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Abstract

We present a novel geometric approach for determining the unique structure of a Hamiltonian and
establishing an instability criterion for quantum quadratic systems. Our geometric criterion provides
insights into the underlying geometric perspective of instability: A quantum quadratic system is
dynamically unstable if and only if its Hamiltonian is non-elliptic (i.e., hyperbolic or lineal). By
applying our geometric method, we analyze the stability of two-mode and three-mode optomechani-
cal systems. Remarkably, our approach demonstrates that these systems can be stabilized over a wider
range of system parameters compared to the conventional rotating wave approximation (RWA)
assumption. Furthermore, we reveal that the systems transit their phases from stable to unstable, when
the system parameters cross specific critical boundaries. The results imply the presence of
multistability in the optomechanical systems.

1. Introduction

Quantum information processing and communication (QIPC) has developed rapidly in the past few decades.
Optomechanical systems, composite systems of light and mechanical modes interacting by radiation-pressure
force, have been proposed for QIPC applications [1-3]. The theoretical and experimental studies on effects by
radiation pressure on large objects were conducted in the context of interferometers [4]. The optical bistability in
a Fabry—Perot resonator was experimentally demonstrated to vary by radiation pressure [5]. Various quantum
phenomena effected by the optomechanical interaction have been observed, including squeezed optomechanics
[6], cooling of the mechanical mode to its motional ground state [7], generation of optomechanical
entanglement [8], optomechanical induced transparency [9], and optomechanical transduction [10]. As a
prerequisite for QIPC applications, the stability of optomechanical systems has received attention [6—14].

Most studies on the optomechanical systems have focused on stable regions, and the physical mechanism of
instability remains unraveled in more general ranges of physical parameters. The stability condition was
investigated, when the optical cavity is driven by a coherent field; the strength of driving field determines the
effective coupling between the cavity and mechanical modes [2]. In particular, it has been studied in the
assumption of the rotating wave approximation (RWA), with the red-sideband laser (w; + 2 & w,y, where wy,
Q, and w,,, are laser, mechanical, and cavity frequencies, respectively) and/or blue-sideband laser
(WL & Weay + ) [6-14]. In RWA, the red-detuned laser stabilizes a two-mode optomechanical system, while the
blue-detuned laser renders it unstable [12]. For a three-mode optomechanical system, the power of red-detuned
laser needs to be stronger than that of blue-detuned laser to stabilize in RWA [13]. In this paper we generalize
and extend the stability analysis of optomechanical systems to the full range of detuning frequencies and
effective optomechanical couplings, going beyond RWA. We also explore the physical mechanism of instability.

Methods of stability analysis on a quantum system include Routh-Hurwitz method [15, 16]. This method
can be applied even to a system of nonlinear differential equations. It requires, on the other hand, sophisticated
tools to determine stability conditions, and hard to unravel the underlying physics on the stability [17]. An
alternative method can be employed when a system’s Hamiltonian is given in a quadratic form with constant
coefficients. It has been applied well to a classical system [18]. In this work we extend the method to a quantum
quadratic system [19] by employing a geometric picture. The geometric picture is motivated by the observation:
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A single-mode orbit diverges on phase space if it is governed by a non-elliptic equation. We generalize the
geometric picture for multi modes and find a geometrically unique structure of Hamiltonian for a time-
independent quantum quadratic system.

In this paper, we derive an instability criterion for a quantum quadratic system with constant coefficients by
the geometric approach (section 2). The criterion reveals the underlying geometric perspective of instability: A
time-independent quantum quadratic system is dynamically unstable if and only if its Hamiltonian can
transform to be non-elliptic (i.e., hyperbolic or lineal). We then apply the geometric method to the stability
analysis of two-mode and three-mode optomechanical systems (section 3). Expanding the range of physical
parameters beyond RWA, we show that the two-mode system can be controlled dynamically stable even in the
blue-detuning regime, and the three-mode system can be stabilized irrespective of the relative power of the red-
detuned laser to the blue-detuned. We also show that the system transits its phase from stable to unstable, as the
system parameters cross the critical boundaries, i.e., the parameter values at which the Hamiltonian changes its
geometric type from elliptic to non-elliptic. Additionally, we show that the Hamiltonian of an N-mode unstable
quantum quadratic system is transformed to the non-elliptic Hamiltonian by some unitary operation followed
by some symplectic operation in appendix A, giving the explicit forms for a two-mode (three-mode)
optomechanical system in appendix B (appendix C).

2. Non-elliptic Hamiltonians and unstable quadratic systems

We start with the observation that a single-mode orbit diverges on phase space of position x and momentum p if
itis governed by a non-elliptic equation, i.e., ap? — B3x* = const with & > 0and 8> 0[20].If 3 < 0, the orbit
becomes elliptic and is bounded in a finite region on phase space. From this observation, we employ a geometric
approach of orbits on phase space with Hamiltonian diagonalized under symplectic transformations, so that we
analyze the instability of a quadratic system. Here, the diagonalization means that Hamiltonian is given by
squares of canonical variables with constant coefficients.

To introduce the principal idea for a quantum system, we consider the simplest case of a single-mode
unstable system, whose Hamiltonian is given as

H = ap? — B8, (1)

where a > 0, 3> 0, p and £ the momentum and position operators, respectively. The observable operators
satisfy the canonical commutation relations [£, p] = i in unit of 7 = 1. The solution to the Heisenberg equation,
governed by the Hamiltonian (1), is given by

£(t) = 2(0)cosh(2t\/aB) + p(0) % sinh(2t\/a3), Q)
p(t) = p(0)cosh(2t /af) + £(0) B sinh(2t/aB), (3)
(6%

that grow indefinitely as a function of time. In other words, the orbit diverges on the phase space. The divergence
(or the instability) originates from the non-elliptic (i.e., hyperbolic or lineal) structure of Hamiltonian (1). The
Hamiltonian in the form of equation (1) is said non-elliptic. That the Hamiltonian is non-elliptic is a sufficient
condition for the system to be unstable.

We prove that it is also a necessary condition when the Hamiltonian is quadratic, in other words, an unstable
single-mode system is governed by a non-elliptic Hamiltonian. The most general form of a single-mode
quadratic Hamiltonian is given by

Hy = %ETV%: * ﬁ)(ﬁ Zy‘l)(;) @

where é = (&, p)T,and o}, B and 7, are real numbers. On one hand, the stability analysis method in reference
[18] shows that the system is unstable if and only if

a8 < 712- (5)

On the other hand, we apply some symplectic transformation S to diagonalize Vin equation (4), as in reference
[21], into a geometric form of

A | N 5 (6" 0)(X A N
A, =-8"D& =X P)(ﬁ /)(X) —o'P? + g%, (6)
2 0 o' J\P
where & = SE,ID =SJVS™ !, Jisaskew symmetric matrix with elements Jx = —i[é, ék] = —i[éj, ék],

o = [(on + B) + e = B> + 4971 /2,and B = [(oy + B) — (1 — B)? + 4771 /2. Here,
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[

= (X, P)T are the new canonical variables transformed from the original % = (&, p)" by the symplectic

matrix
_ sinf cosf
= (7c030 sin@)’ @)

where tan 20 = 2v,/(cy — (). The geometric form of Hamiltonian ﬁg in equation (6) is non-elliptic with
B <0,ifay 3 < vf. This condition coincides with the one in equation (5) that the system is unstable. A special
case is considered that a; 3 = 712, forwhich 5’ = 0and @/ = a; + ;. Inthe case, the system is ‘free’ with
I:Ig = o/P*, which we also call lineal’ in the geometric perspective. It is remarkable that the non-elliptic
Hamiltonian is the necessary and sufficient condition for the instability of a single-mode quadratic system.

