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Abstract: In this paper, we prove the Pontryagin maximum principle, which constitutes the
necessary optimality condition, for the infinite-dimensional optimal control problem of X-valued
left Caputo fractional evolution equations, where X is a Banach space. An important step in the
proof to obtain the desired Hamiltonian maximization condition is to establish new variational
and duality analysis. While the former is characterized by a linear X-valued left Caputo fractional
evolution equation via spike variation, the latter requires the adjoint equation characterized by a
linear X∗-valued right Riemann-Liouville (RL) fractional evolution equation, where X∗ is a dual
space of X. We show the variational and duality analysis with the help of the infinite-dimensional
fractional version of the technical lemma and the explicit representation of solutions to linear
(Caputo and RL) fractional evolution equations using left and right RL state-transition evolution
operators.
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1. INTRODUCTION

Fractional derivatives and integrals can be viewed as gen-
eralizations of their classical notions to any real arbi-
trary order. They have been applied to study (finite-
and/or infinite-dimensional) fractional differential equa-
tions, which enables us to analyze more general and ex-
traordinary phenomena observed in real world. Indeed,
various types of fractional differential equations and their
applications were considered in applied mathematics, sci-
ence, engineering, and economics; see (Kilbas et al., 2006;
Diethelm, 2010; Zhou, 2016) and the references therein.

Infinite-dimensional optimal control has been studied ex-
tensively in various settings, which requires dealing with
evolution equations driven by a (possibly unbounded)
linear operator, which could be a generator of the C0-
semigroup of bounded linear operators. In fact, the
infinite-dimensional control theory is essential to study
several important classes of optimal control problems,
including control of partial differential equations (PDEs)
and delayed systems, in an abstract way; see (Li and
Yong, 1995; Fattorini, 1999; Fabbri et al., 2017) and the
references therein.

� This work was supported in part by the National Research

Foundation of Korea (NRF) Grant funded by the Ministry of Science

and ICT, South Korea (NRF-2021R1A2C2094350) and in part by

Institute of Information & communications Technology Planning and

Evaluation (IITP) grant funded by the Korea government (MSIT)

(No.2020-0-01373).

In the case of finite-dimensions, the maximum princi-
ple, which constitutes the necessary optimality condi-
tion, for fractional optimal control problems was stud-
ied in (Bergounioux and Bourdin, 2020; Ali et al., 2016;
Kamocki, 2014; Yildiz et al., 2020; Almeida et al., 2021;
Lin and Yong, 2020). On the other hand, the classical
maximum principles for nonfractional infinite-dimensional
optimal control problems were obtained in (Li and Yong,
1995; Krastanov et al., 2011; Fattorini, 1999; Frankowska
et al., 2018; Breitenbach and BorzÍ, 2020; Zhang et al.,
2020; Liu et al., 2020). There are some results on existence
and uniqueness of (mild) solutions for infinite-dimensional
fractional evolution equations (Zhou, 2016; Chen et al.,
2014; Sin et al., 2018; Wang and Zhou, 2011; Lizama,
2019). However, it is quite surprising that the maximum
principle for infinite-dimensional optimal control problems
of fractional evolution equations has not been studied until
now, which we address in this paper.

In this paper, we prove the Pontryagin maximum princi-
ple for the infinite-dimensional optimal control problem
of X-valued left Caputo fractional evolution equations,
where X is a (possibly infinite-dimensional) Banach space
(see (P) in (6) and Theorem 3). An important step in
the proof to obtain the desired Hamiltonian maximiza-
tion condition (see Theorem 3) is to establish variational
and duality analysis (see Section 4). While the former is
characterized by a linear X-valued left Caputo fractional
evolution equation via spike variation, the latter requires
the adjoint equation characterized by a linear X∗-valued
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evolution equations driven by a (possibly unbounded)
linear operator, which could be a generator of the C0-
semigroup of bounded linear operators. In fact, the
infinite-dimensional control theory is essential to study
several important classes of optimal control problems,
including control of partial differential equations (PDEs)
and delayed systems, in an abstract way; see (Li and
Yong, 1995; Fattorini, 1999; Fabbri et al., 2017) and the
references therein.
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In the case of finite-dimensions, the maximum princi-
ple, which constitutes the necessary optimality condi-
tion, for fractional optimal control problems was stud-
ied in (Bergounioux and Bourdin, 2020; Ali et al., 2016;
Kamocki, 2014; Yildiz et al., 2020; Almeida et al., 2021;
Lin and Yong, 2020). On the other hand, the classical
maximum principles for nonfractional infinite-dimensional
optimal control problems were obtained in (Li and Yong,
1995; Krastanov et al., 2011; Fattorini, 1999; Frankowska
et al., 2018; Breitenbach and BorzÍ, 2020; Zhang et al.,
2020; Liu et al., 2020). There are some results on existence
and uniqueness of (mild) solutions for infinite-dimensional
fractional evolution equations (Zhou, 2016; Chen et al.,
2014; Sin et al., 2018; Wang and Zhou, 2011; Lizama,
2019). However, it is quite surprising that the maximum
principle for infinite-dimensional optimal control problems
of fractional evolution equations has not been studied until
now, which we address in this paper.

In this paper, we prove the Pontryagin maximum princi-
ple for the infinite-dimensional optimal control problem
of X-valued left Caputo fractional evolution equations,
where X is a (possibly infinite-dimensional) Banach space
(see (P) in (6) and Theorem 3). An important step in
the proof to obtain the desired Hamiltonian maximiza-
tion condition (see Theorem 3) is to establish variational
and duality analysis (see Section 4). While the former is
characterized by a linear X-valued left Caputo fractional
evolution equation via spike variation, the latter requires
the adjoint equation characterized by a linear X∗-valued

right Riemann-Liouville (RL) fractional evolution equa-
tion, where X∗ is a dual space of X. We show the varia-
tional and duality analysis with the help of the infinite-
dimensional fractional version of the technical lemma (see
Lemmas 4 and 5) and the explicit characterization of
solutions to linear (Caputo and RL) fractional evolution
equations using left and right RL state-transition evolution
operators (see Lemmas 6 and 7).

