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Abstract
Wepresent a novel geometric approach for determining the unique structure of aHamiltonian and
establishing an instability criterion for quantumquadratic systems. Our geometric criterion provides
insights into the underlying geometric perspective of instability: A quantumquadratic system is
dynamically unstable if and only if itsHamiltonian is non-elliptic (i.e., hyperbolic or lineal). By
applying our geometricmethod, we analyze the stability of two-mode and three-mode optomechani-
cal systems. Remarkably, our approach demonstrates that these systems can be stabilized over awider
range of systemparameters compared to the conventional rotatingwave approximation (RWA)
assumption. Furthermore, we reveal that the systems transit their phases from stable to unstable, when
the systemparameters cross specific critical boundaries. The results imply the presence of
multistability in the optomechanical systems.

1. Introduction

Quantum information processing and communication (QIPC) has developed rapidly in the past few decades.
Optomechanical systems, composite systems of light andmechanicalmodes interacting by radiation-pressure
force, have been proposed forQIPC applications [1–3]. The theoretical and experimental studies on effects by
radiation pressure on large objects were conducted in the context of interferometers [4]. The optical bistability in
a Fabry–Perot resonator was experimentally demonstrated to vary by radiation pressure [5]. Various quantum
phenomena effected by the optomechanical interaction have been observed, including squeezed optomechanics
[6], cooling of themechanicalmode to itsmotional ground state [7], generation of optomechanical
entanglement [8], optomechanical induced transparency [9], and optomechanical transduction [10]. As a
prerequisite forQIPC applications, the stability of optomechanical systems has received attention [6–14].

Most studies on the optomechanical systems have focused on stable regions, and the physicalmechanismof
instability remains unraveled inmore general ranges of physical parameters. The stability conditionwas
investigated, when the optical cavity is driven by a coherent field; the strength of driving field determines the
effective coupling between the cavity andmechanicalmodes [2]. In particular, it has been studied in the
assumption of the rotatingwave approximation (RWA), with the red-sideband laser (ωL+Ω≈ ωcav, whereωL,
Ω, andωcav are laser,mechanical, and cavity frequencies, respectively) and/or blue-sideband laser
(ωL≈ ωcav+Ω) [6–14]. In RWA, the red-detuned laser stabilizes a two-mode optomechanical system, while the
blue-detuned laser renders it unstable [12]. For a three-mode optomechanical system, the power of red-detuned
laser needs to be stronger than that of blue-detuned laser to stabilize in RWA [13]. In this paper we generalize
and extend the stability analysis of optomechanical systems to the full range of detuning frequencies and
effective optomechanical couplings, going beyondRWA.We also explore the physicalmechanismof instability.

Methods of stability analysis on a quantum system include Routh-Hurwitzmethod [15, 16]. Thismethod
can be applied even to a systemof nonlinear differential equations. It requires, on the other hand, sophisticated
tools to determine stability conditions, and hard to unravel the underlying physics on the stability [17]. An
alternativemethod can be employedwhen a system’sHamiltonian is given in a quadratic formwith constant
coefficients. It has been appliedwell to a classical system [18]. In this workwe extend themethod to a quantum
quadratic system [19] by employing a geometric picture. The geometric picture ismotivated by the observation:
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A single-mode orbit diverges on phase space if it is governed by a non-elliptic equation.We generalize the
geometric picture formultimodes and find a geometrically unique structure ofHamiltonian for a time-
independent quantumquadratic system.

In this paper, we derive an instability criterion for a quantumquadratic systemwith constant coefficients by
the geometric approach (section 2). The criterion reveals the underlying geometric perspective of instability: A
time-independent quantumquadratic system is dynamically unstable if and only if itsHamiltonian can
transform to be non-elliptic (i.e., hyperbolic or lineal).We then apply the geometricmethod to the stability
analysis of two-mode and three-mode optomechanical systems (section 3). Expanding the range of physical
parameters beyondRWA,we show that the two-mode system can be controlled dynamically stable even in the
blue-detuning regime, and the three-mode system can be stabilized irrespective of the relative power of the red-
detuned laser to the blue-detuned.We also show that the system transits its phase from stable to unstable, as the
systemparameters cross the critical boundaries, i.e., the parameter values at which theHamiltonian changes its
geometric type from elliptic to non-elliptic. Additionally, we show that theHamiltonian of anN-mode unstable
quantumquadratic system is transformed to the non-ellipticHamiltonian by some unitary operation followed
by some symplectic operation in appendix A, giving the explicit forms for a two-mode (three-mode)
optomechanical system in appendix B (appendix C).

2.Non-ellipticHamiltonians andunstable quadratic systems

We start with the observation that a single-mode orbit diverges on phase space of position x andmomentum p if
it is governed by a non-elliptic equation, i.e., p x const2 2a b- = withα> 0 andβ� 0 [20]. Ifβ< 0, the orbit
becomes elliptic and is bounded in afinite region on phase space. From this observation, we employ a geometric
approach of orbits on phase spacewithHamiltonian diagonalized under symplectic transformations, so that we
analyze the instability of a quadratic system.Here, the diagonalizationmeans thatHamiltonian is given by
squares of canonical variables with constant coefficients.

To introduce the principal idea for a quantum system,we consider the simplest case of a single-mode
unstable system,whoseHamiltonian is given as

H p x , 12 2ˆ ˆ ˆ ( )a b= -

whereα> 0,β� 0, p̂ and x̂ themomentum and position operators, respectively. The observable operators
satisfy the canonical commutation relations x p i,[ ˆ ˆ] = in unit ofÿ= 1. The solution to theHeisenberg equation,
governed by theHamiltonian (1), is given by

x t x t p t0 cosh 2 0 sinh 2 , 2ˆ ( ) ˆ ( ) ( ) ˆ ( ) ( ) ( )ab
a
b

ab= +

p t p t x t0 cosh 2 0 sinh 2 , 3ˆ ( ) ˆ ( ) ( ) ˆ ( ) ( ) ( )ab
b
a

ab= +

that grow indefinitely as a function of time. In other words, the orbit diverges on the phase space. The divergence
(or the instability) originates from the non-elliptic (i.e., hyperbolic or lineal) structure ofHamiltonian (1). The
Hamiltonian in the formof equation (1) is said non-elliptic. That theHamiltonian is non-elliptic is a sufficient
condition for the system to be unstable.

We prove that it is also a necessary conditionwhen theHamiltonian is quadratic, in other words, an unstable
single-mode system is governed by a non-ellipticHamiltonian. Themost general formof a single-mode
quadraticHamiltonian is given by

⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

VH x p
x
p

1

2
, 4g

T 1 1

1 1
ˆ ˆ ˆ ( ˆ ˆ ) ˆ

ˆ ( )x x b g
g a= =

where x p, Tˆ ( ˆ ˆ)x = , andα1,β1 and γ1 are real numbers. On one hand, the stability analysismethod in reference
[18] shows that the system is unstable if and only if

 . 51 1 1
2 ( )a b g

On the other hand, we apply some symplectic transformation S to diagonalizeV in equation (4), as in reference
[21], into a geometric formof

⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

DH X P X

P
P X

1

2

0

0
, 6g

T 2 2ˆ ˆ ˆ ( ˆ ˆ)
ˆ
ˆ

ˆ ˆ ( )b
a

a bX X= = ¢
¢

= ¢ + ¢

where Sˆ x̂X = , JD= SJVS−1, J is a skew symmetricmatrix with elements J i i, ,jk j k j k[ˆ ˆ ] [ ˆ ˆ ]x x= - = - X X ,

4 21 1 1 1
2

1
2[( ) ( ) ]a a b a b g¢ = + + - + , and 4 21 1 1 1

2
1
2[( ) ( ) ]b a b a b g¢ = + - - + . Here,
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X P, Tˆ ( ˆ ˆ)X = are the new canonical variables transformed from the original x p, Tˆ ( ˆ ˆ)x = by the symplectic
matrix

S sin cos
cos sin

, 7( ) ( )q q
q q

=
-

where tan 2 2 1 1 1( )q g a b= - . The geometric formofHamiltonian Hg
ˆ in equation (6) is non-elliptic with

 0b¢ , if 1 1 1
2a b g . This condition coincides with the one in equation (5) that the system is unstable. A special

case is considered that 1 1 1
2a b g= , for which 0b¢ = and 1 1a a b¢ = + . In the case, the system is ‘free’with

H Pg
2ˆ ˆa= ¢ , whichwe also call ‘lineal’ in the geometric perspective. It is remarkable that the non-elliptic

Hamiltonian is the necessary and sufficient condition for the instability of a single-mode quadratic system.
We generalize the equivalence between the non-ellipticHamiltonian and the instability, forN-mode

quadratic systems. Let us considerHamiltonian given in general by

V

H p p x x x p p x

1

2
, 8

N
j k

N

jk j k jk j k jk j k jk k j

T

, 1

ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ )

ˆ ˆ ( )

å

x x

a b g g= + + +

=

=

whereαjk,βjk, γjk are time-independent real coefficients withαjk= αkj,βjk= βkj, pĵ and xjˆ are ofmode j= 1,...,

N, and x x p p,..., , ,...,N N
T

1 1
ˆ ( ˆ ˆ ˆ ˆ )x = . To this end, we transformV in equation (8) by some symplecticmatrix S and

take an interaction picture by some unitary transformationU tI
ˆ ( ), so as to obtain a geometric formof

Hamiltonian HG
ˆ . By the geometricHamiltonianwe investigate the instability ofN-mode quadratic system as

testingwhether it contains anymodes of local non-ellipticHamiltonians.
QuadraticHamiltonians in the formof equation (8) can be classified into 6 types of Jordan normal forms

with respect to eigenvalues of JV (see appendix A and references [19, 22]), where J is a skew symmetricmatrix for
Nmodes with elements J i ,jk j k[ˆ ˆ ]x x= - .We show in appendix A that, for all the types, Hamiltonian (8) is
rewritten by

H H H , 9N G Iˆ ˆ ˆ ( )= +

where HG
ˆ is a geometricHamiltonian decomposed into a sumofmodal geometricHamiltonians,

H H P X , 10G
k

N

k
k

N

k k k k
1 1

2 2ˆ ˆ ( ˆ ˆ ) ( )å å a b= = ¢ + ¢
= =

where Hk
ˆ is the geometricHamiltonian ofmode k, ka¢ and kb¢ are its real coefficients, and new canonical

variables Pk
ˆ and Xk

ˆ result from pk
ˆ and xkˆ by the symplectic transformation S (see appendix A for the explicit

representation of S). The formof interactionHamiltonian HI
ˆ varies, depending on the type, while HI

ˆ always
commutes with HG

ˆ , i.e., H H, 0I G[ ˆ ˆ ] = , as in appendix A. The commutation leads us to take the interaction
picture by unitary transformationU t itHexpI I

ˆ ( ) ( ˆ )= - , so that theHamiltonian in the picture is given by

H t U t H U t H . 11G I G I Gˆ ( ) ˆ ( ) ˆ ˆ ( ) ˆ ( )†
= =

It is worth noting that theHamiltonian H t HG G
ˆ ( ) ˆ= in the interaction picture, i.e., independent of time, thanks

to the commutation of H H, 0I G[ ˆ ˆ ] = . Thus, the general quadratic system is governed in the interaction picture
by the geometricHamiltonian HG

ˆ (10), consisting of independentmodes, regardless of its instability. Looking
further into the geometric structure ofHamiltonian (10), we see that HG

ˆ contains at least onemode of Hk
ˆ non-

elliptic when the system is dynamically unstable (see appendix A). For a sake of simplicity, we say amulti-mode
Hamiltonian is non-ellipticwhen it contains anymode of non-ellipticHamiltonian.

The equivalence between the instability and the specific formofHamiltonian induces an instability criterion:
A time-independent quantum quadratic system is dynamically unstable if and only if its Hamiltonian is non-elliptic,
which is one of ourmain results. This criterion allows us to analyze the instability in terms of the geometric
Hamiltonian and also provides us the physical insight for stabilizing quantum systems.

3. Instability of optomechanical systems

Our geometricmethod is applied to dynamical stability of an optomechanical system. In one case of twomodes
(section 3.1), amechanical oscillator of onemode is amirror to build an optical cavity of the othermode, as in
figure 1. In the other case (section 3.2), onemode is amiddlemirror separating two optical cavities of the other
twomodes, respectively, as infigure 4. The optomechanical systemhas been studiedmost at sideband driving
frequencies, where it is stabilized by the red-detuned pumping laser, whereas it becomes unstable by the blue-
detuned laser [12]. These opposite effects of the red-detuned and blue-detuned lasers can cooperate as they

3
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simultaneously affect a three-mode optomechanical system. For a three-mode optomechanical system, thus,
onemay require that the power of the red-detuned laser is stronger than that of the blue-detuned laser [13].We
show that these constraints are relaxed beyond the sideband interaction limit.

3.1. Twomodes
Weconsider an optical Fabry–Perot cavity consisting of onemirror firmly fixed and the othermovable, as
depicted infigure 1. Themovablemirror ismodeled as a quantumharmonic oscillator bwith annihilation
operator b̂ and frequencyΩ. As it is affected by the radiation pressure of cavity, themechanical oscillator b is
coupled to the optical cavity awith annihilation operator â and frequencyωcav. The cavity is pumped by a laser
fieldwith strengthκin and frequencyωL. TheHamiltonian in the rotating frame of the laser frequency is given [2]
by

H a a b b a a b b a a , 12cm 0 in in
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( ˆ ˆ ) ( ˆ ˆ) ( )† † † † † *k k k= D¢ + W - + - +

where Lcavw wD¢ = - is the detuning between cavitymode and pumping laser, andκ0 is the optomechanical
coupling constant.We ‘linearize’Hamiltonian (12) by assuming the limit of strong pumping, a as

2∣ ∣ ˆ ˆ†a d dá ñ ,
whereαs is the steady-state amplitude and the deviation a a sˆ ˆd a= - . Similarly, we consider the deviation
b b s
ˆ ˆd b= - from the steady-state amplitudeβs for themechanicalmode. The approximatedHamiltonian up

to the second order of the deviations is given in a quadratic formof twomodes by

H a a b b a a b b , 13cm linˆ ˆ ˆ ˆ ˆ ( ˆ ˆ)( ˆ ˆ) ( )† † † †*d d d d kd k d d d= D + W + + +-

where Lamb-shifted detuning 2s s s0 0
2 2( ) ∣ ∣*k b b k aD = D¢ - + = D¢ - W, and effective coupling constant

κ=− κ0αs=− κ0κin/Δ. Here the amplitudes of steady state are given byαs= κin/Δ andβs= κ0|αs|
2/Ω [2].

The vacuum states of the deviationmodes δa and δb are given in terms of the originalmodes a and b by

0 and 0 , 14a s a b s b∣ ∣ ∣ ∣ ( )a bñ = ñ ñ = ñd d

where s∣a ñand s∣b ñare coherent states ofmodes a and b.

The linearizedHamiltonian Hcm lin
ˆ - derived above governs the quantumdynamics of the systemnear a

given steady-state point {αs,βs}. The analysis of stability against smallfluctuations near the steady state is based
on the equations ofmotion for the deviationmodes (associatedwith Hcm lin

ˆ - ) in the presence of noises [6–13].
The requirement for stability can then be derived by applying, e.g., the Routh-Hurwitz criterion [17]. However,
the analytic expressions are quite cumbersome and they can just be practical in numerical works, infinding the
threshold values for a given set of systemparameters. In this work, adopting the geometric approach, we explore
themechanismof instability that arises from the optomechanical interaction, neglecting the noise effects, and
we analyze the quantumdynamics offluctuations from the linearizedHamiltonian Hcm lin

ˆ - .
To apply our geometricmethod of instability, we rewriteHamiltonian (13) in terms of quadratures,

V

H p x p x x p x
2 2

2

1

2
, 15

r i

T

cm lin 1
2

1
2

2
2

2
2

1 1 2ˆ ( ˆ ˆ ) ( ˆ ˆ ) ( ˆ ˆ ) ˆ

ˆ ˆ ( )x x

k k=
D

+ +
W

+ + +

=

-

where x a a 21̂ ( ˆ ˆ)†d d= + , p i a a 21
ˆ ( ˆ ˆ)†d d= - , x b b 22̂ ( ˆ ˆ)†d d= + , p i b b 22

ˆ ( ˆ ˆ)†d d= - ,

Rer ( )k k= , and Imi ( )k k= . It is reminded that x x p p, , , T
1 2 1 2

ˆ ( ˆ ˆ ˆ ˆ )x = .We thenfind the geometricHamiltonian

HG
ˆ from the originalHamiltonian Hcm lin

ˆ - in equation (15), as in section 2 forN= 2 (see appendix B).
Table 1 summaries 7 cases of geometricHamiltonians HG

ˆ and their stabilities in terms of parameters

K, 4 ,R ∣ ∣D = W D and K 16B
2 2 2( ) ∣ ∣= D - W W D , where three cases (1)–(3) are in red-detuning regime

with detuningΔ> 0, other three cases (5)-(7) are in blue-detuning regimewithΔ< 0, and the other case (4) is

Figure 1. Schematic of a two-mode optomechanical system.
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of resonanceΔ= 0.Here eachmodalHamiltonian Hk
ˆ is said either elliptic, hyperbolic, or lineal (or free), when

it is in a formof H P Xelliptic
2 2ˆ ( ˆ ˆ )l= + , H P Xhyperbolic

2 2ˆ ( ˆ ˆ )l= - , or H Plineal
2ˆ ˆl= for some real numberλ,

whose explicit expression is given in appendix B. The system is stable in case (1) or (5) as its geometric
Hamiltonian HG

ˆ consists of two ellipticmodalHamiltonians, whereas the other cases are unstable as HG
ˆ

contains at least one hyperbolic (or lineal)modalHamiltonian(s). The stability conditions are given in case (1) by
Δ> 0 andΩΔ− 4|κ|2> 0, and in case (5) byΔ< 0 and 4 42 2 2 2( ) ( ∣ ∣ )kD + W > WD WD - . Both cases are
merged to

4 4 0. 162 2 2 2( ) ( ∣ ∣ ) ( )kD + W > WD WD - >

Weprove the inequalities (16)hold in both cases of (1) and (5): ForΔ> 0, thefirst inequality is trivial and the
second inequality holds by the stability conditions in case (1). ForΔ< 0, the second inequality is trivial and the
first inequality holds by the stability conditions in case (5). The stability conditions in equation (16) coincide
with those in reference [18].