We generalize the equivalence between the non-elliptic Hamiltonian and the instability, for N-mode
quadratic systems. Let us consider Hamiltonian given in general by

N
Hy = ) (apppy + Biifx + vpkiby + 1)
k=1

1ar »
= 55 VE, ®)

where aiji, B, Vjx are time-independent real coefficients with ajx = auj, Bix = By p; and £;are of modej = 1,...,

N,and &€ = (&) ..., x> D) s Pyy)T- To this end, we transform Vin equation (8) by some symplectic matrix Sand
take an interaction picture by some unitary transformation Uj (t), so as to obtain a geometric form of
Hamiltonian H. By the geometric Hamiltonian we investigate the instability of N-mode quadratic system as
testing whether it contains any modes of local non-elliptic Hamiltonians.

Quadratic Hamiltonians in the form of equation (8) can be classified into 6 types of Jordan normal forms
with respect to eigenvalues of JV (see appendix A and references [ 19, 22]), where Jis a skew symmetric matrix for
N modes with elements Jix = —i [2 5 ék]. We show in appendix A that, for all the types, Hamiltonian (8) is
rewritten by

Ay = Hs + Hj, ©)
where Hj; is a geometric Hamiltonian decomposed into a sum of modal geometric Hamiltonians,
. N N > Az
Hg =) Hy= > (a/kP + 04Xp)s (10)
k=1 k=1

where I:Ik is the geometric Hamiltonian of mode k, o’ and 3’ are its real coefficients, and new canonical
variables Py and X result from P, and %; by the symplectic transformation S (see appendix A for the explicit
representation of §). The form of interaction Hamiltonian H varies, depending on the type, while H; always
commutes with Hg, i.e., [H}, Hg] = 0,asin appendix A. The commutation leads us to take the interaction
picture by unitary transformation Uj (t) = exp(—itH}), so that the Hamiltonian in the picture is given by

Ag(t) = Ui AU} (1) = Hg. (11)

It is worth noting that the Hamiltonian Hg(¢) = Hg in the interaction picture, i.e., independent of time, thanks
to the commutation of [F], HG] = 0. Thus, the general quadratic system is governed in the interaction picture
by the geometric Hamiltonian Hy; (10), consisting of independent modes, regardless of its instability. Looking
further into the geometric structure of Hamiltonian (10), we see that H; contains at least one mode of Hj non-
elliptic when the system is dynamically unstable (see appendix A). For a sake of simplicity, we say a multi-mode
Hamiltonian is non-elliptic when it contains any mode of non-elliptic Hamiltonian.

The equivalence between the instability and the specific form of Hamiltonian induces an instability criterion:
A time-independent quantum quadratic system is dynamically unstable if and only if its Hamiltonian is non-elliptic,
which is one of our main results. This criterion allows us to analyze the instability in terms of the geometric
Hamiltonian and also provides us the physical insight for stabilizing quantum systems.

3. Instability of optomechanical systems

Our geometric method is applied to dynamical stability of an optomechanical system. In one case of two modes
(section 3.1), a mechanical oscillator of one mode is a mirror to build an optical cavity of the other mode, as in
figure 1. In the other case (section 3.2), one mode is a middle mirror separating two optical cavities of the other
two modes, respectively, as in figure 4. The optomechanical system has been studied most at sideband driving
frequencies, where it is stabilized by the red-detuned pumping laser, whereas it becomes unstable by the blue-
detuned laser [12]. These opposite effects of the red-detuned and blue-detuned lasers can cooperate as they

3
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Figure 1. Schematic of a two-mode optomechanical system.

simultaneously affect a three-mode optomechanical system. For a three-mode optomechanical system, thus,
one may require that the power of the red-detuned laser is stronger than that of the blue-detuned laser [13]. We
show that these constraints are relaxed beyond the sideband interaction limit.

3.1.Two modes
We consider an optical Fabry—Perot cavity consisting of one mirror firmly fixed and the other movable, as
depicted in figure 1. The movable mirror is modeled as a quantum harmonic oscillator b with annihilation
operator band frequency €. As it is affected by the radiation pressure of cavity, the mechanical oscillator b is
coupled to the optical cavity a with annihilation operator 4 and frequency wc,,. The cavity is pumped by a laser
field with strength x;, and frequency w;. The Hamiltonian in the rotating frame of the laser frequency is given [2]
by

Aun = A d%a + Qb6 — woata(h + 6" — (kmd' + £54), (12)
where A’ = wg,y — wy is the detuning between cavity mode and pumping laser, and x, is the optomechanical
coupling constant. We ‘linearize’ Hamiltonian (12) by assuming the limit of strong pumping, |a|* > (6a76a),
where a is the steady-state amplitude and the deviation 64 = @ — . Similarly, we consider the deviation

6b = b — f3. fromthe steady-state amplitude (3, for the mechanical mode. The approximated Hamiltonian up
to the second order of the deviations is given in a quadratic form of two modes by

Hom 1in = A63"66 + Q6b'6b + (noa" + w*sa)(6b" + 6b), (13)
where Lamb-shifted detuning A = A’ — ko(B; + 3%) = A’ — 2k3|o? /€, and effective coupling constant
K= — Ko = — Kokin/A. Here the amplitudes of steady state are given by o, = k;,,/A and 5, = f<ao|a5|2 /Q[2].
The vacuum states of the deviation modes éa and 6b are given in terms of the original modes a and b by

|0>5a = |as>u and |0>§h = |ﬁs>b) (14)
where | o) and | 3;) are coherent states of modes a and b.

The linearized Hamiltonian H_y, _j;, derived above governs the quantum dynamics of the system near a
given steady-state point { c, 0;}. The analysis of stability against small fluctuations near the steady state is based
on the equations of motion for the deviation modes (associated with Hon_iin) in the presence of noises [6—13].
The requirement for stability can then be derived by applying, e.g., the Routh-Hurwitz criterion [17]. However,
the analytic expressions are quite cumbersome and they can just be practical in numerical works, in finding the
threshold values for a given set of system parameters. In this work, adopting the geometric approach, we explore
the mechanism of instability that arises from the optomechanical interaction, neglecting the noise effects, and
we analyze the quantum dynamics of fluctuations from the linearized Hamiltonian ﬁcm _lin-

To apply our geometric method of instability, we rewrite Hamiltonian (13) in terms of quadratures,

. Ay Qg . A
Ao tin = 7(pl2 + &) + ?(pj + &)+ 20k R+ Rip)R
| R

where & = (84" + 64)/2, p, = i(8aT — 64)/NZ, % = (b + 8b)/NZ, p, = i(6h" — 8b)/ V2,
Kk, = Re(k),and k; = Im(r). Itisreminded that % = (%, %, p,» p,)'. We then find the geometric Hamiltonian
H from the original Hamiltonian Heyjinin equation (15), as in section 2 for N = 2 (see appendix B).