Our technique for proving the maximum principle in
Theorem 3 (see Section 4) is significantly different from
the above-mentioned classical results for finite-dimensional
fractional optimal control problems (see (Bergounioux and
Bourdin, 2020; Ali et al., 2016; Kamocki, 2014)) and for
nonfractional infinite-dimensional optimal control prob-
lems (see (Li and Yong, 1995; Krastanov et al., 2011;
Fattorini, 1999)). Specifically, in our variational analysis
(Section 4.1), we apply a fractional calculus approach to
obtain the precise estimates of the variational equation
under spike variation (see Lemma 5), in which the key
technical lemma (see Lemma 4) can be seen as an exten-
sion of the classical nonfractional one in (Li and Yong,
1995, Corollary 3.9, Chapter 4). Moreover, in our duality
analysis (see Section 4.2), it is essential to obtain explicit
representations of solutions to linear (Caputo and RL)
fractional variational and adjoint equations in terms of the
associated RL state-transition evolution operators, which
has not been reported in the existing literature. Indeed,
the maximum principle of this paper (see Theorem 3)
is new in the optimal control problem context and its
proof requires development of a new technique, both of
which are not reported in the existing literature. We also
mention that the infinite-dimensional maximum principle
of integral-type evolution equations was studied recently
in (Ding et al., 2022).

Our paper is organized as follows. We provide the problem
statement in Section 2. The statement of the maximum
principle is given in Section 3, and its proof is provided in
Section 4. An example is given in Section 5. We conclude
this paper in Section 6.

2. NOTATION AND PROBLEM STATEMENT

2.1 Notation and Preliminaries on Fractional Calculus

In this subsection, we provide the notation and some
preliminary results on fractional calculus. More detailed
results on fractional calculus can be found in (Kilbas et al.,
2006; Zhou, 2016).

Let Rn be the n-dimensional Euclidean space and R := R1,
where the norm in Rn is defined by |·| := |·|Rn . Let 1A(·) be
the indicator function of any set A. Let Γ be the Gamma
function. Let [0, T ] with T < ∞ be the (finite) time-
horizon. Let ∆ := {(s, t) ∈ [0, T ]× [0, T ] | 0 ≤ s < t ≤ T}
and ∆̄ be the closure of ∆. In this paper,M ≥ 0 is a generic
constant, whose exact value varies from line to line.

Let X be a Banach space with norm | · |X, and X∗ the dual
space of X, i.e., the space of all bounded (or continuous)

linear functionals on X. The norm on X∗ is defined by
|f |X∗ := supx∈X, |x|X≤1 |f(x)| for f ∈ X∗. Let 〈·, ·〉X∗,X

be the usual duality paring between X and X∗. We write
〈·, ·〉 := 〈·, ·〉X∗,X when there is no confusion. The set of
linear bounded operators from X to another Banach space
Y is denoted by L(X,Y). Note that L(X) := L(X,X). Let
|A|L(X,Y) be the (operator) norm of A ∈ L(X,Y). Let
I ∈ L(X) be an identity operator. Let A∗ ∈ L(Y∗,X∗) be
the adjoint operator of A ∈ L(X,Y), i.e., 〈A∗y∗, x〉X∗,X∗ =
〈y∗, Ax〉Y∗,Y. Clearly, A

∗ ∈ L(Y∗,X∗) is also linear and
bounded.

We say that f is a Banach space valued function on [0, T ] if
f : [0, T ] → X. Note that the integration of Banach spaced
valued functions is understood in the Bochner sense (Li
and Yong, 1995, page 45). For 1 ≤ p ≤ ∞, let Lp([0, T ];X)
be the usual Lp-space with norm ‖·‖Lp . Let C([0, T ];X) be
the space of X-valued continuous functions on [0, T ] with
norm ‖ · ‖∞. AC([0, T ];X) denotes the space of absolutely
continuous X-valued functions on [0, T ].

Definition 1. (i) For f(·) ∈ L1([0, T ];X) and t ∈ [0, T ],
the left Riemann-Liouville (RL) fractional integral
Iα0+[f ] of order α > 0 is defined by

Iα0+[f ](t) :=

∫ t

0

(t− s)α−1

Γ(α)
f(s)ds.

(ii) For f(·) ∈ L1([0, T ];X) and t ∈ [0, T ], the right RL
fractional integral IαT−[f ] of order α > 0 is defined by

IαT−[f ](t) :=

∫ T

t

(s− t)α−1

Γ(α)
f(s)ds.

(iii) For α = 0, we set I00+[f ](·) := I0T−[f ](·) := f(·). �

Definition 2. (i) For f(·) ∈ L1([0, T ];X), the left RL
fractional derivative Dα

0+[f ] of order α ∈ (0, 1) is
defined by

DRL α
0+[f ](t) :=

d

dt

[
I1−α
0+ [f ]

]
(t),

provided that I1−α
0+ [f ](·) ∈ AC([0, T ];X). In this case,

DRL α
0+[f ](·) ∈ L1([0, T ];X).