To explain the origin of non-ellipticHamiltonian, we transform the linearizedHamiltonian (13) to, in the
interaction picture,

H t U t H U t iU t
dU t

dt

H t H t , 17

cm int 0 cm lin 0 0
0

bs sq

ˆ ( ) ˆ ( ) ˆ ˆ ( ) ˆ ( )
ˆ ( )

ˆ ( ) ˆ ( ) ( )

† †
= -

= +

- -

whereU t it a a b bexp0
ˆ ( ) [ ( ˆ ˆ ˆ ˆ)]† †d d d d= - D + W , and

H t a be a b e , 18it it
bsˆ ( ) ˆ ˆ ˆ ˆ ( )† ( ) † ( )*kd d k d d= +D-W - D-W

H t a b e a be . 19it it
sqˆ ( ) ˆ ˆ ˆ ˆ ( )† † ( ) ( )*kd d k d d= +D+W - D+W

Thebeam-splitter term Hbs
ˆ , which is resonant atΔ=Ω, describes the exchange of excitation between the optical

andmechanicalmodes,where excitation is created inonemodewhile being destroyed in the other.On the other
hand, the two-mode squeezing term Hsq

ˆ , which is resonant atΔ=−Ω, represents the down-conversionprocess

that generates or destroys excitations inbothmodes simultaneously.While the beam-splitter term Hbs
ˆ can cause

an exchange of energybetween themodes, the two-mode squeezing term Hsq
ˆ can lead to an unbounded increase

in energy for bothmodes, potentially triggering a dynamical instability in the system. Indeed, using the geometric
approach,wefind that the geometric structure of Hbs

ˆ is elliptic for all values ofΔ,Ω, andκ, indicating that the
systemgoverned by Hbs

ˆ is always stable.Whereas, the geometric structure of Hsq
ˆ varieswith the parameters,

appearing ellipticwhen 2|κ|< |Δ+Ω|, hyperbolic (lineal)when 2|κ|> |Δ+Ω| (2|κ|= |Δ+Ω|). That the non-
elliptic (i.e., hyperbolic or lineal)Hamiltonian governs the systemand causes the instabilitywhen 2|κ|� |Δ+Ω|,
is in linewithour earlier assumption about the effect of the squeezing interaction Hsq

ˆ on the energyof the systemat
resonanceΔ=−Ω. This fact suggests that the squeezing interaction is the originof thenon-ellipticHamiltonian.
As a result, the system is dynamically unstable in a parameter regionwhere the squeezing interaction contributes
dominantly.We show in the following that this provides an intuitive interpretation for all cases in table 1.

Table 1.Geometric kinds ofmodalHamiltonians H1,2
ˆ and stability

for two-mode optomechanical systemwith respect to critical

parameters K 4R ∣ ∣= W D and K 16B
2 2 2( ) ∣ ∣= D - W W D .

Cases (1)-(3) are in the red-detuning regime (detuningΔ > 0), cases
(5)-(7) in the blue-detuning regime (Δ < 0), and the other case (4) of
resonance (Δ = 0). AmodalHamiltonian Hk

ˆ is of a geometric kind
either elliptic, hyperbolic, or lineal (free), when it is in a formof
H P Xelliptic

2 2ˆ ( ˆ ˆ )l= + , H P Xhyperbolic
2 2ˆ ( ˆ ˆ )l= - , or H Plineal

2ˆ ˆl=
for some real numberλ, whose explicit expression is given in
appendix B.

Case H1
ˆ H2

ˆ Stability

(1)Δ > 0, |κ| < KR elliptic elliptic stable

(2)Δ > 0, |κ| = KR elliptic lineal unstable

(3)Δ > 0, |κ| > KR elliptic hyperbolic unstable

(4)Δ = 0 elliptic lineal unstable

(5)Δ < 0, |κ| < KB elliptic elliptic stable

(6)Δ < 0, |κ| = KB lineal lineal unstable

(7)Δ < 0, |κ| > KB hyperbolic hyperbolic unstable

5
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ForΔ> 0, the counter-rotating (squeezing) term Hsq
ˆ canbeneglected byRWAunder the condition ofweak

coupling (|κ|=Ω,Δ) as |Δ−Ω|= |Δ+Ω|, so that the system is stable [case (1)].When the coupling |κ|
increases and becomes comparable toΩor/andΔ, the effect of Hsq

ˆ becomes significant, leading to instability in
the system [cases (2) and (3)]. ForΔ< 0,we focus on theweak coupling (|κ|=Ω, |Δ|) even thoughourmethod
alsoworks in the strong coupling. In theweek coupling, Hsq

ˆ is dominant rather than Hbs
ˆ , as |Δ+Ω|= ||

Δ|−Ω|= ||Δ|+Ω|= |Δ−Ω|. Nowwe take two extremely cases: near resonanceof ||Δ|−Ω|= |κ| and far-off
resonanceof ||Δ|−Ω|? |κ|. In thenear resonance of ||Δ|−Ω|= |κ|, it is clear that Hsq

ˆ dominates over Hbs
ˆ , so

that the system isunstable [cases (6) and (7)]. On the other hand, in the far-off resonanceof ||Δ|−Ω|? |κ|, both
of Hsq

ˆ and Hbs
ˆ are small and it is necessary to employ the second-order perturbations [23]. Then, the effective

Hamiltonian for the dispersive far-off resonant interactions is given by

H t H a a b b
2

. 20cm int eff

2

2 2
ˆ ( ) ˆ ∣ ∣ ( ˆ ˆ ˆ ˆ) ( )† †k

d d d d» =
D - W

W - D-

When turning back to Schrodinger picture, the effectiveHamiltonian is transformed to

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

H a a b b
2 2

. 21cm lin

2

2 2

2

2 2
ˆ ∣ ∣ ˆ ˆ ∣ ∣ ˆ ˆ ( )† †k

d d
k

d d» D +
W

D - W
+ W -

D
D - W

-

Thus, in the far-off resonance, the effectiveHamiltonian is that of free harmonic oscillators, so that the system is
stable [case (5)].

We discuss two special situations of the red (Δ=Ω) and blue (Δ=−Ω) sidebands by that the cavities are
driven.Under RWA, the interaction-pictureHamiltonian for the red (blue) sideband is approximated to a
beam-splitter term (18) (a two-mode squeezing term (19)). The dynamics of such a time-independent beam-
splitter (two-mode squeezing)model are governed by trigonometric (hyperbolic) functions over time [24].
While the former belongs to case (1), the latter is part of case (7), included in table 1. Therefore, the knownRWA
assumption that the system is stabilized by the red-detuned pumping laserwhile becoming unstable by the blue-
detuned laser, is no longer valid in general.More precisely, the squeezing termofHamiltonian triggers the
instability in optomechanical systems. The effect is not solely determined by the type of detuning alone: The
system can becomeunstable in the red-detuning regime [as shown in cases (2) and (3), illustrated infigure 2(a),
whichwas experimentally demonstrated in a very recent work [25]], whereas it can be controlled stable in the
blue-detuning regime [case (5),figure 2(b)]. Figure 2(a) shows that the average numbers diverge of the cavity and
mechanicalmodes when the cavity is driven by a red-detuned laser withΔ= 1.5Ω> 0. In contrast, figure 2(b)
demonstrates that the average numbers remain bounded in the blue-detuning regimewithΔ=− 1.5Ω< 0.