Table | summaries 7 cases of geometric Hamiltonians H and their stabilities in terms of parameters
A, Kgr = JQIA|/4,and Kz = \/(A2 — 02)2/169Q| A|, where three cases (1)—(3) are in red-detuning regime
with detuning A > 0, other three cases (5)-(7) are in blue-detuning regime with A < 0, and the other case (4) is

4
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Table 1. Geometric kinds of modal Hamiltonians H , and stability
for two-mode optomechanical system with respect to critical
parameters Kz = /QA|/4 and Kz = /(& — Q2)?/16QA|.
Cases (1)-(3) are in the red-detuning regime (detuning A > 0), cases
(5)-(7) in the blue-detuning regime (A < 0), and the other case (4) of
resonance (A = 0). A modal Hamiltonian H; is ofa geometric kind
either elliptic, hyperbolic, or lineal (free), when it is in a form of
He]liptic =A (Pz + XZ): I:]hyperbolic =A (152 - XZ)) or Hiineal = )\Pz
for some real number \, whose explicit expression is given in

appendix B.

Case H H Stability
(DA >0,k < Kg elliptic elliptic stable
2)A > 0,|k| =Kr elliptic lineal unstable
(3)A > 0,|k| > Kg elliptic hyperbolic unstable
@A=0 elliptic lineal unstable
(5)YA <0, ]k < Kp elliptic elliptic stable
(6)A <0,|k| =Kp lineal lineal unstable

(7)A <0,|k| > Kp hyperbolic hyperbolic unstable

of resonance A = 0. Here each modal Hamiltonian Hj is said either elliptic, hyperbolic, or lineal (or free), when
itisin a form of I:Ielliptic = /\(}32 + X 2), I:Ihyperbohc =A (ﬁz - X 2), or Hineal = AP? for some real number A
whose explicit expression is given in appendix B. The system is stable in case (1) or (5) as its geometric
Hamiltonian H consists of two elliptic modal Hamiltonians, whereas the other cases are unstable as Hg
contains at least one hyperbolic (or lineal) modal Hamiltonian(s). The stability conditions are given in case (1) by
A >0and QA — 4|k|* > 0,and in case (5)by A < 0and (A + %) > 4QA(QA — 4]x/*). Both cases are
merged to

(A2 + ) > 4QA QA — 4]k]>) > 0. (16)

We prove the inequalities (16) hold in both cases of (1) and (5): For A > 0, the first inequality is trivial and the
second inequality holds by the stability conditions in case (1). For A < 0, the second inequality is trivial and the
first inequality holds by the stability conditions in case (5). The stability conditions in equation (16) coincide
with those in reference [18].

To explain the origin of non-elliptic Hamiltonian, we transform the linearized Hamiltonian (13) to, in the
interaction picture,

N A N i dUy(t
Hcmfint(t) = U()T(t)HcmflinUO(t) - IUO (t)%
= Hy(t) + Hyq (1), (17)
where Uy(t) = exp[— it (A8aT6a + Qb )], and
Fis () = 164T8be" A= 4 1 546h e~ itA-), (18)
Hyy(t) = k6aT6h et B+ 4 *§ashe it A+, (19)

The beam-splitter term I:Ibs, which is resonantat A = €, describes the exchange of excitation between the optical
and mechanical modes, where excitation is created in one mode while being destroyed in the other. On the other
hand, the two-mode squeezing term Hyy, which is resonant at A = — (), represents the down-conversion process

that generates or destroys excitations in both modes simultaneously. While the beam-splitter term Fly can cause
an exchange of energy between the modes, the two-mode squeezing term I-Alsq canlead to an unbounded increase
in energy for both modes, potentially triggering a dynamical instability in the system. Indeed, using the geometric
approach, we find that the geometric structure of Hi,is elliptic for all values of A, €2, and &, indicating that the
system governed by Hly is always stable. Whereas, the geometric structure of l“-AISq varies with the parameters,
appearing elliptic when 2| x| < |A + |, hyperbolic (lineal) when 2| x| > |A + Q| 2|k| = |A + Q). That the non-
elliptic (i.e., hyperbolic or lineal) Hamiltonian governs the system and causes the instability when 2|x| > |A + ],
isin line with our earlier assumption about the effect of the squeezing interaction ﬁsq on the energy of the system at
resonance A = — ). This fact suggests that the squeezing interaction is the origin of the non-elliptic Hamiltonian.
Asaresult, the system is dynamically unstable in a parameter region where the squeezing interaction contributes
dominantly. We show in the following that this provides an intuitive interpretation for all cases in table 1.
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Figure 2. Time evolution of average numbers, (§4754) of the cavity mode (black) and (66 +zShA> of the mechanical mode (red) in a two-
mode optomechanical system with (a) A = 1.5 Qand |x| = 0.9 ,and (b) A = — 1.5 Qand || = 0.2 Q.

For A > 0, the counter-rotating (squeezing) term qu can be neglected by RWA under the condition of weak
coupling (|| < €, A)as |A — Q] < |A + ), so that the system is stable [case (1)]. When the coupling ||
increases and becomes comparable to 2 or/and A, the effect of I—AISq becomes significant, leading to instability in
the system [cases (2) and (3)]. For A < 0, we focus on the weak coupling (|x| < £2,|A[) even though our method
also works in the strong coupling. In the week coupling, Hy, is dominant rather than Hy,as|A+ Q| =]

Al = Q<A + Q] = |A — Q|. Now we take two extremely cases: near resonance of ||A| — Q| < || and far-off
resonance of || A| — Q| > [«|. In the near resonance of || A| — Q| < ||, itis clear that H,, dominates over Hy,, so
that the system is unstable [cases (6) and (7)]. On the other hand, in the far-off resonance of || A| — 2| > ||, both
of qu and Hy, are small and it is necessary to employ the second-order perturbations [23]. Then, the effective
Hamiltonian for the dispersive far-off resonant interactions is given by

N N 2|k|? N Af
Hen—int(t) =~ Hegr = ﬁ(@éa*éa — A8b'8b). (20)
When turning back to Schrodinger picture, the effective Hamiltonian is transformed to
N ~ 20061 Y oaien 2A|K12 Y ot o
Hcmflin ~ (A + m ba'éa + Q- m ob 6b. (21)

Thus, in the far-off resonance, the effective Hamiltonian is that of free harmonic oscillators, so that the system is
stable [case (5)].