(ii) For f(·) ∈ L1([0, T ];X), the right RL fractional
derivative Dα

T−[f ] of order α ∈ (0, 1) is defined by

DRL α
T−[f ](t) := − d

dt

[
I1−α
T− [f ]

]
(t),

provided that I1−α
T− [f ](·) ∈ AC([0, T ];X). In this case,

DRL α
T−[f ](·) ∈ L1([0, T ];X).

Definition 3. (i) For f(·) ∈ L1([0, T ];X), the left Caputo
fractional derivative DC α

0+[f ] of order α ∈ (0, 1) is
defined by

DC α
0+[f ](t) := Dα

0+[f(·)− f(0)](t),

where f(·) − f(0) is left RL fractional differentiable
in the sense of Definition 2.

(ii) For f(·) ∈ L1([0, T ];X), the right Caputo fractional
derivative DC α

T−[f ] of order α ∈ (0, 1) is defined by

DC α
T−[f ](t) := Dα

T−[f(·)− f(T )](t),

where f(·)−f(T ) is right RL fractional differentiable
in the sense of Definition 2. �
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right Riemann-Liouville (RL) fractional evolution equa-
tion, where X∗ is a dual space of X. We show the varia-
tional and duality analysis with the help of the infinite-
dimensional fractional version of the technical lemma (see
Lemmas 4 and 5) and the explicit characterization of
solutions to linear (Caputo and RL) fractional evolution
equations using left and right RL state-transition evolution
operators (see Lemmas 6 and 7).

Our technique for proving the maximum principle in
Theorem 3 (see Section 4) is significantly different from
the above-mentioned classical results for finite-dimensional
fractional optimal control problems (see (Bergounioux and
Bourdin, 2020; Ali et al., 2016; Kamocki, 2014)) and for
nonfractional infinite-dimensional optimal control prob-
lems (see (Li and Yong, 1995; Krastanov et al., 2011;
Fattorini, 1999)). Specifically, in our variational analysis
(Section 4.1), we apply a fractional calculus approach to
obtain the precise estimates of the variational equation
under spike variation (see Lemma 5), in which the key
technical lemma (see Lemma 4) can be seen as an exten-
sion of the classical nonfractional one in (Li and Yong,
1995, Corollary 3.9, Chapter 4). Moreover, in our duality
analysis (see Section 4.2), it is essential to obtain explicit
representations of solutions to linear (Caputo and RL)
fractional variational and adjoint equations in terms of the
associated RL state-transition evolution operators, which
has not been reported in the existing literature. Indeed,
the maximum principle of this paper (see Theorem 3)
is new in the optimal control problem context and its
proof requires development of a new technique, both of
which are not reported in the existing literature. We also
mention that the infinite-dimensional maximum principle
of integral-type evolution equations was studied recently
in (Ding et al., 2022).

Our paper is organized as follows. We provide the problem
statement in Section 2. The statement of the maximum
principle is given in Section 3, and its proof is provided in
Section 4. An example is given in Section 5. We conclude
this paper in Section 6.

2. NOTATION AND PROBLEM STATEMENT

2.1 Notation and Preliminaries on Fractional Calculus

In this subsection, we provide the notation and some
preliminary results on fractional calculus. More detailed
results on fractional calculus can be found in (Kilbas et al.,
2006; Zhou, 2016).

Let Rn be the n-dimensional Euclidean space and R := R1,
where the norm in Rn is defined by |·| := |·|Rn . Let 1A(·) be
the indicator function of any set A. Let Γ be the Gamma
function. Let [0, T ] with T < ∞ be the (finite) time-
horizon. Let ∆ := {(s, t) ∈ [0, T ]× [0, T ] | 0 ≤ s < t ≤ T}
and ∆̄ be the closure of ∆. In this paper,M ≥ 0 is a generic
constant, whose exact value varies from line to line.

Let X be a Banach space with norm | · |X, and X∗ the dual
space of X, i.e., the space of all bounded (or continuous)

linear functionals on X. The norm on X∗ is defined by
|f |X∗ := supx∈X, |x|X≤1 |f(x)| for f ∈ X∗. Let 〈·, ·〉X∗,X

be the usual duality paring between X and X∗. We write
〈·, ·〉 := 〈·, ·〉X∗,X when there is no confusion. The set of
linear bounded operators from X to another Banach space
Y is denoted by L(X,Y). Note that L(X) := L(X,X). Let
|A|L(X,Y) be the (operator) norm of A ∈ L(X,Y). Let
I ∈ L(X) be an identity operator. Let A∗ ∈ L(Y∗,X∗) be
the adjoint operator of A ∈ L(X,Y), i.e., 〈A∗y∗, x〉X∗,X∗ =
〈y∗, Ax〉Y∗,Y. Clearly, A

∗ ∈ L(Y∗,X∗) is also linear and
bounded.

We say that f is a Banach space valued function on [0, T ] if
f : [0, T ] → X. Note that the integration of Banach spaced
valued functions is understood in the Bochner sense (Li
and Yong, 1995, page 45). For 1 ≤ p ≤ ∞, let Lp([0, T ];X)
be the usual Lp-space with norm ‖·‖Lp . Let C([0, T ];X) be
the space of X-valued continuous functions on [0, T ] with
norm ‖ · ‖∞. AC([0, T ];X) denotes the space of absolutely
continuous X-valued functions on [0, T ].

Definition 1. (i) For f(·) ∈ L1([0, T ];X) and t ∈ [0, T ],
the left Riemann-Liouville (RL) fractional integral
Iα0+[f ] of order α > 0 is defined by

Iα0+[f ](t) :=

∫ t

0

(t− s)α−1

Γ(α)
f(s)ds.

(ii) For f(·) ∈ L1([0, T ];X) and t ∈ [0, T ], the right RL
fractional integral IαT−[f ] of order α > 0 is defined by

IαT−[f ](t) :=

∫ T

t

(s− t)α−1

Γ(α)
f(s)ds.