In addition, we present the diagrams of stability. Figure 3(a) displays the stability diagram in terms of
dimensionless parameters ˜ ≔D D W and ∣ ˜ ∣ ≔ ∣ ∣k k W. This diagram encompasses all the cases described in
table 1. Particularly noteworthy are the critical boundaries representing cases (2), (4), and (6). These boundaries
consist of the critical points {Δ> 0, |κ|= KR}, {Δ= 0,κ≠ 0}, and {Δ< 0, |κ|= KB} for a givenΩ. At the
critical points theHamiltonian changes its geometric type from elliptic to non-elliptic. In other words, the
system transits its phase from stable to unstable as the systemparameters cross the critical boundaries.
Consequently, the system can be controlled stable in both the red-detuning and blue-detuning regimes by
adjusting the strength and frequency of the pumping field.We now focus our attention on the stable areas. In
figure 3(b), we depict a stability diagram illustrating cases (1) and (5) in terms of ˜ ≔D¢ D¢ W and

in 0 in
2∣ ˜ ∣ ≔ ∣ ∣k k k W . The blue horizontal hatched and orange vertical hatched areas infigure 3(b) correspond to

two distinct stable steady states of the system, respectively, while the dark green cross hatched area represents
their overlap. These two stable steady states conform to the nonlinearity of the optomechanical interaction,

Figure 2.Time evolution of average numbers, a aˆ ˆ†d dá ñof the cavitymode (black) and b bˆ ˆ†d dá ñof themechanicalmode (red) in a two-
mode optomechanical systemwith (a)Δ = 1.5 Ω and |κ| = 0.9 Ω, and (b)Δ = − 1.5 Ω and |κ| = 0.2 Ω.
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where the system exhibits three possible steady states: two stable and one unstable [2]. Furthermore, both steady
states found stable in the dark green overlapping region demonstrates themulti-stability characteristics of an
optomechanical system [26]. It is worth to note that themulti-stability characteristics are distinct from a doubly
degenerate parity-breaking phase that emerges either due to a quantumphase transition or as a result of a
smooth crossover in the ultrastrong coupling limit [27, 28]. Nevertheless, our general framework in section 2 is
expected applicable to stability analysis relevant to discussions in these works.

It is remarkable that we analyze the stability criteria of a two-mode optomechanical systemby its geometric
Hamiltonian in awide range of systemparameters. The extension beyond the limitation ofΔ=±Ω enables us
to explore the general stability condition, also to understandmore insight into themechanism causing the
instability of the system. An unstable two-mode optomechanical system is governed by the non-elliptic
Hamiltonian, which originates from the two-mode squeezing interaction term. Although focusing on the
dynamics in the linearization approximation, the resulting geometricHamiltonian provides an excellent
background for amore general analysis, including noise and nonlinear coupling terms [29, 30].

3.2. Threemodes
Weconsider a three-mode optomechanical system consisting of twofixedmirrors and onemovablemirror in
between them,where themovablemirror is onemode ofmechanical oscillator and twomodes of optical cavities
formed by themovablemirror and the twofixedmirrors, respectively, as infigure 4. The cavities are driven by
two pump lasers, respectively. TheHamiltonian of system Hcmc

ˆ is linearized, as done in section 3.1,

H a a b b

a a b b , 22

j
j j j

j
j j j j

cmc lin
1,2

1,2

ˆ ˆ ˆ ˆ ˆ

( ˆ ˆ )( ˆ ˆ ) ( )

† †

† †*

å

å

d d d d

k d k d d d

= D + W

+ + +

-
=

=

where ajˆd ( b̂d ) is the annihilation operator of deviation cavitymode δaj (deviationmechanicalmode δb),κj the
effective optomechanical coupling constant between cavitymode j and themechanicalmode, andΔj the Lamb-
shifted detuning between cavitymode j and input laser j.

Figure 3. (a) Stability diagramof a two-mode optomechanical system in terms of dimensionless parameters ˜ ≔D D W and
∣ ˜ ∣ ≔ ∣ ∣k k W. The diagram represents all cases listed in table 1: blue horizontal hatched area: case (1), green diagonal hatched area: case
(3), orange vertical hatched area: case (5), purple area: case (7), boundary between green and blue areas: case (2), boundary between
green and orange areas: case (4), boundary between orange and purple areas: case (6). (b) Stable areas corresponding to case (1) (blue
horizontal hatched) and case (5) (orange vertical hatched) in terms of ˜ ≔D¢ D¢ W and in 0 in

2∣ ˜ ∣ ≔ ∣ ∣k k k W .

Figure 4. Schematic of a three-mode optomechanical system.
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The stability condition and geometric kinds ofmodalHamiltonian H1,2,3
ˆ for a general three-mode

optomechanical system is shown in appendix C.Here, we focus on a simple case ofΔ1= sΔ2=Δ, where the
sign s=± (’+’means that both cavitymodes are driven by either blue-detuned or red-detuned lasers, whereas
’−’ indicates that one cavitymode is driven by a red-detuned laser while the other is driven by a blue-detuned
laser). The choice ofΔ1=±Δ2 enables us to achieve a simple explicit expression for stability condition. Even
so, it is general enough to go beyondRWA for any chosen value ofΔ (rather than at the sideband interaction
limit |Δ|=Ω).

By symplectic transformation Sc (shown in table 2), Hamiltonian Hcmc lin
ˆ - (22) is transformed to (except for

the case s=− 1 and |κ1|= |κ2|, which falls into case (2a) of table C1 in appendix C)

H H s A A . 23s A b 2 21
ˆ ˆ ˆ ˆ ( )†
= + Dd-

Here, the term HA b1
ˆ d- describes a subsystemof twomodes,A1 and δb, coupling each other by the linearized

optomechanical interaction

H A A b b A A b b , 24A b s1 1 1 11
ˆ ˆ ˆ ˆ ˆ ( ˆ ˆ )( ˆ ˆ) ( )† † † †d d k d d= D + W + + +d-

where ss 1
2

2
2∣∣ ∣ ∣ ∣ ∣k k k= + and ò= sgn s1

2
2

2[∣ ∣ ∣ ∣ ]k k+ . Because the harmonic oscillatormodeA2 is stable and
completely decouples frommodesA1 and δb, the analysis of stability relies on the two-mode optomechanical
Hamiltonian HA b1

ˆ d- , enabling us to apply the results obtained in section 3.1. Accordingly, the stability condition
for the system is

4 4 0, 25s
2 2 2 2( ) ( ) ( )kD + W > WD WD - >

which is the same as the condition in equation (16)withΔ and |κ| replaced by òΔ andκs, respectively. Geometric
Hamiltonian of the sub-system includingmodesA1 and δb falls into one of the cases listed in table 1 conditional
on the values of s, ò,Δ, andκs, as shown in table 3.Mapping between the systemparameters and cases (1)-(7)
tells us specific kinds ofmodal geometricHamiltonian for a given set of parameters. For instance, if òΔ< 0 and
κs> KB, the system is unstable in themanner of the case (7), where the geometricHamiltonian of the system
composing of twohyperbolicmodalHamiltonians associatedwithmodesA1 and δb beside an elliptic
Hamiltonian ofmodeA2.

Similarly to the two-mode system, the system can becomeunstable evenwhen both cavities are driven by
red-detuned lasers (s=+ , òΔ> 0,κs> KR), while it can be stable when both cavities are driven by blue-
detuned lasers (s=+ , òΔ< 0,κs< KB). Besides, the system can be stabilizedwhen s=− and òΔ< 0, which
corresponds to one cavity driven by a red-detuned laser while the other is driven by a blue-detuned one and
|κred|< |κblue|. Here,κred (blue) represents the interaction coupling strength between the cavitymode driven by a
red-detuned (blue-detuned) laser and themechanicalmode. This fact implies that the power of the red-detuned
laser stronger than that of the blue-detuned one is no longer a necessary condition for stability as the system goes
beyondRWA. To illustrate these interesting cases, figure 5 demonstrates the time evolution of average numbers
for deviationmodes δa1, δa2, and δb of a three-mode systemwithΔ1=±Δ2.

Table 2. Symplecticmatrix Sc, which transforms a a a a, , ,1 2 1 2( ˆ ˆ ˆ ˆ )† †d d d d to A A A A, , ,1 2 1 2( ˆ ˆ ˆ ˆ )† †
,

for different values of s andκjwith j = 1, 2.

s,κj s = +
s = −

anyκj |κ1| > |κ2| |κ1| < |κ2|

Sc ⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0 0
0 0

0 0

0 0

1

1 2

2 1

1 2

2 1

* *

* *

k k
k k

k k
k k

-

-

k+

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0 0

0 0

0 0

0 0

1

1 2

1 2

2 1

2 1

*
*
*

*

k k
k k
k k

k k

k-

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0 0

0 0

0 0

0 0

1

2 1

2 1

1 2

1 2

*
*
*
*

k k
k k
k k

k k

k-

Table 3.Geometric Hamiltonian and stability of the subsystem governed byHamiltonian HA b1
ˆ d- in

comparisonwith the cases from (1) to (7) described in table 1.

