’
e))

where |g| = det g;;, D,V = 9, —igA, and F = dA, and
A = &dt. Following the Ref. [5], we start with the fixed
metric of AdS,41 blackhole,

ds* = —f(r)dtz—i—d—r2 +r2dx?, fry=r*|1- ﬁ
f) ’ rd)

2

In this letter, we will consider only d = 4 for technical
simplicity. The AdS radius is set to be 1 and ry, is the radius
of the horizon. The temperature is given by 7' = %rh as

usual. The field equations become

AV d—1+z7%4dv
dz? z(1 —z9) dz
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dz? z dz

=0. 3)

with the coordinate z = rj/r. One should notice that the
regions z > 1 and 0 < z < 1 are inside and outside of the
black hole respectively. Here, W (z) is the scalar field and the
electrostatic scalar potential A; = ®.

Near the boundary z = 0, we have

() =40 + 22 (),
D) =p—(p/r) 22+ “

where A4 are related by Ay + A_ = d and u and p are
the chemical potential and the charge density, respectively.
Once A is determined, m? follows using m? = A(A—d). We
restrict ourself to the near critical temperature where probe
solution can be trusted [6].

3 Near critical temperature

The critical temperature is determined [7] by the the Sturm
Liouville eigenvalue A. In this section, we will find the rela-
tion between A, and the scaling dimension A. This section is
a brief review of our previous work [8].

At the critical temperature 7., ¥ = 0, so Eq. (3) tells us
®" = 0 near there. Then, we can set [7]

®(z) = Are(1 —x) where A = (5)

ﬁ‘wl ko)

where x = z2 and r. is horizon radius at the critical temper-
ature. For T — T, the field equation W approaches to [§]

d2\11+ 1+ x2 d\I/+ m? v A2 "
dx?2 " x(1—=x2)dx  4x2(1 —x2) 4x(1 +x)2
(6)
where A = gi. The critical temperature is given by [7,8]
d 1 /gp 3
T, = Lp =2 (—) , 7
C T 4x e T\ A 7
ford = 4.
Factoring out the behavior near x = 0 and x = —1, we
have
(Oa) a —1/2
W(x) = X2 (14 x) My ). (®)
Varp Y
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Here, y is normalized by y(0) = 1 and we obtain

@_’_(@ L‘i‘ ,Oz)dy

X x—1 x+1

wo wi w2
-0 =0,
+<x+x—l+x+1>y
po=A—-1, p1=1 p=1-A,
A by
— A (CA4E 1),
where § ° %(2 T3+l 9)
wlzg(A _2)")1

wy = § (—A2 +4A% — 222 —22).

Equation (9) is the Heun’s differential equation [9] that has
four regular singular points at x = 0, 1, —1, co. Substituting
y(x) = Z;’O:O d,x" at |x| < 1 into (9), we obtain a three-
term recurrence relation:

ay dyy1 + Bndy + vy dy—1 =0, (10)
forn > 1, with

o, =m+1Dn+A-1)
Bo=—502n+A—-1-3%) (11)
m=—(—1+5-1%)".

The first two d,’s are determined by «od; + Body = 0
and dy = 1, the latter of which is due to the linearity of the
equation.

Now we assume that the series converges at x = 1. For
this, we introduce the concept of ‘minimum solution’: let
Eq. (10) X (n), Y (n) be the two linearly independent solu-
tions for d,,. X (n) is called a minimal solution of Eq. (10)
if lim,, o X(n)/Y(n) = 0 and not all X(n) = 0. It has
been known [9] that we have a convergent solution of y(x)
at |x| = 1 if and only if the three term recurrence relation
Eq. (10) has a minimal solution. Equation(10) has two lin-
early independent solutions d; (n), d>(n). One can show that
[10] for large n,

dy(n) ~n~!,
1(n) ~n 1 (12)
dy(n) ~ (=1)"n~174,
which says lim,_ o d2(n)/di(n) = 0, because . > 0.
Therefore d»(n) is a minimal solution.

Now, we are in the position to calculate the 1. According
to Pincherle’s Theorem [10], (d;,),eN is the minimal solution
if the continued fraction

oY1
Bo — oy =0, (13)
172
B — .y
23
B2 —
By — -
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Fig. 1 X vs A: Blue and red colored curves are for N = 30, 31 respec-
tively in det (My«n) = 0. Two dotted points are those given by the
first two polynomial solution obtained by Eqs. (18) and (20). They are
on the curve of values calculated by the Pincherle’s theorem method,
showing the consistency of the two calculations

ooyl K1y2 62)3 UN—-1VN

. =0,
Bi— Ba— B3— BN

or, fo— (14)

for sufficiently large N. One should remember that o, By, ¥u's
are functions of XA so that eigenvalues are the solution of the
above equation. Notice also that Eq. (14) becomes a polyno-
mial of degree 2N + 2 with respect to A.