(iii) For α = 0, we set I00+[f ](·) := I0T−[f ](·) := f(·). �

Definition 2. (i) For f(·) ∈ L1([0, T ];X), the left RL
fractional derivative Dα

0+[f ] of order α ∈ (0, 1) is
defined by

DRL α
0+[f ](t) :=

d

dt

[
I1−α
0+ [f ]

]
(t),

provided that I1−α
0+ [f ](·) ∈ AC([0, T ];X). In this case,

DRL α
0+[f ](·) ∈ L1([0, T ];X).

(ii) For f(·) ∈ L1([0, T ];X), the right RL fractional
derivative Dα

T−[f ] of order α ∈ (0, 1) is defined by

DRL α
T−[f ](t) := − d

dt

[
I1−α
T− [f ]

]
(t),

provided that I1−α
T− [f ](·) ∈ AC([0, T ];X). In this case,

DRL α
T−[f ](·) ∈ L1([0, T ];X).

Definition 3. (i) For f(·) ∈ L1([0, T ];X), the left Caputo
fractional derivative DC α

0+[f ] of order α ∈ (0, 1) is
defined by

DC α
0+[f ](t) := Dα

0+[f(·)− f(0)](t),

where f(·) − f(0) is left RL fractional differentiable
in the sense of Definition 2.

(ii) For f(·) ∈ L1([0, T ];X), the right Caputo fractional
derivative DC α

T−[f ] of order α ∈ (0, 1) is defined by

DC α
T−[f ](t) := Dα

T−[f(·)− f(T )](t),

where f(·)−f(T ) is right RL fractional differentiable
in the sense of Definition 2. �



7482	 Jun Moon  et al. / IFAC PapersOnLine 56-2 (2023) 7480–7485

Lemma 1. (Kilbas et al., 2006, Lemma 2.3) For any f(·) ∈
L1([0, T ];X) and α, β > 0, it holds that Iα0+[I

β
0+[f ]](·) =

Iα+β
0+ [f ](·) = Iβ+α

0+ [f ](·) = Iβ0+[I
α
0+[f ]](·). The same result

holds for IαT−[f ]. �

2.2 Problem Statement

Let X be a Banach space, which is the state space. Consider
the following X-valued left Caputo fractional evolution
differential equation on [0, T ] with order α ∈ (0, 1):{

DC α
0+[X](t) +AX(t) = f(t,X(t), u(t)), t ∈ (0, T ],

X(0) = X0 ∈ X,

(1)

where X(·) ∈ X is the state, u : [0, T ] → U is the
control input, and f : [0, T ] × X × U → X is the driver
of the Caputo evolution differential equation in (1). Let
U := {u : [0, T ] → U | u is measurable in t ∈ [0, T ]} be the
set of admissible controls for (1).

Assumption 1. (i) (U, d) is a separable metric space.
(ii) A : D(A) ⊂ X → X, where D(A) is the domain

of A, i.e., the subset of X such that A exists, is a
linear operator such that −A is the generator of the
compact analytic semigroup (T (t))t≥0 of uniformly
bounded linear operators with T (·) : [0, T ] → L(X)
(Pazy, 1983).

(iii) t �→ f(t,X, u) is strongly measurable with f(·, X, u) ∈
L∞([0, T ];X), and (X,u) �→ f(t,X, u) is Lipschitz
continuous, i.e., there is a constant L ≥ 0 such that
for any t ∈ [0, T ] and (X,u), (X ′, u′) ∈ X× U,

|f(t,X, u)− f(t,X ′, u′)|X ≤ L(|X −X ′|X + d(u, u′))

|f(t, 0, u)|X ≤ L(1 + |X|X).
(iv) X �→ f(t,X, u) is continuously Fréchet differen-

tiable, denoted by ∂Xf(t,X, u), with (t,X, u) �→
∂Xf(t,X, u) being bounded in the L∞ sense and
(X,u) �→ ∂Xf(t,X, u) being Lipschitz continuous.
Note that ∂Xf(t, ·, u) : [0, T ]× U → L(X). �

Theorem 2. Let Assumption 1 hold. Then (1) admits a
unique mild solution. Moreover, the solution of (1) can be
expressed by the left RL fractional integral form:

X(t) = X0 − Iα0+[AX(·)](t) + Iα0+[f(·, X(·), u(·))](t). (2)

Finally, for any X0, X
′
0 ∈ X and u(·), u′(·) ∈ U (with

X(t) := X(t;X0, u) and X ′(t) := X(t;X ′
0, u

′)), we have

sup
t∈[0,T ]

|X(t;X0, u)−X(t;X ′
0, u

′)|X (3)

≤ b(T ) +

∫ T

0

∞∑
k=1

(MΓ(α))k

Γ(kα)
(T − s)kα−1b(s)ds

sup
t∈[0,T ]

|X(t;X0, u)|X (4)

≤ b′(T ) +

∫ T

0

∞∑
k=1

(MΓ(α))k

Γ(kα)
(T − s)kα−1b′(s)ds,

where b(t) = |X0 −X ′
0|X +M

∫ t

0
(t− s)α−1d(u(s), u′(s))ds

and b′(t) = |X0|X +M
∫ t

0
(t− s)α−1ds.

The objective functional is given by the following left RL
fractional integral with order β ≥ 1:

J(X0;u(·)) = Iβ0+[l(·, X(·), u(·)](T ) +m(X(T )). (5)

The fractional optimal control problem of this paper is

(P) inf
u(·)∈U

J(X0;u(·)), s.t. (1). (6)

Note that (P) can be regarded as the optimal control
problem for Caputo fractional evolution equations in in-
finite dimensions. The aim of this paper is to derive the
Pontryagin maximum principle for (P).