Cases
òΔ > 0, any s òΔ < 0, any s

òΔ = 0,

κs < KR κs = KR κs > KR κs < KB κs = KB κs > KB any s,κs

stable (1) (5)
unstable (2) (3) (6) (7) (4)
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In addition, the transition of stability from stable to unstable as the systemparameters cross the critical
boundaries is observed in a three-mode optomechanical system. ForΔ1=±Δ2, the critical points are the same
as ones of a two-mode systemwithΔ and |κ| replaced by òΔ andκs, respectively. For a general systemwithΔ1

andΔ2 arbitrary, the stability phase transition is shownby stability diagrams infigure 6, where the critical
boundaries between stable and unstable areas appears in all three situations: (a) both cavities are red-detuned,
(b) both cavities are blue-detuned, and (c) one cavity is red-detunedwhile the other is blue-detuned.

We employ the geometric approach to probe the stability of a three-mode optomechanical system, with a
focus on the interactions among two cavitymodes and onemechanicalmode. A similar analysis can be extended
to the case involving twomechanical and one cavitymodes [31], where the cavity is controlled by a single
drivefield.

4. Remarks

Wepresent a novel geometric approach for analyzing the stability of a quantumquadratic system, which serves
as a fundamental component in stability theory. Our investigation reveals that a time-independent quantum
quadratic system is dynamically unstable if and only if its (transformed)Hamiltonian is non-elliptic. Applying
this geometricmethod to optomechanical systems, we derive comprehensive stability criteria that remain valid
across the entire range of systemparameters for both two-mode and three-mode configurations. Ourfindings
demonstrate that the system transits its phase from stable to unstable as the systemparameters cross the critical
boundaries. As a result, the system can be controlled stable in all regimes, surpassing the previous understanding
that the system is stabilized by the red-detuning laser for the two-mode case orwhen the power of the red-
detuned laser is stronger than that of the blue-detuned laser for the three-mode case. In addition, we explore the
mechanismof the instability in optomechanical systems. An unstable optomechanical system is governed by the
non-ellipticHamiltonian, which originates from the two-mode squeezing interaction term.

Figure 5.Time evolution of average numbers, a a1 1ˆ ˆ†d dá ñof the cavitymode 1 (black), a a2 2ˆ ˆ†d dá ñof the cavitymode 2 (red), and b bˆ ˆ†d dá ñ
of themechanicalmode (blue) in a three-mode optomechanical systemwith (a)Δ1 = Δ2 = 1.5 Ω, |κ1| = |κ2|/0.6 = Ω, (b)
Δ1 = − Δ2 = 1.5 Ω, |κ1| = 3|κ2|/5 = 0.15 Ω.

Figure 6. Stability diagramof a three-mode optomechanical system as a funtion of |κ1|/Ω and |κ2|/Ωwhen (a) both cavities are red-
detunedwithΔ1 = 3 Δ2 = 1.5 Ω, (b) both cavities are blue-detunedwithΔ1 = 3 Δ2 = − 1.5 Ω, and (c) cavity 1 is blue-detunedwith
Δ1 = − 1.5 Ω, cavity 2 is red-detunedwithΔ2 = 0.5 Ω. Blue area: ellipticHamiltonian (dynamically stable), white area: non-elliptic
Hamitonian (dynamically unstable).
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AppendixA. GeometricHamiltonians ofmulti-mode quadratic systems

In this Appendix, we describe in detail how to rewriteHamiltonian of a generalN-mode quadratic system in the
geometric form, as in equation (10).We also prove that the geometricHamiltonian of the system contains at
least one hyperbolic or linealmodalHamiltonianwhen the system is dynamically unstable.

In terms of canonical variables x x p, , , , ,N1 1
ˆ ( ˆ ˆ ˆx = ¼ ¼ pN

Tˆ ) , theHamiltonian in equation (8) is rewritten in
the quadratic formof

VH
1

2
, A.1

Tˆ ˆ ˆ ( )x x=

whereV is a 2N× 2N real symmetricmatrix with constant elements. TheHeisenberg equations ofmotion for x̂
is given by

JV A
d

dt
t t t , A.2ˆ ( ) ˆ ( ) ˆ ( ) ( )x x x= º

where J is a skew-symmetricmatrix with elements J i ,ij i j[ˆ ˆ ]x x= - , andA= JV is the equation-of-motion

matrix. Because commutation relations t t iJ,i j ij[ˆ ( ) ˆ ( )]x x = are preserved regardless of the time evolution, the
matrixA satisfies the condition

JA A J 0, A.3T ( )+ =

which restricts eigenvalues ofA to four classes: nonzero real pairs, purely imaginary pairs, complex quadruplets,
and zeros [22].More importantly,matrices satisfying the condition (A.3) can be transformed into a Jordan
normal formAJ by some symplectic transformation SJ,

A S AS S JVS J S VS JV , A.4J J J J J J
T

J J
1 1 1 1( ) ( )= = = =- - - -

where SJ satisfies the symplectic condition S JS JJ
T

J = and its form varies over classes of eigenvalues ofAJ [22].
Under the symplectic transformation SJ, the canonical variables x̂ transform to

S . A.5J J
ˆ ˆ ( )x x=

TheHamiltonian equation (A.1) is rewritten in terms of the transformed variables Jx̂ by

VH
1

2
, A.6J

T
J J

ˆ ˆ ˆ ( )x x=

whereVJ= J−1AJ=− JAJ.
Jordan normal forms of Ĥ are classified in general into 6 types with respect to subsets of eigenvalues of the

equation-of-motionmatrixA [19]. In otherwords,VJ (andAJ) is given in block diagonal form, i.e.

V V V V... , A.7J J J
k

J k,1 ,2 ,⨁ ( )= Å Å =

where the blockmatrices involvemutually independent subsets ofmodes, and each block belongs to one of the
types. Thus it suffices to consider each blockmatrix separately. Starting with each blockmatrixVJ,k (more
preciselyAJ,k) and identifying its type τ, we employ itsHamiltonian Hk

ˆ t
in the normal form, as given in reference

[19].We then show that some symplecticmatrix Sk
t transforms Hk

ˆ t
into the formof equation (9),

WH H H
1

2
, A.8k k

T
k k k G k I, ,

ˆ ( ˆ ) ˆ ˆ ˆ ( )X X= = +
t t t t t t

where Sk k J k,
ˆ x̂X =
t t t

andW S V Sk k
T

J k k
1

,
1[( ) ] ( )=t t t t- - . Note that the canonical variables J k,x̂

t
and kX̂

t
, and the

matricesWk
t andV J k,

t , before and after Sk
t , all depend on type τ and block k. However, as separating each block

matrixV J k,
t of type τ, one by one, we omit script set {τ, k, J} in following discussions, in order to simplify

notations.
Type I –.Type I is associatedwith a pair of nonzero and real eigenvalues {±λ|λ> 0} among entire

eigenvalues ofA in equation (A.2). Type-IHamiltonian Ĥ is given in the Jordan normal formby (case 1 in
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table 2, reference [19])

VH x p x p
1

2
, A.9

j

D

j j
j

D

j j
T

1 1

1

1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )å å x xl= + =

= =

-

+

whereD is the length of Jordan chain for type I andV= VJ,k for the given blockmatrixVJ,k of type I in
equation (A.7). Here, the variables x x p p,..., , ,...,D D

T
1 1

ˆ ( ˆ ˆ ˆ ˆ )x = ofDmodes are those of J k,x̂ , associatedwithVJ,k.

We employ the symplecticmatrix S such that S U Uˆ ˆ ˆ ˆ †x x= , where

⎛

⎝
⎜

⎞

⎠
⎟U i p xexp 8 . A.10

j

D

j j
1

2 2ˆ ( ) ( ˆ ˆ ) ( )åp= - +
=

By S, x̂ transforms to

SX X P P,..., , ,..., , A.11D D
T

1 1
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P X
2

, A.12G
j

D

j j
1

2 2ˆ ( ˆ ˆ ) ( )ål= -
=

H X P P X X X P P
1

2
. A.13I

j

D

j j j j j j j j
1

1

1 1 1 1ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ) ( )å= - - +
=

-

+ + + +

Type II –.Type II is associatedwith a complex quadruplet of eigenvalues {±λ,± λ*|λ= λr+ iλi,λr> 0,
λi> 0} among entire eigenvalues ofA in equation (A.2). Type-II Hamiltonian Ĥ is given in the Jordan normal
formby (case 2 in table 2, reference [19])

V

H x p x p p x x p

1

2
, A.14

r
j

D

j j i
j

D

j j j j
j

D

j j

T

1

2

1
2 2 1 2 2 1

1

2 2

2
ˆ ˆ ˆ ( ˆ ˆ ˆ ˆ ) ˆ ˆ

ˆ ˆ ( )

å å å

x x

l l= + - +

=

= =
- -

=

-

+

whereD is the length of Jordan chain for type II andV= VJ,k for the given blockmatrixVJ,k of type II in
equation (A.7). Here, the variables x x p p,..., , ,...,D D

T
1 2 1 2

ˆ ( ˆ ˆ ˆ ˆ )x = of 2Dmodes are those of J k,x̂ , associatedwith
VJ,k.