Therefore, the algorithm for finding A for a given A is as
follows:

We substitute Eq. (11) into Eq. (14).

Choose a finite N and workout Eq. (14).

Find the zeroes of this equation.

Increase N until the root converges to a constant value
within the desired precision [11].

Sl e

We find their roots by calculating the continued fraction
using Mathematica. The result is given as the real line of the
Fig. 1. We are only interested in the smallest positive real
root of A. We choose N = 30, 31. Notice that there are two
branches in the shaded region, 1 < A < 3/2, which means
that there is no well defined eigenvalues in this regime.

We find that a good fit for the numerical result can be given
by

A~ 1.18A%3 —0.97 for 3/2 <A <4, (15)

so that the eigenvalue is a continuous function of A. The
critical temperature can now be calculated by Eqgs. (7) and
(15). On the other hand, for 1 < A < 3/2 which s the shaded
region in Fig. 1, A hence the critical temperature is not well
defined. Therefore in this paper we only consider the region
A >3/2.

4 Scaling dimension from the black hole interior

Now we come back to our main goal, the determination of
the discrete values of allowed scaling dimension.

If we include the interior of the black hole as well as
outside as the domain of the Heun’s equation, Eq. (9) should
be a polynomial, because Eq. (12) shows that the infinite
series is divergent at x > 1. If the degree of the polynomial
is N, then we need to impose
dy #0, dny1 =dy42 =0, (16)
which is necessary and sufficient condition for the solution
to be a degree N polynomial. The equation (10) request that
yn+1 = 0 should hold as well. Then, there are essentially
two conditions for which we need to impose

yn41 =dyy1 =0 for degree N € Ny, (17)
because in this case dy4+2 = 0 iff yy4+1 = O under the
assumption of dy41 = 0. Notice that since all d,, are func-

tions of the parameters in the differential equation, there
should be at least two parameters which can be fine tuned
to satisfy above two conditions. This means that in our case
there are two parameters which should be quantized. We call
them ’eigenvalues’. We remind the readers that for the hyper-
geometric case which has only three singularities at 0, 1, oo,
the recurrence equations involve only two terms (d,, d;+1)
after factoring out the solution’s behaviors near the singu-
larities at the zero and infinity, and we only need to impose
dy+1 = 0 which gives us quantization of one parameter,
the energy in Schroedinger equation for example. For the
system with more than three singularities, we meet three or
more term recurrence relation, which is our case.

Now coming back to our case, if the equations con-
tains exactly two parameters, they are generically quantized,
because the solutions corresponds to the intersection points
of the two curves defined by Eq. (17). In our case, we have A
and A and these parameters are quantized. More explicitly,
from Eq. (11), By4+1 = 0 gives
A=2N + A. (18)

One interesting consequence of this result is that our solu-
tion of scalar field given in (8) always has asymptotic behav-
ior which saturate to the finite constant. That is, although
y is a polynomial, the scalar function itself has well defined
asymptotic value at 7 — oo.. Ithappened to be finite although
we never requested its finiteness.

(Oa)
V2rp

Yx — o0) >~ (19)
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Fig. 2 aWV(x)forN =0, 1, 2. Here, wesetif
h
And W (x — 00) is finite constant. b N=30

-0.5

= 1 forconvenience.

We plot solutions W (x) for N = 0, 1, 2 and 30 in Fig. 2.
In fact, the issue of the solution of holographic superconduc-
tor inside black hole was studied in recent paper by Hartnoll
et al. [12] from the different perspective. Our result corre-
sponds to the solution to the linearized level. Nevertheless,
the oscillation and its death are the same features for large
polynomial order.

Now, dyy+1 = 0 gives a N + 1-th order polynomial in
A, which we call Py, so that Py41(A) = 0. Low-order
expressions of these polynomials are given by

Pi(A) = A(A -2),
Pa(A) = A* — 1247 — 16, (20)
P3(A) = (A — 2)(A +4) (A +2A% —36A% — 8A? 4 256).

@ Springer
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Fig. 3 Allowed A vs N

These tell us that

N=0: A=2, and A =2,

N=1. A=vV6+2J13, and A =2+ A.
N=2 A=2,v8/6+17—1, andx =4+ A.

Figure 1 shows us that above allowed values (A, L) =
(2,2) and (3.635,5.635) as N = 0, 1 are placed on the line
of the A, A, which would be obtained by Pincherle’s method
when we request that the solution is well defined only outside
the black hole. We remark that we did not set m%l, =-2to
get A = 2. Our method can be regarded as a calculational
tool for A. Also, notice that on the allowed points are on the
curve obtained in the previous section. See the black dots in
Fig. 1. Figure 3 shows us all A’s up to N = 20. Due to the
relation (18), lower A and lower N solutions are more stable
under the perturbation since they give lower eigenvalue .

5 Regularity conditions

In the presence of the black hole, we often imposes con-
straints by requesting that the differential equation is well
defined at the horizon. Then it is an urgent question whether
such regularity constraints imposes further quantization con-
dition. We will show below that this is not the case.