Assumption 2. (i) l : [0, T ]× X× U → R is the running
cost, where t �→ l(t,X, u) is strongly measurable,
l(·, X, u) ∈ L∞([0, T ];R), and (X,u) �→ l(t,X, u) is
Lipschitz continuous. m : X → R is the terminal cost,
where X �→ m(X) is Lipschitz continuous.

(ii) X �→ l(t,X, u) is continuously Fréchet differentiable,
where (t,X, u) �→ ∂X l(t,X, u) is continuous and
bounded, and (X,u) �→ ∂X l(t,X, u) is Lipschitz
continuous.X �→ m(X) is continuously Fréchet dif-
ferentiable, where X �→ ∂Xm(X) is bounded and
Lipschitz continuous. Note that ∂X l(t, ·, u) : [0, T ] ×
U → L(X,R) = X∗ and ∂Xm(·) ∈ L(X,R) = X∗. �

3. STATEMENT OF MAIN RESULT

Assume that (u(·), X(·)) ∈ U × C([0, T ];X) is the optimal
solution of (P), i.e., u(·) ∈ U is the optimal control of (P)
and X(·) := X(·;X0, u) ∈ C([0, T ];X) is the optimal state
trajectory of (1) controlled by u(·) ∈ U . We let

f(t) := f(t,X(t), u(t)), ∂Xf(t) := ∂Xf(t,X(t), u(t))

l(t) := l(·, X(t), u(t)), ∂X l(t) := ∂X l(t,X(t), u(t))

∂Xm(T ) := ∂Xm(X(T )).

We state the main result of this paper:

Theorem 3. Suppose that Assumptions 1-2 hold. Assume
that (u(·), X(·)) ∈ U ×C([0, T ];X) is the optimal solution
of (P). Then the following conditions hold:

(i) There is a nontrivial P (·) ∈ Lp([0, T ];X∗) (1 ≤ p <
∞) such that P (·) ∈ Lp([0, T ];X∗) is a unique (mild)
solution to the following adjoint equation:




DRL α
T−[P ](t) = −A∗P (t) + ∂Xf(t)∗P (t)

− (T − t)β−1

Γ(β)
∂X l(t), t ∈ [0, T ),

I1−α
T− [P ](T ) = −∂Xm(T ).

(7)

(ii) u(·) ∈ U satisfies the following Hamiltonian maxi-
mization condition:

H(t,X(t), P (t), u(t)) (8)

= max
u∈U

H(t,X(t), P (t), u), a.e. t ∈ [0, T ],

where H : [0, T ]×X×X∗×U → R is the Hamiltonian
defined by

H(t,X, P, u) (9)

:= 〈P, f(t,X, u)〉X∗,X − (T − t)β−1

Γ(β)
l(t,X, u). �

Remark 1. (i) Theorem 3 is different from the nonfrac-
tional infinite-dimensional maximum principles in (Li
and Yong, 1995; Krastanov et al., 2011; Fattorini,
1999), where Theorem 3 involves the RL fractional
adjoint equation and the fractional Hamiltonian.

(ii) If X = Rn and U ⊂ Rp in (P), then Theorem 3
is reduced to the maximum principle for the finite-
dimensional case studied in (Bergounioux and Bour-
din, 2020; Ali et al., 2016; Kamocki, 2014).

4. PROOF OF THEOREM 3

This section proves Theorem 3.

Recall that the pair (u(·), X(·)) ∈ U × C([0, T ];X) is the
optimal solution of (P).

Let ε ∈ (0, 1) and Eε ⊂ [0, T ] a measurable set, whose
Lebesgue measure is |Eε| = εT . Consider the following
spike variation:

uε(t) :=

{
u(t), t ∈ [0, T ] \ Eε,

u(t), t ∈ Eε,
(10)

where u(·) ∈ U . Clearly, uε(·) ∈ U . We introduce the
following Ekeland metric:

d̃(u(·), u′(·)) := {t ∈ [0, T ] | u(t) �= u′(t)}.
Then by definition, it follows that

d̃(uε(·), u(·)) ≤ |Eε| = εT. (11)

Let Xε(·) := Xε(·;X0, u
ε) be the state trajectory con-

trolled by uε in (10). Note that X(0) = Xε(0) = X0.

4.1 Variational Analysis

We begin this subsection by the following technical lemma.
The proof is omitted.

Lemma 4. For any α, ε ∈ (0, 1) and g ∈ L1([0, T ];X) ∩
C([0, T ];X), there is an Eε with |Eε| = εT such that

sup
t∈[0,T ]

∣∣∣
∫ t

0

(t− s)α−1

Γ(α)

(1Eε
(s)

ε
− 1

)
g(s)ds

∣∣∣
X
= o(1). (12)

We define (see the notation in Section 3): f̂(t) :=

f(t,X(t), u(t)) − f(t) and l̂(t) := l(t,X(t), u(t)) − l(t).
Below, we state the variational analysis. The proof is
omitted.

Lemma 5. (Variational Analysis). It holds that

sup
t∈[0,T ]

∣∣∣∣∣
Xε(t)−X(t)

ε
− Z(t)

∣∣∣∣∣
X

= o(1), (13)

where Z is the variational equation given by{
DC α

0+[Z](t) +AZ(t) = ∂Xf(t)Z(t) + f̂(t), t ∈ (0, T ],

Z(0) = 0. �

(14)

Remark 2. The variational equation in (14) can be viewed
as a linear X-valued left Caputo fractional evolution equa-
tion. Its explicit expression of the solution is given in
Lemma 6 in terms of the RL state-transition operator. �

In addition to Lemma 5, we have∣∣∣∣∣
J(X0;u

ε(·))− J(X0;u(·))
ε

− Z(T )

∣∣∣∣∣ = o(1), (15)

where

Z(T ) =

∫ T

0

(T − s)β−1

Γ(β)

(
∂X l(s)Z(s) + l̂(s)

)
ds (16)

+ ∂Xm(T )Z(T ).