We employ the symplecticmatrix S such that S U Uˆ ˆ ˆ ˆ †x x= , where

/
⎛

⎝
⎜

⎞

⎠
⎟U i p xexp 8 . A.15

j

D

j j
1

2
2 2ˆ ( ) ( ˆ ˆ ) ( )åp= - +

=

By S, x̂ transforms to

SX X P P,..., , ,..., , A.16D D
T

1 2 1 2
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P X
2

, A.17G
r

j

D

j j
1

2
2 2ˆ ( ˆ ˆ ) ( )ål

= -
=

H X P P X X X P P

X P P X

1

2

. A.18

I
j

D

j j j j j j j j

i
j

D

j j j j

1

2 2

2 2 2 2

1
2 2 1 2 2 1

ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ )

( ˆ ˆ ˆ ˆ ) ( )

å

ål

= - - +

+ -

=

-

+ + + +

=
- -

Type III –.Type III is associatedwith a pair of purely imaginary eigenvalues {±iλ|λ> 0}, with oddD, among
entire eigenvalues ofA in equation (A.2). Type-III Hamiltonian Ĥ is given in the Jordan normal formby (case 6
in table 2, reference [19])
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V

H i x x p p x p
2

1

1

2
, A.19

j

D
j

j D j j D j
j

D

j j

T

1

1
1 1

1

1

1
ˆ ( ) ( ˆ ˆ ˆ ˆ ) ˆ ˆ

ˆ ˆ ( )

å å

x x

s
l

= - + +

=

=

+
+ - + -

=

-

+

whereD is the length of Jordan chain, iσ=± 1 is determined by generating generalized eigenvectors for type III
(see reference [19]), andV= VJ,k for the given blockmatrixVJ,k of type III in equation (A.7). Here, the variables

x x p p,..., , ,...,D D
T

1 1
ˆ ( ˆ ˆ ˆ ˆ )x = ofDmodes are those of J k,x̂ , associatedwithVJ,k.

ForD= 1, the normal formHamiltonian in equation (A.19) is itself the ellipticHamiltonian of a harmonic
oscillator, i.e., H HG

ˆ ˆ= with

H i p x H
2

and 0. A.20G I1
2

1
2ˆ ( ˆ ˆ ) ˆ ( )s

l
= + =

ForD� 3, we employ the symplecticmatrix S such that S U U U U2 1 1 2
ˆ ˆ ˆ ˆ ˆ ˆ† †x x= , where

U i x x p pexp , A.21D D1 1 2 1
ˆ ( ( ˆ ˆ ˆ ˆ )) ( )= - -

/U i U p x Uexp 4 . A.222 1 1
2

1
2

1
ˆ ( ( ) ˆ ( ˆ ˆ ) ˆ ) ( )†p= - +

By S, x̂ transforms to

SX X P P,..., , ,..., , A.23D D
T

1 1
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P P , A.24G D1
2 2ˆ ˆ ˆ ( )= +

H i X X P P P P

i P X X P X P

2
1

. A.25

I
j

D
j

j D j j D j

D D
j

D

j j

2

1
1

1 1 1 2

1 1
2

1

1

ˆ ( ) ( ˆ ˆ ˆ ˆ ) ˆ ˆ

( ˆ ˆ ˆ ˆ ) ˆ ˆ ( )

å

å

s
l

sl

= - + +

+ - +

=

-
+

+ - + -

=

-

+

Wenote that Ĥ involvesDmodes, even though twomodes of quadratures P D1,
ˆ explicitly appear in HG

ˆ .
Type IV –.Type IV is associatedwith a pair of purely imaginary eigenvalues {±iλ|λ> 0}, with evenD,

among entire eigenvalues ofA in equation (A.2). Type-IVHamiltonian Ĥ is given in the Jordan normal form
by (case 5 in table 2, reference [19])

V

H x x p p

x x p p

2
1

2

1

2
, A.26

j

D
j

j D j j D j

j

D

j D j j D j
T

1

1
1

1 1

1
1 1

ˆ ( ) ( ˆ ˆ ˆ ˆ )

( ˆ ˆ ˆ ˆ ) ˆ ˆ ( )

å

å x x

s

sl

= - +

+ + =

=

-
+

- + + -

=
+ - + -

whereD is the length of Jordan chain, andσ=± 1 is determined by generating generalized eigenvectors for type
IV (see reference [19]), andV= VJ,k for the given blockmatrixVJ,k of type IV in equation (A.7). Here, the
variables x x p p,..., , ,...,D D

T
1 1

ˆ ( ˆ ˆ ˆ ˆ )x = ofDmodes are those of J k,x̂ , associatedwithVJ,k.

ForD= 2, we employ the symplecticmatrix S such that S U Uˆ ˆ ˆ ˆ †x x= , where

/U i p xexp 4 . A.27
1
2

1
2ˆ ( ( )( ˆ ˆ )) ( )p= - +

By S, x̂ transforms to

SX X P P,..., , ,..., , A.28D D
T

1 1
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P P H P X X P
2

, . A.29G I1
2

2
2

1 2 1 2ˆ ( ˆ ˆ ) ˆ ( ˆ ˆ ˆ ˆ ) ( )s
sl= + = -

ForD� 4, we employ the symplecticmatrix S such that S U U U U2 1 1 2
ˆ ˆ ˆ ˆ ˆ ˆ† †x x= , where

U i x p x pexp 2 , A.30D D1 1 1 2ˆ (( )( ˆ ˆ ˆ ˆ )) ( )= - --

/U i U p x Uexp 4 . A.312 1 1
2

1
2

1
ˆ ( ( ) ˆ ( ˆ ˆ ) ˆ ) ( )†p= - +

12

Phys. Scr. 99 (2024) 055108 XLeu et al



By S, x̂ transforms to

SX X P P,..., , ,..., , A.32D D
T

1 1
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P P
2

, A.33G D1
2 2ˆ ( ˆ ˆ ) ( )s

= +

H P X X P P X P P

X X P P

X X P P

2
1

2
. A.34

I D D D D

j

D
j

j D j j D j

j

D

j D j j D j

1 1 1 1 2

2

2
1

1 1

2

1

1 1

ˆ ( ˆ ˆ ˆ ˆ ) ( ˆ ˆ ˆ ˆ )

( ) ( ˆ ˆ ˆ ˆ )

( ˆ ˆ ˆ ˆ ) ( )

å

å

sl s

s

sl

= - + +

+ - +

+ +

-

=

-
+

- + + -

=

-

+ - + -

Wenote that Ĥ involvesDmodes, even though twomodes of quadratures P D1,
ˆ explicitly appear in HG

ˆ .
Type V –.TypeV is associatedwith eigenvalues of zero {λ|λ= 0}, with oddD, among entire eigenvalues ofA

in equation (A.2). Type-VHamiltonian Ĥ is given in the Jordan normal formby (case 4 in table 2, reference
[19])

VH x p
1

2
, A.35

j

D

j j
T

1

1

1
ˆ ˆ ˆ ˆ ˆ ( )å x x= =

=

-

+

whereD is the length of Jordan chain andV= VJ,k for the given blockmatrixVJ,k of typeV in equation (A.7).
Here, the variables x x p p,..., , ,...,D D

T
1 1

ˆ ( ˆ ˆ ˆ ˆ )x = ofDmodes are those of J k,x̂ , associatedwithVJ,k.

ForD= 1, H 0ˆ = and thus

H H0 and 0. A.36G Iˆ ˆ ( )= =

Wenote that Ĥ involves a singlemode, even though theHamiltonians are null.