We consider the differential equation such as

E//( )+Z

-0, ()

with Zﬁ:o w; = 0. We set by = 0 for the ease of the anal-
ysis. The case k = 2 is the Heun’s equation. The regularity
conditions at three singularities at finite positions are

biby (poE'(0) + E(0)wp) = 0,
b1 (b1 — b2) (p1E' (b1) + w1 E (b1)) =0, (22)
by (by — by) (p2E' (b2) + waE (b2)) =
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The solution of Eq. (21) is expressible by a Frobenius
series. According to Fuchs’ theorem, its radius of conver-
gence is at least as large as the minimum of the radii of
convergence of ZI;:O Zf 2,- and Z.];:() Zfij. If we require
that the domain of a solution of Eq. (21) is entire complex
plane or real line, the solution should be a polynomial. Sup-
pose it is of degree N. After factoring out the behavior near
z = oo and dividing the Eq. (21) by E”(z), the following is
the leading terms near z = oo:

2 2 2
Yobjwi+ N> pj+N—1||+2z> w;=o0.
j=1 j=0 j=0

(23)

The vanishing of the second term is the regularity con-
dition which was already required in the definition of the
Fuchsian equation. The first term requests:

2 2
D bjwi+ N> pj+N—-1]|=0. (24)
j=1 j=0

which is the condition for the solution to be a polynomial of
degree N. From Egs. (22) and (24), we have 4 conditions to
be satisfied. One may worry that the problem could be over
determined and in general we might not have a solution. So
our question is how many of these regularity conditions are
automatically satisfied due to the equation of motion. We will
prove that all regularity conditions are satisfied automatically
by the solution of equation of motion. Therefore the regular-
ity condition will not request any further constraint. For this
we repeat the calculation in slightly more general setting.
Let E(z) = ) 2 dnz" and substitute it into Eq. (21).

Yo ndn1z Y FadZ + Y yudnaZt =0 (25)
n=0 n=1

n=0
with
ay =biby(n+1) (n+ po) ,

Bu=wob, —n (1 = DB + 6303 = 0)%). (26)
Vn = (blwl - bzw}o) +@m-=1 (P?O +n— 2) ,

where b,21 = Z?:l bj, :0,20 = Z?:o Pj» (bp),21 = Z?:l
bjpjand wly = Z}:o w;. Then Eq. (25) becomes

o
aodi + Bodo + ) (@udyt1 + Budn + Yadn—1) 2" = 0.
n=1

27)

As before, for the series to terminate at dyz”, we need
aody + Bodo =0,
dndp+1 + Budn + vudn—1 =0, for alll <n
dvt1 =0, yyy1 =0. (28)

With these, the LHS of the first regularity condition of
Eq. (22) is

b1b; (d1po + dowo) , (29)

which vanishes by the first relation of Eq. (28). The LHS of
the second regularity condition of Eq. (22) becomes

00
Z (&ndn+1 + Bndn + ?ndn—l) b}],l + b1ba (d1po + dowy) ,
n=1

(30)
with

Gy =ay — biban(n + 1),
Bn = B + (b1 + b2) (n — Dn,
Po=vn—(n—2)n—1).

All terms in Eq. (30) vanish due to the Eq. (28). We can
easily check @,, 8, and y, have the following relation

G + Bui1b1 4 Pusabl = ap + Bui1b1 + yuiabi.

Now, notice that

> (Gndart + By + 71 ) b (1)

n=1

= 3" Bdur (& + Boibs + Fasab?)

n=1

+bid1 B1 + bidi7 + bidoiy (32)
= Zb?dn+l (an + Buy1b1 + )/n+2b%> ,

n=1

+B1bidr + byadi + biyido, (33)
=Y (@ndnt1 + By + Yudp—1) b} =0 (34)
n=1

which vanishes by the recurrence relation in Eq. (28). The
regularity conditions at z = by in Eq. (22) is satisfied by
by — by. Finally the second equation of Eq. (24) is equiv-
alent to yy4+1 = 0 as one can see from the expression in
Eq. (26). Therefore, all the 4 regularity conditions are auto-
matically satisfied by the polynomial solutions of the equa-
tion.
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6 Discussion

Our work is for AdSs dual to a 3+1 dimensional system. For
AdS4 blackhole, we have a technical difficulty in applying
our method: while AdSs metric is even under the 7 — —z
reflection, we do not have such symmetry in AdSy4. Therefore
we can not reduce the singularity of the differential equation.
As a consequence, the Heun’s equation leads us to a four term
recurrence relation. In this case, for a solution to be valid
inside the black hole, we need at least 3 parameters while we
have only two.

We also would like to mention the key difference from
the previous literatures. While the previous solutions request
just the regularity of the solution near the horizon, we claim
that the horizon regularity condition implies the regularity at
the center of black hole [13].
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