To show (15), note that

J(X0;u
ε(·))− J(X0;u(·))

ε
− Z(T )

=

∫ T

0

(T − s)β−1

Γ(β)
lεX(s)

(
Zε(s)− Z(s)

)
ds

+

∫ T

0

(T − s)β−1

Γ(β)

(
lεX(s)− ∂X l(s)

)
Z(s)ds

+

∫ T

0

(T − s)β−1

Γ(β)

(1Eε

ε
− 1

)
l̂(s)ds

+mε
X(T )

(
Zε(T )− Z(T )

)
+
(
mε

X(T )− ∂Xm(T )
)
Z(T ).

Then using the similar approach of the proof for Lemma
5, we are able to show (15).

4.2 Proof of (i): Variational and Adjoint Equations

This section provides the representation results of linear
fractioanl evolution equations. The case of finite dimen-
sions was reported in (Bourdin, 2017; Gomoyunov, 2020).

Lemma 6. The (mild) solution of the variational equation
in (14) is can be written as follows:

Z(t) =

∫ t

0

Π(t, s)f̂(s)ds, (17)

where Π is the X-valued left RL fractional state-transition
evolution operator Π : ∆ → L(X) given by

Π(t, s)x =
(t− s)α−1

Γ(α)
Ix (18)

+

∫ t

s

(t− r)α−1

Γ(α)

(
−A+ ∂Xf(r)

)
Π(r, s)xdr. �

In fact, by Fubini’s formula (see (Bogachev, 2000, Theorem
3.4.4)), we can show that (18) can be rewritten as:

Π(t, s)x =
(t− s)α−1

Γ(α)
Ix (19)

+

∫ t

s

(r − s)α−1

Γ(α)
Π(t, r)

(
−A+ ∂Xf(r)

)
xdr.

As (19) is equivalent to (18), which is expressed in a
backward manner, by Definition 1, (19) is the X-valued
right RL fractional state-transition evolution operator.

Recall the adjoint equation P (·) ∈ Lp([0, T ];X∗) in (7):


DRL α
T−[P ](t) = −A∗P (t) + ∂Xf(t)∗P (t)

− (T − t)β−1

Γ(β)
∂X l(t), t ∈ [0, T ),

I1−α
T− [P ](T ) = −∂Xm(T ).

(20)

Remark 3. The adjoint equation in (20) (equivalently (7))
is the X∗-valued right RL fractional evolution equation
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Remark 1. (i) Theorem 3 is different from the nonfrac-
tional infinite-dimensional maximum principles in (Li
and Yong, 1995; Krastanov et al., 2011; Fattorini,
1999), where Theorem 3 involves the RL fractional
adjoint equation and the fractional Hamiltonian.

(ii) If X = Rn and U ⊂ Rp in (P), then Theorem 3
is reduced to the maximum principle for the finite-
dimensional case studied in (Bergounioux and Bour-
din, 2020; Ali et al., 2016; Kamocki, 2014).

4. PROOF OF THEOREM 3

This section proves Theorem 3.

Recall that the pair (u(·), X(·)) ∈ U × C([0, T ];X) is the
optimal solution of (P).

Let ε ∈ (0, 1) and Eε ⊂ [0, T ] a measurable set, whose
Lebesgue measure is |Eε| = εT . Consider the following
spike variation:

uε(t) :=

{
u(t), t ∈ [0, T ] \ Eε,

u(t), t ∈ Eε,
(10)

where u(·) ∈ U . Clearly, uε(·) ∈ U . We introduce the
following Ekeland metric:

d̃(u(·), u′(·)) := {t ∈ [0, T ] | u(t) �= u′(t)}.
Then by definition, it follows that

d̃(uε(·), u(·)) ≤ |Eε| = εT. (11)

Let Xε(·) := Xε(·;X0, u
ε) be the state trajectory con-

trolled by uε in (10). Note that X(0) = Xε(0) = X0.

4.1 Variational Analysis

We begin this subsection by the following technical lemma.
The proof is omitted.

Lemma 4. For any α, ε ∈ (0, 1) and g ∈ L1([0, T ];X) ∩
C([0, T ];X), there is an Eε with |Eε| = εT such that

sup
t∈[0,T ]

∣∣∣
∫ t

0

(t− s)α−1

Γ(α)

(1Eε
(s)

ε
− 1

)
g(s)ds

∣∣∣
X
= o(1). (12)

We define (see the notation in Section 3): f̂(t) :=

f(t,X(t), u(t)) − f(t) and l̂(t) := l(t,X(t), u(t)) − l(t).
Below, we state the variational analysis. The proof is
omitted.

Lemma 5. (Variational Analysis). It holds that

sup
t∈[0,T ]

∣∣∣∣∣
Xε(t)−X(t)

ε
− Z(t)

∣∣∣∣∣
X

= o(1), (13)

where Z is the variational equation given by{
DC α

0+[Z](t) +AZ(t) = ∂Xf(t)Z(t) + f̂(t), t ∈ (0, T ],

Z(0) = 0. �

(14)

Remark 2. The variational equation in (14) can be viewed
as a linear X-valued left Caputo fractional evolution equa-
tion. Its explicit expression of the solution is given in
Lemma 6 in terms of the RL state-transition operator. �

In addition to Lemma 5, we have∣∣∣∣∣
J(X0;u

ε(·))− J(X0;u(·))
ε

− Z(T )

∣∣∣∣∣ = o(1), (15)

where

Z(T ) =

∫ T

0

(T − s)β−1

Γ(β)

(
∂X l(s)Z(s) + l̂(s)

)
ds (16)

+ ∂Xm(T )Z(T ).