ForD� 3, we employ the symplecticmatrix S such that S U U U U2 1 1 2
ˆ ˆ ˆ ˆ ˆ ˆ† †x x= , where

U i x x p pexp , A.37D D1 1 2 1
ˆ ( ( ˆ ˆ ˆ ˆ )) ( )= - -

/U i U p x Uexp 4 . A.382 1 1
2

1
2

1
ˆ ( ( ) ˆ ( ˆ ˆ ) ˆ ) ( )†p= - +

By S, x̂ transforms to

SX X P P,..., , ,..., , A.39D D
T

1 1
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P P H P P X Pand . A.40G D I
j

D

j j1
2 2

1 2
2

1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )å= + = +
=

-

+

Wenote that Ĥ involvesDmodes, even though twomodes of quadratures P D1,
ˆ explicitly appear in HG

ˆ .
Type VI –.TypeVI is associatedwith eigenvalues of zero {λ|λ= 0}, with evenD, among entire eigenvalues of

A in equation (A.2). Type-VIHamiltonian Ĥ is given in the Jordan normal formby (case 3 in table 2, reference
[19])

VH x p x
2

1
1

2
, A.41

j

D

j j
D

D
T

1

2 1

1
2 1

2
2ˆ ˆ ˆ ( ) ˆ ˆ ˆ ( )å x xs

s
= + - =

=

-

+
+

whereD is the length of Jordan chain, andσ=± 1 is determined by generating generalized eigenvectors for type
VI (see reference [19]), andV= VJ,k for the given blockmatrixVJ,k of typeVI in equation (A.7). Here, the
variables x x p p,..., , ,...,D D

T
1 2 1 2

ˆ ( ˆ ˆ ˆ ˆ )x = ofD/2modes are those of J k,x̂ , associatedwithVJ,k.

ForD= 2, we employ the symplecticmatrix S such that S U Uˆ ˆ ˆ ˆ †x x= , where

/U i p xexp 4 . A.42
1
2

1
2ˆ ( ( )( ˆ ˆ )) ( )p= - +

By S, x̂ transforms to

SX X P P,..., , ,..., , A.43D D
T

1 2 1 2
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

13
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andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P H2 and 0. A.44G I1
2ˆ ( ) ˆ ˆ ( )s= =

ForD� 4, we employ the symplecticmatrix S such that S U U U U2 1 1 2
ˆ ˆ ˆ ˆ ˆ ˆ† †x x= , where

U ix xexp , A.451 1 2ˆ ( ˆ ˆ ) ( )=

/U i U p x Uexp 4 . A.462 1 1
2

1
2

1
ˆ ( ( ) ˆ ( ˆ ˆ ) ˆ ) ( )†p= - +

By S, x̂ transforms to

SX X P P,..., , ,..., , A.47D D
T

1 2 1 2
ˆ ≔ ( ˆ ˆ ˆ ˆ ) ˆ ( )xX =

andV does toW S VST1 1( )= - - . Then, Ĥ is rewritten by WH H H2
T

G I
ˆ ˆ ˆ ˆ ˆX X= = + , as in equation (A.8),

where

H P , A.48G 1
2ˆ ˆ ( )s=

H P P X P X
2

1 . A.49I
j

D

j j
D

D1 2
2

2 1

1
2 1

2
2ˆ ˆ ˆ ˆ ˆ ( ) ˆ ( )ås s

s
= + + -

=

-

+
+

Wenote that Ĥ involvesD/2modes, even though a singlemode of quadrature P1̂ explicitly appear in HG
ˆ .

We note that, for each type τ, HI
ˆ t

commutes with HG
ˆ t

. In the interaction picture by the unitary

transformationU t itHexpI I
ˆ ( ) ( ˆ )= -
t t

, the system is governed by the geometricHamiltonian

H t U t H U t HG I G I G
ˆ ( ) ˆ ( ) ˆ ( ˆ ( )) ˆ†= =
t t t t t

, which is independent of time t, thanks to the commutation H H, 0G I[ ˆ ˆ ] =
t t

.

In general, the quadraticHamiltonian Ĥ in equation (A.1)or equation (A.6) is givenby theblockdiagonalmatrix

ofNmodes,VJ=⨁kVJ,k, in otherwords, H Hk k
ˆ ˆ= å , where VHk J k

T
J k J k

1

2 , , ,
ˆ ˆ ˆx x= with J k J k,

ˆ ⨁ ˆx x= . As Hk
ˆ ʼs act

mutually exclusive subsets ofmodes, it holds that H H, 0k l[ ˆ ˆ ] = for k≠ l. Furthermore, [Hk,G,Hk,I]= 0 for eachblock
k and so for each typeτ, as shownabove. These imply that H H, 0G I[ ˆ ˆ ] = for H HG k k G,

ˆ ˆ= å and H HI k k I,
ˆ ˆ= å .We

take the interactionpicture by theunitary transformationU t itHexpI I
ˆ ( ) ( ˆ )= - , similarly to the typeHamiltonian

Ĥ
t
. Thequadratic system is then generally governedby the geometricHamiltonian HG

ˆ from Ĥ in equation (A.1).
Before closing the Appendix, we discuss the necessary and sufficient conditions for the dynamical instability

of quantum system, governed byHamiltonian in equation (A.1), and therebywe elucidate the geometric
structure ofHamiltonianwhen it is unstable. A system is dynamically stable when all solutions ofHeisenberg
equations in equation (A.2) are bounded for all time t [32]. This condition is satisfied if and only if the equation-
of-motionmatrixA in equation (A.2) is diagonalizable and has only purely imaginary eigenvalues [18], i.e., all
eigenvalues ofA belong to type III withD= 1, which is the only case that the geometricHamiltonian contains no
hyperbolic (nor lineal)modalHamiltonian(s). Thus, the system is dynamically unstable if and only if its
geometricHamiltonian contains at least one non-elliptic (i.e., hyperbolic or lineal)modalHamiltonian.

Appendix B.GeometricHamiltonian of a two-mode optomechanical system

Herewe apply the general results obtained in appendix A to the two-mode optomechanical systemdescribed by
Hamiltonian Hcm lin

ˆ - equation (15) in order to derive the geometricHamiltonian listed in table 1.
(1) ForΔ> 0 and |κ|< KR, eigenvalues of the equation-of-motionAcm−lin corresponding to Hcm lin

ˆ - are
two purely imaginary pairs±iλ1 and±iλ2, where

16

2
, B.11

2 2 2 2 2 2∣ ∣ ( )
( )l

k
=

D + W + DW + D - W

16

2
, B.22

2 2 2 2 2 2∣ ∣ ( )
( )l

k
=

D + W - DW + D - W

withDj= 1 andσj=− i for j= 1,2. The geometricHamiltonian ofmode j ( j= 1, 2) for case (1) is then

H P X
2

. B.3j
j

j j
2 2ˆ ( ˆ ˆ ) ( )

l
= +

14
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The symplecticmatrix transforming x p,j jˆ ˆ to X P,j j
ˆ ˆ is given by

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

S
1

0

0

0

0

B.4

i r

i r

r i

r i

12

2

1

2

1
1

1

1

2

1

2
2

2

2 1
1

1 2 1

1 2
2

2 1 2

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

( )
d

k d
k l

k d
k l

d
l

k d
k l

k d
k l

d
l

k d
k

l
d

l k d
k

l

k d
k

l
d

l k d
k

l

=

D
-

D
-

W

-
D D

-
W

D W D

-
D W

-
D

with Rer ≔ ( )k k , Imi ≔ ( )k k , 12 1
2

2
2d l l= - , and j j

2 2∣ ∣d l= - D for j=1,2.

(2) ForΔ> 0 and |κ|= KR, matrixAcm−lin has one purely imaginary eigenvalue pair i i1
2 2l =  D + W

withD1= 1,σ1=− i, and one zero eigenvalueλ2= 0withD2= 2,σ2= 1. Thenwe obtain geometric
Hamiltonians

/H P X2 , B.51 1 1
2

1
2ˆ ( )( ˆ ˆ ) ( )l= +

H P 2, B.62 2
2ˆ ˆ ( )=

and symplecticmatrix

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

S
1

2 2
0

2 2
0

2
0

2

2
0

2

. B.7

r i

r i

i r

i r

1 1 1

1

2

1 1
2

1
3

2

1
3

2

1
3

1 1

2

1

( )

k
l l

k
l

k
l l

k
l

k

l

k

l l

k
l

k
l l

=
D W

D DW D

-
W D

-
W

-
D D DW

DW
-

DW DW

(3) ForΔ> 0 and |κ|> KR, matrixAcm−lin has one purely imaginary eigenvalue pair±iλ1 withD1= 1,
σ1=− i, and one real eigenvalue pair±λ2 withD2= 1, where

16

2
, B.81

2 2 2 2 2 2∣ ∣ ( )
( )l

k
=

D + W + DW + D - W

16

2
. B.92

2 2 2 2 2 2∣ ∣ ( )
( )l

k
=

-D - W + DW + D - W

Hence, we obtain

/H P X2 , B.101 1 1
2

1
2ˆ ( )( ˆ ˆ ) ( )l= +

/H P X2 , B.112 2 2
2

2
2ˆ ( )( ˆ ˆ ) ( )l= -

and

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

S
s

s s

s

s s

s

1

0

0

0

0

, B.12

r i

r i

i r

i r

12

2 1
1

1 2 1

1 2
2

2 1 2

2

1

2

1
1

1

1

2

1

2
2

2

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

( )

k
k

l
d

l k
k

l

k d
k

l l k d
k

l

k
k l

k
k l

d
l

k d
k l

k d
k l l

=

D W D

-
D W

-
D

-
D D W

D
-

D W

where s12 1
2

2
2l l= + , s2 2

2 2l= + D , and 1 1
2 2∣ ∣d l= - D .