We discuss two special situations of the red (A = €2) and blue (A = — 2) sidebands by that the cavities are
driven. Under RWA, the interaction-picture Hamiltonian for the red (blue) sideband is approximated to a
beam-splitter term (18) (a two-mode squeezing term (19)). The dynamics of such a time-independent beam-
splitter (two-mode squeezing) model are governed by trigonometric (hyperbolic) functions over time [24].
While the former belongs to case (1), the latter is part of case (7), included in table 1. Therefore, the known RWA
assumption that the system is stabilized by the red-detuned pumping laser while becoming unstable by the blue-
detuned laser, is no longer valid in general. More precisely, the squeezing term of Hamiltonian triggers the
instability in optomechanical systems. The effect is not solely determined by the type of detuning alone: The
system can become unstable in the red-detuning regime [as shown in cases (2) and (3), illustrated in figure 2(a),
which was experimentally demonstrated in a very recent work [25]], whereas it can be controlled stable in the
blue-detuning regime [case (5), figure 2(b)]. Figure 2(a) shows that the average numbers diverge of the cavity and
mechanical modes when the cavity is driven by a red-detuned laser with A = 1.5€2 > 0. In contrast, figure 2(b)
demonstrates that the average numbers remain bounded in the blue-detuning regime with A = — 1.52 < 0.

In addition, we present the diagrams of stability. Figure 3(a) displays the stability diagram in terms of
dimensionless parameters A = A/Qand|R| := |k|/Q. This diagram encompasses all the cases described in
table 1. Particularly noteworthy are the critical boundaries representing cases (2), (4), and (6). These boundaries
consist of the critical points { A > 0, |x| = Kz}, {A =0,k = 0},and {A < 0, || = Kp} foragiven Q2. At the
critical points the Hamiltonian changes its geometric type from elliptic to non-elliptic. In other words, the
system transits its phase from stable to unstable as the system parameters cross the critical boundaries.
Consequently, the system can be controlled stable in both the red-detuning and blue-detuning regimes by
adjusting the strength and frequency of the pumping field. We now focus our attention on the stable areas. In
figure 3(b), we depict a stability diagram illustrating cases (1) and (5) in terms of A := N/Qand
|Rin] = |K0&inl/Q%. The blue horizontal hatched and orange vertical hatched areas in figure 3(b) correspond to
two distinct stable steady states of the system, respectively, while the dark green cross hatched area represents
their overlap. These two stable steady states conform to the nonlinearity of the optomechanical interaction,
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Figure 3. (a) Stability diagram of a two-mode optomechanical system in terms of dimensionless parameters A := A /Q and

|%| = |x|/€2. The diagram represents all cases listed in table 1: blue horizontal hatched area: case (1), green diagonal hatched area: case
(3), orange vertical hatched area: case (5), purple area: case (7), boundary between green and blue areas: case (2), boundary between
green and orange areas: case (4), boundary between orange and purple areas: case (6). (b) Stable areas corresponding to case (1) (blue
horizontal hatched) and case (5) (orange vertical hatched) in terms of A == N/Qand |&inl = |KoKinl /2.
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Figure 4. Schematic of a three-mode optomechanical system.

where the system exhibits three possible steady states: two stable and one unstable [2]. Furthermore, both steady
states found stable in the dark green overlapping region demonstrates the multi-stability characteristics of an
optomechanical system [26]. It is worth to note that the multi-stability characteristics are distinct from a doubly
degenerate parity-breaking phase that emerges either due to a quantum phase transition or as aresult of a
smooth crossover in the ultrastrong coupling limit [27, 28]. Nevertheless, our general framework in section 2 is
expected applicable to stability analysis relevant to discussions in these works.

It is remarkable that we analyze the stability criteria of a two-mode optomechanical system by its geometric
Hamiltonian in a wide range of system parameters. The extension beyond the limitation of A = =+ {2 enables us
to explore the general stability condition, also to understand more insight into the mechanism causing the
instability of the system. An unstable two-mode optomechanical system is governed by the non-elliptic
Hamiltonian, which originates from the two-mode squeezing interaction term. Although focusing on the
dynamics in the linearization approximation, the resulting geometric Hamiltonian provides an excellent
background for a more general analysis, including noise and nonlinear coupling terms [29, 30].

3.2. Three modes

We consider a three-mode optomechanical system consisting of two fixed mirrors and one movable mirror in
between them, where the movable mirror is one mode of mechanical oscillator and two modes of optical cavities
formed by the movable mirror and the two fixed mirrors, respectively, as in figure 4. The cavities are driven by
two pump lasers, respectively. The Hamiltonian of system Hepc is linearized, as done in section 3.1,

I:Icmcflin = Z A](sajéd] + Q(SBT(SB
j=12
+ Z (/@-6&} + nj-‘é&j)(él; + 6ET), (22)

j=1,2

where 6d; (6b) is the annihilation operator of deviation cavity mode éa; (deviation mechanical mode 6b), x;the
effective optomechanical coupling constant between cavity mode jand the mechanical mode, and A, the Lamb-
shifted detuning between cavity mode jand input laser j.
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Table 2. Symplectic matrix S, which transforms (6d;, 6a,, 5&1%, (5&27 Yto (A, Ay, AIT, A;),
for different values of sand ; withj = 1, 2.

5 Kj s=+
any r; k1] > |k k| < [ral
S. kF Ky 0 0 K00 Ky 0 K3 f1 0
afm =m0 0 0 K Ky O 0
0 0 ni Hz* o kom0 eE 0 0 Ky
0 0 Ky —nK KE 0 0 K 0 K Ky 0

Table 3. Geometric Hamiltonian and stability of the subsystem governed by Hamiltonian H Ay — b I
comparison with the cases from (1) to (7) described in table 1.

€A > 0,anys €A < 0,anys
Cases eA =0,
Ry < Kp ks = Kg Ks > Kg ks < Kp ks = Kp Ks > Kp anys, K
stable 1) )
unstable ) 3) ©) 7) 4)

The stability condition and geometric kinds of modal Hamiltonian Hj , ; for a general three-mode
optomechanical system is shown in appendix C. Here, we focus on a simple case of A} = sA, = A, where the
sign s = + (+ means that both cavity modes are driven by either blue-detuned or red-detuned lasers, whereas

—’ indicates that one cavity mode is driven by a red-detuned laser while the other is driven by a blue-detuned
laser). The choice of A; = £ A, enables us to achieve a simple explicit expression for stability condition. Even
s0, it is general enough to go beyond RWA for any chosen value of A (rather than at the sideband interaction
limit |A] = Q).