To show (15), note that

J(X0;u
ε(·))− J(X0;u(·))

ε
− Z(T )

=

∫ T

0

(T − s)β−1

Γ(β)
lεX(s)

(
Zε(s)− Z(s)

)
ds

+

∫ T

0

(T − s)β−1

Γ(β)

(
lεX(s)− ∂X l(s)

)
Z(s)ds

+

∫ T

0

(T − s)β−1

Γ(β)

(1Eε

ε
− 1

)
l̂(s)ds

+mε
X(T )

(
Zε(T )− Z(T )

)
+
(
mε

X(T )− ∂Xm(T )
)
Z(T ).

Then using the similar approach of the proof for Lemma
5, we are able to show (15).

4.2 Proof of (i): Variational and Adjoint Equations

This section provides the representation results of linear
fractioanl evolution equations. The case of finite dimen-
sions was reported in (Bourdin, 2017; Gomoyunov, 2020).

Lemma 6. The (mild) solution of the variational equation
in (14) is can be written as follows:

Z(t) =

∫ t

0

Π(t, s)f̂(s)ds, (17)

where Π is the X-valued left RL fractional state-transition
evolution operator Π : ∆ → L(X) given by

Π(t, s)x =
(t− s)α−1

Γ(α)
Ix (18)

+

∫ t

s

(t− r)α−1

Γ(α)

(
−A+ ∂Xf(r)

)
Π(r, s)xdr. �

In fact, by Fubini’s formula (see (Bogachev, 2000, Theorem
3.4.4)), we can show that (18) can be rewritten as:

Π(t, s)x =
(t− s)α−1

Γ(α)
Ix (19)

+

∫ t

s

(r − s)α−1

Γ(α)
Π(t, r)

(
−A+ ∂Xf(r)

)
xdr.

As (19) is equivalent to (18), which is expressed in a
backward manner, by Definition 1, (19) is the X-valued
right RL fractional state-transition evolution operator.

Recall the adjoint equation P (·) ∈ Lp([0, T ];X∗) in (7):


DRL α
T−[P ](t) = −A∗P (t) + ∂Xf(t)∗P (t)

− (T − t)β−1

Γ(β)
∂X l(t), t ∈ [0, T ),

I1−α
T− [P ](T ) = −∂Xm(T ).

(20)

Remark 3. The adjoint equation in (20) (equivalently (7))
is the X∗-valued right RL fractional evolution equation
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with the terminal condition. Its explicit expression of the
solution is given in Lemma 7 in terms of the RL state-
transition operator. �

Lemma 7. (Proof for (i) of Theorem 3). The (mild) solu-
tion of the adjoint equation in (20) can be written as
follows:

P (t) = −Π(T, t)∗∂Xm(T ) (21)

−
∫ T

t

(T − s)β−1

Γ(β)
Π(s, t)∗∂X l(s)ds,

where Π is the X-valued right RL fractional state-
transition evolution operator Π : ∆ → L(X) in (19). �

4.3 Proof of (ii): Duality Analysis and Hamiltonian
Maximization Condition

To prove (ii) in Theorem 3, we obtain the duality analysis
between variational and adjoint equations using Lemmas
6 and 7.

Note that (15) and (16) imply that

0 ≤
∫ T

0

(T − s)β−1

Γ(β)

(
〈∂X l(s), Z(s)〉+ l̂(s)

)
ds

+ ∂Xm(T )Z(T ) + o(1).

As ε ↓ 0, using (17), we have

0 ≤
∫ T

0

〈∫ T

s

(T − r)β−1

Γ(β)
Π(r, s)∗∂X l(r)dr

+Π(T, s)∗∂Xm(T ), f̂(s)
〉
ds

+

∫ T

0

(T − s)β−1

Γ(β)
l̂(s)ds.

Here, to get the last equality, we have used the definition
of the duality paring between X and X∗, the definition of
the adjoint operator (see Section 2.1), and the Fubini’s
formula (see (Bogachev, 2000, Theorem 3.4.4)).

By (21) and (9), (with H(s) := H(s,X(s), P (s), u(s)))∫ T

0

H(s,X(s), P (s), u(s))ds ≤
∫ T

0

H(s)ds.

Since U is separable, there exists a countable dense set
Ui = {ui, i ≥ 1} ⊂ U. Moreover, there exists a mea-
surable set Si ⊂ [0, T ] such that |Si| = T and any
t ∈ Si is the Lebesgue point of H(t,X(t), P (t), u(t)),

i.e., we have limτ↓0
1
2τ

∫ t+τ

t−τ
H(s,X(s), P (s), u(s))ds =

H(t,X(t), P (t), u(t)) (Bogachev, 2000, Theorem 5.6.2).
We fix ui ∈ Ui. For any t ∈ Si, define

u(s) :=

{
u(s), s ∈ [0, T ] \ (t− τ, t+ τ),

ui, s ∈ (t− τ, t+ τ).

It then follows that

H(t,X(t), P (t), u(t)) ≤ H(t,X(t), P (t), u(t)).

Since ∩i≥1Si = [0, T ], H is continuous in u ∈ U, and U is
separable, for any u ∈ U and a.e. t ∈ [0, T ],

H(t,X(t), P (t), u) ≤ H(t,X(t), P (t), u(t)),

which shows the Hamiltonian maximization condition (see
(8)). This is the end of the proof for Theorem 3.