(4) ForΔ= 0,matrixAcm−lin has one purely imaginary eigenvalue pair±iλ1=± iΩwithD1= 1,σ1=− i,
and one zero eigenvalueλ2= 0withD2= 2,σ2=− 1. Thenwe obtain

15
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/H P X2 , B.131 1 1
2

1
2ˆ ( )( ˆ ˆ ) ( )l= +

/H P1 2 , B.142 2
2ˆ ( ) ˆ ( )= -

and

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

S

2
1

2
0

0 0
2

1

0 0 0 1
2

0
2

0

. B.15

r i

r

r i

( )

k k

k

k k

=

W W
W -

W

-
W

-
W

(5) ForΔ< 0 and |κ|< KB, matrixAcm−lin has two purely imaginary eigenvalue pairs±iλ1 and±iλ2, where

16

2
, B.161

2 2 2 2 2 2∣ ∣ ( )
( )l

k
=

D + W + WD + D - W

16

2
, B.172

2 2 2 2 2 2∣ ∣ ( )
( )l

k
=

D + W - WD + D - W

withD1=D2= 1 andσ1=− σ2=− iσwith sgn 2 2[ ]s = W - D . Hence, we obtain

/H P X2 , B.181 1 1
2

1
2ˆ ( )( ˆ ˆ ) ( )s l= +

/H P X2 , B.192 2 2
2

2
2ˆ ( )( ˆ ˆ ) ( )s l= - +

and

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

S

2
0

2

2
0

2 2
0

2 2
0

, B.20

i r

i r

r i

r i

12

1 1 1 1

1

1

2 2 2 2

2

2

1

1

1 1 1

1

2

2

2 2 2

2

( )
d

k
d l

k
d l

sd
l

k
d l

k
d l

sd
l

sk l
d

d l sk l
d

sk l
d

d l sk l
d

=
W

D
-

D
-

-
D

+
D

W

W

where 12 1
2

2
2d l l= - , and j j

2 2∣ ∣d l= - D for j= 1,2.

(6) ForΔ< 0 and |κ|= KB, matrixAcm−lin has one purely imaginary eigenvalue pair

i i 22 2( )l =  D + W withD= 2 and sgn 2 2[ ]s = W - D . Thenwe obtain

/H P j2 , for 1, 2 B.21j j
2ˆ ( ) ˆ ( )s= =

and

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

S
2

3

2
0

3
0

3

2

2
0

2

2 2
0

. B.22

r i

i r

i r

r i

2 2

2 2 3

2 2

2 2

2 2

2 2 3

2 2

2 2 2 3

2 2

2 2 2 3

2 2

2 2 2

2 2 2 2

2 2

2 2

2 2

2 2

( )
∣ ∣

( )
∣ ∣

( )
∣ ∣

( )
∣ ∣

( )
∣ ∣

( )
∣ ∣

∣ ∣ ∣ ∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣

( )

k l

l l

s l

l l

k l

l l
sk l

l l

sk l

l l

l

l l

k

l l

k

l l

s l
l

sk

l

l sk

l

=
W

- D +

D -

- D

W D -

- D +

D -

D D -

D -

D - D

D -

- D +

D -

- D

D -

D

D -

D -

D -

D -
W D -

(7) ForΔ< 0 and |κ|> KB, eigenvalues ofAcm−lin are one complex quadruplet±(λr± iλi), where

4 16

2
, B.23r

2 2 2 2 2∣ ∣
( )l

k
=

-D - W + DW - DW
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4 16

2
, B.24i

2 2 2 2 2∣ ∣
( )l

k
=

D + W + DW - DW

withD= 1. Thenwe obtain

/H P X j2 , for 1, 2 B.25j r j j
2 2ˆ ( )( ˆ ˆ ) ( )l= - =

and

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

S

4 2 4
0

2
0

2 4

8
0

8 4

4 8 4
0

, B.26

r

i

i

i

i

i

i i

i

r i

i i

i

r i

r

r i r i

r

r i r i

i

r i

2 2 2 2

2 2

2 2

2

1
2

1
2

2
2

2 1 2

( )
∣ ∣

∣ ∣ ( )
∣ ∣

(∣ ∣ )
∣ ∣

(∣ ∣ )
∣ ∣

( )

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

( )

k
k l

k l
l

k
k l

k k l
k l

k k l
k l l

k
k l l

k
k l l l l

k
k l l l l

k
k l l

=
L
G

D + S
DS

L + S
LS

D + S
DS

-
L + S
S

L + S
S

-
L D + S

DS

-
¡

S
¡

S
-

L¡
DS

¡
DS

¡
LS

¡
DS

where

⎜ ⎟
⎛

⎝

⎞

⎠

,

,

4 ,

2 ,

4
.

r i

i

i

r r i

2 2

1
2 2

2
2 2

2

2 2 2 2 2

2

2 2 2

2

( ) ∣ ∣
∣ ∣ ( )

( ) ( )

l l

k l
k l

l l l

L = -DW

S= +

¡ = S D - W - L
¡ = LS - D - S

G =
W
S

S - D
+

S - D
+

S + D

AppendixC. Stability condition of a three-mode optomechanical system

Hamiltonian Hcmc lin
ˆ - in terms of quadratures has the form

H p x p x

x p x p

1

2

1

2

2 , C.1

j
j j j

j
b b

j
j j j j b b

cmc lin
1

2
2 2

1

2
2 2

1

2

r i

ˆ ( ˆ ˆ ) ( ˆ ˆ )

( ˆ ˆ )( ˆ ˆ ) ( )

å å

å k k

= D + + W +

+ + +

-
= =

=

where Rej jr
( )k k= and Imj ji

( )k k= . The equation-of-motionmatrix corresponding to Hcmc lin
ˆ - in the basis

x x x p p p, , , , , T
1 2 3 1 2 3

ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ )x = is given by

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

A

0 0 2 0 0
0 0 2 0 0
0 0 0 0 0

0 2 0 0 0
0 2 0 0 0
2 2 2 2 0

. C.2

i

i

r

r

r r i i

1 1

2 2

1 1

2 2

1 2 1 2

( )

k
k

k
k

k k k k

=

D
D

W
-D -

-D -
- - -W - -

MatrixA has, in general, three eigenvalue pairs ( 1l , 2l , 3l ) satisfying

⎧
⎨⎩

⎫
⎬⎭3 2

, C.31

2 2 3 2 3

2 3 1 3

( )

[ ( )]
( )l h

m n n m

n n m
= -

W
-

+ + -

+ -

⎧
⎨⎩

⎫
⎬⎭

i i

3

1 3 1 3

2 2
, C.42

2 2 3 2 3

2 3 1 3

( ) ( )( )

[ ( )]
( )l h

m n n m

n n m
= -

W
+

+ + - + -

+ -

⎧
⎨⎩

⎫
⎬⎭

i i

3

1 3 1 3

2 2
, C.53

2 2 3 2 3

2 3 1 3

( ) ( )( )

[ ( )]
( )l h

m n n m

n n m
= -

W
+

- + + + -

+ -

where

3, C.61 2 ( )h h h= + +
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⎜ ⎟⎛
⎝

⎞
⎠

2

3
36 , C.71

2
2
2

1 2
1 1

2
2 2

2

3

2
3 ∣ ∣ ∣ ∣ ( )m h h h h

k k
= + + +

D + D
W

⎜ ⎟
⎛
⎝

⎞
⎠

36 , C.81 2 1 2
2 1 1

2

3
1 2 2

2

3
( )

∣ ∣ ∣ ∣
( )n h h h h

h k h k
= + +

D
W

+
D
W

2
,

2
. C.91

1
2

2
2 2

2 2
2
2

1
2 2

2
( )h h=

D - D - W
W

=
D - D - W

W
According to appendix A, the condition underwhich the geometricHamiltonian is in the elliptic form (so that
the system is stable) is that

c j0, 0 for all 1, 2, 3, C.10j
2 3 ( )n m- < < =

where c 2 cos 3 3j j
2 3

1 2( )m j h h= - - - with jarccos 2 1j
3( ) ( )j n m p= - - . Otherwise, the geo-

metricHamiltonian is non-elliptic, and hence the system is unstable. Geometric kinds ofmodalHamiltonian
H1,2,3
ˆ are represented in table C1.
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