By symplectic transformation S, (shown in table 2), Hamiltonian Hee—tin (22) is transformed to (except for

the cases = — 1and |k, | = |k, |, which falls into case (2a) of table C1 in appendix C)
I:L = HAI,&? + se AA;Az (23)

Here, the term H A,—sp describes a subsystem of two modes, A; and 6b, coupling each other by the linearized
optomechanical interaction

Aa_5 = ¢ AA'A + Q86'6D + (A, + A)(8b" + 8b), (24)

where k; = \/||k1|* + s|k,)?| and € = sgn[|xi|* + s|#,)*]. Because the harmonic oscillator mode A, is stable and
completely decouples from modes A; and 6b, the analysis of stability relies on the two-mode optomechanical
Hamiltonian Hj g, enabling us to apply the results obtained in section 3.1. Accordingly, the stability condition
for the system is

(A2 4 Q)2 > 4QA(QA — 4erd) > 0, (25)

which is the same as the condition in equation (16) with A and || replaced by €A and &, respectively. Geometric
Hamiltonian of the sub-system including modes A; and 6b falls into one of the cases listed in table 1 conditional
on the values of 5, €, A, and &, as shown in table 3. Mapping between the system parameters and cases (1)-(7)
tells us specific kinds of modal geometric Hamiltonian for a given set of parameters. For instance, if eA < 0 and
ks > Kp, the system is unstable in the manner of the case (7), where the geometric Hamiltonian of the system
composing of two hyperbolic modal Hamiltonians associated with modes A; and 6b beside an elliptic
Hamiltonian of mode A,.

Similarly to the two-mode system, the system can become unstable even when both cavities are driven by
red-detuned lasers (s = + , €A > 0, k, > Kg), while it can be stable when both cavities are driven by blue-
detuned lasers (s = + , €A < 0, K, < Kp). Besides, the system can be stabilized when s = — and e A < 0, which
corresponds to one cavity driven by a red-detuned laser while the other is driven by a blue-detuned one and
|Fired| < |Kblue|- Here, Kred (blue) represents the interaction coupling strength between the cavity mode driven by a
red-detuned (blue-detuned) laser and the mechanical mode. This fact implies that the power of the red-detuned
laser stronger than that of the blue-detuned one is no longer a necessary condition for stability as the system goes
beyond RWA. To illustrate these interesting cases, figure 5 demonstrates the time evolution of average numbers
for deviation modes da;, 6a,, and 6b of a three-mode system with A} = £ A,.
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Figure 5. Time evolution of average numbers, (84, 64;) of the cavity mode 1 (black), (64 6&,) of the cavity mode 2 (red), and (61?5};)
of the mechanical mode (blue) in a three-mode optomechanical system with (a) A} = A, = 1.5 Q, |ry| = |r2]/0.6 = Q, (b)
Ay =— A =15Q, k| =3|k2|/5=0.15Q.
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Figure 6. Stability diagram of a three-mode optomechanical system as a funtion of || /€2 and | x,| /2 when (a) both cavities are red-
detuned with A} = 3 A, = 1.5 Q, (b) both cavities are blue-detuned with A; = 3 A, = — 1.5 €, and (c) cavity 1 is blue-detuned with
A; = — 1.5 Q, cavity 2 isred-detuned with A, = 0.5 €. Blue area: elliptic Hamiltonian (dynamically stable), white area: non-elliptic
Hamitonian (dynamically unstable).

In addition, the transition of stability from stable to unstable as the system parameters cross the critical
boundaries is observed in a three-mode optomechanical system. For A; = £ A,, the critical points are the same
as ones of a two-mode system with A and || replaced by €A and &, respectively. For a general system with A
and A, arbitrary, the stability phase transition is shown by stability diagrams in figure 6, where the critical
boundaries between stable and unstable areas appears in all three situations: (a) both cavities are red-detuned,
(b) both cavities are blue-detuned, and (c) one cavity is red-detuned while the other is blue-detuned.

We employ the geometric approach to probe the stability of a three-mode optomechanical system, with a
focus on the interactions among two cavity modes and one mechanical mode. A similar analysis can be extended

to the case involving two mechanical and one cavity modes [31], where the cavity is controlled by a single
drive field.

4. Remarks

We present a novel geometric approach for analyzing the stability of a quantum quadratic system, which serves
as a fundamental component in stability theory. Our investigation reveals that a time-independent quantum
quadratic system is dynamically unstable if and only if its (transformed) Hamiltonian is non-elliptic. Applying
this geometric method to optomechanical systems, we derive comprehensive stability criteria that remain valid
across the entire range of system parameters for both two-mode and three-mode configurations. Our findings
demonstrate that the system transits its phase from stable to unstable as the system parameters cross the critical
boundaries. As a result, the system can be controlled stable in all regimes, surpassing the previous understanding
that the system is stabilized by the red-detuning laser for the two-mode case or when the power of the red-
detuned laser is stronger than that of the blue-detuned laser for the three-mode case. In addition, we explore the
mechanism of the instability in optomechanical systems. An unstable optomechanical system is governed by the
non-elliptic Hamiltonian, which originates from the two-mode squeezing interaction term.
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Appendix A. Geometric Hamiltonians of multi-mode quadratic systems

In this Appendix, we describe in detail how to rewrite Hamiltonian of a general N-mode quadratic system in the
geometric form, as in equation (10). We also prove that the geometric Hamiltonian of the system contains at
least one hyperbolic or lineal modal Hamiltonian when the system is dynamically unstable.

In terms of canonical variables £ = (X,...,%n, 131 ey ﬁN ), the Hamiltonian in equation (8) is rewritten in
the quadratic form of

19:%%”@, (A1)

where Visa 2N x 2N real symmetric matrix with constant elements. The Heisenberg equations of motion for &
is given by

d . N N
- 80 =JVE@® = AL®), (A.2)
where Jis a skew-symmetric matrix with elements J; = —i [ b ¢ jl,and A = JVis the equation-of-motion

matrix. Because commutation relations [5 (1), é ;O] = iJ;; are preserved regardless of the time evolution, the
matrix A satisfies the condition

JA+ AT =0, (A.3)

which restricts eigenvalues of A to four classes: nonzero real pairs, purely imaginary pairs, complex quadruplets,
and zeros [22]. More importantly, matrices satisfying the condition (A.3) can be transformed into a Jordan
normal form A; by some symplectic transformation S,

A = §AS ! = 8§ VS = J(STHTVS =TV, (A.4)

where §; satisfies the symplectic condition S/ JS; = J and its form varies over classes of eigenvalues of A;[22].
Under the symplectic transformation S}, the canonical variables £ transform to

g =S¢& (A.5)

The Hamiltonian equation (A.1) is rewritten in terms of the transformed variables é] by
N 1AT A
= 2§ Vi, (A.6)

where V;=J 'A;= — JA,.
Jordan normal forms of H are classified in general into 6 types with respect to subsets of eigenvalues of the
equation-of-motion matrix A [19]. In other words, V;(and A) is given in block diagonal form, i.e.

Vi=V,®V,d .=V (A7)
k

where the block matrices involve mutually independent subsets of modes, and each block belongs to one of the
types. Thus it suffices to consider each block matrix separately. Starting with each block matrix Vj (more
precisely A; ) and identifying its type 7, we employ its Hamiltonian H, in the normal form, as given in reference
[19]. We then show that some symplectic matrix Sy transforms A into the form of equation (9),

a 1 = T r= 2 Y
A = E(:;)ka = A+ A (A.8)

where &, = §] %]Tk and W = [(S{)"']" V] (8{)~". Note that the canonical variables %,Tk and &;, and the
matrices W) and V7 , before and after S/, all depend on type 7and block k. However, as separating each block
matrix V7, of type 7, one by one, we omit script set { 7, k, /} in following discussions, in order to simplify
notations.