5. EXAMPLE: FRACTIONAL HEAT EQUATION

In this section, we provide an example of (P). Let T = 1.
Let Ω = (0, 1) × (0, 1) × (0, 1) ⊂ R3 and Ω̄ = Ω ∪
∂Ω, where ∂Ω ⊂ R3 is a (smooth) boundary. Recall
L2(Ω) := L2(Ω;R). We denoteHk(Ω) by the usual Sobolev
space of real-valued functions on Ω, whose distributional
derivatives, up to the order k, are square-integrable, and
Hk

0 (Ω) by the closure of C∞
c (Ω) in Hk(Ω), where C∞

c (Ω) is
the set of continuously differentiable real-valued functions
on Ω having the support Ω̄.

With ω = (ω1, ω2, ω3) ∈ Ω̄, consider the following frac-
tional heat equation:



DC α
0+[x(·, ω)](t)

−
( ∂2

∂ω2
1

x(t, ω) +
∂2

∂ω2
2

x(t, ω) +
∂2

∂ω3
1

x(t, ω)
)

= b1(t, x(t, ω)) + b2(t)u(t, ω), (t, ω) ∈ (0, 1]× Ω,

x(t, ω) = 0, (t, ω) ∈ (0, 1]× ∂Ω,

x(0, ω) = x0(ω), ω ∈ Ω.

(22)

The objective functional is given by

(E1) J ′(x0;u(·)) =
∫ T

0

(T − s)β−1

Γ(β)

∫

Ω

(
γ1(x(s, ω)) (23)

+ γ2(u(s, ω))
)
dωds+

∫

Ω

γ3(x(T, ω))dω.

Let X = U = L2(Ω). Let Ax := −( ∂2

∂ω2
1
x + ∂2

∂ω2
2
x + ∂2

∂ω3
1
x),

where x ∈ D(A) = H2(Ω) ∩H1
0 (Ω). Then by (Pazy, 1983,

Theorem 2.7, Chapter 7) and the embedding theorem of
Sobolev spaces, it follows that −A is the generator of
the compact analytic semigroup of uniformly bounded
linear operators on X. Let X(t) := x(t, ·) ∈ X with
X0 := x0(·) ∈ X and u(t) := u(t, ·) ∈ U. By defining
the Nemytskii operator b1(t,X(t))(ω) := b1(t, x(t, ω)), let
f(t,X(t), u(t)) := b1(t,X(t))+b2(t)u(t). Then (22) can be
converted into the following abstract form of the X-valued
Caputo fractional evolution equation:



DC α
0+[X](t) +AX(t)

= b1(t,X(t)) + b2(t)u(t), t ∈ (0, T ],

X(0) = X0 ∈ X.

(24)

Let l(s,X(s), u(s)) :=
∫
Ω
(γ1(x(s, ω)) + γ2(u(s, ω)))dω

and m(X(T )) :=
∫
Ω
γ3(x(T, ω))dω. Then the objective

functional in (23) is equivalent to

J ′(X0;u(·)) =
∫ T

0

(T − s)β−1

Γ(β)
l(s,X(s), u(s))ds+m(x(T )).

We can easily observe that the minimization problem (E1)
is equivalent to the following abstract problem:

(E2) inf
u(·)∈U

J ′(X0;u(·)), s.t. (24).

Notice that (E2) is a special case of (P) of this paper.

Let b1(t,X(t)) = b1(t)X(t), l(s,X, u) = q|X|2X + r|u|2U and
m(X) = m|X|2X, where q, r,m are positive constants. Then
we can easily see that (E2) holds Assumptions 1-2. Hence,
Theorem 3 can be applied to solve (E2).

By applying Theorem 3, the (candidate) optimal solution
is one that maximizes the Hamiltonian, which is given by

u(t) =
Γ(β)

2r(T − t)β−1
b2(t)P (t), t ∈ [0, T ), (25)

where P (·) ∈ Lp([0, 1];X) (here X∗ = X) is the adjoint
equation satisfying



DRL α
T−[P ](t) = −A∗P (t) + b1(t)P (t)

− 2q(T − t)β−1

Γ(β)
X(t), t ∈ [0, T ),

I1−α
T− [P ](T ) = −2mX(T ).

(26)

6. CONCLUSIONS

We have shown the maximum principle for the optimal
control problem of Caputo fractional evolution equations.
In the proof, due to the inherent complex nature of infinite-
dimensional fractional control, we have to establish new
variational and duality analysis to get the desired Hamil-
tonian maximization condition. One important future re-
search direction is the infinite-dimensional fractional con-
trol problem with terminal and running state constraints.
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By applying Theorem 3, the (candidate) optimal solution
is one that maximizes the Hamiltonian, which is given by

u(t) =
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where P (·) ∈ Lp([0, 1];X) (here X∗ = X) is the adjoint
equation satisfying


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T−[P ](t) = −A∗P (t) + b1(t)P (t)

− 2q(T − t)β−1

Γ(β)
X(t), t ∈ [0, T ),
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T− [P ](T ) = −2mX(T ).

(26)

6. CONCLUSIONS

We have shown the maximum principle for the optimal
control problem of Caputo fractional evolution equations.
In the proof, due to the inherent complex nature of infinite-
dimensional fractional control, we have to establish new
variational and duality analysis to get the desired Hamil-
tonian maximization condition. One important future re-
search direction is the infinite-dimensional fractional con-
trol problem with terminal and running state constraints.
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Liu, X., Lü, Q., and Zhang, X. (2020). Finite codimen-
sional controllability and optimal control problems with
endpoint state constraints. Journal de Mathématiques
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