Type I—. Type Lis associated with a pair of nonzero and real eigenvalues { £ A|\ > 0} among entire
eigenvalues of A in equation (A.2). Type-I Hamiltonian H is given in the Jordan normal form by (case 1 in

10
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table 2, reference [19])
"ve (A.9)

. D D— 1x
= )‘Z ij Z Jp]+1 = _£ V§,
=1 =1

where D is the length of Jordan chain for type L and V = V; for the given block matrix Vj; of type L in
(&1 5ees RD> P} 0-s Py)T of D modes are those of §; 1 associated with V.

equation (A.7). Here, the variables & =
We employ the symplectic matrix S such that Sé’ = (A]é’ U', where

. D
U = exp —i(w/S)Z(f)jz + 29 | (A.10)

j=1

ByS, E transforms to
é = (Xl,...,XD, pl yeees ﬁD)T = SE, (All)

ETWE/Z = H; + Hy,asin equation (A.8),

and Vdoesto W = (S )T VS~1. Then, H is rewritten by

where
(A.12)

AN D v .
HG*EZ(P]' - X;)
=1

D=1 . o o
= > XjP1 — PXjp1 — X Xji1 + PPy (A.13)

Type IT-. Type Il is associated with a complex quadruplet of eigenvalues {+\, = A" A= A, + i\, A, > 0
)\; > 0} among entire eigenvalues of A in equation (A.2). Type-II Hamiltonian H is given in the Jordan normal

form by (case 2 in table 2, reference [19])
20-2

H=)\ § 2P + A § (xszzj 1= DyRi) + X0 fiby,
j=1 =
(A.14)

where D is the length of Jordan chain for type Il and V = V7 for the given block matrix Vj of type ITin
(R1 ees Bops Py 5eer Pop)T 0f 2D modes are those of &; > associated with

equation (A.7). Here, the variables % =

Vi
We employ the symplectic matrix S such that s¢=U¢ U, where

= exp(—z(ﬂ/S)Z(p + &7 ) (A.15)

By S, £ transforms to
= (Xl ooy XZD) pl yeee> ﬁZD)T = S%) (A16)

= W_./Z = H; + Hy,asin equation (A.8),

1

and Vdoesto W = (S~)TVS~1. Then, H is rewritten by A =

where
2D
Ar (A.17)

= _Z(p

ién > X;Pii2 — PiXiv2 — XiXjp2 + PPyyy)

D
+ XY (XoiPyjo1 — PyiXyio). (A.18)
=1
Type III—. Type 111 is associated with a pair of purely imaginary eigenvalues {+iA\|A > 0}, with odd D, among
entire eigenvalues of A in equation (A.2). Type-IIl Hamiltonian H is given in the Jordan normal form by (case 6

in table 2, reference [19])
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D-1
H= 1032( D/ &j&ps1—j + Bibpiy—) + Z Xy
j=1
_ 55 Ve, (A.19)

where D is the length of Jordan chain, io = £ 1 is determined by generating generalized eigenvectors for type I1I
(seereference [19]), and V= Vj for the given block matrix Vj of type IIl in equation (A.7). Here, the variables
E (&1 5ees XDy P} 0o P)T of D modes are those of £] 1 associated with V.

For D = 1, the normal form Hamiltonian in equation (A.19) is itself the elliptic Hamiltonian of a harmonic
oscillator, i.e., H = ﬁG with

H; = icZ ( pl+%H and Hy=o0. (A.20)
For D > 3, we employ the symplectic matrix S such that s¢ = 0,0 € [71' U; ,where
0y = exp (iGa% — Py 1Pp))s (A.21)
U, = exp (—i(n/HU(P? + 2D 0. (A.22)
By S, £ transforms to
E = Ry Xpy Pr oy Pp)T = SE, (A.23)

and Vdoesto W = (S~)TVS~1. Then, H is rewritten by A = E'"WE&/2 = A; + H,asin equation (A.8),
where

Ag =D+ P, (A.24)

NP S PR - A
Hr = IUEZ (=)' XjXps1-j + PiPpi1—j) + PP,

j=2
A A A A D71 A A
+ icA(PiXp — XiPp) + D XiPii1. (A.25)
j=2

We note that H involves D modes, even though two modes of quadratures P; j, explicitly appear in Hj;.
TypeIV—. Type 1V is associated with a pair of purely imaginary eigenvalues {4iA\|A > 0}, with even D,
among entire eigenvalues of A in equation (A.2). Type-IV Hamiltonian H is given in the Jordan normal form
by (case 5 in table 2, reference [19])
oDl o o
"= EX: > (=D Eidpj + Pis1Ppir—j)

D
. A A 147 2
Z x]xDH_j + pjpDJrlfj) = 56 VE, (A.26)

l\)|q

where D is the length of Jordan chain, and o = + 1 is determined by generating generalized eigenvectors for type
IV (see reference [19]), and V = V; for the given block matrix V}; of type IV in equation (A.7). Here, the
variables & = (& ,...,Xp, P, »..., ppp)! of D modes are those of §; > associated with Vj .

For D = 2, we employ the symplectic matrix S such that S&E=U¢ U, where

U = exp (—i(n/4)(H> + ). (A.27)
By S, £ transforms to
é = (Xl )---)XD> ﬁl eee> pD)T = S%) (A28)

and Vdoesto W = (S~ 1)TVS~1. Then, H is rewritten by H = E'"WE/2 = A, + Hj,asin equation (A.8),
where

I:IG = ﬂ(ﬁlz -+ }322), I:II = O')\(pl}zz — lez). (A29)
For D > 4, we employ the symplectic matrix S such that s¢ =0,01¢ Ul U; , where
01 = exp((—i/D Gy, — fabp)s (A.30)
~ . A A e AT
U, = exp (—i(n/DUI(P + £ ). (A.31)

12
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ByS, é transforms to
é = (Xl 5 XD) Pl yeeey PD)T s (A32)

and Vdoesto W = (S~))TVS—1. Then, H is rewritten byHd = E Wé./Z = Hg + H;,asin equation (A.8),

where
Ao =2 (F + P, (A33)
H; = oA Xp — XiPp) + o(P Xp_, + P,Pp)
+ %g(—l)ﬁl(xjf(pj + PiPpyi))
;\D 1
+ 7}2:2 XiXps1-j + PiPpiyi_). (A.34)

We note that H involves D modes, even though two modes of quadratures Py p explicitly appear in Hg.
Type V—. Type V is associated with eigenvalues of zero { A\|\ = 0}, with odd D, among entire eigenvalues of A
in equation (A.2). Type-V Hamiltonian H is given in the Jordan normal form by (case 4 in table 2, reference

[191)

~ ~

j ﬁH:— VE, (A35)

where Dis the length of Jordan chain and V = V; for the given block matrix V} ; of type V in equation (A.7).
Here, the variables £ = (& ,..., £p, P, »..-» pp)T of D modes are those of &; 1> associated with V.

ForD =1, 3 = 0andthus
H;=0 and H =o0. (A.36)

We note that H involves a single mode, even though the Hamiltonians are null.
For D > 3, we employ the symplectic matrix S such that s¢ = O, U € U, U;, where

U= exp(ia& — pp_,Pp))s (A.37)
U, = exp (—i(w/D TP + 2D U, (A.38)

ByS, % transforms to
E = Xy Xpy Pr oy Pp)T = SE, (A.39)

and Vdoesto W = (S~ )T VS~1. Then, H is rewritten by H = ETWE/Z = H; + H;,asinequation (A.8),
where

D—1
Fo=B 1+ 8 and B =Bb+ > KB (A.40)
j=2

We note that H involves D modes, even though two modes of quadratures Py p explicitly appear in Hg.

Type VI—. Type Vlis associated with eigenvalues of zero { \| A = 0}, with even D, among entire eigenvalues of
A in equation (A.2). Type-VI Hamiltonian H is given in the Jordan normal form by (case 3 in table 2, reference
[19D)

D/2—1
H=o0 ) %p,, + —(—I)D/”” = —e VE, (A.41)
j=1

where D is the length of Jordan chain, and 0 = + 1 is determined by generating generalized eigenvectors for type
VI (see reference [19]), and V = V. for the given block matrix V; of type VI in equation (A.7). Here, the
variables £ = (£ ,..., Xp/2 P, ,...,ﬁD/z)T of D/2 modes are those of &; ;, associated with V.

For D = 2, we employ the symplectic matrix S such that S%’ = Ué UT, where
U =exp(—i(n/4) (P} + &) (A.42)

By S, £ transforms to

[

i= (K s XD /25 Py sy Pp )T = SE, (A.43)
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and Vdoesto W = (§")TVS~L. Then, H is rewritten by H = éTWé./2 = Hg; + Hj,asin equation (A.8),
where
As = (o/2)B’ and £ =o. (A.44)
For D > 4, we employ the symplectic matrix § such that $¢ = U, U € Ui A; , where
U) = exp (i%1 %), (A.45)
~ . A A Ao ATt
U, = exp (—i(n/HUI(p + £ 0). (A.46)
ByS, % transforms to
é = ()?1 1---)XD/2) 131 seee AD/Z)T = Sé’ (A47)
and Vdoesto W = (S 1)TVS~1. Then, H is rewritten by H = E'"WE/2 = A; + H,asin equation (A.8),
where
A = ob;, (A.48)
. o D21 o B
H=0PPy+0o ) Xﬂ%44-5(—nDﬁ+wbﬂ. (A.49)
j=2

We note that H involves D/2 modes, even though a single mode of quadrature P, explicitly appear in Hg.

We note that, for each type 7, H; commutes with H. In the interaction picture by the unitary
transformation U; (1) = exp(—itH, ), the system is governed by the geometric Hamiltonian
ﬁg (t) = U,T (t)FIGT (UIT ) = ﬁg , which is independent of time t, thanks to the commutation [ﬁg , ﬁ,T] =0.

In general, the quadratic Hamiltonian H in equation (A.1) or equation (A.6) is given by the block diagonal matrix
of Nmodes, V; = @V}, in other words, H = Y, Hj, where Hj, = %éik V])k%’k with é] = P é])k. As Hy’sact
mutually exclusive subsets of modes, it holds that (A, Hj] = 0 for k == I. Furthermore, [H, .6 Hi.1l = 0 for each block
k and so for each type 7, as shown above. These imply that [Hg, H] = 0for H; = Yk I—AIk,G and H; = >k I—AIk) 1. We
take the interaction picture by the unitary transformation U = exp(— itHy), similarly to the type Hamiltonian
H". The quadratic system is then generally governed by the geometric Hamiltonian H; from H in equation (A.1).

Before closing the Appendix, we discuss the necessary and sufficient conditions for the dynamical instability
of quantum system, governed by Hamiltonian in equation (A.1), and thereby we elucidate the geometric
structure of Hamiltonian when it is unstable. A system is dynamically stable when all solutions of Heisenberg
equations in equation (A.2) are bounded for all time £ [32]. This condition is satisfied if and only if the equation-
of-motion matrix A in equation (A.2) is diagonalizable and has only purely imaginary eigenvalues [18], i.e., all
eigenvalues of A belong to type III with D = 1, which is the only case that the geometric Hamiltonian contains no
hyperbolic (nor lineal) modal Hamiltonian(s). Thus, the system is dynamically unstable if and only if its
geometric Hamiltonian contains at least one non-elliptic (i.e., hyperbolic or lineal) modal Hamiltonian.

Appendix B. Geometric Hamiltonian of a two-mode optomechanical system

Here we apply the general results obtained in appendix A to the two-mode optomechanical system described by
Hamiltonian H.p, _jin equation (15) in order to derive the geometric Hamiltonian listed in table 1.

(1) For A > 0 and |k| < K, eigenvalues of the equation-of-motion A, ;, corresponding to Hepjin are
two purely imaginary pairs £i); and £i\,, where

N VA + 02+ JT6AQIRE + (A7 — Q2

1 NG , (B.1)
N NI JmAjEzw ra oo 52

with D; = 1 and 0 = — ifor j = 1,2. The geometric Hamiltonian of mode j (j = 1, 2) for case (1) is then
H = %(13]-2 + XD (B.3)
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The symplectic matrix transforming X;, 13] to Xj, 13] is given by

K,‘(Sz é
[l ¥ M
_kib A
612 Ii,éz )\1
/2 |~ 61
Ikl VA

A

Q

K,—,(Sl )\2 Az
IRt N e 52 s
kKIVA VO

with s, == Re(k), k; == Im(k), &, = A — \},and 0 = J|/\§ — A forj=1,2.

K62 | A [Q
_ = 6 =
[ Al A

HT(Sl A Q
= s, =
[kl N A2 A2
Ii,‘(Sz )\_1 0

Il VA

mid A

Il VA

XLeuetal

(B.4)

(2) For A > 0 and | x| = K, matrix A, _jin has one purely imaginary eigenvalue pair +i\ = +iyJ A2 + Q?

with D, = 1, oy = — 1, and one zero eigenvalue A, = 0 with D, = 2, 0, = 1. Then we obtain geometric

Hamiltonians

H=O\/2)@B + XD,

=15/2,
and symplectic matrix
2AK, AQ 2AK; 0
0, & 20w
S — 1 A o A
AVQ | 28%; 2Nk, AQ?|
N N N
2AQkK; 2AQk, A
N A N

(B.5)
(B.6)

(B.7)

(3)For A > 0and || > K, matrix Ao, i, has one purely imaginary eigenvalue pair +i\; withD; =1,

01 = — 1,and one real eigenvalue pair £\, with D, = 1, where

2+ 2 4 JI6AQIRE + (& — Q)

A :
1 V2
V-2 — Q2+ JI6AQIRP + (& — Q)
N = .
7

Hence, we obtain

= /2@ + XD,

= (\/2) (pzz — Xzz),

and

S=——
S| Kis2 é

[kl ¥ A

I{iél é

[kl Y Az

KRS )\1 )\1

A s A

k] VA Q
n,él\/x \/X Hiél\/x

- 2o 02 - 2
vl sva Q |k Va
0 A

KRi$) )\_1 0
Ikl VA

KrS) / Ql
= &=
k] N M Al
Kr (51 A Q
_ = 5 =
5] VA A2

where s, = A 4+ A, s, = A3 4+ A2 and 6, = |\ — A2

(4) For A = 0, matrix A, i, has one purely imaginary eigenvalue pair +i\; = £ iQwithD; = 1,0, = — i,
and one zero eigenvalue A, = 0 with D, = 2, 0, = — 1. Then we obtain

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)
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H=\/2)@B + X,

A A2
H, = (=1/2)P,,

and

26, 1 ﬁ 0

Q Q

0 0 va __1

S= 26, «/ﬁ .
0 0 0 1
B 2K, _ 2K; 0

Ja JQ

XLeuetal

(B.13)

(B.14)

(B.15)

(5) For A < 0and |x| < Kp, matrix A ,, 1, has two purely imaginary eigenvalue pairs +i\; and £i),, where

N V2 + @+ JTQAIRE + (& — )2

1 ﬁ >
V& 4 02 — JI6QAP + (A7 — Q)
>\2 - >
J2
withD, =D, =1and o, = — 0, = — io with 0 = sgn[Q2> — A?]. Hence, we obtain

= o/ + X,
B=—c/2@ + %),

and
2k; A _ 2k, A _0_61
SN NN
B 2K A + TAVAN 06,
Y9 vk b x
62 | 20k, I SN 20k N 0 ’
& Q o)
20k, N SN 20k 0
6, Q 1)

where 61, = A} — )\%,andéj = Jl)\? — N2 forj=1,2.

(6) For A < 0 and |x| = K, matrix A ,, 1, has one purely imaginary eigenvalue pair
+id = +i (A2 + Q%)/2 withD=2and o = sgn[Q)*> — A?]. Then we obtain

I—AI]- = (0/2)132, forj=1,2
and
—rk (A + X)) oc(3N — A?) —Rri(A2 + W) 0
MR — NP Q082 — N MM — NP
or; AN — 3)%) 0 ok, AGBN — A2 —(A2 + N)

)\2 /lAZ _ )\2|3

)\2 llAz _ )\2|3

2| — N

Q
5= 2 —2K;A 2k, A oA — N
AIA2 — N AIA2 — N A
20k, VA2 — X 20K, 0
A% — N Q |A% — N

(7) For A < 0and || > K3, eigenvalues of A, i, are one complex quadruplet £(\, £ 7\;), where

A

V- — @2 4+ [aNQ? — 16AQIKP

2

>

(B.16)

(B.17)

(B.18)
(B.19)

(B.20)

(B.21)

(B.22)

(B.23)
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VO Q2 1 AN — 16AQ K]

A; R B.24
> (B.24)
with D = 1. Then we obtain
A=/ - X)), forj=1,2 (B.25)
and
ke (N + 32 [K|A + 2N Kki(A 4+ 22 0
4|k|AXN; 2AY\; 4|k|AXN;
LA N meA SN A+ )
2. 2. 2y,
s— A 2| k|22 \; 2|K| 22\ EYAED Y ’ (B.26)
r . H{Ii 0 Hr’n _ AT‘Z
8|k|S2A N\ 8|K|XIN A\ AN\
k1 T ki 0
4| K|AX A\ SAYN 4| k| AX A\
where
A=+V-AQ,
Y=\ 4 A7,
M= N(A — Q) — 4]k[AN;,
T, =2|k|AS — N(A — 2?),
0 (32 - A Y2 _ A2 Y2 L A2)2
r— 2% n ( _ ) I ( +2 ) ‘
4572 Ar s A
Appendix C. Stability condition of a three-mode optomechanical system
Hamiltonian H.pc_};, in terms of quadratures has the form
. L a2 0oty 4 I o0p2 4 o
Heme 1in = EZ A](p] + X]) + EZ Q(Pb + xb)
j=1 j=1
2
+2> (K % + #; D) &y + By, (C.1)

i=1
where ; = Re(x;) and x; = Im(;). The equation-of-motion matrix corresponding to H..c_in in the basis

£ = (321) 5&21 5(\:3) pI, pz) p3)T is giVen by

0 0 2K/1,‘ Al 0 0
0 0 2ry O A 0
0 0 0 0 0 Q
A= . 2
— Al 0 — 2I€1r 0 0 0 (C )
0 —Az —2&2, 0 0 0

72’111' *2/{2r —Q *2/4311' 72/432,' 0
Matrix A has, in general, three eigenvalue pairs (£ \/x , \/Tz , \/73 ) satisfying

05 R e el 0
A=——491n— , (C3)
3 [2(1/ + /VZ _ M3)]1/3

02 (I +iV3)u + (1 — iV3)w + Jv2 — pi?)3
N=——An+ , (C.4)
3 2[2(v + [L2 — /1'3)]1/3
\ 02 (1 — i3+ (1 +iV3)(w + 2 — 12)¥/3
3=——190+ , (C.5)
3 22 + V2 — 1?)]/?
where
=+ 3, €6
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Table C1. Geometric kinds of modal Hamiltonians Hi , 5 and stability for a three-mode
optomechanical system. E: elliptic, NE: non-elliptic.

Case H 0 H; Stability
O

(@ec <0,6,<0,63<0 E E E stable
()< 0,6 < 0,62 0forj k1€ {1,2,3},j=k=1 E E NE unstable
(©¢<0,c> 0,6 > 0forj, k1€ {1,2,3},j= k=1 E NE NE unstable
(D¢ = 0,62 0,62 0forjk 1€ {1,2,3},j=k=1 NE NE NE unstable
@V =y

(@)4v <7’ E NE NE unstable
byav =1 NE NE NE unstable
B>y

@ p 4 W+ Jr2— 2P < 2w + Jv* — )3 E NE NE unstable
b))+ v+ 2 — 122 > 2w + Y2 — 12)]V? NE NE NE unstable

25 Aj|si? + Aglkal?
u=gbﬁ+%+mm+% ””Qaﬂﬂ), (C.7)
A As|kof?
y:mmm+mﬂw{mékl+méyq, (C8)
207 — A2 — Q2 202 — A2 — Q2
m:_g_?f___, mz——LTf———. (C.9)

According to appendix A, the condition under which the geometric Hamiltonian is in the elliptic form (so that
the system is stable) is that

vi— <0, ¢ <0 foralj=1,2,3, (C.10)

where ¢; = 2%/ /1 cos(;/3) — ny — 1, — 3with ¢ = arccos(u/\/ﬁ) — 2m(j — 1). Otherwise, the geo-
metric Hamiltonian is non-elliptic, and hence the system is unstable. Geometric kinds of modal Hamiltonian
H, 5 are represented in table C1.
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